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Abstract. Human immunodeficiency virus kind 1 (HIV-1) compromises the immune system by infecting and damaging
CD4™" T cells. Infection can progress to the ultimate stage, acquired immune deficiency syndrome (AIDS), if HIV-1
therapy is not received. People living with HIV/AIDS are more vulnerable to infections that they otherwise wouldn’t
develop. Opportunistic infections or malignancies are the terms used to describe them. Kaposi sarcoma (KS) is an AIDS-
related malignancy caused by Kaposi’s sarcoma-associated herpesvirus (KSHV) (also known as human herpesvirus 8
(HHV-8)). HIV-1 and KSHYV co-infection cases has been shown in several studies. Using a system of ODEs, we develop
a new mathematical model to study the co-dynamics of HIV-1 and KSHYV in vivo. The model includes interactions
between healthy CD4t T cells, HIV-1-infected CD4™1 T cells, HIV-1 particles, healthy B cells, KSHV-infected B cells,
and KSHYV particles. By analyzing the boundedness and nonnegativity of the solutions, we prove the mathematical
well-posedness and biological compatibility of the model. The existence and stability of the model’s steady states are
established by four threshold values that we identify. We prove that steady states are globally asymptotically stable by
using Lyapunov’s method and LaSalle’s invariance principle. Numerical simulations are used to display the results.
For both basic reproduction ratios of HIV-1 mono-infection (R;) and KSHV mono-infection (Ry), sensitivity analysis
is carried out. A comparison between HIV-1 or KSHV mono-infections and co-infections with HIV-1 and KSHV is
given. Empirical evidence indicates that co-infection results in higher KSHV and HIV-1 concentrations compared to

mono-infection cases. This result is in line with a number of findings found in the literature.

1. INTRODUCTION

One of the biggest clinical challenges is persistent viral infections such as those caused by hep-
atitis B or C virus (HBV or HCV), human immunodeficiency virus kind 1 (HIV-1) and human
cytomegaly virus (HCMV). HIV-1 is harmful because it may damage several immune cell types,
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including monocytes, dendritic cells, macrophages, and CD4 " T cells [1], [2]. Nonetheless, CD4* T
cells are thought to be HIV-1's primary target. The immune system’s innate and adaptive compo-
nents work together to protect the body against outside invaders. Cellular immunity and humoral
immunity make up adaptive immunity [2]. B cells are the foundation of humoral immunity be-
cause they produce a specific antibody that directly neutralizes the virus. Cytotoxic T-lymphocytes
(CTLs) are the building blocks of cellular immunity; they eliminate the infected cells [3]. Single-
stranded RNA virus HIV-1 is a member of the Retroviridae family of viruses. In addition, HIV-1 is
a lentivirus, a kind of retrovirus that infects host cells over a long period of time by progressively
destroying them [2]. When the CD4 ™ T cell count of an HIV-1 infected individual falls below a cer-
tain threshold (200 cells/mm?), the condition is known as acquired immune deficiency syndrome
(AIDS) [4]. Then the body becomes vulnerable to many opportunistic infections including STDs
(sexually transmitted diseases), respiratory infections, and some tumors. Semen, Blood, vaginal
secretions and breast milk, are among the bodily fluids via which HIV-1 may transmit [5].

One of the AIDS-related diseases is Kaposi sarcoma (KS) which is a type of cancer [6]. KS is
caused by Kaposi’s sarcoma-associated herpesvirus (KSHV) (also known as human herpesvirus 8
(HHV-8)). KSHYV is first discovered by Chang et al. [7] which is a member of the Herpesviridae
family of DNA viruses. KSHV may infect a variety of cell types, such as macrophages, endothelial
cells, B cells, and epithelial cells [8]. But B cells are the main target of KSHV [9]. KSHV has
been shown to be transmissible by a variety of routes, such as blood products, sexual contact and
salivary shedding [10]. Healthy people who test positive for KSHV have a very low probability of
developing KS. The danger is substantially larger for those with impaired immune systems, though
[11]. According to a report in [12], individuals with HIV-1 have a higher likelihood of becoming
KSHYV seropositive than those without HIV-1. Numerous studies documented occurrences of
co-infection between HIV-1 and KSHYV (see e.g., [13], [14], [15], [16]. [17], [18]).

Our knowledge of viral dynamics has significantly increased thanks to rigorous mathematical
modeling and analysis, which can help us come up with workable and efficient management plans
to eradicate viral infections. One of the areas of mathematical immunology that is progressing
the fastest is the formulation of mathematical models of the dynamics of HIV-1 infection. Three
populations are included in the classic model of HIV-1 mono-infection [19]: healthy CD4* T cells,
infected cells, and free HIV-1 particles. Later on, the model was extended in a great deal of
publications to include other biological elements such as time delay [20], [21], [22], [23], cell-to-cell
transmission [24], [25], [26], [27], reaction-diffusion [25], [28], latently infected cells [28], [29], [30],
cellular immune response [19], [26], [31], humoral immune response [24], [32], [33], both cellular
and humoral immune responses [34], [35], [36], age-structured [27], [37], [38] and antiretroviral
treatment [39], [40], [41].

Researchers haven’t paid much attention to modeling the dynamics of an KSHV mono-infection
in vivo. The three primary components of the KSHV infection model are healthy B cells, infected
B cells, and free KSHYV particles. Chimbola et al. [42] formulated a KSHV mono-infection model.
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Only the healthy steady state’s stability was examined, though. A mathematical model developed
by Nani and Jin [43] depicts the progression of HIV-1 co-infection and KS under the influence of
highly active antiretroviral treatment (HAART). The same authors in [44] added adoptive cellular
immunotherapy to strengthen this model. However, these two publications omitted information
about the kinematics of free KSHV particles as well as B cells. In [10], [45] and [46], models were
developed to show how co-infection with HIV-1 and KSHV progresses. The healthy CD4™ T cells
and healthy B cells were not taken into consideration by the model in [10]. Except for examining
the positivity of the solutions, the model in [45] was not mathematically examined. In [10] and [46],
the investigation focused solely on the stability of the healthy steady state. We further observe
that the models shown in [10], [43], [44], [45] and [46] ignored the function of B cells in the fight
against HIV-1.

In this work, we present a novel model of KSHV/HIV-1 co-dynamics in vivo. B cells” defense
against HIV-1 is included in the model. Apart from the global stability of the steady states, we
investigate the fundamental characteristics of the solutions to the model. The global stability of
the four steady states are proven by using Lyapunov’s approach and applying LaSalle’s invariance
principle. In order to verify the theoretical findings, we offer numerical simulations. We carry
out sensitivity analysis for the basic reproduction ratios of HIV-1 mono-infection (R;) and KSHV
mono-infection (Rz). We conclude by discussing the results. Our model and its analysis may be

important to study the dynamics of different human viruses.

2. MODEL FORMULATION

In this section, a KSHV/HIV-1 co-infection model is introduced. The dynamics of KSHV/HIV-1
co-infection is illustrated in Figure 1. We develop our suggested model based on the following

presumptions:

A1 Six populations are depicted in the model: healthy CD4™ T cells (U), HIV-1-infected CD4™
T cells (Y), HIV-1 particles (V), healthy B cells (W), KSHV-infected B cells (Z), and KSHV
particles (P).

A2 HIV-1 and KSHYV target healthy CD4" T cells and B cells, respectively.

A3 The rate at which healthy CD4™ T cells are produced is &, they die at ®U, and they get
HIV-1 infection at pUV.

A4 The mortality rate of CD4™ T cells infected with HIV-1is 0Y.

A5 At rate 1Y, HIV-1-infected CD4" T cells create the HIV-1 particles, which are then elimi-
nated at rate SV.

A6 At the rate of pWV, the antibodies (generated by B cells) neutralize HIV-1 particles.

A7 The rate of generation of healthy B cells is £, whereas the rate of simulation by HIV-1 is
KWV, the rate of mortality is W, and the rate of infection by KSHV is vPW.

A8 The rate of mortality of KSHV-infected B cells is nZ.
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Ficure 1. The schematic illustration of the HIV-1 and KSHV co-dynamics concept.

A9 At arate of vZ, KSHV-infected B cells create KSHV particles, which thereafter die at a rate

of ¢P.
Here, we denote the concentrations of the compartments at time t by U = U(t), Y = Y(¢),
V=V({),W=W(),Z = Z(t) and P = P(t). The above assumptions lead us to formulate the

following system:

U=¢&-oU-oUV, (2.1)
Y = oUV -5Y, (2.2)
V =xY -8V -pWV, (2.3)
W = €+ xWV - BW — vPW, (2.4)
Z =vPW -1Z, (2.5)
P =vZ-¢P. (2.6)

All presented parameters of model (2.1)-(2.6) are positive. The description and value of the
parameters are presented in Table 1. Some of the parameters’s value are taken from previous

studies, while other values are assumed.
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TaBLE 1. Model parameters.

Symbol  Parameter Value Source
g Source of healthy CD4"T cells 10 cells mm~3 day~! [47]

@ Mortality rate of healthy CD4™ T cells 0.01 day_1 [48]

0 Incidence rate of healthy CD4™1T cells by HIV-1 varied

o Mortality rate of HIV-1-infected CD4™ T cells 0.4 day~! [47]

n Generation rate of HIV-1 by infected CD4™ T cells 38 viruses cells™! day ! [48]

N Mortality rate of HIV-1 2.4 day~! [48]

p Neutralization rate of HIV-1 particles due to B cells 0.1 cells™! mm?3 day~!

¢ Source of healthy B cells 48 cells mm~3 day ™! [45]

K Activation rate of B cells 0.01 viruses~! mm? clay_1 [49]

B Mortality rate of healthy B cells 0.24 day~! [50]

v Incidence rate of healthy B cells by KSHV varied

n Mortality rate of KSHV-infected B cells 0.33 day~! [50]

v Generation rate of KSHV particles by infected B cells 1 viruses cells~! day~! Assumed
3 Mortality rate of KSHV 0.57 day~! [45,50]

3. BASIC PROPERTIES

We ensure the well-posedness of model (2.1)-(2.6) by providing the non-negativity and bound-
edness of solutions in this part. In addition, we compute all steady states with the associated
threshold parameters.

3.1. Properties of the model’s solutions. We demonstrate the model’s biological acceptability and

mathematical well-posedness by examining the solutions” boundedness and nonnegativity.
Lemma 3.1. All system’s solutions are non-negative and bounded.

Proof. From Egs. (2.1)-(2.6) we have

Uly=o =& >0,

Yly—o = ouv >0, Yv,uz=0,
Viy—o = #Y >0, VY >0,
Wilw=o =¢>0,

Z|7—0 = vPW >0, YW,P >0,
Plp==vZ>0, VZ > 0.

Thus, according to Proposition B.7 of [51]
(U,Y,V,W,Z,P)(t) € RS forany t > 0 when (U,Y,V,W,Z,P)(0) € RS.

Let’s demonstrate the boundedness of solutions now. We define a function ¢(f) as:

B 5 op onp
¢ = u+Y+ﬂV+2%_K[W+Z]+M
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Then, we get

¢:U+Y+iV+6—p[W+Z]+
2x 2unx

onp

p
dnvk

5
:E—QU—QUV+QUV—6Y—I—%[%Y—SV—pWV] +2—p[5+wi—5w—va

HK
onp
PW —nZ Z —¢eP

v 1 ] + 4 vk [v ¢ ]
. opt 6, 69 OpBp_ . onp_ Onpe
=<t 2uK _(DU_EY_EV_ 2%KW_ 4%1<Z_ 4}(UKP

opt 0 op onp
< - _ - - "
<&+ Tx oclU+Y+ 2%V+ 2%K(W+Z) + 4%vKP

opl
= 5 + L — 00,

2uxk

where ¢ = min{®,6/2,9,p,1n/2, }. Thus,
& opt
< = = <
Plt) < o " 2uxo po ¢(0) < 01

It follows that
0<U(t),Y(t) <61, 0<V(t) <0, 0<W(t),Z(t) <03, 0<P(t) <04

if
op

(0) + Y(0) + 5 V(0) + 5.0 [W(0) + Z(0)] +

where 6, = 27}‘61, 03 = 26%)"'61 and 04 = 4;;]—0;91. O

3.2. Steady states and thresholds.

Lemma 3.2. For system (2.1)-(2.6), there exist four steady states as well as four thresholds (R;,i = 1,2,3,4)
such that

(I) There is always an healthy steady state, SSp = (Uyp, 0,0, Wy, 0,0).
(I) When Ry > 1, then there exists an KSHV mono-infection steady state, SS; = (U1,0,0, W1, Z1, P1),
in addition to SSy.
(IIT) When Ry > 1, then there exists an HIV-1 mono-infection steady state, SS, = (U, Y2, V2, W»,0,0),
in addition to SSy.
(IV) When Rz > 1 and Ry > 1, then then there exists an KSHV/HIV-1 co-infection steady state,
SSs = (U3, Y3, V3, W3, Z3, P3), in addition to SS,.

Proof. Steady states of (2.1)-(2.6) satisfy
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0=¢-oU-pUV,

0= UV -0Y,
0=xY-3V-pWV,
0=0+xWV-BW-vPW,
0=vPW-nZ,
0=vZ-e¢P.

These equations provide four steady states:

(1) Healthy steady state, SSp = (U, 0,0, Wy, 0,0), where Uy = g and W, = £.
(2) KSHV mono-infection steady state, SS1 = (U;,0,0, W1, Z;, P1) , where

=

& ne Wy ep p
Uyy==Wy=—=— =—(R1-1),P1==(R1-1),
1= " T Rl'lvv(l)lv(l)

where
Yany
1= —
nep

is the basic reproduction ratio for KSHV mono-infection. R; is known as the number of
newly KSHV-infected B cells that result from one KSHV-infected B cell at the start of an
KSHV mono-infection. A KSHV mono-infection can be established or not based on the
parameter Rj.
(3) HIV-1 mono-infection steady state, SS, = (Uy, Yo, V2, W,,0,0), where
oY, y SV + pVo W, W 4

u = -, = ey
2 QVZ 2 p24 2 ﬁ - KVZ

and V) satisfies the following:

a)1V2 +wV+ws

0,
-V

where

w1 = 09pxK,
Wy = 0V — Exnpx — 690 — Oplo,
w3 = ExPP — 6P — dpt.

We define a function ¥ (V) as:

2
T(V) _ 'V —|—a)2V+a)3/ VE(O,%).

B—-«xV
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Note that, ¥ is continuous on (0, b ) We have

K

_ EnpB - 6@9B — dbwpl
p

_ b09B + dwpl

N p

¥ (0)
(R2-1)

where

R, — NP
27 50 (8B + pt)’

which denotes the basic reproduction ratio for HIV-1 mono-infection. R; is known as the
number of newly HIV-1-infected CD4 7T cells that result from one HIV-1-infected CD4"T
cell at the start of an HIV-1 mono-infection. An HIV-1 mono-infection can be established
or not based on the parameter R».

Therefore, ¥(0) > 0 if R, > 0. Moreover, we have lim ¥ (V) = —oo. Thus, there exists
V—>(§)_
Vo suchthat0 < V) < g and satisfies ¥(V2) = 0. Consequently, U, > 0, Y, > 0 and W, > 0.

(4) KSHV/HIV-1 co-infection steady state, SS3 = (U3, Y3, V3, W3, Z3, P3), where

o(dvv + ne o(dvv + ne n)
Us = ﬂ, Ys = M(&_l), Vi=2(Rs-1),
©VVQ ©VVQ 0
& elok + oK +
Wy = 1 7y HORE ) g gy p OBy,
vV ) Vo
where
R — Exvvp
3 o (Svv + nep)’
e (b, s
YT o+ o8 \ne T 5 (Sov+nep) )

Therefore, the co-infection steady state, SS3, exist if R3 > 1 and R4 > 1. In this case, the
threshold values Rz and R4 indicate whether HIV-1 and KSHYV co-infection is likely to occur.

We note that, R4 can be written as:

Ry — tvvop n HUKEVOD
£ nep(ox + gB) 6@ (Svv + nep) (ox + 0p)
op

K®
=R R <R;+Rs3,
1(D1<+Q,B+ 3(D1<+Qﬁ e

which leads to Ry < R; as well as Ry < R3. The four threshold parameters are given as

follows:
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o

1 nep’

Expp
Ry= ————,
5@ (98 + pl)

Ra — Envvp

> sa(Svv + nep)’

vVo £ uxé

Ry = —+——|.0O

4 @K + B \ne + 6(va+n€p))

4. GLOBAL STABILITY

Here, the Lyapunov approach described in [52] will be used to investigate the four steady states
of model’s global asymptotic stability. We utilize the below-depicted arithmetic mean-geometric

mean inequality

n n

n 1 /
[ Ilgiﬁaz. 8 G20 =120 @)
1= 1=

Let A; be the Lyapunov function candidate and define Tzf as the largest invariant set of

{(UYVWZP) dﬁ o}, i=0,1,2,3.

Theorem 4.1. The healthy steady state SSg is globally asymptotically stable (GAS) when Ry < 1 and
Ry < 1. Moreover, SSy is unstable when Ry > 1 andfor R, > 1.

Proof. Define Ao(U,Y,V,W,Z,P) as

1) op 1) 0
Ay = Uo-l:( )+Y+ V—I——Wo.l:( ) pZ—l——in,
() UK HVUK

where L(x) = x—Inx—1. Obviously, Ao(U,Y,V,W,Z,P) > 0forany U,Y,V,W,Z,P > 0 and
Ao(Up,0,0,Wy,0,0) = 0. Determining d% along the solutions of model (2.1)-(2.6) as:

Using equations of model (2.1)-(2.6), we obtain
d;\to (1——)(5 ol - gUV) + (QUV—6Y)+%(%Y—9V—,)VW)
—I—é—i(l—ww)(f—FKWV BW — vPW)+6—p(VPW nZ) + ”p " (vZ-eP).
Collecting term and using & = @Up and ¢ = Wy, we get
‘% 2 (u-upy’ +QU0V—@V—Z){£](W Wo)? —6—pW0V+5ﬂWP—z?5§
T T L N guo—@—é—pwo)v (%’Wo—%f)
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Finally, we get

dAO o - 2 6‘0
a U (U= L) nK

6 (8B + pt)
up
Hence, dd# < 0 satisfies if Ry < 1and R, < 1. Further, d% = 0 when (U,W) = (Uy, Wp),

(R2-=1)V = 0and (R;—1)P = 0. According to [53], T}, is reached by the system’s solutions.
Thus, (U, W) = (UO, Wo),

onpe

%(w-wo)%L (Ry=1)V+——= (R~ 1) P.

(R,—1)V=0 and (Ri—1)P=0. (4.2)

are satisfied by any member in T}).

There are four cases at hand:

(I) Ry =1and R, = 1. Then Eq. (2.1) gives
0=U=¢&-alyp-olUyV = V(t) =0 foranyt. (4.3)

From Eq. (2.3) we have

0=V=xY = Y(t)=0 foranyt. (4.4)
Eq. (2.4) implies that
0=W=(¢-fWy—-vWoP = P(t)=0 foranyt. (4.5)

Eq. (2.6) gives
0=P=vZ = Z(t)=0 foranyt (4.6)

Hence T)) = {SSo}.

(II) R; <1and R; < 1. Then from Eq. (4.2) we have V = P = 0 and Egs. (4.4) and (4.6) imply
Y =Z = 0. Consequently, T) = {SSo}.

(III) Ry = 1and R, < 1. Then from Eq. (4.2) we get V = 0. Egs. (4.4)-(4.6)imply Y =P =7 = 0.
Thus Tj = {SSo}.

(IV) Ry <land R, = 1. Eq. (4.2) gives P = 0. Egs. (4.3), (4.4) and (4.6) give, V =Y =Z = 0.
Thus Tj = {SSo}.

By LaSalle’s invariance principle [54], SSp is GAS. O

In order to demonstrate the instability of SSy if Ry and/or R; are greater than 1.

To prove that if Ry > 1 and/or R, > 1, then SS¢ is unstable, the Jacobian matrix J =
JU,Y,V,W,Z,P) of model (2.1)-(2.6) is calculated as:

-o-0V 0 —oU 0 0 0
oV -0 ol 0 0 0
T = 0 xn —-d-pW -pV 0 0 “47)
0 0 kW kV-pg-vP 0 —vW
0 0 0 vP -n vW
0 0 0 0 v ¢
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Consequently, at SSy, the characteristic equation is provided by
det (j — GI) = (0 + LD)(G -+ ﬁ) (’C202 + 110 + To) (;[202 + 710+ ’T()) =0, (4.8)

where, [ is the identity matrix, o the eigenvalues, and

T2 =B,

71 =1np+€p,

10 = nef—Ltvv = nef (1-Ry),
1o = @f,

71 = opl + dof + Sop,
70 = 0 (9B + pl) — Expp,
= 6@(9p + pl) (1-Ry).

79 < 0 and/or 7y < 0O, respectively, if R; > 1 and/or R, > 1. S5y is unstable as a result of Eq. (4.8)
having a positive root. O

Theorem 4.2. The KSHV mono-infection steady state SS1 is GAS when Ry > 1 and Rz < 1.

Proof. Define A1(U,Y,V,W,Z,P) as

ul£( )+Y+ V+6PW1L(W1) izlﬁ(zél) 6in£(P1)

HUK
Clearly, A1(U,Y,V,W,Z,P) > 0forany U,Y,V,W,Z,P > 0and A;(U;,0,0,Wy,Z;,P;) = 0. Cal-
culating % as:

5 5 5 .
@:(1—E)U+Y+ 6V+—p(1—M)W+—p(1—é)z+ﬂ(1—&)P.

dt u W V4 HUK P
From Egs. (2.1)-(2.6) we obtain
dA o
T (1 - —) (E—oU-oUV) + (oUV =0Y) + — (%Y -9V —-pWV)
op W 6p
+—K(1—W)(£+ KWV — BW — vPW)+—(1—7)( PW - 12)
onp Py
+E(1—?)(0Z—SP>

After collecting terms we get

N . U 69 5P Wl) (5‘0
el (1 T )(5 oU) + U1V V + (1 W (¢ p’W) X VW,
6 o o 5 o onpe
PV 1P—ﬂéWP ’IPZ _ﬂplz_ ’IPEP+ TTPépl
uK Z UK uk P HUK UK

Using the following steady state conditions

é = ch,Il, = ﬁWl +VW1P1,
VW1P1 = T]Zl, UZ1 = £P1,
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we get
% =§ (U-Uy)* - %Vﬁv (W_Wl)2+(0u1 - % - %pwl)V—i- %Wﬂ%
e AR R A e G
A WA S T i P e
:%(u-ul)z—%%(W—wl)%mwx—:jgﬁ))(m—l)v

snp ( W, Z;WP E)
W ZW,P, PZ)
Thus, if Ry > 1, R3 < 1 and by using inequality (4.1), we conclude that
% < Oforany U,Y,V,W,Z,P > 0. Also, we have % = 0 if (UW,ZP) =
(U1, Wy,Z1,P1) and (R3—1)V = 0. T} is reached by the model’s solutions. In T] we have
(U, W, Z,P) = (U, Wy, Z1, P;) and

(Rz—1)V =0. (4.9)
Two cases are at hand:
(I) R3 =1, then Eq. (2.1) provides
0=U=¢&-oUp -1V = V() =0 foranyt. (4.10)
Moreover, Eq. (2.3) gives
0=V=xY = Y() =0 foranyt (4.11)

The T{ = {SS51}.
(II) R3 <1, thus Eq. (4.9) gives V = 0 and Eq. (4.11) yields Y = 0 and thus T} = {S5;}.
Thus, by LaSalle’s invariance principle, SS; is GAS. O

Theorem 4.3. The HIV-1 mono-infection steady state SS; is GAS when Ry > 1 and Ry < 1.

Proof. Let us formulate a function A, (U, Y,V,W,Z,P) as:

%4 4% op onp
72 W2)+ —Z+ —P.

K nuK

Clearly, A2(U,Y,V,W,Z,P) > 0forany U,Y,V,W,Z,P > 0 and Ax(Uy, Y2, V2, W5,0,0) = 0. Cal-

A,
at

Ay = UZL(%)+Y2£(Y£2)+ %Vzlz( )+ %Wz.ﬁ(

culating

AN, - U\ ( Yz)

7o -g)ue(-3
From Egs. (2.1)-(2.6) we obtain

ahy _ (1 _n

dt u

as:

. 6 ep. onp .
Y+9(1—&)V+—p(1—%)w+ Py p
o \%4 UK W UK HVK

)(E—LDU—QUV)+(1—%)(QUV—(SY)+%(1—%)(%Y—SV—pWV)
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5 5
P (wPW - nz) + % (vZ - ¢P).

+ £ 1——)(€—|—KWV—ﬁW—vPW)—|——
K UK

144

Collecting terms we get

(1 U
dt u

Y 1% o
)(5 —@U) + oV — pUV =2 + 5Y, — Y — — Oy Ly 1 Py,
Y V  xu u 2

5 5 5
)(f—ﬁW) - ;pvwz + %wzp _2PEp

o () Ws
K HVUK

HPTART
Applying the steady state conditions
E=oly+oUyVs,  oUpVs = 06Y5,

1Y, =8Vr + pWoV), = —-xkWoVy + pW,,

we obtain
dA, - 2 Uz) op B 2 ‘5P( Wz)
iU (LI Uz) —|—(1 U QU2V2 PPSTY (W Wz) 9 1 W V2W2+QU2V
0 I I onpe
v 2 sy, —syY2 00y 00y L Py Py PV gy OIPE
Y 1% X b 3 X UK VK
0 > Op P 5 69  op op ( 175)
=17 (U-up) %KW(W W») —|—(QU2 P » W |V + PP YWy " P
LIZ 5p 5[) Wz Yz Vz 69
+ ol V3 QUZVZU ;Vsz + ;VZWZW QUV7 +0Y>» 5Y7 + 7V2
0 0 o
+ —pWV2 + —pV2W2 - —pV2W2
P2 P2 X
-@ 2 O0p P 2 68  op 50( ng)
=P U-w)? - (w-w -2 P lv £ ow, - L)
u (U-1h) %KW( 2) +(Qu2 X x 2 +%K Vi v
U, uvy, Y Vz) 6‘0 ( W» W)
ToY2 (3 U LY v»v) x"2™M2w w,
—® 2 5{3 4 2 6PV ( U, uvy, Y Vz)
= U-w)?- L —— (W- Wy —-W3)PHoY,(3- 2 - ——2__ 22 .
g (U-t) xk W, (W=Wa)"+ = (Wa = W3) P+ 8Y (3 - 7 LV, Y Y,V

Now we show that if R4 < 1, then W, < Ws. In case R4 < 1, then co-infection steady state 5SSz does

not exist since Z3 < 0 and P3 < 0. Thus,

7 =vPW-1Z <0,

P=vZ-¢P<0.

We need to find a value W where 0 < W(t) < W such that Z(t) < 0 and P < 0. We have

1 EP:v(W—E)Pgo for any Z, P > 0.
v v 4

Z+ —P=vPW -

This occurs when W, < W = Z—z = W3. Inequality (4.1) yields % < 0, where equality holds when
(U,Y,V,W) = (Uy, Yz,V2,W>) and (W, —W3)P = 0. The model’s solutions reach T, which has
elements with (U, Y, V, W) = (Uy, Y2, V2, W;) and

(W, —W3) P =0, (4.12)
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and we have two cases:

(I) Wy = Ws. From Eq. (2.4) we have

0=W=1~0+xWyV,—BfWy—vPW, == P(t)=0 foranyt.
Eq. (2.6) gives
0=P=vZ = Z()=0 foranyt (4.13)
Hence T} = {SS,}.
(Il) Wz < W3. Eq. (4.12) yields P = 0 and Eq. (4.13) gives Z = 0. Thus T?, = {SS5;}.
Consequently, by LaSalle’s invariance principle, SS; is GAS. O

Theorem 4.4. The KSHV/HIV-1 co-infection steady state SS3 is GAS when Ry > 1and1 < Rz <1+ %.

Proof. Define A3(U,Y,V,W,Z,P) as

No = UL () + VoL (32 )+ S vaL () + °0 w, £(p)+ P zst(Z)+ e (L),
Calculating d—t3 as

5 s 5 .
dAs :(1—%)u+(1—ﬁ)1~r 0 (1—E)V+ P (1—%)w+—p(1—é)z+ﬂ(1—&)p
dt u Y 1% nK

4% Z HVK P
Using equation of model (2.1)-(2.6), we obtain
A Y;3
ddt?’ —(1 - —) (&—all - gUV) + (1 - 7) (ouV —sY) + 2 (1 - %) (XY = 8V — pVW)
op W3 op Z3
+—K(1—W)<5+ KWV — BW — vPW)+—(1—7)( VPW = nZ)
onp (. Ps
+E(1—F)(UZ—SP)
Collecting terms as:
d[\3 o U3 Y V3 69 09 (5p
= _(1 u)(g OU) + U3V - pUV =2 + Y3 —0Y =2 = 2V + v+ Ly
op (, _Ws 6p 6p 5p 6np 6np P5
0 0
_ WPEP I 7795133
HUK noK

Using the steady state conditions

& =olUsz+oU3V3, pUzV3 =0Y3,
nY3 = 3V3+ pViWs, € =-xW3V34 W3+ vIW3P3,
vP3W3 = nZ3, vZz = €P3,
we get
d\; -@ Us;

6p 2 6p W3
T F(U—Us) (1—U)QU3V3—%—(W—W3) (1_W)V3W3
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opv W3 Y; Vy 69 09 op
o™ (1 - W) W3P5 + oU3V — QLIV7 +0Y3 — 6Y7 - 7V+ 7V3 + ;WVg
o 0 0 o) o} o) 0
_ 2y, 4 W pyp OV pypZ  OMP 0P, Py ONPE L, | ONPE
X K UK Z UK xxk P KUK VUK
_Tw 2 op B 2 Us op op W3
=1 (U U3) ATy (W W3) + oU3 V3 — pU3 V3 0 X V3Ws + < W V3Ws
opv opv W3 Y; Vs 69 59
—W3P3 — ——W3P V-oUV— Y;—-0Y— - —V+ —V
+x1<33 %KW33+QU3 QUY+636V x +x3
0 o 0 0 o) I} o)
9Py P 9PV p 0PV Zs Bnp,  Sp Py dnpe
b X K UK Z UK xx P pavs
onpe 0 0
4+ P 2Py, - 2Py,
HVK 2 A
It follows that
dhs - 2 Op P 2 08  op op ( ne‘)
iU (U U3) %KW(W W3) + QU3 P %Wg, V+ o W3 " P
Us Uuvys YV3) 6‘0 ( W3 W)
Y;13—-———r - — | - — 2—— - —
+0o 3(3 U vy ) %W,

6,01/ W3 WZ3P ZP3

L WaPa3 - = - =8 20

TR 3(3 W WsZP; Z3P)
- > Op P 2 ( Us; UVY; YV3)
- (u- - Tr w- Yal3- =2 -3 __°3
u (U =) mw(w W)™ +0Y3 (3 U UsV3Y YV

o W 4% opv W. WzsP ZP
—IPV3W3(2——3——)+LW3P3(3 3 S —3)

W W3 UK |4 W3ZP3 Z3P
- 2 6,0 2 ( Us; UVvys YV3)
= (U- -t iw- Yil3- =23 __*3
g U)o W= W) 0% 8-~y y ~vov
6‘0 V3 2 6‘01/ W3 WZsP ZP3
L8 (w- LwWsp,(3- 22 - 258 _203)
+ ey (W= W)+ SEWas (3- 55 WaZPs Z3P)
Finally, we get
dA3 —-o 2 6PCD 1 2 ( U; Uuvys; YVg)
—=—(U-U —— (W-W3)"[Rs-1-—|+0Y3(3—- - ———= - ——
i ) %0 w 3)7\Rs + U UVsY YV
6[)1/ W3 WZsP ZP5
+ 5 WP - iz~ 7o)
Thus, if 1 < Rz < 1+ % and by using inequality (4.1), we conclude that d{% <

0forany U,Y,V,W,Z,P > 0. In addition, %32 = 0 if (U,Y,V, W, Z,P) = (Us, Y3, V3, W3, Z3, P3).
Solutions of model (2.1)-(2.6) reach to T where (U, Y, V, W, Z, P) = (Us, Y3, V3, W3, Z3, P3). Hence,
T}, = {SS3} and 553 is GAS using LaSalle’s invariance principle. O

Table 2 provides an overview of the global stability conditions for each of the model’s steady

states.
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TasLE 2. Conditions for an equilibrium’s existence and stability.

Steady state Existence condition Stability condition
$So = (Uy, 0,0, Wp,0,0) - Ri<landR; <1
S$S1 = (Uy,0,0,Wy,Z4,Pq) Ry >1 Ri>TlandR3 <1
§5 = (Ua, Y2, V2, W2,0,0) Ry >1 Ry>landRy <1
SS3 = (U3, Y3, V3, W3,Z3,P3) R3>1,Ry>1 Ry>land1<Ry<1+ 22

5. NUMERICAL SIMULATIONS

5.1. Numerical simulations for system (2.1)-(2.6). In this section, numerical simulations are pro-
vided to visualize the analytical results that obtain in previous section by using the parameter’s

values that provided in Table 1. The initial conditions of model (2.1)-(2.6) are taken as:
Initial.1: U(0) = 200,Y(0) = 20,V(0) = 25, W(0) = 200,Z(0) = 150, P(0) = 300.
Initial.2 : U(0) = 400,Y(0) = 15, V(0) = 20, W(0) = 300, Z(0) = 100, P(0) = 200.
Initial.3 : U(0) = 600, Y(0) = 10, V(0) = 15, W(0) = 400, Z(0) = 50, P(0) = 100.

The values the parameters p and v are selected and leading to the following circumstances:

Circumstance-1: ¢ = 0.0001 and v = 0.0005. For these values of parameters, we have
R; = 053 < 1and R, = 0.42 < 1. Starting with the three initials the trajectories lead to
the steady state SSp = (1000, 0, 0,200, 0,0), as Figure 2 illustrates. This demonstrates that,
according to Theorem 1, SSp is GAS. This will result in the clearance of both KSHV and
HIV-1. Making R; <1 and R, < 1 may be achieved if there are efficient drug therapies for
both KSHV and HIV-1.

Circumstance-2: ¢ = 0.0001 and v = 0.002. This yields Ry = 2.1 > 1 and R3 = 0.8 <
1. The findings in Figure 3 demonstrate how the solutions approach the steady state,
§S1 = (1000, 0,0,94.05,77.05,135.18). Consequently, Theorem 2 and the numerical findings
match. This instance illustrates what happens when a person has KSHV infection but not
HIV-1 infection. It is evident that KSHV infection has resulted in decreased B cell numbers,
while CD4" T cell concentrations are still within normal limits.

Circumstance-3: ¢ = 0.001 and v = 0.0001. Then, we calculate R, = 4.2 > 1 and R4 =
0.22 < 1. It is evident that the requirements listed in Table 2 are met. Theorem 3 is
supported by Figure 4, which shows that the solutions converge to the steady state SS, =
(451.53,13.71,12.14,404.96,0,0). This instance illustrates what happens when a person has
HIV-1 infection but not KSHYV infection. It is evident that HIV-1 infection has resulted in
decreased CD4" T cell numbers. The presence of HIV-1 stimulates the B cells and increases
their concentration.

Circumstance-4: ¢ = 0.001 and v = 0.0006. These data provide Ry = 1.3 > 1, R3 =28 > 1
and Rz <1+ % = 3.4. Figure 5 show that SS3 = (355.26,16.12,18.15,313.5,89.86, 157.65)
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exist, and is GAS as we have proved in Theorem 4. Here, KSHV and HIV-1 are co-infected

in a human. The possibility of KSHV elimination is reduced due to a drop in the quantity
of both CD4" T cells and B cells. Furthermore, the patient’s immune system may be

deteriorating, which might lead to a rise in the manifestation of illness symptoms. This

might raise the likelihood that the patient would pass away.
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Ficure 2. Solutions of system (2.1)-(2.6) with three different initials reach healthy

steady state SSp = (1000, 0,0,200,0,0).
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Ficure 3. Solutions of system (2.1)-(2.6) with three different initials reach the KSHV
mono-infection steady state SS; = (1000, 0,0,94.05,77.05,135.18).
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Ficure 4. Solutions of system (2.1)-(2.6) with three different initials reach the HIV-1
mono-infection steady state SSy = (451.53,13.71,12.14,404.96,0,0).
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Ficure 5. Solutions of system (2.1)-(2.6) with three different ini-
tials reach the KSHV/HIV-1 co-infection steady state SS3
(355.26,16.12,18.15,313.5,89.86, 157.65).
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For further confirmation, a study of local stability for any steady state are provided. The jacobian
matrix J = J(U,Y,V,W,Z,P) of model (2.1)-(2.6) is computed in (4.7). For each steady state,
we compute the eigenvalues A;,i = 1,---,6 of J. An steady state point is locally stable if the
eigenvalues satisfy Re(A;) < 0 foralli = 1,2,---,6. By computing all the nonnegative steady
state and using the parameter’s value that written in Circumstance 1-4, we deduce the eigenvalues
corresponding to all steady states. Table 3 outlined all positive steady states and the real part of

the eigenvalues.

TasLE 3. Local stability of steady states.

Circumstance Equilibrium Re(A;) <0,i=1,---,6 Stability
S50 = (1000, 0,0,200,0,0) (=22.57,-0.79,-0.24,-0.23,-0.11,-0.01)  stable

2 §Sy = (1000,0,0,200,0,0) (-22.57,-1.1,-0.24,-0.23,0.19,-0.01) unstable
551 (1000,0,0,94.05,77.05,135.18) (-12.13,-1.,-0.4,-0.2,-0.2,-0.01) stable

3 = (1000, 0, 0,200, 0,0) (—24,1.2,-0.64, -0.26,-0.24,—0.01) unstable
552 = (451.53,13.71,12.14,404.96, 0, 0) (—43.18,-0.68,-0.11,-0.11, -0.22, —0.033)  stable

4 S$So = (1000, 0,0,200,0,0) (-24,1.2,-0.82,-0.24,-0.083,-0.01) unstable
§S, = (451.53,13.71,12.15,404.96, 0, 0) (—43.18,-0.96,-0.11,-0.11,0.057,—0.033)  unstable
583 = (355.26,16.12,18.15,313.5,89.86,157.65) (—33.98,-0.93,-0.14, -0.14,-0.016, -0.016) stable

5.2. Sensitivity Analysis. Sensitivity analysis is a crucial method in biological systems that helps
to illustrate the relationship between model results and parameters and is essential to improving
model research comprehension [55]. Therefore, sensitivity analysis quantifies the biological reac-
tions to any modification in the biological parameters, enabling the identification of the critical
element influencing the models” output [56]. As stated in [56], several sensitivity analysis tech-
niques have been developed for use with biological models. We use derivative-based sensitivity
in our model. Partial derivatives with regard to model parameters allow for the analytical calcula-
tion of the indexes. Since R; and R; have a significant influence in determining the stability of the
healthy steady state, sensitivity analysis for them is studied. The normalized forward sensitivity
index of R;, i = 1,2 is given by
i, Y
——-Xjﬁy (5.1)

where 7 is given parameter.

5.2.1. Sensitivity analysis for Ri. By using the Eq. (5.1), sensitivity indices of R; to each parameter
are computed as presented in Table 4. Obviously, the sensitivity analysis of R; do not depend in
parameter’s values since the sensitivity analysis with respect to any parameter is equal to 1 or —1.

For instance 5 p
R 4 %4 €
S?l =1 >< =—X bl P =
ot Ry neﬁ Loy
Table 4’s representation of the sensitivity analysis’s sign allows us to understand each parameter’s

involvement in the following ways:
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e Parameters ¢, v and v have positive impact on R;. This indicates that these parameters
have a role in the proliferation of KSHV throughout the body.

¢ On the contrary, the other parameters 1), ¢ and g is responsible on decreasing the spread
rate of KSHV in human.

These result is clearly shown in Figure 6.

TasLE 4. Sensitivity index for Ry.

Parametersy ¢ v v 1 ¢ f
Valueof S§' 1 1 1 -1 -1 -1

Forward sensitivity indices

Parameters

FIGURE 6. Sensitivity analysis for R;.

5.2.2. Sensitivity analysis for R. By using the Eq. (5.1) and parameter values in Table 1, sensitivity
indices of Ry to each parameter are computed as presented in Table 5. Figure 7 illustrates the
sensitivity indices values of R, using the parameter values in Table 1. According to the sensitivity

indices that are presented in the Table 5, we have the following:

e &, &, o, and B have positive indices, which mean that the increase or decrease of these
parameters will increase or decrease the basic reproduction ratio for HIV-1 mono-infection
Ro.

¢ §,®,¢, 9, and p have a negative impact on R,. Thus, any increase in these values will leads
to decrease the value of R;. Clearly, 6, d, and § are the most significant parameters, while £

and p are the less significant parameters.
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TaBLE 5. Sensitivity index for Rj.

Parametersy & x o B 0 o 14 9 P
ValueofSﬁz 11 1 00171 -1 -1 -0.0171 -0.8929 -0.0107

Forward sensitivity indices

Parameters
FiGure 7. Sensitivity for R;.

5.3. Comparison results. In this part, we examine the effects of KSHV or HIV-1 mono-infection
on each other by comparing the dynamics of KSHV or HIV-1 co-infection with those of KSHV or

HIV-1 mono-infection.

5.3.1. Evaluation of HIV-1 co-infection with KSHV versus HIV-1 mono-infection. We evaluate the fol-
lowing HIV-1 mono-infection system against the KSHV/HIV-1 co-infection model (2.1)-(2.6):

U=¢&-ol-oUV, (5.2)
Y = oUV -5Y, (5.3)
V =xY-98V-pVW, (5.4)
W =€+ xVW - BW. (5.5)

We select the parameter’s values ¢ = 0.001 and v = 0.003 in addition to the following initial

condition:
Initial.4 : U(0) = 250, Y(0) = 15, V(0) = 50, W(0) = 150, Z(0) = 50, P(0) = 100.

The solutions of two systems (2.1)-(2.6) and (5.2)-(5.5) are displayed in Figure 8. Obviously, when
HIV-1 mono-infected patients are co-infected with KSHYV, then the concentrations of healthy CD4 ™" T

cells are decreased while the concentrations of HIV-1 particles are increased. These findings align
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Ficure 8. A comparative analysis of the models” solutions for KSHV/HIV-1 co-

infection and HIV-1 mono-infection.

with research presented in [57] and [58], indicating that KSHV may increase the HIV-1 load and

spread, delaying the onset of AIDS.

5.3.2. Evaluation of HIV-1 co-infection with KSHV versus KSHV mono-infection. We evaluate the
following KSHV mono-infection system against the KSHV/HIV-1 co-infection model (2.1)-(2.6):

W ={(-BW-vWP,

Z=vWP-n1Z,

P =vZ-¢€P.

(5.6)
(5.7)
(5.8)

We choose the values ¢ = 0.001 and v = 0.001 and take the following initial condition as:

Initial.5 : U(0) = 200, Y(0) = 300, V(0) = 50, W(0) = 100, Z(0) = 40, P(0) = 70.

Solutions of the two systems (2.1)-(2.6) and (5.6)-(5.8) that illustrated in Figure 9. It is evident
that the B cell concentrations in both systems progressively get closer to the same value, W3 =

Wi. Compared to KSHV mono-infection patients, KSHV/HIV-1 co-infection patients had higher

prevalence of KSHV-infected B cells and free KSHYV particles. This is in line with research reported
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Ficure 9. A comparative analysis of the models” solutions for KSHV/HIV-1 co-
infection and KSHV mono-infection.

in [59], which hypothesized that elevated HIV-1 DNA levels might potentially trigger KSHV

reactivation by direct KSHV activation or increased immunosuppression.

6. CONCLUSION AND DISCUSSION

By infecting CD4 7T cells, one of the immune system’s primary components, HIV-1 damages
the system and can cause AIDS. As is well known, HIV-1 is highly contagious worldwide, and
those infected with it are vulnerable to opportunistic infections like KSHV. HHV8 can induce
KS by attacking B cells. KSHV/HIV-1 co-infection cases have been reported recently in various
nations, particularly in Africa [60-62]. In this study, we constructed and investigated a new
model for KSHV and HIV-1 co-infection in a host. The interactions between healthy CD4™ T cells,
HIV-1-infected CD4™ T cells, free HIV-1, healthy B cells, KSHV-infected B cells, and free KSHV
are explained by a system of six nonlinear ODEs. First, nonnegativity and boundedness-the two
main properties of the solutions-were shown. Next, we demonstrated the existence of four stable
states in the model. The global asymptotic stability of the model’s steady states is defined by four
threshold parameters, R;, fori = 1, 2, 3, and 4. We demonstrated the global asymptotic stability
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for all steady state by utilizing the Lyapunov approach and LaSalle’s invariance principle. Our

findings are as follows:

e There is always an healthy steady state, SSo. Additionally, when R; <1and R; <1, §5¢ is
GAS. An individual who is free of both KSHV and HIV-1 is represented by this case.

e There exists a KSHV mono-infection steady state SS; when R; > 1. Additionally, when
R; > 1and Rz < 1, §S; is GAS. This condition reflects what happens to a person who just
has KSHYV infection.

e There exists an HIV-1 mono-infection steady state SS, when R, > 1. Furthermore, SS; is
GAS when R, > 1 and R4 < 1. This condition is representative of an individual with just
HIV-1 infection.

e There exists a KSHV/HIV-1 co-infection steady state SS3 when R3 > 1 and R4 > 1. Further-
more, SS3i1s GASwhen Ry >1and1 <R3 <1+ %. This condition is representative of an
individual who carries both HIV-1 and KSHYV infections.

In accordance with the theoretical outcomes, we offered numerical simulations. Sensitivity
analysis was examined for both both basic reproduction ratios R; and R,. A comparison was
presented between co-infections of KSHV and HIV-1 and single infections of HIV-1 or KSHV. We
found that the concentrations of KSHV and HIV-1 are greater when they co-infect than when they
are infections apart. This result is in line with a number of findings found in the literature.

The primary constraint on our study is that we were unable to estimate the model’s parameter
values using actual data from patients who were co-infected with HIV-1 and KSHV. Actual data
from individuals with HIV-1 or KSHYV single infections may exist, but there is currently a dearth
of actual data from patients who are co-infected with both HIV-1 and KSHV.

We point out that the immunological competition at the cellular level has recently been modeled
using active agent techniques, see [63]. We think that our strategy can direct future advancements
in agent-based techniques to accommodate the presence of various diseases. Using fractional
differential equations (FDEs) to examine the effect of memory on our model’s dynamics looks
like an intriguing approach. FDEs have the ability to capture non-local and memory-dependent
effects, which are often crucial in different biological systems. The model created in this study
may also be enhanced by (i) taking viral mutations into consideration [64], (ii) utilizing real data
to get an accurate estimation of the parameter values, and (iii) taking reaction-diffusion into

consideration [65].
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