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Abstract. The main objective of this paper is to develop some algorithms for the explicit construction of nonuniform

tight wavelet frames using the unitary extension principles.

1. INTRODUCTION

Tight wavelet frames associated with nonuniform multiresolution analysis has been studied in
this article. A tight wavelet frame adds redundancy to a wavelet system, therefore generalizing
an orthonormal wavelet basis. Tight wavelet frames are simpler to construct than orthonormal
wavelets since they are a reduntant wavelet system. Compared to orthonormal wavelet bases,
tight wavelet frames have greater application flexibility. The unitary extension principle (UEP)
was firstly introduced by Ron and Shen in [12,13], by which Construction of tight wavelet frames
from refinable function can be done. The tight wavelet frames that are based on multiresolution
analysis, and the generators are often referred to as mother framelets. The benefits of MRA-based
tight wavelet frames and its possible features in applications have drawn a significant interest and
effort in recent years. Readers are referred to [3-5,10,11,14-16], for additional information on tight

wavelet frames.

The concept of multiresolution analysis has been extended in various ways. By replacing the
dilation factor 2 by an integer N > 2, we construct N — 1 wavelets to generate the whole space
LZ(]R). But in all these cases, the translation set is always a group. In [6,7], Gabardo and Nashed

took into consideration a generalization of Mallat’s multiresolution analysis [9].
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The outline of the paper is as follows. We provide preliminary results on non-uniform
multiresolution analysis in section 2. Section 3 is devoted to the construction of a nonuniform tight

wavelet frames.

2. PRELIMINARIES ON NON-UNIFORM MULTIRESOLUTION ANALYSIS

If N > 1is an integer, we define the translation set A,y as

Ar,N:{o }+ZZ:{%{+2n:neZ,k:O,l}

L
"N
where r is any odd integer with 1 < r < 2N —1 such that r and N are relatively prime. For basic

ideas, results on nonuniform multiresolution analysis and nonuniform wavelets we refer to [1,6-8].

For given ¥ = {{1, ¥, ..., 1} € L2(R), define the wavelet system [6,7,16,17]
X(¥) =), :1<I<L;jeZAeN (2.1)

where ¢\, = (2N)7//29!((2N)/x — A). The wavelet system X(V¥) is referred to as a non-uniform
jA y

wavelet frame, if there exist positive values 0 < A < B < oo such that
L
AP <Y Y Y I<hyh, > P <BlkIP, forall h € 2(R). (2.2)
I=1 jeZ AeA

A frame is referred to as a tight frame if A and B can be selected, such that A = B. Moreover, if

A = B = 1, the wavelet frame is referred to as a Parseval frame, i.e.

L
Z Z Z | <h gl > =P, forall ke [*(R) (2.3)
I=1 jeZ AeA

and in this case, every function 1 € L2(IR) can be expressed as

) =YY Y <hyl, > vl (). (2.4)

I=1 jeZ AeA

=

Function ¢ € L2(IR) is a refinable function, if it provides an equation of the following form

(p(%{) = Za,\q)(x—/\) (2.5)

AeEA

where Y4 [21]?> < c0. The Fourier transform of (2.5) is given by

P(2Nw) = bo(w)p(w), (2.6)
and by has the form

bo(w) = by(w) + e_zm“’ﬁb%(w) (2.7)
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for some locally L%, 1 periodic functions by and b3. It is proved in [1] that a function ¢ € L*(R)
generates a NUMRA in L?(R) if and only if

Y lp(w+p/2)P =2forae we[0,1/2) (2.8)
peEZ
and
Y e p(w+p/2)P = 0forae we[0,1/2) (2.9)
peZ
and

= 1forae weR. (2.10)

N
oo (P((ZN)J')

Let the refinable function ¢ € L?(IR) generates an MRA {V; : j € Z} of L?(R) and ¥ =
{Y1,¢,.., Y1} C Vyq, then

Lo x)_ I _
" (2N)—AZ€/:\HA§0(JC A, 1=1,2,..L. 2.11)

After applying the Fourier transform, we get

' (2Nw) = by(w)P(w) (2.12)
where
bi(w) = ) a2t (2.13)
AeA

The functions b;, 0 < < L are locally I12. As A = {O, 1%]} + 27, we are able to write
bi(w) = b} (w) + e ™8 (w), 0<I<L, (2.14)

where b} (w) and b7 (w) are locally L?, 1-periodic functions.
With bj(w), 1 = 0,1, ..., L as the nonuniform wavelet masks, we construct the matrix W(w) of
the order 4N X (2L + 2) with the entries Wy, (w), 0 < m <4N —1and 0 < n < 2L + 1, defined by

m
b}z(w+m),0£mSZN—1,0$n$L

m—2N
4N

a"p! (aH—%),03m$2N—1,L+1£n£2L+1

bi(w+ ),2NSm§4N—1,0SnSL
n—(L+1)
m—2N

mi,2
o' bn N

W+ ),2NSmS4N—1,L+1SnSZL+1,

—(L+1) (
where @ = e7™/N. The matrix W(w) is significant for constructing tight frames via MRA. In fact,
W(w)W'(w) = lay (2.15)

is analogous to that for any function & € L?>(R), there exists exact formulae of decomposition and

reconstruction.
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3. Non-UnrtrorM TicaT WAVELET FRAMES

Theorem 3.1. Suppose that the refinable function ¢ and the framelet symbols by, by, ..., by satisfy (2.6)-
(2.14). Moreover, the wavelet system X(¥) defined by (2.1) is a nonuniform tight wavelet frame for L*(R)
if the matrix W(w) satisfies (2.15).

We divided the proof of Theorem 3.1 into multiple lemmas.

Lemma 3.1. If the condition (2.15) is satisfied by the framelet symbols b;, I = 0,1, ...,L. Then for any

w € R, we obtain
2

< 3.1)

1
>

m
blz(a)—f— m)

1 m
oo+ 35
Proof. Without the loss of generality it suffices to prove inequality (3.1) only for I = 0. Let Wy (w)
be the matrix of the order 4N x 2L with the entries Wy;,(w), 0 < m <4N-1,1 <n < L and
L+2<n<2L+1,given by

m
b,ﬁ(a)+4—N),0§m32N—1,13n3L

- 2N
bﬁ(a)+m ),2N§m§4N—1,15nsL
4N
1 m
“mbn_(LH)(erm)/ 0<m<2N-1,L+2<n<2L+1
" Mm=2N\ N <m<4N-1,L+2<n<2L+1
A0y (@ AN )’ sm=<aN-1, L+2=<n=<2L+
(3.2)
Taking
by(w) by(w)
by (a)+ﬁ,) ab} (aH—ﬁ\,)
b(l) (a) + 21;11\;1) a2N—1b(1) (w + 2121}\—]1)
A=
t3(w) 2R (w)
7 (a) + —22]1\_,2) a*N=2p2 (a) + —2{;]]\_]2)
Rlo+23F) o5 (0+ 2R,

we can rewrite (2.15) as

W(w) = Wo(w)Wy(w) = iy — AAT = (B1, B2, ., Pan), (3.3)
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where
B = (1 2|bg (@)%, —(1+ a)b; (w - ﬁ,) b (@), ,—(1 4+ a@D)
b

By = (—(1 + )by ()b (0 + 1), 1= 2068 (w + ) B+, —(1 + a@N-2))
bl (a)+ 2N- 1)b ( +m)f—(1+“(2N_1))bé ) b(l](a)+4LN),"- ,
—(1+ a2N-2))p2 (w+2{ZNl)b(l)(w+ﬁ))T

Py = ( (1420 ()b} (0 + BF), - (1 + @20} (w0 + 1)
by (0 + 22), -+ 1 =210} (w + L) R - (1 + a)b2 (w)
—— —T
by (0 + 2R, -+, —282 (o + Z52) b}

PNy = (—2b(1)(a))bg(a)) —(1+§)b1(w+ﬁ)bg(m),
o (U @b (@ + AR b (@), 1= 206 (@) P
—(1+ a®N )52 (w + B 13 (w))T

piv = (- Q@@ (0 + 2RE), -1+ T )0 (0 + )
b2 (a)—I— ZQINl)IH_ ’_Zbl (a)+ 21;1N1)b2 (aH— 2ZJN1)’ )
~(1+ @8 (@) B (w0 + BE) - 1= 2083 (w0 + B2 P)

The Hermitian matrix W (w) has 4N-eigenvalues, which are provided by

2N-1 5
y1(w) =y2(w) = =yon-1(w) =1, yan(w) =1-2 Z bl(a)+ﬂ)
yni1(w) = yoan2(@) = -+ = yan-1(w) =1,
2N-1 9
yan(@)=1-2Y |2 (a) + m) (3.4)
=0

Since W (w) is a positive definite matrix, therefore yn(w) > 0 and yan(w) > 0, which is (3.1) for
I=0.
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Lemma 3.2. Let ¢ € L2(IR) be a refinable function with refinement mask mo(w) such that condition (3.1)

for 1 = 0is satisfied. Then Qj = Ypca | <u,@jr > |* < oo, for any function u € L*(R) and
(@) im Q; = P (5) lim Qj =0,
where @ (x) = (zN)j/z(p((ZN)fx -A), jEZ, Ae AN

Proof. Let H(w) = ¥ jez Ip(w + Nj)II?

H2Nw) = Y |p@N(w+j/2)f

jEZ

= Y lo(w+j/2f ¢ @+i/2)f
jEZ

= Y (o (@+/2) + 2R 2R (0 + j/2))
j€Z

{b}) (@ /2) + /N (@ + j/z)} 19 (0 +j/2)f

(IEb(@) + [ @) Y o (@ + j/2)

jEZ
ni(w+7/2)r A . 2
By (@)B3 (@) ) 22N g (o + /2)]
jeZ
=27i(w+] A . 2
+03 (w)bh (@) ) | e 2w/ (+j/2) .
jeZ

Using (2.8), (2.9) and (3.5), we have

H(2Nw) =2 {|bé(a))|2 + |b3(w)|2}

Y lo N @+ j/2)f = 2{jeb@)f + )

jEZ

2N-1 2N-1 PR

1
ZZ|(p a)-l-p/2-|-]N| —ZZ {b (cu-l——)‘ + |p3 (a)-l—m) }
p=0 jeZ

By using condition (3.1) for I = 0, we have
2
. 1
Z(p(a)+§) <1

qeZ
Since A, N = {0, ﬁ} +2Z. Then, we get
Z |< U, Qja >’2 = Z |< U, Qja >|2 + Z |< u,Qjr > 2
AEA Ae27Z. /\E(ﬁ+22)

By Plancherel and Parseval Identity, we get

(3.5)

(3.6)

(3.7)
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2midw 2

Je M(@)p((2N)"w)e @) dew

Z |< u,QjA >| (2N) 7 Yreoz
A€2Z.

e [<>< o]

27i(2m)w

X V2(2N)~1/2e @i |

@)

2
Loez i+ (2N)'§ ) ((2N) o + )

do = 3IU;IP, (3.8)

where

Ulw) =Y (a) + (2N)] )(p((ZN)‘fa) + g)

0€EZ
By Plancherel and Parseval Identity again, we get

Z |< u,(pm >|2

Ae(f+22)
= Z | f [ (a) + 2N)] )(p((zN) (a)+ (2N)/ )ﬂ
meZ 0€Z
i ' Zni( % +2‘m)a) >
x e ¥ V2(2N) /2 v da)'
1 vy 2 .
2 . o mirg
-~ w+ NYS)p (N + S| do = SIBIE, (39
2 J UEZZ ( 2 2"
where
W(w) =) (a)+ (2N) )(p((zN) fw + 2)
o€Z
Thus, from (3.7), (3.8) and (3.9), we have
o I |12
Qj = }ék woin > = 3 ([, + L) (3.10)

Next, consider the sequence of functions
I(w), ifw €0, (ZN)j]

g]-(a)): h]-:u—gj, ]'EAr,N
0, if w ¢ [0, (2N)]

Ghw) = Y g{w+ 2N)Z)p (@) I(w+ (2N)1F)),

oeA
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G = Lol @ 2o @ g,

geN

H)(@) = Yo+ NG Jo (@) (o + @n)3))

ogeA

H(w) =Y ﬁj(w +(2N)i2 )(p ((ZN) (a) + (zN)fg))emm/N.

geN

Clearly, as j — oo, ||G}||2 =|ld]l and j — oo, ||G]2.||2 = ||il|l2. Furthermore, from Eq. (3.6), we get

(2N)] 0
=z ' '
IHP = f Zh(w+ (2N)/ )@(( )J(w+(2N)]g)) oo
0 geEA
h; 19) ( - 9)
< jo‘ Zh](a)+(2N) 5 Z ol2N)Tw + 5 dow
gEA geEA
@/ 2
2 A
< f Zhj(a)+ 2N ) dw
0 geA
< ”h ”2 - O/ as ] — & (311)
el 2
: .0 ,
||I—12||2 — f h(w+ 2N )A( ( + (2N ]_))emra/N dow
j , (e ergfe(en) o+ enyg
M 12
2 R . "
< h-(a)—l— (ZN) )A(( N) J(a)_|_ (ZN)J—)) dw
fo ;\ j P 2
< il >0, asj— o, (3.12)

since

IG}ll2 = I1Hjll2 < I} 1l2 = IG; + Hjll2 < IGjll2 + 1H]ll>-
and

IG3 2 = I1H7Il2 < IUZ1l2 = IGF + Hill2 < IGll2 + I1H3l>-

From (3.11) and (3.12), we obtain

112 A2 2 2112 A2 2 :
L1l — llally = [lully, and |IUG1; — [|all; = ljull; as j — co. (3.13)
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Now, from (3.10) and (3.13), we have

21 1| 2| 2 .
Qj = AZ;\|< U, Qi >| = 5 (HU].HZ + HLI].HZ) — lul, as j — .
€

Thus part (a) is proved.

For any b € R, assume

up(x) = {

), we get |[u — ull» < €. Since

Z|<M/§0j,)t>|2 =

IA

IA

Now, to show

Consequently, for given ¢ > 0 (& < %

u(x), if x € [0, b]

0, otherwise.

2
ZI <u—up,@jr >+ <up,ejr>|
AEA

2 2
PZ|<ub/(Pj,A > | +PZ|<“_ub/(Pj,A>|
AEA AEA

2
pY | <u,@ip> P+ llu—
AEA

2
PZl <up,@jr>1"+e
AEA

Hm, DI <upin > P =0.

Since

2
Z|<“b/(Pj,A>| =

AEA

IA

IA

Hence, we obtain, lim;,_, Q; = 0.

AeA

)3

AEA

)3

AEA

2

f u(x)@;ja (x)dx
x€[0,b]

2
f u(x)(2N)2p((2N)ix — A)dx
x€[0,b]

(2N)jA€ZA( f oy M (2NYx~ A>|dx)2
2
] x — X
(2N)llul A;\(L[O’b] lp((2N)/ )\)|d)

[Jull? o (y)Pdy

A€A j;+Ae[0,(2N)ib]

||u||2f  lp(y)Pdy —> 0, as j —> —c.
U,\EA[O,(ZN)]b-'FA]
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Lemma 3.3. If (2.15) is true, then we get the following

L L
ZZZR“"%A >P= Z|<u,(pm > |2+Z Z|<u,¢§.l}\ > 2 < oo, (3.14)
A

I=1 jeZ AeA AeA I=1 jz] Ae

foranyu € L2(R) and | € Z.

Proof. From (2.15), we have

L
1
Z b (w + m /4N = > Vm=0,1,2,..,2N—-1and u € {1,2}, (3.15)
1=0

and

L
Y b (@+n/4N) B (0 +m/4N) =0, (3.16)

forallm=20,1,2,..,2N-1,m# N-n, if0<n<N,m#3N—-n, f N+1<n<2N-1, and y, i’ €
{1,2},

By using (2.14), we get
by (@ + m /AN = (bl (@ +m/AN) + e 2TR @ m/ N p2 (g, 1 m/4N))
X(BF (@ m/4N) + 2R @ AN o 5w /4N )

Thus, with the help of (3.15) and (3.16) forallm =0, 1,2,...,2N — 1, we have

L

Y i@+ m/aN)P = Zlbl(a) +m/4N)]2 +Z 1% (c + m/4N)2 = (3.17)

1=0 1=0 =0

and

L
Y bi(w+n/4N)b(w + m/4N) = 0 (3.18)
=0

forallm=0,1,2,..,2N—-1,m#N—-n, if 0<n<N,m#3N—-n, if N+1<n<2N-1.
Let
A, = Zﬁ(w+ (2N)*1Z + (g~ 1)(2N)f)

o€Z

X@(<2N)‘r‘lw + % +(q- 1)(4N)‘1), 1<g<2N
and

s o= Y (a)+(2N)r+1 4 (q- 1)(2N))

oeZ
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By analogy with (3.7), (3.8) and (3.9) for any r € Z, we derive

Z|<u(pm>| +Z‘Z‘|<u1’b}t>|2

L [ gl o g

Y o R e e o

AL Lo e g g o

Zf_ (e g g
0 [l SRS Y e ARBE)

x(f)((ZN)—r—l(a) + (ZN)rg))rdw

A | e v s D)

o€Z

71170'

dw

X(p((ZN) - 1(a)—i—(2N) ))

( (2N)™ a)+u)| da)]

—;B;f

AN
2N Lo e
ML Zf [agpi((2v) 710+ 127
AN
g=1s=1,5#q =0
A (2N a-1 |2d
X”(( s w+4N)w]
N L e
1 T | - q—1)2 ]
+Z[2§fo Aqbl((zN) 0+ [ do
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2N 2N L @y —
—_— * 1
+Y. ) [2Zf0 Aqbl((ZN) o+ )
q=1s=1,5#q 1=0
~ —r— q-1\?
XAsbl((ZN) ’ 1a)+ m)| da)]
ON ZNJ 2N et}
1 2 . 2
2| f |A|da)] Z‘[Ef(; Aq da)]
= Z | <u,@ri10 > * < 0.
AEA
We derive Lemma 3.3 from Lemma 3.2. m]

Hence, Theorem 3.1 follows from Lemmas 3.1-3.3.

Theorem 3.1 provides the construction of wavelet frames by a given compactly supported
refinable function on R is to find solutions b;(w), I = 1,2, ..., L, satisfying equation (2.15).
We will present the solution of b;(w), I = 1,2, ..., L, satisfying equation (2.15) in the following.

Let by satisty
2N-1 2N-1

mZ‘ bl(a)—km)‘ <Land Z

and W(w) (from 3.3) with 4N-eigenvalues provided by (3.4), subsequently the unit eigen-vector

2

1
S_
2

bz(w+—)

of the matrix W(w) can be expressed as

1 1 ’
5. — L(—Z(l +am)bl(a))b1(w+ﬂ) —(1+a"™ (1 +a"
m 0, 0 0 4N ) 7
T
o e )2 il ) 0.
m=2,3,.,2N-1,
1
B 1 1 1 ON-1
o Qm(zb( )(1+a)b0(cu+4N),...,(1+a )
2N -1 T
b+ = )0,0,-.0)
e = — (2b1(a)) (1+a)b1(a)+i) (14 a2
2N+1 QN1 0 ’ 0 AN /) 77
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OoN+m

Oan

where

2N -1 _ 1 r
b(l)(a) + W) —(1+@) bg(w n m), 212 (@),0,0, ., o) ,

1

14 a2N-1
OoNm ( )

(Zb(l)(a)), (1 + )b+ ﬁ)

b(l)(a) ZZZNl), -2(1+a")b3(w )bz(a)—f—m)

~(1+a™ Y1 +a )bz(a) + W)bz(m + %)

2 T
bz(w + E\]) 0,0, ..., 0) S m=2,3,..,2N -1,

m—1
t=0

1 1( L) 2N-1
Q4N(2b0(a)),(1+a)b0 Wt g ) s (1+02)

2N -1 1
bl(a) + N ) 2b(2)(a)), 1+ a)bé(a) + m), .

IN —1\\T
2N-1\1,2
(I+a )bo(a’+ AN ))

4|b(1)(a))'2 (@i + ﬁ,)f

(1 +Em)2'b1(a)+—)| Z (1+a') |b1(a)+—)|

Y, (1+a')y bl(a)+—) +4'b§(a))|2+(1+§)2|b2(a)+m

+(1+ a’“)ﬂbz(a) + m)‘z

1 )|2
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m=1 m—1 2\2
Z(l—i—a |b2(a)+—)| +4( 'bz(a)+—)| )
AN
t=0 =0
m=2,..,2N-1
2N-1 2N—1 )
2 £\2]71 t $\27,2 S
O = Y+ b} (a)+ )| Ny 3w+ o
Thus, we have
W = P(w)A(w)P(w), (3.19)

where P(CL)) = (/\1, /\2, veey AZN/ /\ZN+1/ very /\4]\]) and A(a)) = diag()/1,)/2, vy VZN/ y2N+1, veey )/41\]).
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