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Abstract. The aim of this paper is to more contribute the study of operations on bitopological spaces. The concept
of operation on generalized semi open sets in bitopological spaces is introduced and studied. Two closure operators

related to this concept are introduced and some of their properties and the relation between them are discussed.

1. INTRODUCTION

The concept of an operation on a topological space was initiated by Kasahara [11]. More
investigation of this concept is given by Asaad, Jankovic and Ogata [4-6,9,17]. Several researches
developed many concepts of operation on different classes of sets in topological spaces. Operations
on the classes of all preopen sets, generalized open sets, semi generalized open sets, b—open
sets, generalized semi open sets, semi open sets and f—open sets were introduced and studied
in [2], [3], [4], [5], [8], [10], [16] and [18].

Operations on bitopological spaces were discussed in some manner in [1,12]. A different
technique to study operations on bitopological spaces is found in [13]. In [15], the concept of
operation on Pc open sets in bitopological spaces is given.

The aim of this paper is to study the concept of operations on generalized semi open sets in
bitopological spaces. Firstly, we introduce the concept of a family ij — GSxO(X) of all ij — gsk—open
sets by using the operation k on generalized semi open sets in a bitopological space X. Secondly, we
introduce the concepts of ij — xgsCI(A) and ij — gsCl,(A) of any subset A of a bitopological space
X and discuss the relation between them. Thirdly, we introduce the concepts of ij — xgsInt(A)
and ij — gsInt,(A) of any subset A of a bitopological space X. Finally, we study the notion of

ij — gsk—limit point of any subset of a bitopological space and give some properties.
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Throughout this paper, by (X, 71, 72) or simply X we mean a bitopological space, i,j = 1,2,i # |
and id denotes the identity map. Let A be a subset of a bitopological space (X, 11, 72), the closure
and the interior of A in the topological space (X, ;) are denoted by i — CI(A) and i — Int(A)

respectively.

2. PRELIMINARIES

In this section, we recall some concepts occurring in the papers [7,13,14] which will be needed

in the sequel.

Definition 2.1 [7]

A subset A of a bitopological space X is called ij—semi open if there exists a 7;—open set U such
that U € A C j—CI(U) or equivalently A C j—Cl(i — Int(A)).

The complement of an ij—semi open set is called ij—semi closed. The family of all ij—semi open
sets of X is denoted by ij — SO(X). For x € X, the family of all ij—semi open sets containing x is
denoted by ij — SO(X, x). The ij—semi closure of A, denoted by ij —sCI(A), is the intersection of all
ij—semi closed sets of X containing A .

Definition 2.2 [14]
A subset A of a bitopological space X is called ij—generalized semi closed ( briefly ij — gs—closed)
if ji—sCI(A) € U whenever A € U and U is 7,—open in X.

The set of all ij—generalized semi open sets of X is denoted by ij — GSO(X). The complement of
an ij—generalized semi closed set is called ij—generalized semi open set( briefly ij — gs—open). If
A is 12 — gs—closed and 21 — gs—closed, then it is said to be pairwise gs—closed. Every 7;—closed
set is ij—generalized semi closed .

Definition 2.3 [14]

Let X be a bitopological space and A C X. The ij—generalized semi-closure of A, denoted by
ij — gsCI(A), is the intersection of all ij — gs—closed sets of X containing A .

Lemma 2.1 [14]

Let X be a bitopological space, x € Xand A ¢ X. Then x € ij — gsCI(A) if and only if UN A # ¢, for
every ij — gs—open set U containing x .

Definition 2.4 [14]

Let X be a bitopological space and A C X. The ij—generalized semi interior of A, denoted by
ij — gsInt(A), is the union of all ij — gs—open sets of X contained in A.

Definition 2.5 [14]

Let X be a bitopological space, x € X and A C X. Then x is called an ij—generalized semi-limit
point (briefly ij — gs— limit point) of A, if for every ij — gs—open set U containing x, AN U \ {x} # ¢.

The set of all ij — gs—limit points of A, denoted by ij — gsd(A), is called the ij—generalized semi-
derived set of A .

Definition 2.6 [13]
Let X be a bitopological space. An operation y on 71 U 73 is a mapping y : 71 U 72 — P(X) such
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that V C V7 for every V € 11 U 12, where V7 denotes the value of y at V.
Definition 2.7 [13]
A subset A of a bitopological space X is said to be a y;—open set if for each x € A, there exists a
T;—open set U containing x such that U’ C A.
The set of all y;—open sets of X is denoted by 7;,. Clearly we have 7;, C 7;. The complement of

a y;—open set is called y;—closed.

3. OPERATION ON GENERALIZED SEMI OPEN SETS IN BITOPOLOGICAL SPACES

In this section, we introduce the concepts of generalized semi open sets and generalized semi
operation closed sets in bitopological spaces and study some of its properties. We show that if «x is
ij — gsk—regular, then ij — GSkO(X) is a topology on X.

In the following, P — GSO(X) = 12 - GSO(X) U 21 — GSO(X).

Definition 3.1
Let X be a bitopological space. An operation k on P — GSO(X) is a mapping « : P — GSO(X) —
P(X) such that V C V* for every V € P — GSO(X), where V* denotes the value of x at V.

The operators U* = U and U* = j— CI(U) for U € ij — GSO(X) are operations on P — GSO(X).

It is known that 71 U1, € P — GSO(X). Then if we restrict the x operation to 71 U 7o, we obtain
the y operation in [13].

In the following, we give an example for an operation on generalized semi open sets:

Example 3.1

Let X = {a,b,c,d}, 11 = P(X) and 12 = (X, ¢, {a}, {b},{d}, {a, 1}, {b,d}, {a,d}, {a,],d}}, then x : P —
GSO(X) — P(X) defined by U* = 2 - CI(U) for every U € P — GSO(X) is an operation on
P -GSO(X).

Definition 3.2

A subset A of a bitopological space X is said to be an ij — gsk—open set if for every x € A, there
exists an ij — gs—open set U containing x such that U* C A.

If Ais 12 — gsk—open and 21 — gsk—open, then it is called pairwise gsk—open. The set of all
ij — gsk—open sets of X is denoted by ij — GSxO(X). The complement of an ij — gsk—open set is
ij — gsk—closed. If B is 12 — gsk—closed and 21 — gsx—closed, then B is called pairwise gsk—closed.
In any bitopological space, X and ¢ are ij — gsk—open sets.

If U* = U for U € ij — GSO(X), then the concept of ij — gsk—open set coincide with the concept
of ij — gs—open set [14]. In case U* = j— CI(U) for U € ij — GSO(X), ij — gsk—open set is called
ij — gsO—open.

Remark 3.1

Intersection of any two ij — gsk—open subsets of a bitopological space X need not be ij — gsk—open
as can be shown by the following example:-

Example 3.2

Let X = {a,b,c,d}, 11 = {X,¢,{b},{c,d},{b,c,d}}, 12 = {X, P, {a},{b},{a, b}, {a,c d}} and let k¥ be an



4 Int. . Anal. Appl. (2024), 22:182

operation on P — GSO(X) defined by U* = 2 — CI(A) for every U € P — GSO(X). Here {a,b} and
{a,c,d} are 12 — gsk—open sets but {a, b} N {a,c,d} = {a} is not 12 — gsk—open set.

If U* = U for U € ij — GSO(X), then the intersection of two ij — gs—open subsets of a bitopolog-
ical space X is ij — gs—open [14].
Remark 3.2
The families ij — GSO(X) and ij — GSxO(X) are independent to each other as can be shown by the
following example:-
Example 3.3
Let X = {a,b,c,d}, 11 = {X, ¢, (b}, {c,d},{b,c,d}}, T2 = {X, §,{a}, {b}, {a, b}, {a, c,d}} and x be an opera-
tionon P — GSO(X) deflned by U* =2- Cl(A) for every U € P - GSO(X). Here {a} is 21 — gs—open
but not 21 — gsk—open and {g, ¢, d} is 21 — gsk—open but not 21 — gs—open.
Theorem 3.1
Let X be a bitopological space and « be an operation on P — GSO(X). Then the following results
are true:-
(1) Arbitrary union of ij — gsk—open subsets of X is also ij — gsk—open.
(2) Arbitrary intersection of ij — gsk—closed subsets of X is also ij — gsk—closed.
(3) Every y;j—open subset of X is ij — gsk—open.
Proof.
(1) Let {B, : a € A} be a collection of ij — gsk—open subsets of X and x € B = UB,, then x € B,
for some «a. Since B, is an ij — gsk—open set, then there exists an ij — gs—open set U containing x
such that U* C B,. Since B, C UB, = B, then U* C B. Therefore, for every x € B, there exists an
ij — gs—open set U containing x such that U* € B which implies that B is ij — gsk—open. Thus UB,
is ij — gsk—open.
(2) Follows from (1).
(3) Let V be a y;—open subset of X containing x, then there exists a 7,—open set U containing x
such that U” C V. Since every 7,—open is ij — gs—open, then U is ij — gs—open. Since V is y;—open
subset of X, then y = x which implies that U” = U*. Therefore, U* C V and U is ij — gs—open
which proves that V is ij — gsk—open.
Example 3.4
Let X and « be defined as in Example 3.2. Let an operation y : 71 U1, — P(X) defined
by U’ = 2-CI(U), for every U € 71 UTp. Here every 73, is 12 — gsk—open and every 7y, is
21 — gsk—open.

In Example 3.4, if U’ = 1 - CI(U), then y is not the restriction of k¥ on 71 U 72. So, not every T2y
is 12 — gsk—open because {a} € 12, but not 12 — gsk—open.
Definition 3.3
Let X be a bitopological space and «, u be operations on P — GSO(X). Then X is said to be an
ij — gs(x, u)—regular space if for every x € X and every ij — gs—open set U containing x, there exists

an ij — gs—open set V containing x such that V* € U¥.
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If X is 12 — gs(x, u)—regular space and 21 — gs(x, u)—regular space, then X is called pairwise
gs(k, u)—regular space.

If Ut = U for U € ij — GSO(X), then ij — gs(«, u)—regular space is called ij — gsk—regular. If
U* = U+ = UforU € ij—GSO(X), thenij— gs(x, u)—regular spaceis called ij — gs—regular. If U* =
Ut = j—CI(U) for U € ij — GSO(X), then ij — gs(«, u)—regular space is called ij — gsO—regular.
Definition 3.4
Let X be a bitopological space. An operation k¥ on P — GSO(X) is said to be an ij — gsk—regular
operation if for every x € X and for every pair of ij — gs—open subsets A, B of X containing x, there
exists an ij — gs—open set W containing x such that W* C A* N B*.

If x is 12 — gsk—regular operation and 21 — gsk—regular operation, then « is called pairwise
gsk—regular operation.

If U* = U for U € ij — GSO(X), then ij — gsk—regular operation is called ij — gs—regular op-
eration. In case U* = j— CI(U) for U € ij — GSO(X), then ij — gsk—regular operation is called
ij — gsO—regular.

Definition 3.5

Let X be a bitopological space. An operation k¥ on P — GSO(X) is said to be an ij — gsk—open
operation if for every x € X and for every ij — gs—open subset U of X containing x, there exists an
ij — gsk—open subset S of X containing x such that S € U*.

If x is 12 — gsk—open operation and 21 — gsk—open operation, then « is called pairwise gsk—open.

If U = U for U € ij — GSO(X), then ij — gsk—open operation is called ij — gs—open operation.
In case U* = j—CI(U) for U € ij — GSO(X), then ij — gsk—open operation is called ij — gs6—open.
Remark 3.3
There exists an operation k on P — GSO(X) which is pairwise gsk—regular but not pairwise gsk—
open and there exists an operation x which is pairwise gsk—open but not pairwise gsk— regular.
In Example 3.1, the operation « is pairwise gsk—regular but not pairwise gsk—open because there
exists 2 € X and {a} is 12 — gs—open set containing a but there is no 12 — gsk—open set S contain
a such that S C {a}*. In Example 3.2, the operation «x is pairwise gsk—open but not pairwise
gsk—regular because there exist {a} and {a, b} pair of 12 — gs—open sets containing a but there is no
12 — gs—open set U containing a and such that U* C {a}* N {a, b}*.

In the following proposition, we show that the set ij — GSxO(X) forms a topology on X when «
is ij — gsk—regular.

Proposition 3.1

Let X be a bitopological space and « be an ij — gsk—regular operation on P — GSO(X). Then:-

(1) If A and B are ij — gsk—open subsets of X, then A N B is ij — gsk—open.

(2) ij — GSxO(X) is a topology on X.

Proof.

(1)Let A and Bbe ij — gsk—open subsets of X and x € ANB, thenx € Aand x € B. Since A and B are
ij — gsk—open, then there exist two ij — gs—open sets U and V containing x such that U* € A and
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V¥ C B. Therefore, U* N V* C AN B. Since « is ij — gsk—regular, then there exists an ij — gs—open
set W containing x such that W* € U* N V*. Therefore, W* € A N B which proves that AN B is
ij — gsk—open.

(2) Follows from (1), Theorem 3.1(1) and Definition 3.2.

Remark 3.4

The condition in Proposition 3.1 is necessary. In Example 3.2, the operation x isnot 12 — gsk—regular
and 12 — GSxO(X) is not a topology on X because {a,b} and {a,c,d} are 12 — gsk—open sets but
{a, b} N {a,c,d} = {a} is not 12 — gsk—open.

4. ij—xgsCI(A) anp ij — gsCl,.(A)

In this section, we introduce new two types of closure operators in bitopological spaces, namely,
ij —xgsCl and ij — gsCl,.. We study some of their properties and the relation between them.
Definition 4.1
Let X be a bitopological space, x € X, A ¢ X and « be an operation on P — GSO(X). Then x is said
to be an ij — kgs closure point of A if U* N A # ¢ for every ij — gs—open set U containing x. The set
of all ij — xgs closure points of A, denoted by ij — xgsCI(A), is called the ij — xgs closure of A.

If U* = U for U € ij — GSO(X), then the concept of ij — kgsCI(A) coincide with the concept of
ij — gsCI(A) [14]. In case U* = j—CI(U) for U € ij — GSO(X), the ij — xgsCI(A) is called ij — Ogs
closure of A (briefly ij — 0gsCI(A)).

Definition 4.2
Let X be a bitopological space, A ¢ X and « be an operation on P — GSO(X). Then we define
ij — gsCl,(A) as the intersection of all ij — gsk—closed subsets of X containing A.

ij—gsCli(A) =N{FC X:ACFF e€ij—GSkO(X)}

If U* = U for U € ij — GSO(X), then the concept of ij — gsCI(A) coincide with the concept of
ij — gsCI(A) [14]. In case U* = j— CI(U) for U € ij — GSO(X), ij — gsCI(A) is called ij — gsClg(A).
Theorem 4.1
Let A be a subset of a bitopological space X, y € X and « be an operation on P — GSO(X). Then
ye€ij—gsCl(A)ifand only if VN A # ¢ for every V € ij — GSxO(X) such thaty € V.

Proof.

Let F={ye X:VNA # ¢ for every V € ij— GSkO(X) and y € V}. We need to prove that
F = ij—gsCl(A). Let x ¢ F, then there exists an ij — gsk—open set V containing x such that
VNA = ¢. Therefore, V¢ is ij — gsk—closed and A C V¢ which implies that ij — gsCI,(A) C V°.
Since x € V, then x ¢ V which implies that x ¢ ij — gsCl,.(A). Thus ij — gsCl(A) C F. Conversely,
let x ¢ ij — gsCl,(A) = N{E : A C E,E° € ij — GSxO(X)}, then there exists an ij — gsk—closed set
E such that A C E but x ¢ E, then x € E° and E€ is ij — gsk—open. Since A C E, then E°NA = ¢.
Hence we have E€ is an ij — gsk—open set containing x such that E°N A = ¢ which implies that
x ¢ F. Therefore, F C ij— gsCl(A). Thus F = ij — gsCI.(A).
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In the following, we give the relation between ij — kgsCI(A) and ij — gsCl,(A) for any subset A
of a bitopological space X. Also, we study some of its properties.
Proposition 4.1
Let A be a subset of a bitopological space X and « be an operation on P — GSO(X). Then A C
ij— gsCl(A) Cij—«gsCl(A) Cij— gsCl(A).
Proof.
By definition, we have A C ij— gsCI(A). Letx € ij— gsCI(A), then ANV # ¢ for every ij — gs—open
set V containing x. Since V C V*, then AN V* # ¢, for every ij — gs—open set V containing x.
Therefore, x € ij — xgsCI(A). Thus ij — gsCI(A) C ij — kgsCI(A). Let x ¢ ij — gsCl,.(A), then there
exists an ij — gsk—open set U containing x such that U N A = ¢. Hence there exists an ij — gs—open
set W containing x such that W* C U. Therefore, W* N A = ¢ which implies that x ¢ ij — xgsCI(A).
Then ij — xgsCI(A) C ij — gsCl,(A).
Thus A Cij— gsCI(A) Cij—«xgsCl(A) Cij— gsClL(A).
Remark 4.1
Generally ij — gsCl,(A) # ij — kgsCI(A). In Example 3.1, let A = {a}, then 12 — xgsCI(A) = {a,c}
and 12 — ¢sCl,(A) = {a, b, c, d}.
Theorem 4.2
Let A, B be subsets of a bitopological space X and « be an operation on P — GSO(X). Then the
following statements are true:-
(a) ij— gsCl(A) is an ij — gsk—closed set and A C ij — gsCI.(A).
(b) Aisij — gsk—closed if and only if A = ij — gsCl,(A).
(c) If A C B, thenij— gsCl(A) Cij— gsCl(B).
(d) ij — gsCl(A) Uij— gsCl(B) € ij — gsCl.(A U B).
(e) If x is an ij — gsk—regular operation, then ij — gsCI.(A) Uij — gsCl(B) = ij — gsCl,,(A UB).
(f)ij—gsCli(ANB) Cij—gsCl(A) Nij— gsCl(B).
() ij— gsCli(ij — gsCl,.(A)) = ij — gsClL(A).
Proof.
(a) From Theorem 3.1 (2) and Definition 4.2.
(b) From Definition 4.2 and (a).
(c) Let AC Band x ¢ ij — gsCl,(B), then there exists an ij — gsk—open set V
containing x such that VN B = ¢. Since A C B, then VN A = ¢. Therefore, x ¢ ij — gsCl,,(A) which
proves that ij — gsCI(A) C ij — gsCl,(B).
(d) Since A € AUB and B € AU B, then from (c) we have ij — gsCl,.(A) € ij — gsCl,(A U B) and
ij — gsCl,(B) € ij — gsCl (A UB). Therefore, ij — gsCl,.(A) Uij— gsCl(B) C ij — gsCl, (AU B).
(e) Letk beanij— gsk—regular operationand x ¢ ij — gsCI,.(A) Uij— gsCl,.(B), thenx ¢ ij — gsCl,.(A)
and x ¢ ij — gsCl,(B). Therefore, there exist two ij — gsk—open sets U and V containing x such that
UNA = ¢ and VNB = ¢. Since « is an ij — gsk—regular operation, then U NV is ij — gsk—open.
But (UNV)N(AUB) = (UNVNA)U(UNVNB) = ¢. Hence we have (UNV)N(AUB) = ¢
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and UNV is an ij — gsk—open set containing x which implies x ¢ ij — ¢sCl,.(A U B). Therefore,
ij — gsCl, (AU B) C ij — gsCl(A) Uij — gsCl,(B). Thus, by (d) ij — gsCl,(AUB) = ij — gsCl,.(A) U
ij — gsCl,(B).

(f)SinceANB C Aand ANB C B, thenby (c), ij — gsCl,(ANB) Cij—gsCl(A) and ij — gsCl, (AN
B) Cij— gsCl(B). Thus ij — gsCl,(ANB) Cij— gsCl,(A) Nij— gsCl,(B).

(g) From (a), A C ij — gsCl(A), then we have ij — gsCl(A) C ij — gsCl,(ij — gsCl(A)). Now,
we need to prove that ij — gsCl,(ij — gsCl,(A)) C ij — gsCI(A). Let x € ij — gsCl.(ij — gsCl(A)),
then V Nij— gsCl(A) # ¢ for every ij — gsk—open set V containing x. Therefore, there exists
a point y € X such that y € V Nij— gsCl(A) which implies that y € V and y € ij — gsCI(A).
Hence V is an ij — gsk—open set containing y and y € ij — gsCl,(A), then VN A # ¢. Thus
VNA # ¢ for every ij — gsk—open set V containing x which proves that x € ij — gsCl(A). Then
ij — gsCl(ij — gsCl(A)) € ij — gsCl(A). Thus ij — gsCly(ij — gsCl,(A)) = ij — gsClL(A).

Theorem 4.3

Let A, B be subsets of a bitopological space X and « be an operation on P — GSO(X). Then the
following results are true:-

(a) ACij—xgsCI(A).

(b) ij —xgsCl(¢) = ij — gsCli(¢p) = ¢ and ij — xgsCl(X) = ij — gsCL(X) = X.

(c) If X is an ij — gsk—regular space, then ij — xkgsCI(A) = ij — gsCI(A).

(d) If A C B, thenij—«xgsCI(A) Cij—«xgsCI(B).

(e) ij —xgsCI(A) Uij—«xgsCl(B) Cij — kgsCI(AUB).

(f) If x is an ij — gsk—regular operation, then ij — xkgsCI(A) Uij — kgsCI(B) = ij — kgsCI(A U B).
(g) ij —xgsCI(ANB) Cij—xgsCl(A) Nij—xgsCI(B).

(h) If « is an ij — gsk—open operation, then ij — xgsCI(A) = ij — gsCl(A) and ij — xgsCI(ij —
kgsCI(A)) = ij — kgsCI(A) hold.

Proof.

(a) Letx ¢ ij — kgsCI(A), then there exists an ij — gs—open set U containing x such that U* N A = ¢.
Since U € U*, then UNA = ¢. Butx € U, then x ¢ A. Therefore, A C ij — xgsCI(A).

(b) From definitions and Proposition 4.1.

(c) Let X be an ij — gsk—regular space. We have ij — gsCI(A) C ij — kgsCI(A) from Proposition 4.1.
Let x ¢ ij — gsCI(A), then there exists an ij — gs—open set U containing x such that UNA = ¢.
Since X is an ij — gsk—regular space, then there exists an ij — gs—open set V containing x such
that V¥ C U which implies that VN A = ¢. Therefore, x ¢ ij — xkgsCI(A) which proves that
ij —xgsCI(A) Cij— gsCl(A). Thus ij — kgsCI(A) = ij — gsCI(A).

(d) Let A € B and x ¢ ij — xgsCl(B), then there exists an ij — gs—open set U containing x such
that UN B = ¢. Since A C B, then U*N A = ¢. Therefore, x ¢ ij — kgsCI(A) which proves that
ij —xgsCI(A) C ij —xgsCI(B).

(e) We have A € AUB and B C AU B, then from (d), we have ij — xkgsCI(A) C ij — kgsCI(A UB)
and ij — xgsCI(B) C ij — xgsCI(A U B). Therefore, ij — kgsCI(A) Uij— xgsCI(B) C ij — kgsCI(A U B).
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(f) Let x be an ij — gsk—regular operation and x ¢ ij — xkgsCI(A) Uij —xgsCI(B), then x ¢ ij—
kgsCI(A) and x ¢ ij — kgsCI(B). Therefore, there exist two ij — gs—open sets U and V containing
x such that U"NA = ¢ and V¥ NB = ¢. Since « is an ij — gsk—regular operation, then there
exists an ij — gs—open set W containing x such that W* € U* N V*. Now, (UNV*)N(AUB) =
(U*NV*NA)U (U NV NB) = ¢. Since WX C U*N V¥, then W*N (AUB) = ¢. Therefore,
x ¢ ij — kgsCI(A U B) which implies that ij — kgsCI(AUB) C ij — xgsCI(A) Uij —xgsCI(B). Thus,
by (e) ij — kgsCI(AUB) = ij — kgsCI(A) Uij — xgsCI(B).

(g) Since ANB € Aand ANB C B, then from (d) ij — kgsCI(ANB) C ij —xgsCI(A) and ij —
kgsCI(ANB) Cij—xgsCI(B). Thus ij — kgsCI(ANB) Cij — xgsCI(A) Nij — xgsCI(B).

(h) Let x be an ij — gsk—open operation.

(i) We have ij — kgsCI(A) C ij — gsCl(A) from Proposition 4.1. Now, Let y ¢ ij — kgsCI(A), then
there exists an ij — gs—open set U containing y such that U* N A = ¢. Since « is an ij — gsk—open
operation, then there exists an ij — gsk— open set W containing y such that W € U* which implies
that WN A = ¢. Therefore, y ¢ ij — gsCl,(A) which proves that ij — gsCI(A) C ij — kgsCI(A). Thus
ij — gsCl(A) = ij — xgsCI(A).

(ii) From Theorem 4.2 (g), we have ij — gsCl,(ij — gsCl(A)) = ij — gsCl(A) and from h(i), we
have ij — gsCl(A) = ij — kgsCI(A). Then ij — kgsCI(ij — kgsCI(A)) = ij — xkgsCI(A).

In the following proposition, we show that the set ij — xgsCI(A) satisfies the Kuratowski closure
axioms.

Proposition 4.2

Let X be a bitopological space. If x is an ij — gsk—regular and an ij — gsk—open operation on
P —GSO(X), then ij — xgsCI(A) satisfies the Kuratowski closure axioms.

Proof. Follows from Theorem 4.3 (a), (b), (f) and (h).

Remark 4.2

Let X be a bitopological space. If x is not an ij — gsk—open operation, then ij — xgsCI(ij —
kgsCI(A)) # ij — kgsCI(A). In Example 3.1, « is not 12 — gsk—open operation. If A = {a}, then
12 —xgsCI(A) = {a,c} and 12 — xgsCl(12 — kgsCI(A)) = {a, b, ¢, d} which shows that 12 — xgsCI(12 —
kgsCI(A)) # 12 — kgsCI(A) in general.

Theorem 4.4

Let X be a bitopological space and x be an ij — gsk—regular operation on P — GSO(X). Then
ij— gsClL.(A)NU Cij— gsCl,(ANU) for every ij — gsk—open set U and every subset A of X.
Proof.

Let x € ij — gsCl.(A) N U and U be an ij — gsk—open set, then x € ij — gsCl,,(A) and x € U. Let V
be an ij — gsk—open set containing x, then U NV is ij — gsk—open because « is an ij — gsk—regular
operation. Hence we have U N V is an ij — gsk—open set containing x and x € ij — gsCl,.(A) which
implies that AN (UN V) # ¢. Therefore, (ANU) NV # ¢ and V is an ij — gsk—open set containing
x which proves that x € ij — gsCl,(ANU). Thus ij — gsCl.(A) N U C ij — gsCl (AN U) for every
ij — gsk—open set U and every subset A of X.
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Theorem 4.5

Let A be any subset of a bitopological space X and x be an operation on P — GSO(X). Then the
following statements are equivalent:-

(a) Aisij — gsk—closed set.

(b) ij —xgsCI(A) = A.

(c) ij — gsCl(A) = A.

Proof.

(a) = (b) Let Abe an ij — gsk—closed set. We have A C ij — kgsCI(A). Now, let x ¢ A, then x € A°.
Therefore, A is an ij — gsk—open set containing x which implies that there exists an ij — gs—open
set U containing x such that U* C A°. Hence U* N A = ¢ which implies that x ¢ ij — xgsCI (A)
Hence ij — kgsCI(A) € A. Thus ij — kgsCI(A) = A.

(b) = (c) Letij—«gsCI(A) = A. Wehave A C ij— gsCl,.(A). Now, letx ¢ A, thenx ¢ ij —xgsCI(A).
Hence there exists an ij — gs—open set U containing x such that U N A = ¢. Therefore, U* C A°.
Sincex ¢ A, thenx € A° which proves that A°isanij— gsk— openset. Then A®isanij— gsk—open set
containing x such that AN A = ¢. Therefore, x ¢ ij — gsCl,,(A) which implies thatij — gsCl.(A) C A.
Thus ij — gsCl,.(A) = A.

(c) = (a) Let ij — gsCl(A) = A and x ¢ A, then x ¢ ij — gsCI(A). Therefore, there exists an
ij — gsk—open set U containing x such that UNA = ¢. Hence there exists an ij — gs—open set V
containing x such that V* C U which implies that V¥ N A = ¢. Therefore, V¥ C A°. Since x ¢ A,
then x € A°. Therefore, A is ij — gsk—open which proves that A is ij — gsk—closed.

5. ij —xgsInt(A) anD ij — gsInt,.(A)

In this section, we introduce the notions of ij — xgsInt(A) and ij — gsInt,(A) for any subset A of
a bitopological space X. We study some of their properties and discuss the relation between them.
Definition 5.1
Let X be a bitopological space, x € X, A € X and « be an operation on P — GSO(X). Then x € A is
said to be an ij — kgs interior point of A if there exists an ij — gs—open set V containing x such that
VE C A

The set of all ij — xgs interior points of A, denoted by ij — kgsInt(A), is called the ij — kgs interior
of A.

If U* = U for U € ij — GSO(X), then the concept of ij — kgsInt(A) coincide with the concept of
ij—gsInt(A)[14]. Incase U* = j—CI(U) for U € ij— GSO(X), ij — xgsInt(A) is called ij — OgsInt(A).
Definition 5.2
Let X be a bitopological space and « be an operation on P — GSO(X). Then we define ij — gsInt,(A)
as the union of all ij — gsk—open sets contained in A.

ij—gsInt (A) =U{U: U C A, U eij—GSkO(X)}
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If U = U for U € ij — GSO(X), then the concept of ij — gsInt,(A) coincide with the concept of
ij — gsInt(A) [14]. In case U* = j—CI(U) for U € ij — GSO(X), then the ij — gsInt,(A) is called
ij — gsInto(A).

In the following lemma, we show the relation between ij — gsCl.(A) and ij — gsInt, (A).
Lemma 5.1
For any subset A of a bitopological space X, we have:

(i) ij — gsCl(A°) = (ij — gsInt, (A))S,

(ii) ij — gsInt, (A°) = (ij — gsCl(A))".

Proof.

(i) Letx ¢ ij — gsCl,(A°), then there exists an ij — gsk—open set U containing x such that U N A° = ¢.
Hence x € U C A which implies that x € ij — gsInt,(A). Therefore, x ¢ (ij — gsint,(A))°. Thus
(ij — gsInt (A))° C ij — gsCI(A°). Conversely, let x ¢ (ij — gsInt,(A)), then x € ij — gsInt,(A).
Hence, there exists an ij — gsk—open set U containing x such that U C A which implies that
UNA® = ¢. Therefore, x ¢ ij — gsCl,.(A°) which proves that ij — gsCl,.(A°) C (ij — gsInt,(A))°".
Thus ij — gsCl,(A°) = (ij — gsInt,(A))°".

(ii) Similar to the proof of (i).

Theorem 5.1

Let A, B be subsets of a bitopological space X and « be an operation on P — GSO(X). Then the
following results are true:-

(a) ij — gsInt,(A) is ij — gsk—open and ij — gsInt, (A) C A.

(b) ij — gsInt,(¢) = ¢ and ij — gsInt, (X) = X.

(c) Aisij— gsk—open if and only if ij — gsInt, (A) = A.

(d) If A C B, then ij — gsInt, (A) C ij — gsInt,(B).

(e) ij — gsInt(A) Uij— gsInt,(B) C ij — gsInt, (A UB).

(f)ij— gsInt,(ANB) Cij— gsInt,.(A) Nij— gsInt,(B).

(g) If x is an ij — gsk—regular operation, then ij — gsInt,.(A) Nij — gsInt,(B) = ij — gsInt,,(A N B).
(h) ij — gsInt,(ij — gsInt, (A)) = ij — gsInt, (A).

Proof.

(a) From Theorem 3.1 (1) and Definition 5.2.

(b) From Definition 3.2 and Definition 5.2.

(¢) From Definition 5.2 and (a).

(d) Let A C B, then ij—gsInt,(A) = U{U : U € AU €ij—GSxO(X)} cu{U : U C B, U €
ij — GSkO(X)} = ij — gsInt,.(B).

(e) Since A € AUB and B € AU B, then from (d) ij — gsInt,(A) € ij — gsInt,(AUB) and ij —
gsInt,.(B) C ij — gsInt,(A U B). Therefore, ij — gsInt,.(A) Uij — gsInt,.(B) C ij — gsInt, (AU B).

(f) Since ANB € A and ANB C B, then from (d) ij — gsInt,(ANB) C ij— gsInt,(A) and ij —
gsInt, (AN B) Cij— gsInt,(B). Thus ij — gsInt, (AN B) Cij — gsInt,(A) Nij— gsInt,(B).

(g) Since we have ij — gsCl,.(A°) Uij — gsCl(B°) = ij — gsCl,,(A° U B) when k is an ij — gsk—regular
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operation from Theorem 4.2 (e), then (ij — gsCI(A°) U ij — gsClL(B%))¢ = (ij — gsCl,(A° U B%))“.
Therefore, (ij — gsCl,(A°))¢ N (ij — gsCL(B%))¢ = ij — gsInt, (A U B°)°. Thus ij — gsInt,.(A) Nij —
gsInt,(B) = ij — gsInt, (AN B).

(h) ij — gsInt, (ij — gsInt(A)) = (ij — gsCl(ij — gsInt (A))) = (ij — gsCli(ij — gsCl,(A°)))¢ =
(ij — gsClL (A))¢ = ij — gsInt (A°)C = ij — gsInt, (A).

Theorem 5.2

Let X be a bitopological space and x be an ij — gsk—regular operation on P — GSO(X). Then
ij — gsInt, (BUF) C ij — gsInt,(B) UF for every ij — gsk—closed set F and every subset B of X.
Proof.

Let F be ij — gsk— closed and A subset of X, then F is ij — gsk—open. Hence from Theorem 4.4,
we have ij — gsCl,.(A) N F° C ij — gsCl,(ANF®). Then (ij — gsCl,(ANF))¢ C (ij — gsCl,.(A) N FC)~.
Therefore, ij — gsInt, (AN F°)¢ C (ij— gsCl,.(A))° UF. Then ij — gsInt,,(A°UF) C ij — gsInt,(A°) UF.
Put A° = B which implies that ij — gsInt,(BUF) C ij — gsInt,(B) UF, for every ij — gsk—closed set
F and every subset B of X.

6. ij — gsxd(A)

In this section, we introduce the concept of ij — gsxd(A) for any subset A of a bitopological space
X. We study some of its properties and give the relation between ij — gskd(A) and ij — gsCl,(A).
Definition 6.1
Let X be a bitopological space, x € X and A C X. Then x is called an ij — gsk— limit point of A if
ANUN\ {x} # ¢ for every ij — gsk—open set U containing x.

The set of all ij — gsk— limit points of A, denoted by ij — gskd(A), is called the ij — gsx derived
set of A.

If U* = U, for U € ij — GSO(X), then the concept of ij — gskd(A) coincide with the concept of
ij — gsd(A) [14]. In case U* = j—CI(U) for U € ij — GSO(X), then ij — gskd(A) is called ij — gsO
derived set of A (briefly ij — gsOd(A)).

In the following, we show the relation between ij — gskd(A) and ij — gsCl,(A) for any subset A
of a bitopological space X.

Lemma 6.1

Let A and B be subsets of a bitopological space X. Then the following statements are true:-
(1)If A C B, then ij — gskd(A) C ij — gsxd(B).

(2) ij — gskd(A) Cij— gsCl(A).

Proof.

(1) Let AC Band x € ij — gskd(A), then AN U \ {x} # ¢ for every ij — gsk—open set U containing x.
Therefore, BN U \ {x} # ¢ for every ij — gsk—open set U containing x. Thus x € ij — gsxd(B) which
proves that ij — gskd(A) C ij — gsxd(B).

(2) Letx ¢ ij— gsCl,(A), then there exists an ij — gsk—open set U containing x such that AN U = ¢.
Therefore, AN U \ {x} = ¢. Thus x ¢ ij — gskd(A) which proves that ij — gskd(A) C ij — gsCl(A).
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Proposition 6.1

Let A be any subset of bitopological space X. Then ij — gsCl(A) = AUij — gskd(A).

Proof.

From Lemma 6.1 (2), we have ij — gsxd(A) C ij — gsCl,(A) which implies that A U ij — gskd(A) C
AUij—gsCl(A). Since A C ij — gsCl,(A), then AU ij — gsCl, (A) = ij — gsCl(A). Hence AU ij—
gskd(A) C ij— gsCl(A). Conversely, let x ¢ AUij— gskd(A), then x ¢ A and x ¢ ij — gskd(A).
Therefore, there exists an ij — gsk—open set U containing x such that AN U \ {x} = ¢. Since x ¢ A,
then ANU = ¢. Hence x ¢ ij — gsCl(A). Therefore, ij — gsCl(A) € AUij— gskd(A). Thus
ij— gsCl(A) = AUij— gskd(A).

Proposition 6.2

Let X be a bitopological space and x be an ij — gsk—regular operation on P — GSO(X). Then
ij — gskd(AUB) = ij — gsxd(A) Uij — gskd(B) for every subsets A and B of X.

Proof.

Since A C AUBand B C AUB, then by Lemma 6.1 (1), we have ij — gsxd(A) C ij — gskd(A UB) and
ij — gsxd(B) C ij — gskd(A UB). Hence ij — gskd(A) Uij — gsxd(B) C ij — gskd(A U B). Conversely,
letx ¢ ij— gsxd(A) Uij— gsxd(B), then x ¢ ij — gskd(A) and x ¢ ij — gskd(B). Therefore, there exist
two ij — gsk—open sets U and V containing x such that ANU \ {x} = ¢ and BNV \ {x} = ¢. Since
K is an ij — gsk—regular operation and U, V are ij — gsk—open sets, then U NV is ij — gsk—open.
Therefore, (UNV)\{x}N(AUB) = (U\{x}NnV\{x})N(AUB) = ¢ and UN V is an ij — gsk—open
set containing x which implies that x ¢ ij — gskd(A U B). Then ij — gskd(AUB) C ij — gsxd(A) U
ij — gsxd(B). Thus ij — gskd(AUB) = ij — gsxd(A) Uij — gsxd(B).
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