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Abstract. The aim of this paper is to more contribute the study of operations on bitopological spaces. The concept

of operation on generalized semi open sets in bitopological spaces is introduced and studied. Two closure operators

related to this concept are introduced and some of their properties and the relation between them are discussed.

1. Introduction

The concept of an operation on a topological space was initiated by Kasahara [11]. More

investigation of this concept is given by Asaad, Jankovic and Ogata [4–6,9,17]. Several researches

developed many concepts of operation on different classes of sets in topological spaces. Operations

on the classes of all preopen sets, generalized open sets, semi generalized open sets, b−open

sets, generalized semi open sets, semi open sets and β−open sets were introduced and studied

in [2], [3], [4], [5], [8], [10], [16] and [18].

Operations on bitopological spaces were discussed in some manner in [1, 12]. A different

technique to study operations on bitopological spaces is found in [13]. In [15], the concept of

operation on Pc open sets in bitopological spaces is given.

The aim of this paper is to study the concept of operations on generalized semi open sets in

bitopological spaces. Firstly, we introduce the concept of a family i j−GSκO(X) of all i j− gsκ−open

sets by using the operation κ on generalized semi open sets in a bitopological space X. Secondly, we

introduce the concepts of i j− κgsCl(A) and i j− gsClκ(A) of any subset A of a bitopological space

X and discuss the relation between them. Thirdly, we introduce the concepts of i j − κgsInt(A)

and i j − gsIntκ(A) of any subset A of a bitopological space X. Finally, we study the notion of

i j− gsκ−limit point of any subset of a bitopological space and give some properties.
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Throughout this paper, by (X, τ1, τ2) or simply X we mean a bitopological space, i, j = 1, 2, i , j
and id denotes the identity map. Let A be a subset of a bitopological space (X, τ1, τ2), the closure

and the interior of A in the topological space (X, τi) are denoted by i − Cl(A) and i − Int(A)

respectively.

2. Preliminaries

In this section, we recall some concepts occurring in the papers [7, 13, 14] which will be needed

in the sequel.

Definition 2.1 [7]

A subset A of a bitopological space X is called i j−semi open if there exists a τi−open set U such

that U ⊆ A ⊆ j−Cl(U) or equivalently A ⊆ j−Cl(i− Int(A)).

The complement of an i j−semi open set is called i j−semi closed. The family of all i j−semi open

sets of X is denoted by i j − SO(X). For x ∈ X, the family of all i j−semi open sets containing x is

denoted by i j− SO(X, x). The i j−semi closure of A, denoted by i j− sCl(A), is the intersection of all

i j−semi closed sets of X containing A .

Definition 2.2 [14]

A subset A of a bitopological space X is called i j−generalized semi closed ( briefly i j− gs−closed)

if ji− sCl(A) ⊆ U whenever A ⊆ U and U is τi−open in X.

The set of all i j−generalized semi open sets of X is denoted by i j−GSO(X). The complement of

an i j−generalized semi closed set is called i j−generalized semi open set( briefly i j − gs−open). If

A is 12 − gs−closed and 21 − gs−closed, then it is said to be pairwise gs−closed. Every τ j−closed

set is i j−generalized semi closed .

Definition 2.3 [14]

Let X be a bitopological space and A ⊂ X. The i j−generalized semi-closure of A, denoted by

i j− gsCl(A), is the intersection of all i j− gs−closed sets of X containing A .

Lemma 2.1 [14]

Let X be a bitopological space, x ∈ X and A ⊂ X. Then x ∈ i j− gsCl(A) if and only if U∩A , φ, for

every i j− gs−open set U containing x .

Definition 2.4 [14]

Let X be a bitopological space and A ⊂ X. The i j−generalized semi interior of A, denoted by

i j− gsInt(A), is the union of all i j− gs−open sets of X contained in A.

Definition 2.5 [14]

Let X be a bitopological space, x ∈ X and A ⊂ X. Then x is called an i j−generalized semi-limit

point (briefly i j− gs− limit point) of A, if for every i j− gs−open set U containing x, A∩U \ {x} , φ.

The set of all i j− gs−limit points of A, denoted by i j− gsd(A), is called the i j−generalized semi-

derived set of A .

Definition 2.6 [13]

Let X be a bitopological space. An operation γ on τ1 ∪ τ2 is a mapping γ : τ1 ∪ τ2 −→ P(X) such
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that V ⊆ Vγ for every V ∈ τ1 ∪ τ2, where Vγ denotes the value of γ at V.

Definition 2.7 [13]

A subset A of a bitopological space X is said to be a γi−open set if for each x ∈ A, there exists a

τi−open set U containing x such that Uγ ⊆ A.

The set of all γi−open sets of X is denoted by τiγ. Clearly we have τiγ ⊆ τi. The complement of

a γi−open set is called γi−closed.

3. Operation on generalized semi open sets in bitopological spaces

In this section, we introduce the concepts of generalized semi open sets and generalized semi

operation closed sets in bitopological spaces and study some of its properties. We show that if κ is

i j− gsκ−regular, then i j−GSκO(X) is a topology on X.

In the following, P−GSO(X) = 12−GSO(X)∪ 21−GSO(X).

Definition 3.1
Let X be a bitopological space. An operation κ on P −GSO(X) is a mapping κ : P −GSO(X) −→

P(X) such that V ⊆ Vκ for every V ∈ P−GSO(X), where Vκ denotes the value of κ at V.

The operators Uκ = U and Uκ = j−Cl(U) for U ∈ i j−GSO(X) are operations on P−GSO(X).

It is known that τ1 ∪ τ2 ⊆ P−GSO(X). Then if we restrict the κ operation to τ1 ∪ τ2, we obtain

the γ operation in [13].

In the following, we give an example for an operation on generalized semi open sets:

Example 3.1
Let X = {a, b, c, d}, τ1 = P(X) and τ2 = {X,φ, {a}, {b}, {d}, {a, b}, {b, d}, {a, d}, {a, b, d}}, then κ : P −
GSO(X) −→ P(X) defined by Uκ = 2 − Cl(U) for every U ∈ P − GSO(X) is an operation on

P−GSO(X).

Definition 3.2
A subset A of a bitopological space X is said to be an i j − gsκ−open set if for every x ∈ A, there

exists an i j− gs−open set U containing x such that Uκ ⊆ A.

If A is 12 − gsκ−open and 21 − gsκ−open, then it is called pairwise gsκ−open. The set of all

i j − gsκ−open sets of X is denoted by i j −GSκO(X). The complement of an i j − gsκ−open set is

i j− gsκ−closed. If B is 12− gsκ−closed and 21− gsκ−closed, then B is called pairwise gsκ−closed.

In any bitopological space, X and φ are i j− gsκ−open sets.

If Uκ = U for U ∈ i j−GSO(X), then the concept of i j− gsκ−open set coincide with the concept

of i j − gs−open set [14]. In case Uκ = j − Cl(U) for U ∈ i j −GSO(X), i j − gsκ−open set is called

i j− gsθ−open.

Remark 3.1
Intersection of any two i j− gsκ−open subsets of a bitopological space X need not be i j− gsκ−open

as can be shown by the following example:-

Example 3.2
Let X = {a, b, c, d}, τ1 = {X,φ, {b}, {c, d}, {b, c, d}}, τ2 = {X,φ, {a}, {b}, {a, b}, {a, c, d}} and let κ be an
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operation on P −GSO(X) defined by Uκ = 2 − Cl(A) for every U ∈ P −GSO(X). Here {a, b} and

{a, c, d} are 12− gsκ−open sets but {a, b} ∩ {a, c, d} = {a} is not 12− gsκ−open set.

If Uκ = U for U ∈ i j−GSO(X), then the intersection of two i j− gs−open subsets of a bitopolog-

ical space X is i j− gs−open [14].

Remark 3.2
The families i j−GSO(X) and i j−GSκO(X) are independent to each other as can be shown by the

following example:-

Example 3.3
Let X = {a, b, c, d}, τ1 = {X,φ, {b}, {c, d}, {b, c, d}}, τ2 = {X,φ, {a}, {b}, {a, b}, {a, c, d}} and κ be an opera-

tion on P−GSO(X) defined by Uκ = 2−Cl(A) for every U ∈ P−GSO(X). Here {a} is 21− gs−open

but not 21− gsκ−open and {a, c, d} is 21− gsκ−open but not 21− gs−open.

Theorem 3.1
Let X be a bitopological space and κ be an operation on P −GSO(X). Then the following results

are true:-

(1) Arbitrary union of i j− gsκ−open subsets of X is also i j− gsκ−open.

(2) Arbitrary intersection of i j− gsκ−closed subsets of X is also i j− gsκ−closed.

(3) Every γ j−open subset of X is i j− gsκ−open.

Proof.

(1) Let {Bα : α ∈ ∆} be a collection of i j − gsκ−open subsets of X and x ∈ B = ∪Bα, then x ∈ Bα
for some α. Since Bα is an i j − gsκ−open set, then there exists an i j − gs−open set U containing x
such that Uκ ⊆ Bα. Since Bα ⊆ ∪Bα = B, then Uκ ⊆ B. Therefore, for every x ∈ B, there exists an

i j− gs−open set U containing x such that Uκ ⊆ B which implies that B is i j− gsκ−open. Thus ∪Bα
is i j− gsκ−open.

(2) Follows from (1).

(3) Let V be a γ j−open subset of X containing x, then there exists a τ j−open set U containing x
such that Uγ ⊆ V. Since every τ j−open is i j− gs−open, then U is i j− gs−open. Since V is γ j−open

subset of X, then γ = κ which implies that Uγ = Uκ. Therefore, Uκ ⊆ V and U is i j − gs−open

which proves that V is i j− gsκ−open.

Example 3.4
Let X and κ be defined as in Example 3.2. Let an operation γ : τ1 ∪ τ2 −→ P(X) defined

by Uγ = 2 − Cl(U), for every U ∈ τ1 ∪ τ2. Here every τ2γ is 12 − gsκ−open and every τ1γ is

21− gsκ−open.

In Example 3.4, if Uγ = 1−Cl(U), then γ is not the restriction of κ on τ1 ∪ τ2. So, not every τ2γ

is 12− gsκ−open because {a} ∈ τ2γ but not 12− gsκ−open.

Definition 3.3
Let X be a bitopological space and κ, µ be operations on P − GSO(X). Then X is said to be an

i j− gs(κ,µ)−regular space if for every x ∈ X and every i j− gs−open set U containing x, there exists

an i j− gs−open set V containing x such that Vκ ⊆ Uµ.
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If X is 12 − gs(κ,µ)−regular space and 21 − gs(κ,µ)−regular space, then X is called pairwise

gs(κ,µ)−regular space.

If Uµ = U for U ∈ i j − GSO(X), then i j − gs(κ,µ)−regular space is called i j − gsκ−regular. If

Uκ = Uµ = U for U ∈ i j−GSO(X), then i j− gs(κ,µ)−regular space is called i j− gs−regular. If Uκ =
Uµ = j−Cl(U) for U ∈ i j−GSO(X), then i j− gs(κ,µ)−regular space is called i j− gsθ−regular.

Definition 3.4
Let X be a bitopological space. An operation κ on P −GSO(X) is said to be an i j − gsκ−regular

operation if for every x ∈ X and for every pair of i j− gs−open subsets A, B of X containing x, there

exists an i j− gs−open set W containing x such that Wκ
⊆ Aκ ∩ Bκ.

If κ is 12 − gsκ−regular operation and 21 − gsκ−regular operation, then κ is called pairwise

gsκ−regular operation.

If Uκ = U for U ∈ i j − GSO(X), then i j − gsκ−regular operation is called i j − gs−regular op-

eration. In case Uκ = j − Cl(U) for U ∈ i j − GSO(X), then i j − gsκ−regular operation is called

i j− gsθ−regular.

Definition 3.5
Let X be a bitopological space. An operation κ on P − GSO(X) is said to be an i j − gsκ−open

operation if for every x ∈ X and for every i j− gs−open subset U of X containing x, there exists an

i j− gsκ−open subset S of X containing x such that S ⊆ Uκ.
If κ is 12− gsκ−open operation and 21− gsκ−open operation, then κ is called pairwise gsκ−open.

If Uκ = U for U ∈ i j −GSO(X), then i j − gsκ−open operation is called i j − gs−open operation.

In case Uκ = j−Cl(U) for U ∈ i j−GSO(X), then i j− gsκ−open operation is called i j− gsθ−open.

Remark 3.3
There exists an operation κ on P −GSO(X) which is pairwise gsκ−regular but not pairwise gsκ−
open and there exists an operation κ which is pairwise gsκ−open but not pairwise gsκ− regular.

In Example 3.1, the operation κ is pairwise gsκ−regular but not pairwise gsκ−open because there

exists a ∈ X and {a} is 12 − gs−open set containing a but there is no 12 − gsκ−open set S contain

a such that S ⊆ {a}κ. In Example 3.2, the operation κ is pairwise gsκ−open but not pairwise

gsκ−regular because there exist {a} and {a, b} pair of 12− gs−open sets containing a but there is no

12− gs−open set U containing a and such that Uκ ⊆ {a}κ ∩ {a, b}κ.
In the following proposition, we show that the set i j−GSκO(X) forms a topology on X when κ

is i j− gsκ−regular.

Proposition 3.1
Let X be a bitopological space and κ be an i j− gsκ−regular operation on P−GSO(X). Then:-

(1) If A and B are i j− gsκ−open subsets of X, then A∩ B is i j− gsκ−open.

(2) i j−GSκO(X) is a topology on X.

Proof.

(1)Let A and B be i j− gsκ−open subsets of X and x ∈ A∩B, then x ∈ A and x ∈ B. Since A and B are

i j − gsκ−open, then there exist two i j − gs−open sets U and V containing x such that Uκ ⊆ A and
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Vκ ⊆ B. Therefore, Uκ ∩Vκ ⊆ A∩ B. Since κ is i j − gsκ−regular, then there exists an i j − gs−open

set W containing x such that Wκ
⊆ Uκ ∩Vκ. Therefore, Wκ

⊆ A ∩ B which proves that A ∩ B is

i j− gsκ−open.

(2) Follows from (1), Theorem 3.1(1) and Definition 3.2.

Remark 3.4
The condition in Proposition 3.1 is necessary. In Example 3.2, the operationκ is not 12− gsκ−regular

and 12 − GSκO(X) is not a topology on X because {a, b} and {a, c, d} are 12 − gsκ−open sets but

{a, b} ∩ {a, c, d} = {a} is not 12− gsκ−open.

4. i j− κgsCl(A) and i j− gsClκ(A)

In this section, we introduce new two types of closure operators in bitopological spaces, namely,

i j− κgsCl and i j− gsClκ. We study some of their properties and the relation between them.

Definition 4.1
Let X be a bitopological space, x ∈ X, A ⊂ X and κ be an operation on P−GSO(X). Then x is said

to be an i j− κgs closure point of A if Uκ ∩A , φ for every i j− gs−open set U containing x. The set

of all i j− κgs closure points of A, denoted by i j− κgsCl(A), is called the i j− κgs closure of A.

If Uκ = U for U ∈ i j −GSO(X), then the concept of i j − κgsCl(A) coincide with the concept of

i j − gsCl(A) [14]. In case Uκ = j − Cl(U) for U ∈ i j −GSO(X), the i j − κgsCl(A) is called i j − θgs
closure of A (briefly i j− θgsCl(A)).

Definition 4.2
Let X be a bitopological space, A ⊂ X and κ be an operation on P − GSO(X). Then we define

i j− gsClκ(A) as the intersection of all i j− gsκ−closed subsets of X containing A.

i j− gsClκ(A) = ∩{F ⊆ X : A ⊆ F, Fc
∈ i j−GSκO(X)}

If Uκ = U for U ∈ i j −GSO(X), then the concept of i j − gsClκ(A) coincide with the concept of

i j− gsCl(A) [14]. In case Uκ = j−Cl(U) for U ∈ i j−GSO(X), i j− gsClκ(A) is called i j− gsClθ(A).

Theorem 4.1
Let A be a subset of a bitopological space X, y ∈ X and κ be an operation on P −GSO(X). Then

y ∈ i j− gsClκ(A) if and only if V ∩A , φ for every V ∈ i j−GSκO(X) such that y ∈ V.

Proof.

Let F = {y ∈ X : V ∩ A , φ for every V ∈ i j − GSκO(X) and y ∈ V}. We need to prove that

F = i j − gsClκ(A). Let x < F, then there exists an i j − gsκ−open set V containing x such that

V ∩A = φ. Therefore, Vc is i j − gsκ−closed and A ⊆ Vc which implies that i j − gsClκ(A) ⊆ Vc.

Since x ∈ V, then x < Vc which implies that x < i j− gsClκ(A). Thus i j− gsClκ(A) ⊆ F. Conversely,

let x < i j − gsClκ(A) = ∩{E : A ⊆ E, Ec
∈ i j −GSκO(X)}, then there exists an i j − gsκ−closed set

E such that A ⊆ E but x < E, then x ∈ Ec and Ec is i j − gsκ−open. Since A ⊆ E, then Ec
∩A = φ.

Hence we have Ec is an i j − gsκ−open set containing x such that Ec
∩A = φ which implies that

x < F. Therefore, F ⊆ i j− gsClκ(A). Thus F = i j− gsClκ(A).
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In the following, we give the relation between i j− κgsCl(A) and i j− gsClκ(A) for any subset A
of a bitopological space X. Also, we study some of its properties.

Proposition 4.1
Let A be a subset of a bitopological space X and κ be an operation on P − GSO(X). Then A ⊆
i j− gsCl(A) ⊆ i j− κgsCl(A) ⊆ i j− gsClκ(A).

Proof.

By definition, we have A ⊆ i j− gsCl(A). Let x ∈ i j− gsCl(A), then A∩V , φ for every i j− gs−open

set V containing x. Since V ⊆ Vκ, then A ∩ Vκ , φ, for every i j − gs−open set V containing x.

Therefore, x ∈ i j − κgsCl(A). Thus i j − gsCl(A) ⊆ i j − κgsCl(A). Let x < i j − gsClκ(A), then there

exists an i j− gsκ−open set U containing x such that U∩A = φ. Hence there exists an i j− gs−open

set W containing x such that Wκ
⊆ U. Therefore, Wκ

∩A = φwhich implies that x < i j− κgsCl(A).

Then i j− κgsCl(A) ⊆ i j− gsClκ(A).

Thus A ⊆ i j− gsCl(A) ⊆ i j− κgsCl(A) ⊆ i j− gsClκ(A).

Remark 4.1
Generally i j − gsClκ(A) , i j − κgsCl(A). In Example 3.1, let A = {a}, then 12 − κgsCl(A) = {a, c}
and 12− gsClκ(A) = {a, b, c, d}.
Theorem 4.2
Let A, B be subsets of a bitopological space X and κ be an operation on P − GSO(X). Then the

following statements are true:-

(a) i j− gsClκ(A) is an i j− gsκ−closed set and A ⊆ i j− gsClκ(A).

(b) A is i j− gsκ−closed if and only if A = i j− gsClκ(A).

(c) If A ⊆ B, then i j− gsClκ(A) ⊆ i j− gsClκ(B).
(d) i j− gsClκ(A)∪ i j− gsClκ(B) ⊆ i j− gsClκ(A∪ B).
(e) If κ is an i j− gsκ−regular operation, then i j− gsClκ(A)∪ i j− gsClκ(B) = i j− gsClκ(A∪ B).
( f ) i j− gsClκ(A∩ B) ⊆ i j− gsClκ(A)∩ i j− gsClκ(B).
(g) i j− gsClκ(i j− gsClκ(A)) = i j− gsClκ(A).

Proof.

(a) From Theorem 3.1 (2) and Definition 4.2.

(b) From Definition 4.2 and (a).
(c) Let A ⊆ B and x < i j− gsClκ(B), then there exists an i j− gsκ−open set V
containing x such that V ∩ B = φ. Since A ⊆ B, then V ∩A = φ. Therefore, x < i j− gsClκ(A) which

proves that i j− gsClκ(A) ⊆ i j− gsClκ(B).
(d) Since A ⊆ A ∪ B and B ⊆ A ∪ B, then from (c) we have i j − gsClκ(A) ⊆ i j − gsClκ(A ∪ B) and

i j− gsClκ(B) ⊆ i j− gsClκ(A∪ B). Therefore, i j− gsClκ(A)∪ i j− gsClκ(B) ⊆ i j− gsClκ(A∪ B).
(e)Letκbe an i j− gsκ−regular operation and x < i j− gsClκ(A)∪ i j− gsClκ(B), then x < i j− gsClκ(A)

and x < i j− gsClκ(B). Therefore, there exist two i j− gsκ−open sets U and V containing x such that

U ∩A = φ and V ∩ B = φ. Since κ is an i j − gsκ−regular operation, then U ∩V is i j − gsκ−open.

But (U ∩V) ∩ (A∪ B) = (U ∩V ∩A) ∪ (U ∩V ∩ B) = φ. Hence we have (U ∩V) ∩ (A∪ B) = φ
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and U ∩ V is an i j − gsκ−open set containing x which implies x < i j − gsClκ(A ∪ B). Therefore,

i j − gsClκ(A∪ B) ⊆ i j − gsClκ(A) ∪ i j − gsClκ(B). Thus, by (d) i j − gsClκ(A∪ B) = i j − gsClκ(A) ∪

i j− gsClκ(B).
( f ) Since A∩B ⊆ A and A∩B ⊆ B, then by (c), i j− gsClκ(A∩B) ⊆ i j− gsClκ(A) and i j− gsClκ(A∩
B) ⊆ i j− gsClκ(B). Thus i j− gsClκ(A∩ B) ⊆ i j− gsClκ(A)∩ i j− gsClκ(B).
(g) From (a), A ⊆ i j − gsClκ(A), then we have i j − gsClκ(A) ⊆ i j − gsClκ(i j − gsClκ(A)). Now,

we need to prove that i j − gsClκ(i j − gsClκ(A)) ⊆ i j − gsClκ(A). Let x ∈ i j − gsClκ(i j − gsClκ(A)),

then V ∩ i j − gsClκ(A) , φ for every i j − gsκ−open set V containing x. Therefore, there exists

a point y ∈ X such that y ∈ V ∩ i j − gsClκ(A) which implies that y ∈ V and y ∈ i j − gsClκ(A).

Hence V is an i j − gsκ−open set containing y and y ∈ i j − gsClκ(A), then V ∩ A , φ. Thus

V ∩A , φ for every i j − gsκ−open set V containing x which proves that x ∈ i j − gsClκ(A). Then

i j− gsClκ(i j− gsClκ(A)) ⊆ i j− gsClκ(A). Thus i j− gsClκ(i j− gsClκ(A)) = i j− gsClκ(A).

Theorem 4.3
Let A, B be subsets of a bitopological space X and κ be an operation on P − GSO(X). Then the

following results are true:-

(a) A ⊆ i j− κgsCl(A).

(b) i j− κgsCl(φ) = i j− gsClκ(φ) = φ and i j− κgsCl(X) = i j− gsClκ(X) = X.

(c) If X is an i j− gsκ−regular space, then i j− κgsCl(A) = i j− gsCl(A).

(d) If A ⊆ B, then i j− κgsCl(A) ⊆ i j− κgsCl(B).
(e) i j− κgsCl(A)∪ i j− κgsCl(B) ⊆ i j− κgsCl(A∪ B).
( f ) If κ is an i j− gsκ−regular operation, then i j− κgsCl(A)∪ i j− κgsCl(B) = i j− κgsCl(A∪ B).
(g) i j− κgsCl(A∩ B) ⊆ i j− κgsCl(A)∩ i j− κgsCl(B).
(h) If κ is an i j − gsκ−open operation, then i j − κgsCl(A) = i j − gsClκ(A) and i j − κgsCl(i j −
κgsCl(A)) = i j− κgsCl(A) hold.

Proof.

(a) Let x < i j− κgsCl(A), then there exists an i j− gs−open set U containing x such that Uκ ∩A = φ.

Since U ⊆ Uκ, then U ∩A = φ. But x ∈ U, then x < A. Therefore, A ⊆ i j− κgsCl(A).

(b) From definitions and Proposition 4.1.

(c) Let X be an i j− gsκ−regular space. We have i j− gsCl(A) ⊆ i j− κgsCl(A) from Proposition 4.1.

Let x < i j − gsCl(A), then there exists an i j − gs−open set U containing x such that U ∩ A = φ.

Since X is an i j − gsκ−regular space, then there exists an i j − gs−open set V containing x such

that Vκ ⊆ U which implies that Vκ ∩ A = φ. Therefore, x < i j − κgsCl(A) which proves that

i j− κgsCl(A) ⊆ i j− gsCl(A). Thus i j− κgsCl(A) = i j− gsCl(A).

(d) Let A ⊆ B and x < i j − κgsCl(B), then there exists an i j − gs−open set U containing x such

that Uκ ∩ B = φ. Since A ⊆ B, then Uκ ∩A = φ. Therefore, x < i j − κgsCl(A) which proves that

i j− κgsCl(A) ⊆ i j− κgsCl(B).
(e) We have A ⊆ A ∪ B and B ⊆ A ∪ B, then from (d), we have i j − κgsCl(A) ⊆ i j − κgsCl(A ∪ B)
and i j− κgsCl(B) ⊆ i j− κgsCl(A∪ B). Therefore, i j− κgsCl(A)∪ i j− κgsCl(B) ⊆ i j− κgsCl(A∪ B).
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( f ) Let κ be an i j − gsκ−regular operation and x < i j − κgsCl(A) ∪ i j − κgsCl(B), then x < i j −
κgsCl(A) and x < i j − κgsCl(B). Therefore, there exist two i j − gs−open sets U and V containing

x such that Uκ ∩ A = φ and Vκ ∩ B = φ. Since κ is an i j − gsκ−regular operation, then there

exists an i j − gs−open set W containing x such that Wκ
⊆ Uκ ∩Vκ. Now, (Uκ ∩Vκ) ∩ (A ∪ B) =

(Uκ ∩ Vκ ∩ A) ∪ (Uκ ∩ Vκ ∩ B) = φ. Since Wκ
⊆ Uκ ∩ Vκ, then Wκ

∩ (A ∪ B) = φ. Therefore,

x < i j − κgsCl(A ∪ B) which implies that i j − κgsCl(A ∪ B) ⊆ i j − κgsCl(A) ∪ i j − κgsCl(B). Thus,

by (e) i j− κgsCl(A∪ B) = i j− κgsCl(A)∪ i j− κgsCl(B).
(g) Since A ∩ B ⊆ A and A ∩ B ⊆ B, then from (d) i j − κgsCl(A ∩ B) ⊆ i j − κgsCl(A) and i j −
κgsCl(A∩ B) ⊆ i j− κgsCl(B). Thus i j− κgsCl(A∩ B) ⊆ i j− κgsCl(A)∩ i j− κgsCl(B).
(h) Let κ be an i j− gsκ−open operation.

(i) We have i j− κgsCl(A) ⊆ i j− gsClκ(A) from Proposition 4.1. Now, Let y < i j− κgsCl(A), then

there exists an i j − gs−open set U containing y such that Uκ ∩A = φ. Since κ is an i j − gsκ−open

operation, then there exists an i j− gsκ− open set W containing y such that W ⊆ Uκ which implies

that W∩A = φ. Therefore, y < i j− gsClκ(A) which proves that i j− gsClκ(A) ⊆ i j−κgsCl(A). Thus

i j− gsClκ(A) = i j− κgsCl(A).

(ii) From Theorem 4.2 (g), we have i j− gsClκ(i j− gsClκ(A)) = i j− gsClκ(A) and from h(i), we

have i j− gsClκ(A) = i j− κgsCl(A). Then i j− κgsCl(i j− κgsCl(A)) = i j− κgsCl(A).

In the following proposition, we show that the set i j− κgsCl(A) satisfies the Kuratowski closure

axioms.

Proposition 4.2
Let X be a bitopological space. If κ is an i j − gsκ−regular and an i j − gsκ−open operation on

P−GSO(X), then i j− κgsCl(A) satisfies the Kuratowski closure axioms.

Proof. Follows from Theorem 4.3 (a), (b), ( f ) and (h).
Remark 4.2
Let X be a bitopological space. If κ is not an i j − gsκ−open operation, then i j − κgsCl(i j −
κgsCl(A)) , i j − κgsCl(A). In Example 3.1, κ is not 12 − gsκ−open operation. If A = {a}, then

12− κgsCl(A) = {a, c} and 12− κgsCl(12− κgsCl(A)) = {a, b, c, d}which shows that 12− κgsCl(12−

κgsCl(A)) , 12− κgsCl(A) in general.

Theorem 4.4
Let X be a bitopological space and κ be an i j − gsκ−regular operation on P − GSO(X). Then

i j− gsClκ(A)∩U ⊆ i j− gsClκ(A∩U) for every i j− gsκ−open set U and every subset A of X.

Proof.

Let x ∈ i j − gsClκ(A) ∩U and U be an i j − gsκ−open set, then x ∈ i j − gsClκ(A) and x ∈ U. Let V
be an i j− gsκ−open set containing x, then U ∩V is i j− gsκ−open because κ is an i j− gsκ−regular

operation. Hence we have U ∩V is an i j− gsκ−open set containing x and x ∈ i j− gsClκ(A) which

implies that A∩ (U∩V) , φ. Therefore, (A∩U)∩V , φ and V is an i j− gsκ−open set containing

x which proves that x ∈ i j − gsClκ(A ∩U). Thus i j − gsClκ(A) ∩U ⊆ i j − gsClκ(A ∩U) for every

i j− gsκ−open set U and every subset A of X.
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Theorem 4.5
Let A be any subset of a bitopological space X and κ be an operation on P −GSO(X). Then the

following statements are equivalent:-

(a) A is i j− gsκ−closed set.

(b) i j− κgsCl(A) = A.

(c) i j− gsClκ(A) = A.

Proof.

(a)⇒ (b) Let A be an i j− gsκ−closed set. We have A ⊆ i j− κgsCl(A). Now, let x < A, then x ∈ Ac.

Therefore, Ac is an i j − gsκ−open set containing x which implies that there exists an i j − gs−open

set U containing x such that Uκ ⊆ Ac. Hence Uκ ∩A = φ which implies that x < i j − κgsCl(A).

Hence i j− κgsCl(A) ⊆ A. Thus i j− κgsCl(A) = A.

(b)⇒ (c) Let i j−κgsCl(A) = A. We have A ⊆ i j− gsClκ(A). Now, let x < A, then x < i j−κgsCl(A).

Hence there exists an i j − gs−open set U containing x such that Uκ ∩A = φ. Therefore, Uκ ⊆ Ac.

Since x < A, then x ∈ Ac which proves that Ac is an i j− gsκ− open set. Then Ac is an i j− gsκ−open set

containing x such that Ac
∩A = φ. Therefore, x < i j− gsClκ(A)which implies that i j− gsClκ(A) ⊆ A.

Thus i j− gsClκ(A) = A.

(c) ⇒ (a) Let i j − gsClκ(A) = A and x < A, then x < i j − gsClκ(A). Therefore, there exists an

i j − gsκ−open set U containing x such that U ∩A = φ. Hence there exists an i j − gs−open set V
containing x such that Vκ ⊆ U which implies that Vκ ∩A = φ. Therefore, Vκ ⊆ Ac. Since x < A,

then x ∈ Ac. Therefore, Ac is i j− gsκ−open which proves that A is i j− gsκ−closed.

5. i j− κgsInt(A) and i j− gsIntκ(A)

In this section, we introduce the notions of i j− κgsInt(A) and i j− gsIntκ(A) for any subset A of

a bitopological space X. We study some of their properties and discuss the relation between them.

Definition 5.1
Let X be a bitopological space, x ∈ X, A ⊂ X and κ be an operation on P−GSO(X). Then x ∈ A is

said to be an i j− κgs interior point of A if there exists an i j− gs−open set V containing x such that

Vκ ⊆ A.

The set of all i j− κgs interior points of A, denoted by i j− κgsInt(A), is called the i j− κgs interior

of A.

If Uκ = U for U ∈ i j −GSO(X), then the concept of i j − κgsInt(A) coincide with the concept of

i j− gsInt(A) [14]. In case Uκ = j−Cl(U) for U ∈ i j−GSO(X), i j−κgsInt(A) is called i j−θgsInt(A).

Definition 5.2
Let X be a bitopological space and κ be an operation on P−GSO(X). Then we define i j− gsIntκ(A)

as the union of all i j− gsκ−open sets contained in A.

i j− gsIntκ(A) = ∪{U : U ⊆ A, U ∈ i j−GSκO(X)}
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If Uκ = U for U ∈ i j −GSO(X), then the concept of i j − gsIntκ(A) coincide with the concept of

i j − gsInt(A) [14]. In case Uκ = j − Cl(U) for U ∈ i j − GSO(X), then the i j − gsIntκ(A) is called

i j− gsIntθ(A).

In the following lemma, we show the relation between i j− gsClκ(A) and i j− gsIntκ(A).

Lemma 5.1
For any subset A of a bitopological space X, we have:

(i) i j− gsClκ(Ac) = (i j− gsIntκ(A))c,

(ii) i j− gsIntκ(Ac) = (i j− gsClκ(A))c.

Proof.

(i) Let x < i j− gsClκ(Ac), then there exists an i j− gsκ−open set U containing x such that U∩Ac = φ.

Hence x ∈ U ⊆ A which implies that x ∈ i j − gsIntκ(A). Therefore, x < (i j − gsIntκ(A))c. Thus

(i j − gsIntκ(A))c
⊆ i j − gsClκ(Ac). Conversely, let x < (i j − gsIntκ(A))c, then x ∈ i j − gsIntκ(A).

Hence, there exists an i j − gsκ−open set U containing x such that U ⊆ A which implies that

U ∩ Ac = φ. Therefore, x < i j − gsClκ(Ac) which proves that i j − gsClκ(Ac) ⊆ (i j − gsIntκ(A))c.

Thus i j− gsClκ(Ac) = (i j− gsIntκ(A))c.

(ii) Similar to the proof of (i).
Theorem 5.1
Let A, B be subsets of a bitopological space X and κ be an operation on P − GSO(X). Then the

following results are true:-

(a) i j− gsIntκ(A) is i j− gsκ−open and i j− gsIntκ(A) ⊆ A.

(b) i j− gsIntκ(φ) = φ and i j− gsIntκ(X) = X.

(c) A is i j− gsκ−open if and only if i j− gsIntκ(A) = A.

(d) If A ⊆ B, then i j− gsIntκ(A) ⊆ i j− gsIntκ(B).
(e) i j− gsIntκ(A)∪ i j− gsIntκ(B) ⊆ i j− gsIntκ(A∪ B).
( f ) i j− gsIntκ(A∩ B) ⊆ i j− gsIntκ(A)∩ i j− gsIntκ(B).
(g) If κ is an i j− gsκ−regular operation, then i j− gsIntκ(A)∩ i j− gsIntκ(B) = i j− gsIntκ(A∩ B).
(h) i j− gsIntκ(i j− gsIntκ(A)) = i j− gsIntκ(A).

Proof.

(a) From Theorem 3.1 (1) and Definition 5.2.

(b) From Definition 3.2 and Definition 5.2.

(c) From Definition 5.2 and (a).
(d) Let A ⊆ B, then i j − gsIntκ(A) = ∪{U : U ⊆ A, U ∈ i j − GSκO(X)} ⊆ ∪{U : U ⊆ B, U ∈
i j−GSκO(X)} = i j− gsIntκ(B).
(e) Since A ⊆ A ∪ B and B ⊆ A ∪ B, then from (d) i j − gsIntκ(A) ⊆ i j − gsIntκ(A ∪ B) and i j −
gsIntκ(B) ⊆ i j− gsIntκ(A∪ B). Therefore, i j− gsIntκ(A)∪ i j− gsIntκ(B) ⊆ i j− gsIntκ(A∪ B).
( f ) Since A ∩ B ⊆ A and A ∩ B ⊆ B, then from (d) i j − gsIntκ(A ∩ B) ⊆ i j − gsIntκ(A) and i j −
gsIntκ(A∩ B) ⊆ i j− gsIntκ(B). Thus i j− gsIntκ(A∩ B) ⊆ i j− gsIntκ(A)∩ i j− gsIntκ(B).
(g) Since we have i j− gsClκ(Ac)∪ i j− gsClκ(Bc) = i j− gsClκ(Ac

∪Bc) when κ is an i j− gsκ−regular



12 Int. J. Anal. Appl. (2024), 22:182

operation from Theorem 4.2 (e), then (i j − gsClκ(Ac) ∪ i j − gsClκ(Bc))c = (i j − gsClκ(Ac
∪ Bc))c.

Therefore, (i j − gsClκ(Ac))c
∩ (i j − gsClκ(Bc))c = i j − gsIntκ(Ac

∪ Bc)c. Thus i j − gsIntκ(A) ∩ i j −
gsIntκ(B) = i j− gsIntκ(A∩ B).
(h) i j − gsIntκ(i j − gsIntκ(A)) = (i j − gsClκ(i j − gsIntκ(A))c)c = (i j − gsClκ(i j − gsClκ(Ac)))c =

(i j− gsClκ(Ac))c = i j− gsIntκ(Ac)c = i j− gsIntκ(A).

Theorem 5.2
Let X be a bitopological space and κ be an i j − gsκ−regular operation on P − GSO(X). Then

i j− gsIntκ(B∪ F) ⊆ i j− gsIntκ(B)∪ F for every i j− gsκ−closed set F and every subset B of X.

Proof.

Let F be i j − gsκ− closed and A subset of X, then Fc is i j − gsκ−open. Hence from Theorem 4.4,

we have i j− gsClκ(A) ∩ Fc
⊆ i j− gsClκ(A∩ Fc). Then (i j− gsClκ(A∩ Fc))c

⊆ (i j− gsClκ(A) ∩ Fc)c.

Therefore, i j− gsIntκ(A∩ Fc)c
⊆ (i j− gsClκ(A))c

∪ F. Then i j− gsIntκ(Ac
∪ F) ⊆ i j− gsIntκ(Ac)∪ F.

Put Ac = B which implies that i j− gsIntκ(B∪ F) ⊆ i j− gsIntκ(B) ∪ F, for every i j− gsκ−closed set

F and every subset B of X.

6. i j− gsκd(A)

In this section, we introduce the concept of i j− gsκd(A) for any subset A of a bitopological space

X. We study some of its properties and give the relation between i j− gsκd(A) and i j− gsClκ(A).

Definition 6.1
Let X be a bitopological space, x ∈ X and A ⊂ X. Then x is called an i j − gsκ− limit point of A if

A∩U \ {x} , φ for every i j− gsκ−open set U containing x.

The set of all i j − gsκ− limit points of A, denoted by i j − gsκd(A), is called the i j − gsκ derived

set of A.

If Uκ = U, for U ∈ i j −GSO(X), then the concept of i j − gsκd(A) coincide with the concept of

i j − gsd(A) [14]. In case Uκ = j − Cl(U) for U ∈ i j −GSO(X), then i j − gsκd(A) is called i j − gsθ
derived set of A (briefly i j− gsθd(A)).

In the following, we show the relation between i j− gsκd(A) and i j− gsClκ(A) for any subset A
of a bitopological space X.

Lemma 6.1
Let A and B be subsets of a bitopological space X. Then the following statements are true:-

(1)If A ⊆ B, then i j− gsκd(A) ⊆ i j− gsκd(B).
(2) i j− gsκd(A) ⊆ i j− gsClκ(A).

Proof.

(1) Let A ⊆ B and x ∈ i j− gsκd(A), then A∩U \ {x} , φ for every i j− gsκ−open set U containing x.

Therefore, B∩U \ {x} , φ for every i j− gsκ−open set U containing x. Thus x ∈ i j− gsκd(B) which

proves that i j− gsκd(A) ⊆ i j− gsκd(B).
(2) Let x < i j− gsClκ(A), then there exists an i j− gsκ−open set U containing x such that A∩U = φ.

Therefore, A∩U \ {x} = φ. Thus x < i j− gsκd(A) which proves that i j− gsκd(A) ⊆ i j− gsClκ(A).
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Proposition 6.1
Let A be any subset of bitopological space X. Then i j− gsClκ(A) = A∪ i j− gsκd(A).

Proof.

From Lemma 6.1 (2), we have i j − gsκd(A) ⊆ i j − gsClκ(A) which implies that A∪ i j − gsκd(A) ⊆

A∪ i j − gsClκ(A). Since A ⊆ i j − gsClκ(A), then A∪ i j − gsClκ(A) = i j − gsClκ(A). Hence A∪ i j −
gsκd(A) ⊆ i j − gsClκ(A). Conversely, let x < A ∪ i j − gsκd(A), then x < A and x < i j − gsκd(A).

Therefore, there exists an i j− gsκ−open set U containing x such that A∩U \ {x} = φ. Since x < A,

then A ∩U = φ. Hence x < i j − gsClκ(A). Therefore, i j − gsClκ(A) ⊆ A ∪ i j − gsκd(A). Thus

i j− gsClκ(A) = A∪ i j− gsκd(A).

Proposition 6.2
Let X be a bitopological space and κ be an i j − gsκ−regular operation on P − GSO(X). Then

i j− gsκd(A∪ B) = i j− gsκd(A)∪ i j− gsκd(B) for every subsets A and B of X.

Proof.

Since A ⊆ A∪B and B ⊆ A∪B, then by Lemma 6.1 (1), we have i j− gsκd(A) ⊆ i j− gsκd(A∪B) and

i j− gsκd(B) ⊆ i j− gsκd(A∪ B). Hence i j− gsκd(A) ∪ i j− gsκd(B) ⊆ i j− gsκd(A∪ B). Conversely,

let x < i j− gsκd(A)∪ i j− gsκd(B), then x < i j− gsκd(A) and x < i j− gsκd(B). Therefore, there exist

two i j− gsκ−open sets U and V containing x such that A∩U \ {x} = φ and B∩V \ {x} = φ. Since

κ is an i j − gsκ−regular operation and U, V are i j − gsκ−open sets, then U ∩V is i j − gsκ−open.

Therefore, (U∩V) \ {x} ∩ (A∪B) = (U \ {x} ∩V \ {x})∩ (A∪B) = φ and U∩V is an i j− gsκ−open

set containing x which implies that x < i j − gsκd(A ∪ B). Then i j − gsκd(A ∪ B) ⊆ i j − gsκd(A) ∪

i j− gsκd(B). Thus i j− gsκd(A∪ B) = i j− gsκd(A)∪ i j− gsκd(B).
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