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Abstract. Lingcong and Endam introduced the idea of the direct product of a finite family of B-algebras. In this paper,
we introduce the concept of the direct product of an infinite family of JU-algebras, which we call the external direct
product. This is a general concept of the direct product in the sense of Lingcong and Endam. The result is based on
different types of subsets of JU-algebras. These include JU-subalgebras, JU-ideals, p-ideals, t-ideals, strong JU-ideals,
JU-filters, comparative JU-filters, and implicative JU-filters. Also, we introduce the concept of the weak direct product
of JU-algebras. Finally, we provide several fundamental theorems of (anti-)JU-homomorphisms in view of the external

direct product JU-algebras.

1. INTRODUCTION AND PRELIMINARIES

Imai and Iséki introduced two classes of abstract algebras called BCK-algebras and BCI-algebras,
which are the two important classes of logical algebras and have been extensively investigated by
many researchers. Itis known that the class of BCK-algebras is a proper subclass of the class of BCI-
algebras [14,15]. After that, many authors have explained what BCK-algebras and BCl-algebras
numbers are and how they work in different kinds of logical algebras. Their unique properties

Received: Aug. 12, 2024.

2020 Mathematics Subject Classification. 03G25, 20K25.
Key words and phrases. JU-algebra; external direct product; weak direct product; JU-homomorphism; anti-JU-

homomorphism.

https://doi.org/10.28924/2291-8639-22-2024-183 © 2024 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-22-2024-183

2 Int. . Anal. Appl. (2024), 22:183

have also been talked about in different articles in the article [4]. In 2002, Neggers and Kim [20]
constructed a new algebraic structure. They took some properties from BCI and BCK-algebras
and called them B-algebra. Furthermore, Kim and Kim [17] introduced a new notion, called a
BG-algebra, which is a generalization of B-algebra. They obtained several isomorphism theorems
of BG-algebras and related properties. The notion of KU-algebras was introduced by Prabpayak
and Leerawat [21], one of those logical algebras.

The concept of JU-algebras, as a generalization of KU-algebras, was introduced and analyzed
in [2,4]. It have been examined by several researchers, for example, the concept of pseudo-
valuations on JU-algebras and have investigated the relationship between pseudo-valuations and
ideals of JU-algebras by Ali et al. in 2019 [2]. In 2020, Ansari et al. [4] introduced the concept of p-
closure for any nonempty subset | of a JU-algebra X = (X;*,0) and have investigated some related
properties showing that J,. := {x € X | x*j € ] for some j € [} is the least closed p-ideal containing
J for any JU-ideal | of X. In the same year, Romano [22] introduced and analyzed the concepts
of a few new types of JU-ideals of JU-algebras such as closed ideals, ag-ideals, t-ideals, (x)-ideals
and associative ideals. In 2021, Ansari [3] related JU-algebras (JU-ideals) with roughness through
definitions, examples and results based on lower and upper approximations. In 2022, Romano [23]
introduced and analyzed the concept of JU-filters of JU-algebras. Additionally, the concepts of
implicative and comparative JU-filters in this class of algebras are introduced and discussed.

The concept of the direct product [24] was first defined in the group and obtained some proper-
ties. For example, a direct product of the group is also a group and a direct product of the abelian
group is also an abelian group. Then, direct product groups are applied to other algebraic struc-
tures. In 2016, Lingcong and Endam [18] discussed the notion of the direct product of B-algebras,
0-commutative B-algebras, and B-homomorphisms and obtained related properties, one of which
is a direct product of two B-algebras, which is also a B-algebra. Then, they extended the concept
of the direct product of B-algebra to the finite family B-algebra, and some of the related proper-
ties were investigated. Also, they introduced two canonical mappings of the direct product of
B-algebras and we obtained some of their properties [19]. In the same year, Endam and Teves [13]
defined the direct product of BF-algebras, 0-commutative BF-algebras, and BF-homomorphism and
obtained related properties. In 2018, Abebe [1] introduced the concept of the finite direct product
of BRK-algebras and proved that the finite direct product of BRK-algebras is a BRK-algebra. In
2019, Widianto et al. [25] defined the direct product of BG-algebras, 0-commutative BG-algebras,
and BG-homomorphism, including related properties of BG-algebras. In 2020, Setiani et al. [24]
defined the direct product of BP-algebras, which is equivalent to B-algebras. They obtained the
relevant property of the direct product of BP-algebras and then defined the direct product of
BP-algebras as applied to finite sets of BP-algebras, finite family 0-commutative BP-algebras, and
finite family BP-homomorphisms. In 2021, Kavitha and Gowri [16] defined the direct product of
GK-algebra. They derived the finite form of the direct product of GK-algebra and function as well.
They investigated and applied the concept of the direct product of GK-algebra in GK-function and
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GK-kernel and obtained interesting results. In 2002-2023, Chanmanee et al. conducted research
on direct products in various algebras, which can be studied in detail in [6-12].

In this paper, we introduce the concept of the direct product of an infinite family of JU-algebras,
which we call the external direct product, which is a general concept of the direct product in the
sense of Lingcong and Endam [18], and find the result of the external direct product of special
subsets of JU-algebras: JU-subalgebras, JU-ideals, p-ideals, t-ideals, strong JU-ideals, JU-filters,
comparative JU-filters, implicative JU-filters. Moreover, we introduce the concept of the weak
direct product of JU-algebras. Finally, we discuss several (anti-)JU-homomorphism theorems in
view of the external direct product JU-algebras.

We first begin with the definition and example of JU-algebras, which was defined by Ansari et

al. [4] in 2020, along with other relevant definitions for the studies in this paper.

Definition 1.1. [4] An algebra X = (X;*,0) of type (2,0) with a single binary operation = is said to be a
JU-algebra satisfying the following axioms:

(Vx,y,2€ X)((y*2) = ((z*x) * (y=x)) = 0), (Ju-1)
(Vx e X)(0*x = x), (JU-2)
(Vrv,yeX)(xxy=0,yxx=0=>x=1y). (Ju-3)

Example 1.1. Let X ={0,1,2,3,4,5,6,7} be a set with the Cayley table as follows:

N
~
N

*

N O O = W NN —»r O
SO O O O O O O oo
O O O O O O O |k
o O O O O O~ N
S O O O O R Pk Wl W
S O O O B B B
S O O U1 U1 U1 U1 Ul O;
S O O O O O O O
O NN NN NN NN

Then X = (X;+,0) is a JU-algebra.
Definition 1.2. [4,22,23] A nonempty subset S of a JU-algebra X = (X;*,0) is called
(i) a JU-subalgebra of X if it satisfies the following condition:
(Vx,yeS)(x*y€S), (1.1)
(i) a JU-ideal of X if it satisfies the following conditions:

the constant 0 of X isin S, (1.2)

(Vx,ye X)(xryeS,xeS=>yeSs), (1.3)
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(iii) a p-ideal of X if it satisfies the condition (1.2) and the following condition:
(Vx,y,ze X)((z*x)*(z*xy)eS,xeS=>y€S), (1.4)
(iv) a t-ideal of X if it satisfies the condition (1.2) and the following condition:
(Vx,y,ze X)((x*y)*z€S,yeS= (x*z) €S), (1.5)
(v) a strong JU-ideal of X if it is a JU-ideal of X which satisfies the following condition:
(Vxv,yeX)(xryeS,yeS=x¢€8), (1.6)
(vi) a JUfilter of X if it satisfies the conditions (1.2) and (1.6),
(vii) a comparative [U-filter of X if it satisfies the condition (1.2) and the following condition:
(Vx,y,ze X)((y*z)* (z*x) eS,xeS=>y€S), (1.7)
(viii) an implicative JU-filter of X if it satisfies the condition (1.2) and the following condition:
(Vx,y,ze X)(x*(y*z) €S, xxyeS=>xxz€8). (1.8)
The concept of JU-homomorphisms was also introduced by Ansari et al. [4].

Let A = (A;#4,04) and B = (B;+,0p) be JU-algebras. A map ¢ : A — B is called a JU-

homomorphism if
(Vx,y € A)(@(x*ay) = ¢(x) 5 ¢(y))

and an anti-JU-homomorphism if

(Vx,y € A)(@(x*ay) = ¢(y) *p ¢ (x))-
The kernel of ¢, denoted by ker ¢, is defined to be {x € A | ¢(x) = 0p}. The ker ¢ is a JU-ideal of

A, and ker ¢ = {04} if and only if ¢ is injective. An (anti-)JU-homomorphism ¢ is called an (anti-
)JU-monomorphism, (anti-)JU-epimorphism, or (anti-)JU-isomorphism if ¢ is injective, surjective,
or bijective, respectively.
In a JU-algebra X = (X;*,0), the following assertions are valid (see [4]).
Vx e X)(x*x=0), (1.9)
Vx,y,z€ X)(zxx=0,yxz=0= y*x =0), (1.10)
(yxx=0= (x*z)*(y*z) =0), (1.11)
Vx,y,ze€ X)(y*x=0= (z*y)*(zxx) =0), (1.12)

(

(

(Vx,y,zeX

(

(Vx,y € X)((y #2) = ((z%x) * (y = x)) = 0), (1.13)
(

(

(

)
)
)
(
Y,y € X)(y* ((y*x) »x) = 0), (1.14)

Vx,y,z€ X)(z*(y*x) = y=*(z*x)), (1.15)
Yu,x,y,z € X)((y*x)*0 = (y*0) = (x=0)). (1.16)
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According to [4], the binary relation < on X is defined as follows:

Vx,ye X)(x<yo ysx=20).
y yey

2. ExTeErRNAL DIrRECcT PRODUCT OF JU-ALGEBRAS

Lingcong and Endam [18] discussed the notion of the direct product of B-algebras, 0-commutative
B-algebras, and B-homomorphisms and obtained related properties, one of which is a direct prod-
uct of two B-algebras, which is also a B-algebra. Then, they extended the concept of the direct
product of B-algebra to finite family B-algebra, and some of the related properties were investigated

as follows:

Definition 2.1. [18] Let (Xj; ;) be an algebra for each i € {1,2, ..., k}. Define the direct product of algebras
X1, Xo, ..., Xy to be the structure (]_[f:1 Xi; ®), where

k
HXi =XiXXoX.. XX = {(xl,xz,...,xk) |x;€e X; Vi= 1,2,...,k}
i=1

and whose operation ® is given by
(X1, 22, v Xk) @ (Y1, Y2, s Yi) = (X141 Y1, X2 %2 Y2, s Xk * Yk)

forall (x1,x2, ..., %), (Y1, Y2, -, Vi) € Hi'(:1 X;.

Now, we extend the concept of the direct product to an infinite family of JU-algebras and provide
some of its properties.

Definition 2.2. Let X; be a nonempty set for each i € 1. Define the external direct product of sets X; for all
i €I to be the set [],c Xi, where

HXi:{f:IaUXilf(i) eX; Viell.

i€l i€l
For convenience, we define an element of [];c; X; with a function (x;)ier : [ = ;e Xi, where i — x; € X;
foralliel

Remark 2.1. Let X; be a nonempty set and S; a subset of X; for all i € I. Then [];¢; Si is a nonempty subset
of the external direct product |[;c; X; if and only if S; is a nonempty subset of X; for all i € I.

Definition 2.3. Let X; = (X;; ;) be an algebra for all i € 1. Define the binary operation ® on the external
direct product [[;e; Xi = (I1;er Xi; ®) as follows:
(Y(xi)ier, (Vi)ier € Hxi)((xi)id@ (Vi)ier = (Xi *i Yi)ier)- (2.1)
i€l
We shall show that ® is a binary operation on [];; Xi. Let (x;)ier, (Vi)ier € [1ie; Xi- Since %; is a
binary operation on X; for all i € I, we have x; % y; € X; for all i € I. Then (x; *; y;)ie1 € [ ];¢; Xi such

that
(x1)ier ® (Vi)ier = (Xi % Vi)iel-
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Let (xi)ier, (Yi)iet, (X))ier, (¥} )ier € [1ier Xi be such that (x;)ier = (¥i)ier and (x))ier = (¥ )ier. We shall
show that (x;)ie; ® (xl’.)id = (V)i ® (y;)iel. Then

xi:y,-forallielandxlf:yl’.foralliel.

Since #; is a binary operation on X; for all i € I, we have x; *; x| = y; #; y; for all i € I. Thus

(xi)ier ® (] )ier = (Xi % X} )jer
= (Vi* V))iel
= (Y)ier ® (V) )ier-

Hence, ® is a binary operation on [ ], X;.
Let X; = (Xj;#;,0;) be a JU-algebra for alli € I. Fori € I, let x; € X;. We define the function
fx; : I = Ujer Xi as follows:

. . X lf]:l
(VJEI)[ﬁKJ)== ]. (22)

0; otherwise
Then fxi S HiEI Xi~

Lemma2.1. Let X; = (Xj;#;,0;) bea JU-algebraforalli € I. Fori € I, letx;, y; € X;. Then fy,® fy. = frumy:-

Proof. Now,
. . X; *; yi if ] =1
(VieD|(fu®f)j) = |
0;%;0; otherwise
By (1.9), we have
. . xi*y ifj=i
(VieD|(fu®f)(j) = |
0; otherwise
By (2.2), we have fy, ® f,. = fruy,- O

The following theorem shows that the direct product of JU-algebras in terms of an infinite family

of JU-algebras is also.

Theorem 2.1. X; = (Xj;#;,0;) is a JU-algebra for all i € I if and only if [1;e; Xi = (I1ier Xi;®, (0i)ier) is
a JU-algebra, where the binary operation ® is defined in Definition 2.3.

Proof. Assume that X; = (Xj; %, 0;) is a JU-algebra for all i € I.
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(JU-1) Let (x;)ier, (yi)iet, (zi)ier € [Tier Xi- Since X; satisfies (JU-1), we have (y; % z;) *i ((zi  Xi) *i
(yi*ix;)) = 0; for alli € I. Thus

((vi)ier ® (zi)ier) ® (((zi)ier ® (xi)ier) ® ((Vi)ier ® (Xi)ier))
= (i *i zi)ier ® ((zi *i Xi)ier ® (Vi *i Xi)ier)

= (Yi*izi)ier ® ((zi % Xi) *i (Vi *i Xi) )iel

= ((yi*izi) % ((zi % i) i (Yi*i xi)) et

= (0)ier-

(JU-2) Let (x;)ier € [1;ef Xi- Since X; satisfies (JU-2), we have 0; % x; = x; for all i € I. Thus
(07)ier ® (xi)ier = (0; #i X;)ier = (Xi)ier-

(JU-3) Let (xi)ier, (Vi)ier € [1ie; Xibesuchthat (x;)icr ® (yi)ier = (0i)ierand (v;)ier ® (xi)ier = (01)ier-
Then (xi *; yz')z'el = (Oi)z‘e] and (yz *; xi)iel = (Oi)z‘eb SO X *; Yi = 01‘ and Yi*iXi = 01‘ for all i € I. Since
X; satisfies (JU-3), we have x; = y; for all i € I. Therefore, (x;)ic; = (Vi)ier-

Hence, [;c; Xi = (I1ie1 Xi;®, (0i)ier) is a JU-algebra.

Conversely, assume that [[,; Xi = (I1;e; Xi;®, (0;)ier) is aJU-algebra, where the binary operation
® is defined in Definition 2.3. Leti € I.

(JU-1) Let x;, y;, zi € X;. Then fy,, fy., fz; € [1ief Xi, which is defined by (2.2). Since [ [;¢; X; satisfies
(]U-l), we have (fyi ®f2i) ® ((fZi ®fxi) ® (f]/i ®fxi)) = (Oi)id' Now,

. . (yi*izi)*i ((zixixi) % (yivix)) i j=i
(VJEI) ((fyi®fzi)®((fzi®fxi)®(fyi®fxi)))(]) = . 4

(0]' *j O]') *j ((0]‘ *j 0]') *j (0]' *j 0]‘)) otherwise
this implies that (y; % zi) % ((zi % xi) * (yi * x;)) = 0.
(JU-2) Let x; € X;. Then fy, € [];; Xi, which is defined by (2.2). Since [ [ X; satisfies (JU-2), we
have (Oi)iel®fxi = fxi. Now,
. . Oi *; Xi if ] =1
(Vi e D[ ((0)ier ® f2)(j) = R
0]' *j 0]' otherwise
this implies that 0; *; x; = x;.

(JU-3) Let x;, y; € X; be such that x; *; y; = 0; and y; *; x; = 0; for all i € I. Then fy, fy, € [[;e; Xi,

which are defined by (2.2). Now,
. . xixyi ifj=i
(VJEI) (fxi®fyi)(]) = . ’
0;#;0; otherwise
and

ixxp if j=i
vien|(fpef)() =10 I

0;#;0; otherwise
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By assumption and (1.9), we have

_ ) 0; ifj=i
(VieD|(fu®fu)j) = P
0; otherwise
and

. oo ifj=i
(VieD|(fy®f)j) =

0; otherwise .
Thus f, ® fy, = (0i)ier and f, ® fr, = (0i)ie;. Since [[;; X; satisfies JU-3), we have f, = f.
Therefore, x; = y;.

Hence, X; = (Xj;*;,0;) is a JU-algebra for all i € I. O

We call the JU-algebra [[;; Xi = (I1;e; Xi;®, (0;)ier) in Theorem 2.1 the external direct product
JU-algebra induced by a JU-algebra X; = (Xj;*;,0;) for alli € I.
Next, we introduce the concept of the weak direct product of infinite family of JU-algebras and

obtain some of its properties as follows:

Definition 2.4. Let X; = (Xj;#;,0;) be a JU-algebra for all i € I. Define the weak direct product of a
JU-algebra X; for all i € I to be the structure [}, X; = (I1%; Xi; ®), where

\

H Xi = {(xi)jer € H Xi | x;i # 0;, where the number of such i is finite}.

i€l i€l

Then (0;)ier € [Tjg; Xi € [Tier Xi-

Theorem 2.2. Let X; = (Xj;+;,0;) be a JU-algebra for all i € I. Then [, X; is a JU-subalgebra of the
external direct product JU-algebra [1;c; Xi = (I1;er Xi; ®, (04)ier)-

PT’OOf. We see that (Oi)iel € HZV;I X; # 0. Let (xi)ig, (]/i)iel € H;ZI X;, wherel; = {iel|x; # 0;} and
I, = {i €I|y; # 0;} are finite. Then |[; U | is finite. Thus

x]‘*]‘O]‘ if ] eh-I
Xj*iYj iijIl NI

(VieD)| ((xi)ier ® (¥i)ier) () = o :
0% y; ifjeh-1

0;#;0; otherwise
By (JU-2) and (1.9), we have

x]'*]'o]' iijIl—Iz
Xj*iYj iijIlﬂIZ

(VieD|((xi)ier ® (yi)ie) (j) = o :
Yj ifjeh-1

0; otherwise

This implies that the number of such ((x;)ie; ® (Vi)ier)(j) # 0; is not more than |I; U I|, that is, it is
finite. Thus (x;)ier ® (vi)ier € [ 13, Xi. Hence, [];5; X; is a JU-subalgebra of [];c; X;. O
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Theorem 2.3. Let X; = (Xj;*;,0;) be a JU-algebra and S; a subset of X; for all i € I. Then S; is a JU-
subalgebra of X foralli € 1if and only if [ [;c; Si is a JU-subalgebra of the external direct product JU-algebra
[Tier Xi = (ITier Xi®, (0)iex)-

Proof. Assume that S; is a JU-subalgebra of X; for all i € I. Since S; is a nonempty subset of X; for all
i € I and by Remark 2.1, we have [];¢; S is a nonempty subset of [ [;c; Xi. Let (x;)ier, (Vi)ier € I1jer Si-
Then x;,y; € S; for all i € I. By (1.1), we have x;* y; € S; for all i € I and so (x;)ief ® (Vi)ier =
(xi % Vi)ier € [1ie1 Si- Hence, [ 1,7 Si is a JU-subalgebra of [ X;.

Conversely, assume that [];; S; is a JU-subalgebra of [ [;; X;. Since [];; Si is a nonempty subset
of J];; Xi and by Remark 2.1, we have S; is a nonempty subset of X; for alli € I. Leti € I and
let x;, y; € S;. Then fy, f,. € [1;; Si, which are defined by (2.2). By (1.1) and Lemma 2.1, we have
Frewiy: = fi ® fyi € [1ier Si- By (2.2), we have x; *; y; € S;. Hence, S; is a JU-subalgebra of X; for all
i€l m]

Theorem 2.4. Let X; = (X;;%,0;) be a JU-algebra and S; a subset of X; for all i € 1. Then S; is a
JU-ideal of X; for all i € I if and only if [1;c; S;i is a JU-ideal of the external direct product JU-algebra
[Lier Xi = (Ilier Xi;®, (0i)ier)-

Proof. Assume that S; is a JU-ideal of X; for alli € I. Then 0; € S; for all i € I, so (0;)jef € [1;e1 Si #
0. Let (xi)ier, (Vi)ier € Ilie; Xi be such that (xi)ie; ® (vi)ier € [lier Si and (xi)ier € Ilie; Si- Then
(xi % Vi)iel € [1ier Si- Thus x; % y; € S; and x; € S, it follows from (1.3) that y; € S; for all i € I. Thus
(vi)ier € I1ie1 Si- Hence, [ ;1 Siis a JU-ideal of [];; Xi.

Conversely, assume that [],¢; S; is a JU-ideal of [];; Xi. Then (0;)ier € [1;; Si, s0 0; € S; # 0 for
alli € I. Leti € I and let x;,y; € X; be such that x;+; y; € S; and x; € S;. Then fy,, f,, € [[;; Xi and
frwyi € Tlier Si and fy, € [ Si, which are defined by (2.2). By Lemma 2.1, we have f, ® f,, =
frmy; € Llier Si- By (1.3), we have f,, € [];¢ Si. By (2.2), we have y; € S;. Hence, S; is a JU-ideal of
X;foralliel O

Theorem 2.5. Let X; = (Xj;%;,0;) be a JU-algebra and S; a subset of X; for all i € 1. Then S; is a
p-ideal of X; for all i € I if and only if [];;S; is a p-ideal of the external direct product JU-algebra
[Tier Xi = (Iier Xi;®, (0i)ier)-

Proof. Assume that S; is a p-ideal of X; for alli € I. Then 0; € S; for alli € I, so (0;)ief € [ ;1 Si # 0.
Let (x;)ier, (Yi)ier, (zi)ier € lier Xi be such that ((zi)ier ® (Xi)ier) ® ((2i)ier ® (Yi)ier) € [lier Si and
(xi)ier € Tlier Si- Then ((zi#; xi) *i (zi *i Yi) )ier € Ilier Si- Thus (z; % x;) *; (zi ;) € S; and x; € §;,
it follows from (1.4) that y; € S; for all i € I. Thus (yi)ier € [1;er Si- Hence, [, Si is a p-ideal of
[Lier Xi-

Conversely, assume that [];; S; is a p-ideal of [];; X;. Then (0;)ie; € [1;e1 Si, s0 0; € S; # 0 for
alli € I. Leti €I and let x;,y;,z; € X; be such that (z; x;) % (zi*; y;) € S; and x; € S;. Then
frir fyir frr € Tlier Xi and fiux)eizimy) € Llier Si and fy, € Ilier Si, which are defined by (2.2). By
Lemma 2.1, we have (f, ® fr,) ® (fz; ® fy,) = fizimx)s(zys) € Lier Si- By (1.4), we have f,, € [/ Si-
By (2.2), we have y; € S;. Hence, S; is a p-ideal of X; for all i € I. a
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Theorem 2.6. Let X; = (Xi;#;,0;) be a JU-algebra and S; a subset of X; for all i € I. Then S; is
a t-ideal of X; for all i € I if and only if [1,;Si is a t-ideal of the external direct product JU-algebra
[ier Xi = <Hie] Xi; ®, (Oi)iel)-

Proof. Assume thatS;isa t-ideal of X; foralli € I. Then0; € S;foralli € I, 50 (0;)ief € [1;e; Si # 0. Let
(xi)ier, (Vi)ier, (zi)ier € Tlier Xi be such that ((x;)ier ® (Vi)ier) ® (zi)ier € [1ier Si and (yi)ier € [lies Si-
Then ((x;i % yi) # zi)ie1 € [lie;Si- Thus (xi* y;) % z; € S; and y; € §;, it follows from (1.5) that
xi*zj € Sj for all i € I. Thus (x;)ie; ® (zi)ier = (xi % zi)ier € [1;er Si- Hence, [ Si is a t-ideal of
[Ticr Xi.

Conversely, assume that [];¢; S; is a t-ideal of [];c; Xi. Then (0;)ier € [1;; Si, s0 0; € S; # 0 for all
i€l Leti e Iandletx; y;,z;i € X;besuch that (x;+ y;) *;z; € S;and y; € S;. Then fy, fy,, fo; € [, Xi
and f(y.y)«z € llierSi and fy, € Ilier Si, which are defined by (2.2). By Lemma 2.1, we have
(fu: ® fy:) ® foi = fiximyo)sizs € lier Si- By (1.5) and Lemma 2.1, we have fy.z, = fu; ® fz; € [1ie1 Si- By
(2.2), we have x; #; z; € S;. Hence, S; is a t-ideal of X; for all i € I. m|

Theorem 2.7. Let X; = (Xj;*;,0;) be a JU-algebra and S; a subset of X; for all i € I. Then S; is a strong
JU-ideal of X; for all i € 1 if and only if [1,¢; Si is a strong JU-ideal of the external direct product JU-algebra

[Tier Xi = (Iier Xi5®, (0i)ier)-

Proof. By Theorem 2.4, we are left to prove that X; satisfies (1.6) for all i € I if and only if [[;c; X;
satisfies (1.6).

Assume that S; satisfies (1.6) for all i € I. Since S; is a nonempty subset of X; for all i € I and by
Remark 2.1, we have [];; S; is a nonempty subset of [],; Xi. Let (xi)ier, (Vi)ier € [1ier Si- be such
that (x;)ier ® (Vi)ier € [1ier Si and (yi)ier € I1ier Si- Then (x; % yi)ier € [1ier Si- Thus x; % y; € S; and
y; € S;, it follows from (1.6) that x; € S; for all i € I. Thus (x;)ie € [ 1,1 Si- Hence, [];¢; Si is a strong
JU-ideal of [];c; Xi.

Conversely, assume that [];c; S; satisfies (1.6). Since [];¢; Si is a nonempty subset of [ ];.; X; and
by Remark 2.1, we have S; is a nonempty subset of X; foralli € I. Leti € I and let x;, y; € X; be such
that x; +; y; € S; and y; € S;. Then f,, fy, € [lie; Xi and fry; € [1ier Si and fy, € [1ie; Si, which are
defined by (2.2). By Lemma 2.1, we have f, ® f, = fxy; € [1ief Si- By (1.6), we have f, € [[; Si.
By (2.2), we have x; € S;. Hence, S; is a strong JU-ideal of X; for all i € I. O

Theorem 2.8. Let X; = (Xj;+,0;) be a JU-algebra and S; a subset of X; for all i € 1. Then S; is a
JU-filter of X; for all i € I if and only if [, Si is a JU-filter of the external direct product JU-algebra
[Tier Xi = (ILier Xi;®, (0i)ier)-
Proof. Assume that S; is a JU-filter of X; foralli € I. Then 0; € S; for alli € I, so (0;)ier € [1;e Si # 0.
Let (xi)ier, (Vi)ier € IlierSi- be such that (x;)ie; ® (vi)ier € [lierSi and (yi)ier € [lierSi- Then
(xi % Vi)ier € [1ier Si- Thus x;  y; € S; and y; € S;, it follows from (1.6) that x; € S; for all i € I. Thus
(xi)ier € [1ier Si- Hence, [1;¢; Si is a JU-filter of []; X;.

Conversely, assume that [],¢; S; is a JU-filter of [],; Xi. Then (0;)ie € [1;e; Si, s0 0; € S; # 0 for
alli € I. Leti € I and let x;, y; € X; be such that x; *; y; € S; and y; € S;. Then fy,, f,, € [];; Xi and
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frwyi € Tlier Si and fy; € [1ie; Si, which are defined by (2.2). By Lemma 2.1, we have f, ® f,, =
frmy; € Llier Si- By (1.6), we have f,, € [[; Si. By (2.2), we have x; € S;. Hence, S; is a JU-filter of
X;foralliel O

Theorem 2.9. Let X; = (Xj; *;,0;) be a JU-algebra and S; a subset of X; for alli € 1. Then S; is a comparative
JU-filter of X; for all i € 1 if and only if [];; Si is a comparative JU-filter of the external direct product

JU-algebra [1;; Xi = (I1ier Xi;®, (04)ier)-

Proof. Assume that S; is a comparative JU-filter of X; foralli € I. Then 0; € S; foralli € I, 50 (0;)es €
[Tier Si # 0. Let (xi)ier, (Vi)ier, (zi)ier € Ilies Xi be such that ((y;)ier ® (zi)ier) ® ((2i)ier ® (Xi)ier) €
[lier Si and (x;)ier € [lier Si- Then ((yi % zi) *i (zi *i xi) )ier € [lier Si- Thus (y; % zi) * (zi *i x;i) € S;
and x; € S;, it follows from (1.7) that y; € S; for all i € I. Thus (vi)ie; € [1;e; Si- Hence, [];; Siis a
comparative JU-filter of [ [,¢; X;.

Conversely, assume that [];c; S; is a comparative JU-filter of [[;c; X;. Then (0;)ier € [1;e; Si, sO
0;€S;#0foralliel Letieland letx;,y;,z € X;besuch that (y;* z;) * (z;*; x;) € S; and x; € S;.
Then fy,, fy:, fz € ier Xi and f(yuz)i(zivixi) € [lier Si and fx; € [1ier Si, which are defined by (2.2). By
Lemma 2.1, we have (fy, ® f,) ® (fz; ® fx,) = f(ywz)n(zox;) € Llier Si- By (1.7), we have fy, € [1;e Si-
By (2.2), we have y; € S;. Hence, S; is a comparative JU-filter of X; for all i € I. O

Theorem 2.10. Let X; = (Xj;%;,0;) be a JU-algebra and S; a subset of X; for all i € 1. Then S; is an
implicative [U-filter of X; for all i € I if and only if [1,e; Si is an implicative JU-filter of the external direct
product JU-algebra [1ie; Xi = (ITier X5 ®, (0;)ier)-

Proof. Assume that S; is an implicative JU-filter of X; for alli € I. Then 0; € S; for all i € I, so
(0i)ier € TlierSi # 0. Let (xi)ier, (Vi)ier, (zi)ier € Tlier Xi be such that (x;)ier ® ((yi)ier ® (zi)ier) €
[Tie; Si and (xi)ier ® (yi)ier € Tlier Si- Then (x;#; (yi*izi))ier € [lierSi and (xi % yi)ier € [lies Si-
Thus x; % (y; * z;) € S; and x; y; € S;, it follows from (1.8) that x;*;z; € S; for all i € I. Thus
(%i)ie1 ® (zi)ier = (xi*izi)ier € [1;er Si- Hence, [];¢; Siis an implicative JU-filter of ], X;.
Conversely, assume that [],; S; is an implicative JU-filter of [];; X;. Then (0;)ier € [1;er Si, so
0;eS;#0foralliel Letieland letx;y;,z € X;besuch that x;* (y;*z;) € S;and x; % y; € S;.
Then fy,, fy,, fz; € Tlier Xi and fru(ymiz) € ier Si and frwy, € Ilier Si, which are defined by (2.2). By
Lemma 2.1, we have f, ® (fy, ® fz:) = fu(ymz) € [lier Si and fy, ® fy, = frpy, € Ilier Si- By (1.8)
and Lemma 2.1, we have fy.., = fr, ® fz, € [1;c1 Si- By (2.2), we have x; % z; € S;. Hence, S; is an
implicative JU-filter of X; for all i € I. O

Moreover, we discuss several homomorphism theorems in view of the external direct product

of JU-algebras.

Definition 2.5. [7] Let X; = (X;;*;) and S; = (S;; 0;) be algebras and ¢; : X; — S; be a function for all
i € I. Define the function ¢ : [];e; Xi = [l;e1 Si given by
(V(xi)ier € HXz‘)(w(xi)iel = (Yi(xi))ier)- (2.3)

i€l
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Then ¢ : [ ;e Xi = Ilier Si is a function (see [7]).

Theorem 2.11. [7] Let X; = (Xj;*i) and S; = (S;; o;) be algebras and ; : X; — S; be a function for all
iel
(i) j is injective for all i € 1 if and only if  is injective, which is defined in Definition 2.5,
(ii) v; is surjective for all i € I if and only if  is surjective,
(iii) ; is bijective for all i € I if and only if Y is bijective.
Theorem 2.12. Let X; = (X;;%;,0;) and S; = (S;; 0, 1;) be JU-algebras and ¢; : X; — S; be a function for
alli€l. Then
(i) ; is a JU-homomorphism for all i € I if and only if Y is a JU-homomorphism, which is defined in
Definition 2.5,
(ii) ; is a JU-monomorphism for all i € I if and only if ¢ is a JU-monomorphism,

)
(i) ; is a JU-epimorphism for all i € 1 if and only if  is a JU-epimorphism,
(iv) 1 is a JU-isomorphism for all i € I if and only if 1 is a JU-isomorphism,
)

(v kery = [];e ker ¢ ’mdw(nielxz) = [Liar ¢1( Xi).

Proof. (i) Assume that 1); is a JU-homomorphism for all i € I. Let (x;)ier, (x; )iel € [1ie; Xi- Then

P((xi)ier ® (x])ier) = P(xi# X} )jer
= (Yixi%i x7) )ier
= (Pi(xi) % Pi(x]) )ier
= (Yi(xi))ier ® (Yi(x}))ier
= P (xi)ie1 ® Y (X7 )ier-

Hence, ¢ is a JU-homomorphism.
Conversely, assume that ¢ is a JU-homomorphism. Leti € I. Letx;, y; € X;. Then fy,, fy; € [1ie Xi,
which is defined by (2.2). Since 1) is a JU-homomorphism, we have ¢(fy, ® f,,) = V(fx,) ® ¢(fy,)-

Since
ixy ifj=i
(Vjel)[(fx,®fy,)() {x e mr=t ]

0;%;0; otherwise

we have

pilriniyi) = ] 2.4)

(VjEI) [lp(fxz®fyz)(]) = . .
;(0;#;0;) otherwise

Since

i\Xi ifj=i
<v]'e1>[¢<fx,><f>{“ ) i )

1j(0;) otherwise
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and

(Y ifi=1
<vje1>[¢<fyl><j>{‘“y ) it ]

¥i(0;) otherwise

we have

(2.5)

i(xi)oji(y;) if j=1
(V]'61)[(¢<fx1)®¢(fyf))(j){w Joiilys) ] J

Pi(0;) 0j1;(0;) otherwise
By (2.4) and (2.5), we have ;(x; % yi) = ¢i(x;) o; i(y;). Hence, ¢; is a JU-homomorphism for all
iel
ii) It is straightforward from (i) and Theorem 2.11 (7).
(i) and Theorem 2.11 (if).
iv) It is straightforward from (i) and Theorem 2.11 (iii).

(i
(iii) It is straightforward from
(
(v) Let (xi)ier € [1ie; Xi- Then

(xi)ier € ker ¥ © Y(x;)ier = (Li)ier
& (Yi(xi))ier = (Li)ier
= ¢i(xi) =1;Viel
e xjekery; Viel
< (xi)iel S erl‘ l#l'.
i€l
Hence, ker ¢ = []¢ ker ¢;. Now,
(Yi)ie1 € ED(H Xi) © A(xi)ier € l—[Xi st (Yi)ier = Y (Xi)ier
i€l i€l
© A(x;)ier € Hxi st (Yi)ier = (Yi(xi) )ier
i€l
& dxje Xist y; = gbz-(xi) € I][J(XZ) Viel
& (yiier € [ [wi(X0).
i€l
Hence, 1P(l_[iel Xi) = Ilier l/}l(Xl) o
Finally, we discuss several anti-JU-homomorphism theorems in view of the external direct
product of JU-algebras.

Theorem 2.13. Let X; = (X;;%;,0;) and S; = (S;; 0, 1;) be JU-algebras and y; : X; — S; be a function for
alli € I. Then
(i) y; is an anti-JU-homomorphism for all i € I if and only if Y is an anti-JU-homomorphism which is
defined in Definition 2.5,
(ii) 1; is an anti-JU-monomorphism for all i € I if and only if \ is an anti-JU-monomorphism,

(iit) ; is an anti-JU-epimorphism for all i € I if and only if 1 is an anti-JU-epimorphism,
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(iv) ; is an anti-JU-isomorphism for all i € I if and only if  is an anti-JU-isomorphism.

Proof. (i) Assume that ; is an anti-JU-homomorphism for all i € L. Let (x;)ici, ())ier € TTies Xv.
Then
P ((xi)ier ® (x7)ier) = P (X *i X} )ier
= (Yi(xi i X;7) Jier
= ($i(x7) *i i(xi) ier
= (Wi(x}))ier ® (Wi(xi) )ier
= P(x))ie1 ® P (i )ier-

Hence, ¢ is an anti-JU-homomorphism.

Conversely, assume that 1 is an anti-JU-homomorphism. Let i € I. Let x;,y; € X;. Then
frir fy; € Ilier Xi, which are defined by (2.2). Since ¢ is an anti-JU-homomorphism, we have
P (f ® fy) = ¥(fy,) @ P (fx;). Since

xi*y; ifj=i
(Vjel)[(fx@fyz)() { e J

0;#;0; otherwise

we have
X; ifj=i
(VieD|v(fu® fy) (j _ i) 3 : (2.6)
gb] 0;#;0;) otherwise
Since
) ifi=1i
(Vje I V(fy) _ vl J=
gb] ;) otherwise
and
(x;) fj=i
(V] eI D) (] pila) ifj=1 )
l,b] ;) otherwise
we have

2.7)

i(yi)oiYi(xi) if j=1i
(VJ'€1)[(¢(fy,)®¢(fxi))(j){¢(y Jortila) i) J

Pi(0;) 0j1;(0;) otherwise .
By (2.6) and (2.7), we have ¢;(x; % vi) = ¥i(yi) oi ¥i(xi). Hence, ¢; is an anti-JU-homomorphism
foralliel.

(ii) It is straightforward from (i) and Theorem 2.11 (i).

(iii) It is straightforward from (i) and Theorem 2.11 (if).

(iv) Tt is straightforward from (i) and Theorem 2.11 (iii). o
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3. ConcrusioNs AND FUTURE WORK

In this paper, we have introduced the concept of the direct product of an infinite family of
JU algebras, which we call the external direct product, which is a general concept of the direct
product in the sense of Lingcong and Endam [18]. We proved that the external direct product of
JU-algebras is also a JU-algebra. Also, we have introduced the concept of the weak direct product
of JU-algebras. We proved that the weak direct product of JU-algebras is a JU-subalgebra and
the external direct product of JU-subalgebras (resp., JU-ideals, p-ideals, t-ideals, strong JU-ideals,
JU-filters, comparative JU-filters, implicative JU-filters) is also a JU-subalgebra (resp., JU-ideal,
p-ideal, t-ideal, strong JU-ideal, JU-filter, comparative JU-filter, implicative JU-filter) of the external
direct product JU-algebras. Finally, we have provided several fundamental theorems of (anti-)JU-
homomorphisms in view of the external direct product JU-algebras.

Based on the notion of the external direct product in JU-algebras presented in this article, this
concept can be extended to explore the external direct product in other algebraic systems. Future
research will focus on investigating external and weak direct products, particularly within the

framework of GE-algebras, as introduced by Bandaru et al. [5].
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