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Abstract. Let & be a reflexive Banach space. In this research, we are interested in the solvability of the nonlinear
quadratic delayed functional integral inclusion (NQDFII) with a feedback control condition on the real half-axis. Our
examination is found within the space B8C(R+, &) of bounded continuous functions on the real half-axis R+ and takes
values in a reflexive Banach space &€ beneath the assumption that the set-valued function G satisfy Lipschitz condition in
&. The base we depend on in this study is the procedure related to a measure of noncompactness in the space BC(R., &)
by a given norm of continuity and applying Darbo’s fixed point theorem. Moreover, the asymptotic stability of the
solution and the asymptotic dependency of the solution on the set of selections Sg will be examined. Also, we give an

example to illustrate the adequacy and esteem of our comes about.

1. INTRODUCTION

Let R be the set of all real numbers and R; = [0,0) and let & be a reflexive Banach space
with norm ||.|lg. Denote by BC(R,E) the Banach space of all functions defined, continuous and
bounded on the real half-axis R, and taking values in a given Banach space &.

The norm of f € BC(R4,E) is defined by

Ifllac = supieg IIf (t)lle-

The theory of measures of noncompactness plays an important role in applications to the nonlin-
ear analysis and to the theories of differential and integral equations (see [1] and [2]- [3]). Also
applies to control theory and the operator theory (see [4]). Investigation on the real half-axis of the
integral equations on different spaces of functions has gotten an awesome consideration (see [5]-

[10]). Measures of noncompactness in the space of functions which are defined, continuous and
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bounded on the real half-axis and taking values in an arbitrary Banach space & denote BC(R, E)
are discussed in [7] and [11].

The nonlinear integral equations recently studied by many authors for example (see [12]- [14]),
where authors examine the solvability of non-linear 2D Volterra integral equations through
Petryshyn fixed point theorem in Banach space, two systems of nonlinear Volterra integral equation
and Volterra integro-differential equation through Banach’s contraction principle and a nonlinear
integral equation with multiple variable time delays and a nonlinear integro-differential equation
without delay by the fixed point method using progressive contractions. Also, consider some
properties of this solution.

Moreover, the nonlinear functional integral equations with feedback control were studied by P.
Nasertayoob, using the measure of noncompactness in conjunction with Darbo’s fixed point the-
orem see ( [15]). Typically, in [16] authors studied a nonlinear neutral delay population system
with feedback control and investigated a positive periodic solution using the strict set contraction
operators fixed point theorem.

In [17], A. M. A. El-Sayed and M. A. H. Alrashdi are concerned with a nonlinear functional inte-
gral equation with a nonlinear functional equation constraint merge a control parameter function.
Other results exist in [18], where researchers care about a nonlinear functional integral equation
restricted by a functional equation with a parameter.

Furthermore, in [19] the authors discussed the existence of solutions for integral inclusions with
fractal feedback control and they are seeking solutions for these inclusions based on the procedure
associated with measures of noncompactness by a given modulus of continuity in the space in
BC(R). However, in this article, we establish our results utilizing the procedure of measures of
noncompactness by a given norm of continuity in the space BC(R+,&).

Functional differential inclusions on the real-half line have been broadly examined by several cre-
ators and there are numerous curiously comes about concerning these issues (see [20]- [23]) and a
functional integral inclusion was studied by B.C. Dhage (see [24]- [27]). The Lipschitz selections
of the set-valued functions were explored by some authors (see [28]- [29]).

Here, in this article we are going to apply the theory of measure of noncompactness with a given
norm of continuity and using Darbo’s fixed point theorem to study the solution of the nonlinear
quadratic delayed functional integral inclusion (NQDFII)

p(t)
x(t) € G(t, g1(t, x(t)) fo o (t,s,u(s))ds), t e Ry (1.1)
with the feedback control
dl;sf) = —ou(t) +y¢(t,x(t)), 0>0, u(0) =upe & (1.2)

in a reflexive Banach space & on the real half-axis, assuming the set-valued function G satisfies
a Lipschitz condition in & The study is conducted within the space of bounded continuous
functions BC(Ry,E) where G : Ry xE — (&) is a Lipschitzian set-valued map and ()(E) denote
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the family of nonempty subsets of the Banach space & Moreover, the asymptotic stability and
the asymptotic dependency of the solution for the nonlinear quadratic delayed functional integral
inclusion NQDFII (1.1) with the feedback control (1.2) on the set of selections S will be analyzed.

An example is provided to demonstrate the significance and validity of the results obtained.

2. PRELIMINARIES

Here, we show a few documentation and assistance comes about that will be required in this
work.
Let us take an arbitrary and bounded set X, X € BC(R.,&). Next for an arbitrary fixed function
x € X and for ¢ > 0, we denote by a)T(x, ¢) the norm of continuity, 7 > 0 of the function x on the
interval 7 = [0, 7| and defined by

wT(x,s) = sup{|lx(t) —x(s)llg: t,se T, |t—s| < ¢}

and
o’ (X, ¢) = suplw” (x,¢), x € X).
Also,
(u(()T(X) = limg_,oa)T(X,e) and wo(X) = limT_,OOa)(r)r(X).
Next, for t € R, let us define

diamX (t) = sup{llx(t) —y(t)lle : x,y € X}
and
C(X) = lim_,cosup diamX(t).
Finally, the measure of noncompactness on BC(R;, E) is given by
HX) = wo(X)+C(X)
= wo(X) + lim_eosup diamX (t).

Now, we state the Darbo’s fixed point theorem [30].

Theorem 2.1. Assume that A : x — x is continuous operator and x is a nonempty closed bounded convex
subset of the space & with (1(AX) < Ku(X) for any nonempty subset X of x, where the constant K € [0,1).
Then A has a fixed point in the set x.

Now, letx: I — &.
Definition 2.1. [21] A set-valued map G from I X & to the family of all nonempty closed subsets of & is

called Lipschitzian if there exists L > 0 such that for all t1,t, € I and all x1,x; € E, we have

H(G(t1,x1), G(t2, x2)) < Lilts = 2] + [Ix1 = x2lle)
where H (¢, 1) is the Hausdorff metric between the two subsets £, ] € I X &E.

Denote S¢ = Lip(Z,E) be the set of Lipschitz selections of G.
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3. MaIN Resurr

In this section, we display our fundamental result by demonstrating the existence of solution
x € BC(R4,E) for the NQDFII (1.1) with the feedback control (1.2) in the reflexive Banach space
& on the real half-axis utilizing the procedure related with a measure of noncompactness in
BC(R4,E) and using Darbo’s fixed point theorem beneath the assumption that the set-valued

function G satisfy Lipschitz condition.

Definition 3.1. By a solution x € BC(R+, &) of the NQDFII (1.1) with the feedback control (1.2) in the
reflexive Banach space & on the real half-axis we mean a single-valued function x € BC(R;, E), we mean a
single-valued function, which fulfills (1.1) and (1.2).

Consider presently the NQDFII (1.1) with the feedback control (1.2) beneath the taking after
assumptions:
(H1) The set G(t, y) is compact and convex for all (¢, y) € R X &E.
(H2) The set-valued map G is Lipschitzian with a Lipschitz constant L > 0 such that

H(G(t1,y),G(t2,2)) < L(It1 = t2f + |ly — zllg)

for all t1,t, € Ry and y,z € &, where H((, ) is the Hausdorff metric between the two subsets
t, 1€ Ry x&E.

(H3) The set of Lipschitz selections S¢ of the set valued function G is nonempty.

(H4) g1 : R+ X & — & satisfy Lipschitz condition and there exists a function a; () and a constant L,
such that

g1 (t, x(£))lle < llar ()lle + Lallx(f)lle.
(H5) g2 : R+ X Ry X E — Ry is continuous and there exist continuous functions k(t,s) : Ry X Ry —
R+ and b(s) : Ry — R, such that
1g2(t,s,u(s))l < k(t,s)| + |b(s)lllx(s)lle, Vt,s € Ry,
where
limy— oo ft lk(t,s)lds = 0, supier, ft k(t,s)lds = K
and i :

t t
limt_mf [b(s)lds = 0, supser, f |b(s)|ds = B.
0 0

(H6) The function ¢ : 7 — I is continuous nondecreasing function and ¢(t) < t.
(H7) The function ¢ : R4 X & — & is Caratheodory function that is measurableint € R, Vx € &

and continuous inx € &, V t € Ry and there are two integrable functions dy, d, : R — R such that

I (8, x(0)I] < ldr ()] + 2 (B)lllx()lle, t € Ry
(H8) There exists a positive real number r of the algebraic equation

LL1Upr*B + (LL1K + LllayllgcUzB + LLy [U + U4 ]B = 1) + |lallgc + LllallacK + Lllasllge[U + Uy]B = 0.
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Remark 3.1. For any function x belonging to BC (R4, &), the solution to a feedback control equation
du(t)

dt
which denoted by u(t) and it is given by

u(t) = e %u(0) + ft e =)y (s, x(s) ) ds.
0

According to the positivity of the initial condition u(0) > 0, then the solution u(t) is globally attractive and

= —ou(t) +y(t,x(t), 0>0, u(0) =uye&

bounded above by positive constants which proved by F. Chen (see [31]), then
t
(@l = e eu(0) + [ e Ip(s,x(s)dsle
0

t
O+ [ (s x(5)leds
0

<
t

< e u(0)ll + fo e Idy (5)] + Ida(5) Il (s) lle)ds
¢ t

< e_9t||u(0)||a+fe‘@(t—s)ldl(S)ldS‘f'fe_g(t_s)|d2<5)|||x(5)||8d5
0 0

<

¢
suprer, ¢ ?Nu(0)lle + supier, e_ptf e%\dy (s)lds
0

t
+  xllgcsuprer, e f e®|dz(s)|ds
0

IA

t
suprer, € lu(0)llg + supier, f e 2dy (t - 9)|d9
0

t
+ ||x||BCS“PteR+fe_ps|d2(t—19)|d\9
0

< U+ U + Usllxllse,
where t
suprer, € lu(0)llg = U, supieg, f e2dy (£ - 9)|dS = U,
and t 0
SUPteR, f ey (t—9)|d9 = Uy.
Hence ’

llullge = U + Uy + Uallxllgc.

Now, let X € BC(R;,E) and xy = {x: x € X].
Define the following norm of continuity:

w” (x,€) = sup{|lx(t) —x(1)|lg : t, T €I, |t—1| <€)

and
w” (X, €) = suplw” (x,¢), x € X).
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Also,
a)g(X) = limgqowT(X,e) and wo(X) = limT_,ooa)g(X).
In addition for t € R+
diamX(t) = supf|lx1(f) —x2(t)lls : x1,x2 € X}
and

C(X) = lim—cosup diamX(t)

Remark 3.2. From assumptions (H1)-(H3), there exists a Lipschitz selection g € Sg; g : Ry X E — Esuch
that

Ig(t, y(t)lle < lla(t)lle + Lily(t)lle
this selection satisfy the nonlinear quadratic delayed functional integral equation (NQDFIE)

(t)
() = ssltx0) [ galtsus)is), e R, @)

Then the solution of the NQDFIE (3.1) with feedback control (1.2), if it exists, is the solution of the NQDFII
(1.1) with feedback control (1.2).

Now, we study the existence of the solution of the NQDFIE (3.1) with feedback control (1.2).

Theorem 3.1. Let the assumptions (H1)-(H8) be satisfied. Then the NQDFIE (3.1) with feedback control
(1.2) has at least one solution x € BC(R,E).

Proof. Define the operator A by

P(t)
() = gt 1(6x(0) [ galtsu(s))ds), t € R
0
Let the set x, defined by
Xr=1{x: x€ BC(R,E), lIxllger, &) <11

r = |lallgc + Llla1llgcK + LL17K + Llla1|lgc[U + Uz + Upr|B + LLi#[U + Uy + Uyr|B.

Then, it is clear that it is nonempty, closed, bounded and convex subset of the space &.
Let x € x, be arbitrary, then

I Ax(t)lle

(t)
= gt g (t,x(0) ﬁ g2t u(s))ds)ls

IA

p(t)
la(®lls + Ligs (1, x(£)) fo ga(t,5,u(s))dslls

p(t)
la(®)ll + Lilg1 (£, x(8)lle fo lg2(t,5,1(5) )Ids

IA

IA

la(®)ll + Lilgs (&, x(8)lle fo (5, 1(5) )Ids
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IA

Ila(f)lla+L{Ila1(t)lls+L1IIX(t)|Ia}fo{Ik(tfs)l+|b(5)lllu(s)lla}ds

IA

la(t)lle + Lilas (Dl + Lallx(£)le) fo k(t,5)lds

+ Ll ()lle + Lllx(5)le) fo 1b(s)llu ()l

IA

t
supier, lla(t)lle + L{suprer, a1 (t)lle + Lisupre, [1x () le}suprer, f lk(t, s)lds
0

t
+  Lisupter, llar (t)lle + Lisupreg, [Ix(£)ll} f supser, |b(s)| supser, llu(s)lleds
0

< llallge + Lilla1llsc + Lillxllge K + Lillaillse + Lallxllsc}lullscB

< llallgc + Lilla1llsc + Lillxllsc}K + Lillaillse + Lallxllse} U + Uy + Uzllxllgc] B

< llllgc + Llla1llgcK + LL1lIxllgeK + Lllaallgc [U + Uy + Uzllxllgc] B

+  LLlixllge[U + Uy + Uallxlige] B

< llallgc + Llla1llgcK + LL17K + Lllaillge[U + Uy + Uzr|B + LLyr[U + Uy + Uar]B.
Therefore

Axllsc < llallgc + LllallgcK + LL17K + Llmllge[U + Uy 4+ Uzr|B + LLyr[U + Uy + Upr]B =

Then

| Ax|lgc < 7.

Hence, Ax € x,, which proves that A x, C x, and A: x; — x;.

Now, we will show that A is continuous on the ball y,.

Let {x,} be a sequence in x, converges to x Vt € Ry in x,, i.e. x, = x, VE € R,.
Now

o (t) p(t)
9t g1 (6,3 (8)) f 9a(t,5,ua(5))ds)lls < la(t)lle + Lilga (¢, 1a(£)) fO 9a(t,5, un(5))dslls

and x, — x, then g(t, g1(t, x,,(¢) fo 22(t,8, 1y (s))ds) — g(t, g1 (¢, x(t) f(p Qo (t,s,u(s))ds).
Since

(t)
Axy (t) = g(t,gl(t,xn(t))fo Qo (t,s,uu(s))ds), t € Ry.

Then
| Ax,(t) — Ax(t)llg

o(t) P(t)
— lig(t 10t 2a(8) fo 9a(t,5,ua(5))ds) - g(t, g1(8,2(1)) fo galt,5,u(s))ds) e

IA

) ()
Llia 1) [ " gt un(s))ds — g1 (1, x(1)) [ " ealt s, u(s))dsls
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IA

) ()
Llga(t0,(0) [ " gt un(s))ds — g1 (1, x(1)) [ " ot s, un(s))dslle

(t) (t)
+ Ut [ " a5, un(s))ds — 1 (1, x(1)) [ " galt s, u(s))dsle

IA

P(t)
Lllg1 (¢, xn(t)) — &1 (£, x(t))lle fo |82(t, s, 14n(s))lds

P(t)
+ Lllgl(t,x(f))llgfo 1g2(t,8,un(s)) — g2(t,s,u(s))|ds

IA

Lllgs (6, 20(£)) — 10, 2(5)le f Igall 5, a(5))lds

+ Lligi(t, x(£))lls fot 1g2(t, 8,1y () — Q2(t, s, u(s))lds

IA

LLy||x, (+) — x(t)lls fot 192(t, s, 1, (s))lds

t
+ L{Ilal(t)llg—I—Llllx(t)llg}f(; |2(t,s,un(s)) — g2(t,s,u(s))lds (3.2)

IA

LLy||x, () — x(t)lls fot 192(t, s, t(s))lds

t
+ 2L{||a1(t)||a+L1||x(t)||a}fo|g2(t,S,M(S))|dS

IA

LLylx,, (t) = x(t)llg fot{lk(t,S)l +1b(s)lllun (s)llg}ds

t
+ 2L{lla1 (t)lle + Lllx(£)lle} f {Ik(t,s)| + b(s)lllu(s)llg}ds
0
LL1llxy, — xllgcK + LL1l|x,, — xllgcllullgc B

IA

¢ t
+ 2L{||611||Bc+L1||x||Bc}f |k(l‘,5)|d5+2L{||L11||Bc+L1||x||Bc}||M||Bcf lb(s)lds
0 0

LLyllxy = xllgcK + LL1llxn — xllgc [U + Uz + Uallxllgc] B

IA

¢ ¢
+  2L{lla1llsc + L1||x||3c}f Ik(t,s)lds + 2L{lla1llgc + Lalixllgc}{U + Un + Ualixllsc] f |b(s)lds
0 0

IA

t
LL1€1K + LL1€1 [U 4 U1 + UQT’]B +4 2L{||a1||BC + L11’} f |k(t, S)ldS
0

t
+ 2L{lla1llgc + Lir}{U + Uy + Uor] f Ib(s)lds.
0
select 7~ > 0 such that the following inequalities hold for t > 7,

t ) t y
2Ll llge + Llr}f lk(t, s)\ds < ‘Z—2 and 2L{lla1llgc + Lir}[U + Uy + Uor] f Ib(s)lds < %2
0 0
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Consider the two ideas:
(1) If t = 7, we obtain

[ Ax, (1) — Ax(t)llg < LL1e1K+ LLye1[U + Uy + Upr]B+ &3 = &.
(2) If t < T, let us take a function w = w(¢) given by
w(e) = supllga(t, s, un(s)) — ga(t,s,u(s)) : t,s € I, u,u, € [—1,7], lluy(s) —u(s)lle < €}.

Then from the uniform continuity of the function g>(t,s,u(s)) on the set 7 X I'x [-r,r], we deduce
that w(e) — 0 as ¢ — 0. Thus, from (3.2)

IIﬂxn(t) — ﬂx(t)llg <LLie1K+ LL1&q [ll + U + UZ}"]B + L{lla1|lgc + Llr}a)(e)T.
Hence
| Ax, — Ax|lgc < LL1e1K 4+ LL1&q [LI + U + UQT’]B + L{llmllge + Lir}w(e)T .

Finally, according to cases (1) and (2) and the previous facts, we conclude that Ax, — Ax, Vx, — x
and the operator A is continuous on x.

Now, for any x1,x2 € X C x;, and fixed t > 0, we obtain

| Axi(t) = Axa(t)lle

o(t) p(t)
— gt gi(bm () f 9a(t,5,u1(5))d5) — g(t, g1 (£, x2(8)) f ga(t,5,ua(5))d5) s

IA

(t) (t)
Ll (63 () [ " et (s)ds — g1 (6 (1)) [ " a5, ua(s)dsle

IA

(t) (t)
L||g1(t,x1(t))f0‘q) gz(t,s,ul(s))ds—(g*l(if,xz(t))foqJ Qo (t,s,u1(s))dsllg

o(t) o(t)
+ Lligi(xa(t)) f ga(t,5,u1(5))ds — g1 (£, 3(1)) f ga(t,5,us(s))dsle

IA

o (t)
Lligs (6 x1(8)) - g1(622(5) e fo 182(t,5,us(5))lds

p(t)
+ Lligi(t, x2(t))lls fo |g2(t,5,u1(s)) — g2(t, 5, u2(s))lds

IA

Lllg1(t,x1(t)) — g1(t, x2(t))lle fo |g2(t,s,u1(s))lds

+ L||g1(f,x2(f))||6£|82(t,S,M1(S))—gz(t,S,uz(S)>|dS

IA

LL1||x1(t)—x2(t)||g£ |g2(t,s,u1(s))lds

t
+ 2L{|Iﬂ1(t)lla+L1||xz(t)||s}f0|82(f15,u2(5))|d5
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IA

LLyllxq (t) = x2(t)llg j:{lk(t,S)l + 1b(s)llu1 (s)llg)ds

t
+ 2L{|Ia1(f)||a+L1||xz(t)||a}j;{Ik(frs)l+|b(5)llluz(s)lla}ds

IA

LL1||xl(f)—x2(t)||afO |k(f/5)|dS+LL1||x1(f)—xz(t)HafO b(s)lllu1 (s)lleds

t t
b 2Ll (D)l + Lillxa(8) ) fo Ik(t,5)1ds + 2L{llay (Dl + Lillxa (£)lle) fo Ib(s)llu2(s) leds
LLy dzamX(t) K+ LI diﬂmX(t)lWlnch

IA

t t
+ 2L{||ﬂ1||sc+L1||x2||Bc}f |k(f,5)|d5+2L{||ﬂ1||sc+L1||x2||Bc}||M2||BCf |b(s)lds
0 0

LLy diamX(t) K+LL; diamX(t) [u + U, + UZ||X1||86]B

IA

t
+ llailsc + Lilwalac) [ k(e o)
0

t
+ 2L{llmllgc + Lillxallge} (U + Ui + Usllxillsc] f |b(s)lds
0

< LLy diamX(t) K + LLy diamX(t) [U + Uy + Uz7]B

t
+ oLflarllae + Lir] f K(t, )1ds
0

t
+ 2L{||Ll1||3(; + L17’}[u + U + UQV] f |b(S)|dS
0
Hence, we obtain

t
diam(AX)(t) < (LL1K+ LL1[U + Uy + Uypr|B)diamX (t) + 2L{||a1|lgc + L1t} f k(t,s)|ds
0

+ 2L{llmllgc + Lir}[U + Uy + Uor] f: Ib(s)lds
and
limy—eosup diam(AX)(t) < (LL1K 4 LL1 [U 4 Uy + Uar|B)limy—,cosup diamX (t).
Then
lim;_oosup diam(AX) (t) < C limy—eosup diamX(t). (3.3)

Where we denote C = (LL1K + LL; [U + U; + Uar|B).
Let7 > 0and ¢ > 0be given. Letx € X C x,and t,7 € 7 such that T < tand [t — 7| < ¢, then

I Ax(t) — Ax(7)lls
P(t) ¢(T)
— gt g1(tx(1)) fo $a(t,5,u(s))ds) - g1, g1 (7, %(1)) fo 92(1,5,u(s) )ds)lls
¢(T)

(t)
L{lt = 7|+ g1 (£, x(t)) fov’ Qo (t,s,u(s))ds — g1(t, x(7)) f (7, s,u(s))dslls}

0

IA
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IA

IA

IA

IA

L{lt — 7|+ llg1 (£, x(t)) f(t) Qo (t,s,u(s))ds — g1(t, x(7)) L@(t) Q2 (t,s,u(s))dsllg
(t) (1)
Ior(x(©) [ galtsu(e)is—ga(ex(@) [ gale,suls))asle
o(t)
L|t — 7|+ L||g1 (¢, x(¢)) — gl(T,x(T))”gf 1g2(,s,u(s))|ds
0
() (1)
Lllgl(r,x(r))llgllfow gz(t,s,u(s))ds—fo‘u (7, 5,u(s))dslle
(t)
LIt = 7|+ Lllg1 (£, x(t)) — 81(t, x(7)) + g1(t, x(7)) — g1 (7, x(7))lle fo(p 182(t, 5, u(s))lds
p(t) (1)
Lllg1 (T, x( ||g||f 2(t,s,u(s ds+f(P(T) gz(t,s,u(s))ds—fo (7, s,u(s))dsllg
P(t)
Lit — 7|+ Lllg1(t, x(t)) — g1(t,x(’[))||gf lg2(t, s, u(s))lds
0
P(t)
Lllgl(f/X(T))—gl(TIX(T))Ilaf |g2(t, s, u(s))lds
0
¢(T)
Lllgl(T,x(T))llgfo lg2(t,5,u(s)) — g2(7,5,u(s))ds

o(t)

Lllgl(T,x(T))llng(T) |g2(,s,u(s))lds
Lit — 7|+ Lllg1 (¢, x(¢)) — gl(t,x(’f))llgf(; |g2(t,s,u(s))lds
Lllgi (£, x()) - g1 (1, x() lls f 1g2(t,5, u(s))Ids
0

Llig: (7, x(1))le fo 182(t,5,1(5)) - 82(15,u(5))Ids

o(t)
L T,x(T ,s,u(s))|ds
g (r,x(2))lle f(p It u(s)

LIt — 7| + LL1llx(t) = x(7))lle j:{lk(t,S)l+Ib(S)|||u(S)|Ia}ds

Lligi(t, x(7)) — g1(7, x(7))lle f{lk(t,S)l + 1b(s)llu(s)llg)ds

L{Ilal(T)IIa+L1I|x(T)IIs}fOT |g2(t,s,u(s)) — ga2(t,s,u(s))lds
o(t)

Li{lla1 (7)lls + Lallx(7)ll} f( | {lk(t, )| + 1b(s)lll(s)lle}ds
@(T

Ljt = 7| + LLylx(8) = x(2)lls f k(t, )Ids + LLylx(£) = x(2)lls f b(s)llu(s) s
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+ Lliga( (1)) - g1 (0, 2(0)ls f (t,5)1ds + Lllga (¢, 2(2)) - g1 (2, 2(0))ls f 1b(5) i (s) s

+ L{llar (0)lle + Lallx(7)ll} fOT |g2(t,s,u(s)) — §2(T, 5, u(s))lds

p(t)
k(t, $)lds + Lillas ()l + Lalle(7)lle) f Ib(s) le(s) s

(1)

o(t)

+ Ll (0)lls + Lale(o)lle) f

@(T)
< Le+LLiw” (x,e)K+ LLiw” (x, €)llullgeB + Lo” (g1, €)K

+ Lo’ (g1, €)llullgeB + Lillatllge + Lillxllsclw” (g2, €)T

(t)
+ L{lmllse + Lillxllsc) f

@(1)
< Le+LLiw” (x,e)K+ LLiw” (x,&)[U+ Uy + Upr]B + Lo’ (g1, €)K

o(t)
lk(t,s)lds + L{llaillgc + LallxllscHlullse f( : |b(s)lds
([) T

+ Lo’ (g1,€)[U+ Uy + Uor]B + L{llatllge + Lirtw” (g0, )T

(t)
+ L{”al”BC"‘Llr}fj) lk(t,s)lds + L{llaillgc + Lir}[U + Uy + Uyr] f() [b(s)|ds,
Pt (T

where
a)T(gl,e) =sup{lg1(t,x(1)) —q1(t,x(7))|: t,rel, [t—1|<e¢ |xllgc <7}

and
a)T(gz,e) = sup{lg2(t,s,u(s)) — g(t,s,u(s))l: t,re X, [t—1|<¢, |lullge < [U+ Uy + Upr]}.
Hence

W (Ax,e) < Le+LL1w" (x,&)K+ LLiw” (x,&)[U + Uy + Upr]B+ Lo’ (g1,€)K
+ Lo’ (g1,¢)[U+ Uy + Uar]B + Lillatllge + Lirtw” (g2, €)T

P (t)
+ Lilalse + L) f K
(PT

+ L{llmllge + Lir}[U + Uy + Upr] f( | |b(s)|ds.
(P T

And

IA

o (AX,e) < Le+LLio” (X, e)K+ LLiw” (X, &)U+ Ui + Uar]B + Lo” (g1,€)K
Lo” (g1,€)[U + Uy + Upr]B + L{llmllse + Liriw” (g2, €)T
L{llaillgc + LirHesupllk(t,s)| : s € T}}

L{lla1llgc + Lir}[U + Uy + Upr[{esupilb(s)| : s € T}}

+ o+ o+
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From the uniform continuity of the function gi(t,x) , g2(t,s, u(s)) on the sets I X[-r,r] and I xI
X[—r, 7] respectively, we deduce that w” (g1, ¢), @’ (g2, &) — 0 as ¢ — 0. Consequently, we obtain

o ()

IA

LLiw] (X)K+ LLiw] (X)[U + U; + Upr|B
< (LLiK+ LLi[U + Uy + Upr]B)w) (X)
ng(X).

A

IA

As T — oo, we have
a)o(ﬂX) < Cwo(X). (3.4)

Now, from the estimations (3.3) and (3.4) and the definition of the measure of noncompactness

on X (see [4]), we obtain
p(AX) < Cu(X). (3.5)

Since all conditions of Darbo fixed point theorem are satisfied, then the operator A has at least one
fixed point x € x,, then there exists at least one solution x € BC(R, E) of the NQDFIE (3.1) with
the feedback control (1.2).

Consequently, there exists atleast one solution x € BC(R., &) of the NQDFII (1.1) with the feedback
control (1.2).

4. ASYMPTOTIC STABILITY

Here we study the Asymptotic stability of the solution for the NQDFII (1.1) with the feedback
control (1.2).

Definition 4.1. The solution x € BC(R4,E) of the NQDFII (1.1) with the feedback control (1.2) is
asymptotically stable, that is, ¥Ye > O there exists T (¢) > 0 and r > 0 such that if any two solu-
tions to the nonlinear quadratic delayed functional integral inclusion (1.1) are x,x; € BC(R+,8E), then
lx() —x1(t)lle < €, t =T (¢).

Theorem 4.1. Let the assumptions (H1)-(H8) be realized, Then the solution x € BC(R, E) of the NQDFII
(1.1) with the feedback control (1.2) is asymptotically stable.

Proof. Let ¢ > 0 be given, take x, x; € BC(R,, E) be any two solutions of (1.1), Then
I x(t) —x(t)lle

(t) (t)
= gt g1t x(0)) ﬁ alt51(s))s) = o, (0,2 (0) [ " et (5)ds)ls

IA

() 0
Ll () [ " ol s, u(s))ds - g (b3 (1) [ " ot s (s)dsle

IA

() ()
Llsa 1) [ " ealt s, u(s))ds - gu (3 (1)) [ " galt s, u(s))dsle
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o (t) o(t)
) fo ga(t,5,u(s))ds - g1 (£, %1 (1)) fo ga(t,5,us (5))dsle

IA

p(t)
Lligs (t,x(1)) - g1 (£, %1 (1)l fo 182(t,5, u(5))Ids

P(t)
+ Lllgl(t,xl(t))llaf0 |g2(t,5,1(s)) — &2(t,5,u1(s))lds

IA

Lligy (t, x(£)) — g1 (6,11 () e f 1g2(t,5, u(s))Ids
+ Liga(tx()le fo 192(t,5,u(s)) - galt, 5,1 (5))Ids

LLylx(t) - x1 (8)le fo g2 (t,5,1(5) )Ids

<
+ L{Iltl1(f)||8JrLlllxl(ff)lla}fO |1g2(t,5,u(s)) — g2(t,5,u1(s))lds (4.1)
< LL4|lx(¢) —xl(t)||gf0 lg2(t,s,u(s))lds

t
+ oLl ()l + Ll (D)le) fo g2 (t,5, 11 (s))lds

IA

LLyllx(t) = x1 (f)llaf0 {ke(t, ) + 1b(s)lllu(s) llghds

t
+ 2L{|la1(t)||s+L1||x1(f)lla}f0{Ik(fzs)l+Ib(5)lllu1(5)lla}ds

IA

. ¢
LLy|lx - x1||BCS“PteR+f lk(t,s)lds + LL1lx — xl“IBC”u“BCsupteR+f 1b(s)lds
0 0

t t
+ 2{Lllmllgec + LL1||X1||Bc}f lk(t,s)lds + 2{Lllmllgc + LL1||x1||BC}||“1||BCf |b(s)lds
0 0

IA

t
LL1eK + LL1€[U + U + UZT’]B ~+ 2{L||la1llgc + LL11’}f |k<t,S)|dS
0

t
+ 2ALlnllso + LU+ Uy + U] [ 1o(s)is
0

select 7~ > 0 such that the following inequality holds for t > 77,

NI m

t t
2{L||lm|lgc + LLlr}f k(t,s)lds < g and 2{Llla1|lgc + LLi#}[U + Uy + Uzr]f |b(s)|ds <
0 0

Take into account the following two situations:
(1) If t = 7, we obtain

lx(t) —x1(t)|lg < LL1eK 4+ LLye[U + Uy + Upr|B+¢, t > T (¢).

Hence
|lx — x1llgc < LL1eK + LL18[U+ U + UZT]B + & =¢&.
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(ii) If t < 77, let us take a function w = w(e) given by
w(e) = supllga(t,s,u(s)) — ga(t,s,u1(s))l : t,s € I, x,x1 € [-r,7], [lu(s) —u1(s)llg < e}.

Then from the uniform continuity of the function g»(t,s, u(s)) on the set 7 x I x [-r,r]|, we deduce
that w(e) = 0as ¢ — 0. Thus, from (4.1)

llx(t) = x1(t)lle < LLyeK + LL1e[U + Uy + Uor]B + L{llarllge + Lirtw(e)T, t 2 T (e).
Hence
llx — x1llgc < LL1eK + LLlé'[u + U; + UQT]B + L{|la1lgc + L1T}w(S)T.
5. AsymproTiCc DEPENDENCY ON S

Definition 5.1. The solution x € BC(R,E) of the NQDFII (1.1) with the feedback control (1.2) is depends
asymptotically on the set Sg, if for every ¢ > 0, and any two functions g, h € Sg, there exists 6 > 0 such
that ||g — hllg < 0, t > T (&) implies ||lxg — x4llgc < e.

Theorem 5.1. Let the assumptions (H1)-(H8) be fulfilled, Then the solution x € BC(R, E) of the NQDFII
(1.1) with the feedback control (1.2) depends asymptotically on Sg.

Proof. Let g, h € S such that

(t) (t)
llg(t, g1(t, x¢(£)) ](; 82(t,s,uqg(s)ds)) —h(t, g1(t, x¢(t)) f: $2(t,5,uq(s)ds))llg < 0,6 >0,t € Ry.

Then

I xg(t) —xn(t) llg

p(t) p(t)
— lg(t g1t x5(6) f 9a(t,5,ug($))ds) — (t, g1 (£, x4(1)) f 92((£),5, un(5))d5) s

IA

p(t) o(t)
19t g1t x4(1)) fo 9a(t,5,ug(5))ds) — h(t, g1 (1, x4 (1)) fo g2t 14g(5))ds)lls

o(t)

(t)
- IIh(t,gl(f,xg(f>)j;(P SZ(tsz“g(S))dS)—h(f/gl(t/xh(t))f g2(t,5,uy(s))ds)lle

0

IA

(*) p(t)
gt 1t %) [ " gat 5, ug(s))ds) — h(t, g1(t, xg(8) [ " ealt s, ug(s)ds)ls

P(t) P(t)
+ Lllgl(t,xg(t))ﬁ gz(t,s,ug(s))ds—gl(t,xh(t))fo Qo (t, s, uy(s))dslls

IA

) ()
lg(t 1t %) [ " gt s ug(s))ds) — h(t, g1 (6, %5 (1) [ " gt s ug(s)ds)lls
P (t)

(t)
T+ Lligi(t xe(6) f " a5, ug(s))ds — g1 (6,34 (6) f 9a(t,5, ug(5))dslls

0

p(t) o(t)
+ Lligi (b3 (®) f 9a(t,5, ug($))ds — g1 (8, 14(£)) f ga(t,5,wy(5))dsle
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IA

IA

IA

IA

IA

IA

IA

_|_

(t)
lstha(exe() [ satsue))as) ~hio gty (6) [
(t)

Ll 2 (0) = s 03O [ Igalt (o)l

p(t)
L“Sl(tth(f))”af 182(t,5,ug(s)) — g2(t, s, un(s))lds

0
5+L”gl(t/xg(t))_gl(t/xh(t))”f)f |82(t15z“g(5))|d5

0

L“gl(tth(t))”af 1g2(t,5,ug(s)) — g2(t, s, un(s))lds

0
5+LL1||xg(t)—xh(t)||8f0 182(t, 5, ug(s))lds
L{las (Ol + Lalb(£)le) f 1g2(t5,115(s)) — g2(t,5, 1 (s) s

0
5—|—LL1||xg(t)—xh(t)||8f0 182(t, 5, ug(s))lds
2L{lla1 (Bl + Lall (£ le) f 1g2(t, 5, 10,(s))Ids
0

5+ LLillxg (1) — x()lls fo (k(t, )] -+ 16(3) g (s)le)ds
2L{lla1 (D)l + Lall (£ le) fo ((t, )| + ()l (5) s
5+ LLullxg(£) — xi (8l fo k(t,5)lds + fo 1b(5) g (5) s}

t t
2L{|la1(l‘)lls+L1llxh(t)lla}{f0 Ik(t,S)IderfO |b(s)llluer, (5)lleds}

t
6+ LLyllxg = xyllsctK + [U + Uy + Uar]B) + 2L{layllgc + Lir) f k(t,s)lds
0

t
2L{llarllsc + Lari[U + Uy + U] f Ib(s)\ds
0

select T > 0 such that the two relations hold for t > 7,

t t
2L{|la1llgc + Llr}f k(t,s)lds < g and 2L{||a1llgc + Lir}[U + U7 + Uzr]f [b(s)|ds <
0 0

Now we have two situations:
(1) If t = 7, we obtain

Then

llxg(t) — 2 (t)lle < 0+ LL1llxg — xpllgc{K + [U + Uy + Uzr]B} + € = .

o0+e

Ilxg — xullge < =¢.

1—LLy{K + [U + Uy + Upr]B)

()
$2(t,5,1u4(s))ds)llg

N

(5.1)
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(2) If t < T, let us take a function w = w(¢) given by

w(e) = sup{lga(t,s,ug(s)) — g2(t,s,up(s)) 1 t,s € I, ug, uy € [=r,7], llug(s) —un(s)llg < &}

Then from the uniform continuity of the function g»(t,s, u(s)) on the set 7 X I x [-r,r], we deduce
that w(e) — 0 as ¢ — 0. Thus, from (5.1),

llxg () = xn()lle < 6 + LL1llxg — xpllgctK + [U + Uy + Uar]BY + Lilla (t)lle + Lallxn ()llg}w(e) T

Hence

&+ Lillar ()lle + Lalln (Dllg)w(e) T
||xg(t) _xh(t)”BC < 1 —LL]{K+ [u+ u] + uzr]B} - &

This complete the prove of our investigation.

6. AN ExaMPLE

In this section our aim is to illustrate the main result contained in Theorem 3.1.
Lety = {x € &: |Ixllg < 1}and Ry = [0, ). Consider the multi-valued function G : Ry Xy — Q(E)
defined by

G(t,y(t)) = (a(t) + Ly(H)x, t € Ry

Then G is Lipschitz. In fact, for the norm in the Banach space we have

IG(Ly(t)lle = suplliglle = g € G(t,y(t)))
= I(a(t) + Ly(t))Xlle
= lla(t) +Ly(t)lle
< la(t)lls + Llly(t)lle-

Now let ¢(t, y(t)) = a(t) + Ly(t) € G(t, y(t)).
Hence, we can apply our results to the NQDFIE

L) f Y0 4 (t=s)s(s + 1) + (1+ ) (u(s))

t)y=t
x(t) =t+ 1+ 2n(1+t)s(s+1)

dS, te R+ (61)

with the feedback control

du(t)
dt

1
= —0.1u(t) + Ze_o'“ + 20y (t). (6.2)

Now, we investigate the solvability of the NQDFIE (6.1) on the space BC(R, E). This equation is

a particular case of the equation (3.1) with g1 (¢, x(t)) = H;tzx(t),

a(t,5,u(s)) = 4n(t—52);((5;r:t14);((1si§4))(u(S)), o(t) < tand Y(t x(t)) = Z116—0.118 + tze‘%tx(t).
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Now

Ix(®)lle = IIt+

(t)T(—SS u
t (”if 4(ts)(+1y+u+#X(ng8

1+ 2 2n(1+t4)s(s+ 1)
O ar(t—s)s(s+ 1) + (1 + t4) (u(s
”x(t)”é}fou | ( ;n((l—i—t)‘l)s((s—i—l))( ())|d5

) o(f—
[lx(t )Ilaf” |21(t+ ;) - 2ns(:+1)(u(s))lds

(t—s) 1
Ix(#)lle f|1+t4 + ey (4Ol

2(t—5s) ! 1
d P S—— d
1+¢HNML st [ gl
t £t ! o
t+—— —ds — d —d
+1+t2||xllgc[f0 —ds fo st 5o ||u||3cf Py

t 2 t
b —— — In|—
+1+¢5M@d1+ﬂ n|@cmt+1ﬂ
1.1 1 1
ET[E + %7’(11’15)]
1

1.1,
1+ ZT"‘{' E(l?’lz)r

IA

t
+1+t2

IA

t+

1+¢#2

IA

1+ﬂ

IA

IA

IA

IA

1+

IA

Then

1 1 1
< Z - _
dllse < 1477+ = (In)r
The assumptions (H1)-(H8) of Theorem 3.1 are satisfied with a(t) = a;(t) = t,L = L; = 0.1.
Obviously, the function g1(t,x(t)) and (t,x(t)) are continuous functions. Currently, for any

x1,%x € Eand t € R, we have

It 31(0) = gt = () - a0l
< |ﬁ||lx1(f)—xz(t)|la
< I3l () - xa (e

llg1 (£, x(t))lle < llay (t)lls + Lallx(f)lls

And
1 _ _
Y (t, x(t))lle zlqﬂm+ﬁe“%@k

1 _ -
I7e O+ 12 Mk (8 e

Where, |d1 ()| = |3e70Y], |da(t)] = [2e™%Y]. Also, U = 0.09, U; = .0225 and U, = 0.3.
Further, we also have g»(t,s, u(s)) fulfills condition (H5) with

IA
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Amt(t—s)s(s+1) + (1 + ) (u(s))

t/ 7 -
|g2(t,5,u(s))l | 2m (T B)s(s + 1) |
2(t-s) 1
| 1+# + 2ns(s+ 1) ()
2(t—s)
1+¢4 2ns(s+1)“u(s)”8'
This indicates that we can insert k(t,s) = 21(:;) and b(s) = 2715(171)
To verify the assumption (H5), notice that
t
limi e f k(t,s)ds
0
P2t -
= limt—mof udS
o 1+t
t ¢
= liMise [f ids - f % ds]
0o 1+t o 1+t
z £
iy (1 n t4)
and
£
limi o0 f b(s)ds
0
t
- llmt—wof ;ds
0 2ms(s+1)
1 . t
= Ellm;f—molnt_'_—l =0.
Moreover, we have
! 2 1
K - k t, d = —_— = =
SUPteR, jo‘ (t,5)ds = supier, R
and
' t 1
B = supier, ; b(s)ds = supteRJnH_—l =5

Finally, let us pay attention to the fact that the inequality of Theorem 3.1 has the form C =
LL1K+LLi[U+ Uy + Wpr|B < 1.

Consequently, all the requirements of Theorem 3.1 have been met. As a result the NQDFIE
(6.1) with the feedback control (6.2) has at least one asymptotically stable solution in the space
BC(R4,E).

7. CONCLUSIONS

This research paper has investigated the solvability of the nonlinear quadratic delayed functional
integral inclusion (NQDFII) with the feedback control on the real half-axis in a reflexive Banach

space. In the main result, we introduced sufficient conditions by applying the theory of measure of
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noncompactness by a given norm of continuity and used Darbo’s fixed point theorem to study the
solution, the asymptotic stability and the asymptotic dependency of the solution for that (NQDFII)
with the feedback control condition on the real half-axis in the reflexive Banach space BC(R,E)
beneath the assumption that the set-valued function G satisfy Lipschitz condition in &. Finally, we

gave an example to illustrate the adequacy and esteem of our comes about.
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