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Abstract. The purpose of this article is to determine the expressions of solutions for the following rational difference

systems
L D, Y2
a+ @, 5+ ¥, 3 Py 3+¥,2 ’

where a and § are arbitrary real numbers. Furthermore, the solution’s qualitative behavior is explored, such as local

D1 = Y11= n=0,1,2,..

and global stability, as well as the boundedness of the solutions. We will offer numerical examples to demonstrate our

results.

1. INTRODUCTION

The study of qualitative analysis of rational difference equations and systems of difference
equations has sparked interest in recent years. Difference equations are used as approximations
for continuous problems and as models to describe a variety of life situations. As a result, a rising
number of mathematicians are focusing on the qualitative analysis of difference equations. This is
due to the fact that difference equations are employed to model a wide range of real-world events.
In addition, as discrete analogs and numerical solutions of differential equations, various results

in the theory of difference equations have been obtained.
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Extensive research has been carried out regarding the method of determining the general form
of the solution for certain special cases of the problem. Many studies have been written about the
systems and behavior of rational difference equations (for example see [1]- [39]).

Alayachi et al. [4] have got the form of the solutions of the rational difference system:
%”—311011—4
U, (14 2019, -3, _y)
QD _ lzbn—3%”_4
T (£l £ Y, M2, g Haa)

Asiri et al. [8] studied the form of the solutions and the periodicity of the following systems:

Apy1 =

lzbn—Z lP _ An-2
1=, o%a1y, TN 2l Hy 0, K

An+l =

Elabbasy etal. [12] have solved specific situations of the following system of difference equations:

a1 +axYy,

Antl = a3y +a4Xn—la)n,
Y, = biwy—1 + bhwy )
bax, Yn + bax,Yn-1
C1Wy—1 + Cwy,
Wp41 =

C3Xn—1Yn—l + C4Xn—1Yn + C5XnYn '
El-Dessoky et al. [15] obtained the form of the solutions of the following system of difference

equations:

. an;bn—l I,D o lnann—l
A1 = i’vbn + lzbn—ll e X0 £ Xn-1 .

Elsayed et al. [23] deal with the form of the solutions of the system:
1 Ty-1511 S @ Ty-1Rn—1 T a3Rn-154-1
Ry1+Su1+Tut’ " Ryct + St + Tt " Ryct + St + Tt
Halim et al. [30] have obtained the formula for the general solution to the system:
Py Mn-2 _ Hn-1P, )
Pol@ B ) T et Pt )

Yalcinkaya and Cinar [40] studied the global asymptotic stability of the system of difference

Rn+1 =

Apny1 =

equations:

Tp + Wy-1 Wy + Ty-1

—_—, Tpp1 = ——————.

TpWp-1+4a WyTp-1+4a

The main objective of this article is to obtain the expressions of solutions for the following

Wy+1 =

rational difference systems:

(Dn—Zlen % o ch‘Fn—Z
’ n+1 — ’
a+ Py + Y3 FERUME - S

where the initial conditions ®_3, ®_,, ®_1, Dy, ¥Y_3,¥Y_», ¥_1 and ¥ are nonzero real numbers, o

Dy = n=0,1,2,.. (1.1)

and g are arbitrary real numbers. Furthermore, we investigate the behavior of solutions, such as

local and global stability, as well as the boundedness of the solutions.
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2. MaIN ResuLts

Assume Ip and Iy are any intervals of real numbers and f : I3 XI5, — o, g : I3 XI5, — Iy
are continuously differentiable functions. Then for each initial condition (®;,Y)) € lp x Iy for

i € {-3,-2,-1,0}, the system of difference equations:
q)n—H = f(q)n/ CDn—Z/ (Dn—3/ ‘Yn/ ‘{In—Zr ‘Pn—3) (2-1)
‘Ijn+l - g(q)n/ (DH—Z/ ®n—3/ ‘Yn/ Tn—ZI \Ijn—3) n= 0/ 1/ ceey

has a unique solution {®,, ¥,,}> 5.

Definition 2.1. A point (<i>,‘_~If) is said to be an equilibrium point of (2.1) if

P

f(@,9,,¥,¥,Y),

Y =39(P,P,9YY,Y),

are satisfied.
Definition 2.2. Assume that (CED,;I’) is a fixed point of (2.1) .

(i): (&D,‘_'I’) is said to be stable if, for every ¢ > 0, there exists 6 > 0 such that, for every initial
condition (®;,¥;) € Ip X Iy for i € {-3,-2,-1,0} if
0 -
Y (@, %) - (%)

i=——3

<= H(Cbn,‘l’n) —(®,%)|| < ¢ foralln > 0.

(ii): (<i> :I’) is said to be unstable if it is not stable.

(iii): (<i>, :I’) is called asymptotically stable if there exists y > 0 such that
0

Y (@, %) - (0,%)

i=——3

<y, (@, ¥Y) = (P,¥) asn — oo.

(iv): (&D, ) is called global attractor if (¥, ¥,) — (&D,‘i’) asn — oo,
(v): (&D,:I’) is called globally asymptotically stable if it is a global attractor and stable.

Theorem 2.1. Assume that ($p41, ¥Yyi1) = F(Pn, ¥n),n = 0,1,..., is a system of difference equations
where F is continuously differentiable on open neighborhood H € R"*! and (CB,:I’) is a fixed point of F then
(1) If all eigenvalues of the Jacobian matrix [ at equilibrium point (Ci>, ;1’) lie inside the unit disk i.e. |A;| < 1
then (&D,‘_i’) is locally asymptotically stable.

(2) If at least one eigenvalues at equilibrium point (&D,:I’) outside the unit disk, then (&D,:I’) is unstable.

Theorem 2.2. [14] Let [a1,a3] and [b1, by] be an interval of real numbers Moreover, suppose that f :

[a1,a2) X [b1,b2] — [a1,a2] and g : [a1,a2] X [b1, ba] — [b1, by] are continuous functions. Let

chJrl = f(q)n/‘{'rn) and Tn+1 =8 (q)n/‘Yn)/
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and assume (my, my, M1, My) be a solution of the system

my = f(my,mp), My = f(M;, M),
my = g(my,my), My = g(Mi, Ma).

where

| m if forg mnondecreasing in ® or ¥,
Tl M if forg mnonincreasing in ® or ¥,

and

M — M if forg nondecreasingin ® or¥,
ol m if forg mnonincreasingin ® or Y.

Thus, my = My and my = M. Then, the system of difference equations has a unique equilibrium point and
it is a global attractor.

(1);1—2‘1"71
at+®Py+¥,-37

(Dn\Yn—Z

3. ON THE SysTEM: @11 = BT, 51 ¥,
n—. n—.

Y1 =
In this section, we investigate the behavior of the solutions of the following system of difference

equations

CDn_Q‘Yn _ (I)n‘Yn—Z
a+ <I>71—2 + Tn—3’ e ﬁ + an—S + Tn—Z,

D1 = n=0,1,2,.. 3.1)

and we take a special case @ = f = 0, in (3.1) to obtain a specific expression of the solutions of the

following system of difference equations

an_z\Pn q)n\Ijn—Z

— Y941 =————, n=012,., 3.2
q:'n—z + ‘Pn—S e ( )

D =
i ch—3 + len—Z

where the initial conditions ®_3, ®_,, ®_1, Dy, ¥_3, ¥ _», ¥_1 and ¥ are nonzero real numbers.

3.1. Local Stability of Equilibrium Point. In this subsection, we study the stability of critical
point O = (0,0) of the system (3.1).

Theorem 3.1. The equilibrium point O is locally asymptotically stable.
Proof. To investigate the stability of the critical point O, we assume

Xn = ®n—3/ Yn = (Dn—Z/ Zp = q>71—1/

Uy = ‘Fn—B/ Op = lIIn—2z Wy = \Ijn—l,
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then the system (3.1) can be written as

Xn+1 Yn
Yn+1 Zn
Zn41 @,
Y
CDn—H _ aij;nﬁun ) (33)
Un+1 Un
OUn+1 Wy
Wy+1 Y
P ﬁfjcr:,invn

The Jacobian matrix of (3.3) is given by

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

aV¥,+u, ¥, —yn'¥s Yn

— 0 (a+y;1+un)2 0 0 (OH—yn‘H/ln)z 0 0 at+yu+uy
Jr =

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1
ﬂ On BDPn+x, Dy

(B+xn+on)” 0 O e 0 (B+xu+on) 0 0

If we evaluate the Jacobian matrix about the equilibrium point, we get all eigenvalues |A;| = 0,71 =
1,2,...,8. So all eigenvalues are inside the unit disk. Therefore Theorem 2.1 ensures that the origin

is locally asymptotically stable. m]

3.2. Global Attractor. In this subsection, we will prove that the critical point is the global

attractor.
Theorem 3.2. The equilibrium point O of the system (3.1) is the global attractor.

Proof. To prove this, we will assume that

pq pq
7 = d 7 = o
fod) =y ad sha) = g
from here,
of  aq+¢q of  ap+p?
ap  (atp+q? dq  (a+p+q)?
g Pt Jdg  patq

dp  (B+p+9)? a9 (B+p+9)?
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We observe that f(p,q) and g¢(p, q) are nondecreasing in p and g. Let (m1, my, M1, My) be a solution
of system (3.1) such that

my = f(my,mp), My = f(Mi1, M),
my = g(my,my), My = g(Mi, My).

So we have
my = M_’:lnl—f:z_m = ami+ m% + mymy = mymy (3.4)
M; = Hﬁl—f\fﬁ% = aM; + M3 + MoM, = MiM, (3.5)
My = [% = Pmy+mymy + m% = mqymy (3.6)
M, = l% = BM; + MoMp + M3 = MiM» (3.7)

By subtracting (3.4) from (3.5), we get

a(my —My) + (m3—M7) =0

0((1111 —M1) + (Wl1 —M1)(ﬂ11 +M1) =0

(my = My) [ +mq +M;] =0,
since a + my + M1 # 0, hence

m-M =0 = m =M.
Similarly, we get m; = My. Then, from Theorem 2.2 there exists a unique equilibrium point of
system (3.1) which is a global attractor. m]

Theorem 3.3. The equilibrium point O of the system (3.1) is globally asymptotically stable.

Proof. We have from Theorem 3.1 that the equilibrium point O is locally stable. In addition, from
Theorem 3.2 the equilibrium point O is globally attractor. Then from definition 2.2 the equilibrium
point O is globally asymptotically stable. m]

3.3. On Solution of System (3.2).  In this subsection, we obtain the solution of system (3.2).

Theorem 3.4. Assume {®,,¥,,},~__5 are a solution of system (3.2). Then for n=0,1,2,...,

n=-3
nn/\nai’lc‘uﬂ,l-nk:i’l

7

Pon-3 = —

I1 (@2i+1)n+7) (A+(20) p) ((20)A +x) (0 + (20 +1)7) (2 + D)o +6) (C + (20)x)
bery nn)\nonﬂunl_nkn

7

‘]:[0 (2in+1) A+ 2i+1)u) (i +1)A+x) (0 + (2i)7) ((2i +2)0 4+ 6) (C+ (2i + 1)x)
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n/\n+1OanTnKn

n

Pep-1 = — ’
Hl (Qi+1)n+7) A+ 2) ) (2i+2)A+x) (64 (2i+1)7) ((2i4+1)0 +0) (C+ (2 +2)x)

i=0
®6n _ - nn+1/\no.n‘un,[nkn ,
1:[0 (2i+2)n+71) A+ 2i+1)p) ((2i+1)A+x) (0+ (2i+2)7) ((2i +2)0+6) (C+ (2i + 1)k)

nnAnGn+lyn+lTnKn

Depy1 = 1

(04+0) 1:10((21'+1)n+r) A+ (2i+2)p) (2 +2)A +x)

(0+ (2i+1)7) ((2i +3)0 +6) (C+ (2i +2)x)
n+lyn+1 _n, n_n, n+1

Depi2 = — N e ,

(A+x)(C+x) [[0((2i+2)n+f) (A4 (2i+1) u) ((2i +3)A +«)

(0+ (2 +2)7) ((2i +2)0 +6) (C+ (2i + 3)x)
A" ut "o
Yen-3 =

H; (i)n+1) (A+ (20 +1) ) (2 + 1A + %) (0 + (20)7) ((20)0 +6) (C+ (20 +1)x)
Yeno = A" it ,
1;10 (2i4+1)n+1) (A+ (20) 1) (20)A +x) (0 + (2i +1)7) (2 + 1)0 4 6) (C+ (2i +2)k)

nn Altgh [Jn TnJrlKn

éﬁ: (@)n+7) (A+ 2+ 1) p) ((2i+ 1A +x) (0 + (20 +2)7) (2 +2)0 +0) (C+ (2 + 1)K),

- nnAnoan+1TnKn
6n = 1~ ’
.1:[:((21'4—1)17+T) (A4 (28 +2) ) ((2i +2)A +x) (0 + (2i +1)7) ((2i +1)0 4+ 6) (T + (2i +2)K)
n+1 nGh Rty 1
Yenr1 = 7 — A . ,
(C+x) 41:[0((21‘+2)n+1) A+ Qi+1)p) ((2i+1)A+x)
(0+ (2i42)1) ((2i +2)0 +6) (C+ (2i +3)x)
nAN G 1,n 1’[” lKn
Fonto = - — M ,
(c+17)(0+0) igo((2i+1)n+T) A+ 2i+2)p) ((2i+2)A +x)
(0+ (2i4+3)7) ((2i +3)0 +0) (C+ (2i +2)x)

where®_ 3 =P =0,P1=1,P=1nY3=0Y2=xY1=1and ¥y = p.

Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that

is;

—1yn-1_n-1 -1.,n-1,.n-1
® B nn A o" CH” 1yen
6n-9 — 7
n-2

,:HO ((2i+Dn+1) (A4 (20) ) ((20)A +x) (0 + (2 +1)7) (20 +1)0 +6) (C+ (2))x)




Int. J. Anal. Appl. (2024), 22:163

nn—l/\n—lan‘un—l,[n—lKn—l
P65 = — ,
,Hz (@)n+1) (A+ (2i+1) p) (20 + 1A +x) (0 + (20)7) (20 +2)0 +0) (C+ (2i + 1)x)
q>6n_7 _ - nn—l/\non—llun—l,[n—lkn—l
1;[0 (Qi+1)n+7) A+ 2) ) (2i+2)A+x) (64 (2i+1)7) ((2i4+1)0 +0) (C+ (2 +2)x)
n n—lgn—l n=1,n-1,n-1
Pon-6 = — A = ,
']:[0 (Qi+2)n+71) A+ Q2i+1)p) ((2i+1)A+x«) (0 + (2i +2)7) ((2i +2)0 +06) (C+ (2 + 1)k)
n—-1 n—lan nTn—lKn—l
D5 = — A £ ,
(0+49) '1_‘[0 (Qi+D)n+71) A+ (2i4+2)u) (2 +2)A +x)
(04 (2i+1)7) ((2i4+3)0+06) (C+ (2i +2)x)
n nan—l n—lTn—lKn
Dgp—g = — A = ,
(A+x) (C+x) go (Qi4+2)n+1) (A+ 2+ 1)) ((2i +3)A +x)
(04 (2i+2)7) (21 +2)0+6) (C+ (2i +3)k)
n—-1 n—lo_n—l n—l,L.n—IKn—l
Yon-9 = —— A £ 0 ’
il;[() (@in+1) A+ Q2i4+1) ) (2i+ 1A +x) (0 + (2i)7) ((2i)0 +06) (C+ (2i +1)k)
n—1 Vl—lan—l n=1,n-1,n
Yon-s = — A £ ,
[10 (2i+1D)n+7) (A+ 2) p) ((20)A+x) (0 + (2i+1)7) ((2i 4+ 1)o + 6) (C+ (2i + 2)k)
¥, ;= _ nn—l/\n—lan—lyn—lTnKn—l ,
‘1_'[0 () +1)(A+Qi+1)p) (2i+1)A+x) (04 (2i +2)7) ((2i +2)0 +6) (C+ (2i + 1)x)
n—-1 n—lan—l nTn—lKn—l
Yon-6 = = A =

I:Io (i +1)n+7) A+ 2i+2)u) ((2i +2)A +x) (6 + (2i +1)7) ((2i +1)0 +6) (C+ (2i+2)1<)’

nnAn—lgn—lyn—lTn—lKn

Fon-5 = - — ,
(C+x) 'Hz((2i+2)n+r) (A+Q2i+1)p) (20 +1)A +x)
(0+ (2i+2)1) ((2i +2)0 + ) (C+ (2i 4+ 3)k)
n-1 n—lan ”T"K”_l
Yen-4 = - = A £ .
(c+1)(0+0) il;lo (Qi+1)n+1) A+ 2i4+2)p) (2 +2)A 4+ «)
(0+ (2i+3)7) (2 +3)0 +6) (C+ (2i +2)k)
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Now, from the system (3.2) it follows that
Pon—6T6on-4

Dy = ——n6Ton-d
"3 Bgy 6+ Your

U"An_lan_ly”_lT”_lK”_l

n-2

_11)((21‘+2)17+T) (A+(2i+1) ) ((2i+1)A+x) (04 (2i+2)7) ((2i+2)0+6) (C+(2i+1)x)

nnflAn 1anynTnKnl

n=2

(o+7)(0+06) g((2i+1)q+f)(A+(2i+2)y)((2i+2)A+K)(a+(2i+3)T)((2i+3)a+5)(c+(2i+2)1<)

77nAﬁ—lan—IHn—lTn—lkn—l
n-2 %_

H)((ZiJrZ)nJrT)(A+(2i+1)y)((2i+1)/\+1<)(o+(2i+2)1)((2i+2)a+6)(C+(2i+1)K)

nn—lAn—lon—lyn—lTnKn—l

n-2

1})((21’)1]+T)(A+(2i+1) ) ((2i4+1) A1) (04(2i42) 1) ((2i42)046) (C+(2i+1)«)

n"An_lany"TnKn_l

n-2

n-2
(o+7)(040) [ [(@i+2)n+7) [T(Q@i+1)n47) (A+(2i+2) 1) ((2i42) A+x) (0+ (2i+3) 1) ((2i+3)0+8) (C+(2i+2)x)
i=0 i=0

n T
-2 + n-2
H ((2i+2)n+1) H((Zi)q—i-T)
i=0 i=0

U"An_ldny"TnK”_l

n-2
(047) (0+6) [ [(Qi+1)n+7) (A+(2i+2) 1) ((2i4+2) A +) (04 (2i+3)7) ((2i43)0+8) (C+(2i+2) )
i=0

n-2
[ 1(@i+2)n+1)
N+l
[1(@i)n+1)

i=0

nnAn—lan“nTnkn 1

n-2

(047) (0+6) [ [(Q2i+1)n+7) (A+(2i+2) 1) (2i4+2) A +) (04 (2i+3)7) ((2i43)0+5) (C+(2i+2) k)
i=0

n+((2n-2)n+1)
nn/\n—lan‘un,rnKn—l
(c4+1)(0+06)((2n-1)n+1) nﬁz (Qi+1)n+7)(A+2i4+2)p) (2 +2)A +«)

=0

(0+ (2i4+3)7) ((2i +3)a +0) (C+ (2i +2)k)

Consequently, we obtain

ﬂ)\n(jflc n,tn1cn
D3 = il £

':Ho (2i+D)n+7) A+ 2) ) (DA +x) (04 (2i+1)7) ((2i4+1)0 +0) (C+ (2i)1<)'
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In a similar manner, we have from the system (3.2) that

Dey-4Yon—s6

Yoy = —ona om0
R R

annOM—lyn—lfn—lKn

n-2
(A1) (C+x) [T(@i+2)n+7) (A+(2i4+1)u) (2i43)A+1) (04 (2i+2)T) ((2i42)0+8) (C+(2i+3)x)
B i=0

77n—lAﬂ—lan 1#"T" 1 K" 1

=
|
N

((2i4+1)n+7) (A+(2i42) ) ((2i4+2) A+x) (0+(2i+1)T) ((2i+1)0+6) (C+(2i42)x)

I
o

7]n—l}\no.n—llun—l,?:n—lKn—l

4_

X
|
[S]

((2i4+1)n+7) (A+(20) ) ((2i42) A+x) (04 (2i+1) 1) ((2i41)04+06) (C+(2i+2) k)

Iy
o

nn—lAn—lgn 1#”1” 1 K= 1

n=2

[([)((21’4—1)7]—%'[)(/\+(2i+2)y)((2i+2)}t+1<)(0+(2i+1)r)((2i+1)a+6)(C+(2i+2)1<)

nnAnan—lynTn—lKn

n-2

n-2
(A1) (1) [T+ @i42)) TT(2i42)n4+7) (A+(2i41) ) (2i43) A1) (0+(20+2) ) ((2i+2)0+) (C+(2i43)x)
i=0 i=0

A u
n-2 _k

n-2
(A+(2i)p) [TA+@i+2)u
i=0 i=0

U"Andn_lynT”_lkn

n-=2

(A41) (C+x) H}((Zi+2)n+1)()\+(2i+l) 1) ((2i43) A1) (0+(2i42)7) ((2i+2)040) (C+(2i+3)x)

n-2

ATTA+i+2)w)
i=0

=l el
[TA+@u)

i=0

U”Andn_ly"Tn_lKn

n-2
(A1) () [T(@i42)n+7) (A4 (2i41) ) ((2i43) A1) (0+(2i42)7) ((2i42)0+5) (T+(2i+3))

] O+ @-2 ) +p

U”/\nOn_lynTn_lKn
(A x) (€4 %) A+ @n=1) ) TT (20 +2)n+7) (A+ Qi+ 1) ) (2 +3)A + )

i=0

(0+ (2i4+2)7) ((2i +2)0 +0) (C+ (2i + 3)k)
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Hence, we get

"Ae" " T
Yon-s = — L s :
[T (2)n+7) (A4 2i+1)u) (20 +1)A +x) (0 + (2i)7) ((2))0 +06) (C+ (2 +1)x)
i=0
Other expressions can be investigated in the same way. m]

3.4. Boundedness of The Solution. In this subsection, we demonstrate that the positive solutions
of system (3.2) are bounded.

Lemma 3.1. Every positive solution of system (3.2) is bounded and converges to zero.

Proof. System (3.2) shows that

@ _ ®n_2Tn < @n_ZTn < ‘If
i q)n—Z +1Pn—3 h ch—Z -

ch t n-2 ch t n-2
Y,.1= < <P,
i ®n—3 + lII71—2 Tn—Z !

We conclude that
D, <Y, and Y1 <D,

Ifwesetn =n+1,n+2,.., we get
(Dn+2 < Tn-‘,—l < @n and Tn+2 < (Dn_l,-l < 1{in,
D3 < Wni2 <Py and Y, 3Py 2<%Y1 ..,

and so on. This implies that the subsequences {®s,-3}," ), {Pon-2}yo, (Pon—1},—0 » (Pont o

{Pont1lyo A Pent2)gand {(Fen-sly o A ¥en—2)o {¥en-1}o (Yonl g (Fontily o, {Fonsaly_oare

decreasing and so are bounded from above by

Dmax = max{®_3, d_p, D_1, Dy},
and

II[rnax = maX{\F—Bz Yo, lII—l/ 1FO}

O
In the following cases, we will obtain the solution expression when we take @ = f = 0, in (1.1).

. _ b, LY _ P
4. ON THE SysTEM: ©,, 11 = o1V il = §, 07,5

In this section, we will get a specific expression of the solutions of the following system of
difference equations
CDn_z‘Pn chan—Z
— Y91 =——F—, n=012,., 41
ch—Z + 15[171—3 i q)n—?) - 1'Ijn—z ( )

where the initial conditions ®_3, ®_,, ®_1, Dy, ¥Y_3, ¥ _», ¥_1 and ¥ are nonzero real numbers.

q>n+1 =
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Theorem 4.1. Assume {®,,, ¥}, _5 are a solution of system (4.1). Then for n=0,1,2,...,

(Dé 3= nn/\ﬂanclun,cnkn
nlj; ((2i+1)n+1) (A= (2i) p) ((2)A +x) (0 = (2i 4+ 1)1) ((2i +1)0 4 6) (C— (2i)x)
A Gh 1 g
Pen-2 = n-1 1 & - = ’
iljo (2in+7) (A= (2i+1) ) (2i+1)A + ) (0 = (20)7) ((2i +2)0 +5) (C— (2i + 1))
Pon-1 = — AT g |
I (24 Dn+7) (A= (2) ) (2422 +13) (0 - 2+ 1)7) (2 +1)o +8) (€= (26 +2))
q)6n — — T]”+1)\n(j”‘u”’[”1<n

IT(2i+2)n4+1)(A-Q2i+1)u) (2I+1)A+x) (6 - (2i+2)7) ((2i+2)0 +6) (C— (2i + 1)1<)I

i=0

n")\nO”+1‘lln+1TnKn

Dont1 = — ,

(0+0) [[0((21'+1)n+1) (A= (2i+2)p) ((2i +2)A +x)
(60— 2i4+1)7) ((2i4+3)a+06) (C— (2i +2)x)
n+1yn+1_n non n+1
DPept2 = = AT T /
(A+x)(C—x) 1:[0((21'+2)n+1) (A=2i+1)p) ((2i+3)A +x)
(0—(2i+2)71) ((2i +2)0 +06) (C— (2i +3)k)
IF6n_3 _ - nnAnon‘unTnKné

EO (2 +1) (A= (2i+1) ) ((2i +1)A +x) (0 = (2i)7) ((20)0 +6) (L= (2i + 1))

. ﬂnAnUnpnT”KnJrl
6n-2 = —
A]:[: (2i+1)n+1) (A =(20) y) (DA +x) (0—(2i+1)7) ((2i+1)0+0) (C— (2i+2)k)
AN Gt 1,.n
Yon-1= — WA ’
1:[0((21')17+T) A=Q2i+1) ) (2i+1)A+x) (00— (2i+2)1) ((2i +2)0 +06) (C— (2i + 1)k)
Tén .- nn/\nan[un—&-l,[nKn ’
izo((2i+1)n+r) (A= (2i+2) 1) (20 +2)A + %) (6= (2i + 1)7) ((2i + 1)5 +8) (C— (20 +2)x)
n+1 nsn nTnKn+1
Yent1 = — A ,
(C—x) '1;[0 (Qi+2)n+7)(A-2i+1)p) ((2i+1)A +«)
(60— (2i4+2)7) ((2i4+2)0+06) (C— (2i + 3)x)
nAN N 1,n 1Tn 1K"
Font2 = - — UL ,
(0=1)(c+0) il;[o((zi+1)n+r) (A=(2i+2)p) ((2i +2)A +x)
(06— (2i+3)7) ((2i +3)0 +6) (C— (2i +2)x)

where (I)_g, = C, (D_z =0, (D_1 = A, (Do = n,T_3 = 6,T_2 = K,‘Y_l = tand ‘Yo = .
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Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that

is;
beps _ nn—lAn—lo_n—lCun—lTn—lkn—l ,
il;[o (Qi+Dn+1) (A= (2) ) ((20)A+x) (06— (2i+1)7) ((2i4+1)0 +0) (C— (2i)x)
berg — _ nn—l/\n—lanun—l,[n—lkn—l ,
i];[o (2in+1)(A-2i+1)p) (21 +1)A +x) (0 - (20)7) (2 +2)0 +0) (C— (2i+1)x)
n—1 nan—l n—lTn—lKn—l
(D6n—7 = 2 1 A £ ’
TT (20 1)+7) (A= (2) 1) (2 +2)A+5) (0 = 20+ 1)) (20 +1)0 +0) (€= (2§ +2)%)
n n—lon—l n—lTn—lKn—l
Pon-6 = —— A £ ,
TT (2i+2)n+1) (A= 2i+1) 1) (2 + DA +5) (0= (20 +2)7) (20 +2)0+0) (€= (26 + 1))
n—1 n—lan nTn—lKn—l
Dep—s5 = — M = ,
(0+0) l:[0 (2i+)n+7) (A= (20 +2) p) (20 +2)A +x)
(0= (2i4+1)7) ((2i+3)0 4 06) (C— (2i 4+ 2)k)
q>6n_4 _ _ nn/\nan—l‘un—l,tn—lKn ,
(A+x)(C-x) i];[o (Qi+2)n+71)(A-Q2i+1)p) ((2i+3)A +«)
(60— (2i4+2)71) ((2i4+2)o +06) (C— (2i + 3)«x)
leén_9 _ - nn—l/\n—lan—lMn—lTn—lKn—lé ’
il;lo (Cin+1)(A—2i4+1)p) ((2i+1)A +«) (6 — (2i)7) ((2i)0 +0) (C— (2i + 1))
n—1 n—lan—l n=1,n-1,n
Yon-s = — A £ ,
T (20-+ 1)1+ ) (= (20) ) (20)A+5) (0= 26+ 1)7) (2 + D)o +9) (€= (2i+2)x)
n-1 n—lan—l n—lTnKn—l
Yon-7 = — A £ p
1:[0 (2)n+7) (A= 2+ 1)) (2 +1)A+x) (0 - (20 +2)7) (21 +2)0 +6) (C— (2i + 1)x)
n—1 n—lan—l nTn—lKn—l
Yon-6 = — A £

1:[0 (Qi+1)n+7) (A= 2i+2)p) ((2i+2)A+x) (60— (2i+1)7) ((2i+1)0 + ) (C— (2i+2)1<)’

nn/\n—lan—l Hn—l,rn—l K"

Fon-s = - - ,
(C—x) '1:[2 (2i+2)n+1) (A—-2i+1)p) ((2i+1)A +«)
(60— (2i4+2)1) ((2i4+2)0 +0) (C— (2 + 3)x)
n—1 n—1o_n nongn—1
Yen-a = 2 A £ .
(0=1)(0+0) iI:—[o (Qi+D)n+1)(A=-2i+2) 1) ((2i+2)A +«)
(60— (2i+3)71) ((2i +3)0 + ) (C— (2 +2)x)
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Now, it follows from system (4.1) that
Pon—6T6on-4

Dy = ——noTon-d
"3 Bgy 6+ Your

nn/\n—lgn—lyn—l Tn—l Kn—l

1:[ 2042)+7) (A= (2i+1) ) (2i+1)A+x) (0—(2i+2)7) ((2i+2)0+8) (C—(2i+1)k)
i=0

nnfl A 1anynTnKn 1

)(0-+5) 1j 2i-+1)+7) (A= (2i42) ) ((2i42)A+) (0 (2i+3)7) ((2i+3)0+6) (C— (2i+2) )

77n/\n—ldn—l#n—l h=1yen-1

n—2 +
[T(@i+2)n+1)( A=(2i+1)p) ((2i+1)A4x) (0—(2i+2) 1) ((2i4-2)0+06) (C—(2i+1)x)
i=0 d

nn—l/\n—lon—lyn—l,rnk,n—l

|
N

n

(i) +7) (A= (2i+1) ) ((2i+1)A+1) (0 (2i+2) ) ((2i+2)0+6) (T~ (2i+1)x)

I
o

i

r]n/\n—lgn‘un,l.n Kn—l

n-2

n-2
(o-7)(0+8) [ T(2i+2)n+7) [T ((2i+1)n+1) (A=(2i+2) ) ((2i+2) A4x) (0—(2i+3)1) ((2i+3)0+8) ({—(2i+2) )
i=0 i=0

n T
-2 + n-2
H ((2i+2)n+1) H((Zi)q—i-T)
i=0 i=0

nn/\n—lgnyn,[nkn—l

n-=2

(0—1)(0+06) g((2i+l)n+1)(/\—(2i+2)y)((2i+2))\+1<)(a—(2i+3)7)((2i+3)a+6)(€—(2i+2)1<)

n-2
[ 1(@i+2)n+1)
N+l
[1(@i)n+1)

i=0

nn/\n—l Un“ﬂ,.[nkn 1

n-2
(0-7)(0+0) H((2i+1)n+’r)(A—(2i+2)y)((2i+2))\+1<)(o—(2i+3)”£)((2i+3)a+6)(C—(2i+2)K)
i=0

n+((2n-2)n+1)
nn/\n—lan‘un,rnKn—l
(6=1)(0+06)((2n-1)n+1) nl_:[(z) (Qi+1)n+1)(A=(2i+2)p) (21 +2)A +x)

(0—=(2i+3)71) ((2i+3)0+0) (C— (2i + 2)x)

Therefore, we get
nn/\nancunTnKn

D3 =
n-1

I ((2i+1)n+ 1) (A= (20) @) ((2)A + %) (0= (2i +1)7) ((2i + 1) +6) (T~ (2i)x)
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¥ _ Dey—4Yen—s6
"3 By — Yons
annOﬂ—lyn—lTn—lKn
n-2
(A1) (C=x) [ T(@i+2)n+7) (A= (2i+1)u) (2i+3) A1) (6—(2i+2)T) ((2i+2)0+6) (C—(2i+3)x)
i=0

77n—lAn—lan—llunTn—lKn—l

n-2
[T(@i+1)n+1) (A= (2i+2) ) ((2i+2)A+x) (06— (2i+1)7) ((2i+1)0+5) (T~ (2i+2) k)
L i=0

77n—l)\no.n—l#n—l,[n—lkn—l

n-=2

[T(@i+1)n+1) (A=2i)u) ((2i+2)A+x) (0—(2i4+1)7) ((2i+1)0+06) ({—(2i+2)k)
L i=0

nn—lAﬁ—lan—lynTn—lKn—l

n-2
[T(@i+1)n+1) (A= (2i+2) 1) (2i42) A+x) (06— (2i+1)7) ((2i+1)0+6) (T (2i+2) )
L i=0

nnAnan—lunTn—]Kn

n-2 n-2
(A1) (C=) [T(A-@i+2)p) [T(Qi+2)7471) (A= (2i4+1) ) ((2i43) A1) (0—(2i+2)7) ((2i+2)0+6) (C—(2i+3) )
i=0 i=0

A _ p
n-2 n-2

(A-(2i)p) TTA-i+2)p)
i=0 i=0

nnAnUn—lynTn—lKn

n-2
(A4x)( H 2i42)n+7) (A= (2i+1) p) ((2i+3) A+x) (6—(2i+2) 1) ((2i4-2)0406) (L~ (2i+3)x)
. i=0
/\H —(2i4+2)u
nZ— U
[T(A-(2i)u)

i=0

nnAngn—]HnTn—lKn

n-2
(A1) (C=x) [ T(Qi42)n+7) (A= (2i+1) ) ((2i+3) A+k) (0—(2i42)7) ((2i42)5+0) (C—(2i+3) )
i=0

(A= (2n-2)p) —u
T]n/\nan 1yn,[n 1
n-2

(A 8) (€= x) (A= @ =1) ) T (2i+2)0+7) (A= (2+1) ) (2 4+ 3)A + )

(0= (2i+2)7) ((2i+2)0 +0) (C— (2i + 3)x)

Hence, we obtain

T]nAHU"‘u”TnKn(S
Yon-3 = — '
}_T: ((20)n+1) (A= (2i+1) ) ((2i + 1A + &) (0= (20)7) ((20)0 + ) (T~ (2i + 1))

The following cases can be proved using a similar technique. m]
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. Y 4 @Y.
5. ON THE SysTEMm: @, 1 = m,‘l’nﬂ = m

In this section, we will obtain a specific expression of the solutions of the following system of
difference equations

®H—ZT1’I ®TZT1’I—2
—, ¥ =——,n=20,12,.., 5.1
q)n—Z + \Fn—3 il —CI)n_3 + \Fn—Z ( )

where the initial conditions ®_3, ®_,, ®_1, Dy, ¥Y_3, ¥ _», ¥_1 and ¥ are nonzero real numbers.

CI)n—i-l =

Theorem 5.1. Assume {CDn,‘I’n}ZO:_3 are a solution of system (5.1). Then for n=0,1,2,...,

q) nnanynTnKn
6n-3 — _ ’
tr-0)" 1‘[1 ((2i+1)n+7) ((20)A+%) ((2i +1)0 +06)
i=0

nn/\nalun,[nKn
Den—2 = — /
(p=A)"(x=0O)" TI (2)n+1) (Qi+1)A+x) ((2i +2)0 +0)
i=0
®6n_1 _ - T]nAO'nlJnTnKn ,
C"(t=0)"TI (Qi+)n+1) ((2i+2)A +x) ((2i + 1) + 0)
i=0
n+lyn, nn,.n
O, — - A U T ,
(p=A)"(x=0O)" TI (i +2)n+17) ((2i + 1)A + %) ((2i +2)0 + )
i=0
n-n+l, n+l, n, n
Dont+1 = — To £ T ,
(0+06)T" (t=0)"TI (2i+1)n+1) ((2i +2)A +x) ((2i +3)0 +0)
i=0
n+1/\n+1 nn, n+l
Dopi2 = n_? £rr ,
(A+x) (u=2)" (k=" TT ((2i +2)n+7) (20 +3)A + ) ((2i +2)0 + &)
i=0
Yon-3 = — U ,
(u=A)"(k=0)" I_TO ((20)n+1) (21 +1)A +x) ((20)0 +0)
n.-n, nn,.n+l
Yeon—2 = — TerrE ,
" (t —a)n IT((2i+1)n+17) ((2)A +«) ((2i4+1)o +0)
i=0
nayn, nn+l_n
Yon-1 = — AT K ,
(u —/\)" (k- C)” IT((2i))n+17)((2i+1)A +«) ((2i+2)0 +0)
i=0
nn, n+l._n,n
1II6n = 1 oy rr ’

" (t—0)" ‘]:[0 (2i+1)n+17) ((2i+2)A +x) ((2i+1)o +0)
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\F6n+1 _ _ T]nJrlA?’l‘unTnKnJrl ,
(u=-A)" (k—0)"™ 11;[0 ((2i+2)n+1) ((2i +1)A + ) (20 4 2)0 +6)

1{;6n+2 _ _ nno_n+1”n+1,[n+l1<n ,
(0406)C" (1—0)" ! Z_E[O ((2i+ 1)+ 1) (21 +2)A +«) ((2i 4 3)0 +6)

where®_ 3 =P =0,P1=1,P=1nY3=0Y2=xY1=1and ¥y = p.
Proof. For n = 0 the result holds. Now suppose that > 0 and our assumption holds for n — 1, that
is;

nn—l Gn—l [Jn—l Tn—l Kn—l

g9 = ,
n-2
"2 (t—0)" T (204 D)+ 1) ((20)A +%) ((2i 4 1)o +6)
i=0
n—l/\n—l(7 n—l,.cn—lKn—l
De-g = 722 = ,
(u=A)"" (=" T (D) +7) ((2i4+1)A +x) ((2i +2)0 + )
i=0
n—l/\on—l n—lTn—lKn—l
Dep—7 = il F ,

L (r—o)"! [[z ((2i+ 1)+ 1) (2 +2)A + %) (20 + 1) +6)

nn/\ﬂ—lyn—lTn—lKn—l
Den-6 = — ,
(u=A)"" (=" T (28 +2)n+17) (20 + 1A +x) ((2i+2)0 +0)

=0

nn—lan‘un,[n—lkn—l
D5 = ’

(0+8) 0 (1 —0)" ”ﬁz((zi+ D+ 1) (2 +2)A + 1) (20 +3)0 + )

® nnAan—lTn—lKn
6n—4 — n— ’
A+%) (u=A)""(x-0)" H2 ((2i+2)n+7) (2 +3)A + %) ((2i +2)0 + 6)

1=

T]n—l An_lyn_lTn_lkn_lé

Yen-9 = - ,
(=2 (e= 0" T (@0n+ 1) (@i + DA+ ) (200 +0)

1}[6’1_8 _ nn—lan—lyn—l,l_n—lkn /
O r—0)"! ﬁ; ((2i+1)n+1) (20)A +%) ((2i + 1) 4 6)

n-1yn-1, n-1,_n,n-1
¥ B AT U T
6n—-7 — ’

n-2
(u=A)""(c=0O" " TI (20 +71) ((2i+1)A +x) ((2i +2)0 +6)
i=0
n-1-n-1, nn-1,n-1
Fon-6 = — A ,

" r-0)"! 1:[0 (2i+1)n+17) ((2i +2)A+x) ((2i +1)0 + 6)
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nn/\n—llun—l,[n—lkn

Yen-s5 = - ’
(u=-A)""(x-0)" 1‘[2 ((2i+2)n+7) (2 + 1A+ %) ((2i +2)0 + )
n—lo.n n,l_nKn—l
Yon-a = — L = :
(0+0) " (t-0a)" 1;[0 (2i+1D)n+1) ((2i4+2)A +x) ((2i 4 3)0 + 6)

Now, we find from system (5.1) that

Dey—6Y 614

by 3= —"——
"3 Ben6+ Yonr

nn)\n—lyn—l Tn—l Kn—l

n-2

(u=A)" (e=0)"! 1:([)((2i+2)q+T)((2i+1)A+K)((zi+z)a+a)

n=1_n, n_-n, n-1

"oy t"x

n-2
(0+6)C"  (1=0)" [ T ((2i+1)1+7) ((2i42) A1) ((2i+3)0+05)
i=0

T]n/\n—lyn—l oh=1yn-1

n-2
(u=A)"" (k=0)" g((2i+2)n+r)((2i+l)A+K)((2i+2)a+6)

nn—l)\n—llun—l TnKn—l

n-2

(u=A)""(x=0)" ! g((Zi)rﬁ—T)((2i+1))\+1<)((2i+2)0+6)

n»a ynTnKn—l
n-2 n-2
(0+8)0" (1-0) H 2i42)n+7) [T((2i41)n+7) ((2i+2)A+%) ((2i43)0+0)
i=0 i=0

n T
n-2 + n-=2
H)((2i+2)r]+’r) HJ( (2i)n+1)
i=l i=l
7]”0”[.1"’1’” Kn—l

n-2

(0+6)C"  (1—0)" [ [ ((2i+1)n+7)((2i4+2) A+x)((2i+3)5+6)
i=0

n-2
7 [T((2i+2) n+1)
n+ 2102—
[T(@in+r)

i=0

n.n

n'o" """

n-2

(0+6)0" N (1=0)" [ [ ((2i+1)n+1)((2i+2)A+x)((2i+3)5+6)
i=0

n+((2n-2)n+r1)
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nnanynTnKn—l

(048) T (1=0)" (21— 1)+ 7) 1_1§ (204 1) +7) (2 +2)A + 1) (20 +3)0 + )
Thus, we obtain
@611_3 _ - UHOHHHTHKTZ ‘
le@—Gfl%«%+1M+TMQOA+KHQL+DG+®

Similarly, by using the same method, we can investigate the relations
D4 Ven—6
_(D6n—7 + III6n—6

Yon3 =

nn/\n #n—l T"_lkn
n-2
(A1) (u=2)"" (1=0)" H}((Zi+2)n+1)((2i+3)/\+1<)((2i+2)0+6)

rln—l O.n—l un,l.n—l Kn—l

n-2
(=)' 1})((21’—&-1)17—&-1)((2i+2))t+1<)((2i+l)cf+5)

17n—1)\an—1‘un—1 T"_l Kn—l

n-2
N r=0)" T (2i+1)n+7) ((2i4+2)A+x) ((2i+1)5+6)
3 i=0 J

nn—l gn—l #n,l.n—l Kn—l

n-2
O r=0)" T (2i+1)n+7) ((2i42) A1) ((2i+1)0+8)
| i=0 |

,]nAanTn—lKn
n-2
(A1) (u=2A)"" (1=0)" 1})((21‘+2)17+T)((2i+3)/\+1<)((2i+2)0+6)

(A +u)
nnAn lun Tn—l K"

A+%x) (u=A)" (x=0)" )_1];[_(2) ((2i+2)n+1) ((2i +3)A +x) ((2i +2)0 + 6).
Then
A" ut T "o

Yen-3 = —

(u=A)"(x-0)" il;[o (2n+1) (21 +1)A +«) ((2i)0 +9)

Other relations can be proven in the same way. m]

6. ON THE SYSTEM: ®"+1:£Z_T2:YPZ,3' ‘Fn+1:%

In this section, we will obtain a specific expression of the solutions of the following system of
difference equations

ch—Z‘Fn q)n‘Pn—Z
_—, ¥ =——,n=20,12,.., 6.1
q)n—Z +‘Yn—3 n+1 ( )

D, =
" _q)n—?) - ‘Yﬂ—2
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where the initial conditions ®_3, ®_,, ®_1, Py, Y _3, Y_», Y_1 and ¥ are nonzero real numbers.

Theorem 6.1. Assume {®,,, ¥}, _5 are a solution of system (6.1). Then for n=0,1,2,...,

- otutk"
Do s — _ (=1)"n"o" " /

CVo+1)" T ((2i+1)n+1) ((20)A + %) ((2i +1)0 +0)

i=0

nn/\nay ’L'nKn

cDén—Z = — ’
(A+w)" (C+x)" ‘H:) (20 +1) (i +1)A +x) ((2i +2)0 + )
®6n_1 _ - (_1)1’11711A01’l‘u1’l,.[711<1’l ’
C"(o+1)"TT(i+1)n+7) ((2i +2)A + %) ((2i +1)0 + )
i=0
n+lyn, nn,n
B _ AT T ,
A+w)" (C+x)" E)((zi+2)n+1) ((2i+ 1A+ %) ((2i +2)o +0)
_1\nn-n+1, n+l n,n
Boyy = n_l(l)na+y+11< ’
(0+08)" (o +1)" ']:[0((21'—1—1)174—1) ((2i +2)A +x) ((2i +3)o +0)
_n+lyn+l, n.n, n+1
q)6n+2 - T] . A y tr . s
(A+x)(A+w)" (T+ K)”+1 H ((2i+2)n+17) ((2i+3)A +x) ((2i +2)0 + 0)
i=0
¥ = " A ut T "o ,

A+ w)" (C+x)" nﬁl ((20)n+17) (2 +1)A +x) ((2i)0 + )

i=0

(—1)”1]”0”[.1”T”Kn+1

Yon—2 = ,
n-1
C"(o+10)"TT(i+1)n+17) ((20)A+%) ((2i +1)0 +06)
i=0
n/\n nTn+1Kn
Yon-1 = — e ,

A+w)" (C+x)" 1‘[ (20)n+1) (2i+ DA +x) ((2i +2)0 +0)

i=0

¥, — (=D)"n"o" " "k
" (0+T)"n1:[1((2i+1)r}+7)((2i+2))\+1<)((2i+1)a+6)
i=0
_ n+1/\n nn, n+1
Font1 = -1 L £t ’
(A+w)" (C+x)" 0((21’—1—2)174—7)((2i+1)A+K)((2i+2)o+6)
n+1 n+1 n+l1ln+1,.n
Yonio = n(l D £ rr ,
(0406) T (o4 1)" T T (i +1D)n+1) (20 +2)A +x) ((2i +3)0 +6)
i=0

where CD_3 = C/CD—Z = O',(D_1 = A,(Do = 17, 3= (S,T_z = K,‘Y_l = Tm’ld‘Yo = u.
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Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that
is;

(_1 )n—l nn—l Gn—l Hn_l Tn_l Kn—l
D9 =

7

(2i+1)n+1) ((2)A +«) ((2i+1)0 +0)
i=0
nn—l/\ﬂ—layn—lTn—lKn—l

A+ )" (4 1)"! 1:12 ((2i)n + 1) ((2i + 1A +x) (2 +2)0 + 5)’

(_1)11—11711—1/\011—]#11—1,.(11 1
(Dén—7 = )

- Kn—l

I (@i+1)n+1) ((2i4+2)A +x) ((2i+1)0 +0)
i=0
nan-1, n-1_n-1,n-
D6 = = LA
(A+w)" (€ +w)" [IO
(=

((2i+2)n+7) (2 + 1A + 1) ((2i + 2)0 + 5)’

) n 10.11“11,[71—11(11—1
Dep-5 = 2 ,
(c+8) T (o+1)" H (2i+1)n+1) (2 +2)A +«) ((2i +3)0 +0)
_n, n-1,n-1,n
B s — _ AT U T T /
A+x) (A4 @) (C+1)" TT (20 +2)n+ 1) (2 +3)A + %) ((2i +2)0 + 6)
i=0
n-1yn-1, n-1,n-1,.n-1
Yen-9 = TYn 2/\ A ,
A+ )" (C4+©)" T ()4 1) (28 +1)A +x) ((2i)o +6)
i=0
_1\n-1,n-1-.n-1, n-1,n-1_n
¥ = n(zl) Nt ke
o+ )t

1:[0 (2i+1)n+17) ((2))A+x) ((2i +1)0 + )
nn—l/\n—lyn—lTnKn—l
(A + y)n_l (C+x)" n]:[z (2in+1) (2 +1)A+x) ((2i +2)0 + 6),
1{;6n_6 _ (_1)11—117 ”n,[n 1 -1
o+t

.1:[0 (2i+1)n+171) ((2i+2)A +x) ((2i+1)0 + 6),

—T]nAn_l[Jn_lTn_lKn
11'r6n—5 =

A+ p)" (C+ K)”'f[j ((2i +2)n+ 1) (20 + DA + %) (26 +2)0 + )
_A\nan-1_n, nn, .n-1
¥, — n_z( 1)n=te" ut"x

(c+6)" (o+1)" 1:[0 (i +1)n+1) ((2i +2)A + %) ((2i—|—3)a+6)‘
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Now, we prove that the results hold for n. From system (6.1), it follows that

D6V 6n-4

by 3= — """
"3 Dy 6+ Your

’]nAn—lyn—l h=Tyen-1

n-2
A+)" ()" TT(@i+2)n+71) ((2i4+1)A+1x) ((2i42)0+5)
i=0

(1)"”10yTK"1

n-2
(040) " (o+0)" [ [((2i4+1)n+7) ((2i+2)A+x) ((2i+3)5+06)
i=0

nn/\n—llun—l oh—1yn-1

n-2
A+)" ()" TT(@i+2)n+71) ((2i41) A+x) ((2i42)0+0)
i=0 4

1]”_1/\”_1‘11”_1 =1
n-2

(A+p)" 7 (C)" H)((Zi)r}JrT)((2i+1))\+1<)((2i+2)a+6)

( ) T] U"{J"T"K"_l
n-2 n-2
(0+6)0" Y o+1)" [ [(i+2)n+1) [ T((2i+1)n+7) ((2i+2)A+x) ((2i+3)5+6)
i=0 i=0

T] + T
n-2 —
H((2i+2)1]+T) H 2i)n+1)
i=0

i=0

1)"7]"0”“"”(”1\" 1

n-—.

(=
2

(04+8)C"  (a+1)" | [ ((2i+1)n+7) ((2i4+2)A+x) ((2i+3)a+5)
i=0

n-2
T H((2i+2)n+1)
U e
[T(@in+0)

i=0

(_1)nqngnyn,l.nkn—1
2

n—"

(040)C" (o+0)" | [((2i+1)n+17) ((2i42) A+x) ((2i+3)0+5)
i=0

n+((2n-2)n+1)

(—1)”1]”(7"[.1”T”Kn_1 ‘
(6+8) 0" N o+1)" ((2n-1)n+1) nﬁz (2i+1)n+17) ((2i+2)A+x) ((2i+3)0 +06)

i=0

So, we have

(_1 Bt g1 ity 1
Doy — )" u

"o+ 1) nf[: (2i+1)n+7) (2)A+x) ((2i +1)o + 6).
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Also, we can observe that from system (6.1)

D4 Yon-s6

Yons3 =
" — D7 — Yen—s

_Wn/\ﬂ “n—l,[n—l xK
n-2
(A1) (A+)" 1 (c+0)" TT(Qi+2)n+7) ((2i+3) A+x) ((2i42)5+6)
_ i=0 ~

(_1)n—1nn—lan—lynTn—lKn—l

n-2
N o+1)" 7 TT(Q@i+1)n+1) ((2i+2)A+x) ((2i4+1)0+6)
L i=0 _
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n-2
O o+n)" TT(Q@i+1)n+1) ((2i4+2) A4x) ((2i41)0+6)
L i=0 E
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n-2
O o+0)" TT(Qi+1) n+7) ((2i42) A4x) ((2i41)0+6)
L i=0 _
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(/H-K)(A—&-y)"*] (C+x)" Q((2i+2)17+r)((2i+3)/\+1<)((2i+2)a+6)

nnAn‘un Tn—lkn

A+x) (A+p)" (C+ K)”'flj (20 +2)n+ 1) (2 +3)A + 1) (26 +2)0 + 6)

Hence, we obtain

A" ut T "o

Yens3 =

A+ )" (C+x)" Hl ((2i)n + ) ((2i + 1A + &) ((20)0 + )

i=0

Similarly, by using the same method, we can investigate other relations.

7. NuMEericaL ExaMPLES

To demonstrate our prior results, we present some numerical examples which represent different

types of solutions of the system (1.1).

Example 7.1. In numerical simulation, we assumed that for system (3.2) the initial conditions are P_3 =
03, , =15P 1 =02,P) =06,Y3 =09,Y, =07Y_; = 08and Yo = 0.4. Then the

dynamics of the solution appear in Figure 1.
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. . D, ¥ D, ¥,
Ficure 1. Plotting the solutions of ®,,; = #ZY”S, Y1 = #@22.
n—. n-— n—. n—.

From Figure 1, we conclude that the solutions are bounded and O is globally asymptotically
stable and bounded. The results confirm Theorem 3.3 and Lemma 3.1.

Example 7.2. In order to confirm the results of the system (5.1), Figure 2 shows the numerical simulations
when the initial values are ®_3 = —0.15,d_, = 1.08,>_1 =23,P7=06,Y 3 =19, Y, =02,¥_1 =
-0.12and ¥y = 3.3.

DPp2¥y 1IJ' — s
n-2+%¥n-3" n+l Dy3—Yn2"

FiGure 2. Plotting the solutions of ®, 1 = Duts
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Example 7.3. Figures 3 depict the behavior of system (5.1), with initial conditions ®_3 = 0.3, P_, =
15P_1 =-09,&;=02,Y3=12,Y, =0.7,Y_1 = 03 and Yy = 2.4. We observe that the results

are consistent with Theorem 6.1.

251

q)n —Z‘Pn

Ficure 3. Plotting the solutions of &, = F T Y

— q>n‘Pn—2
n+l Dy 3+¥y2"

Example 7.4. We consider numerical simulations to verify the results presented for system (6.1) the initial
conditions are set as follows: ®_3 =12, P, =25,P_1 =08,Py)=35¥Y3=-09,Y, =179 =
—1.8 and Yo = 1.4, then the results which obtain in Figure 4 are confirmed with Theorem 6.1.

20¢
@(n)
—¥(n
151
— 10
<
>
e
o 5l
ol
_5 L L L L L L L L J
1 2 3 4 5 6 7 8 9 10
n
; ; — _Pua¥y s '
Ficure 4. Plotting the solutions of ®,, 11 = BT Y11 = oy
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8. CONCLUSIONS

Most research on nonlinear rational difference equations focuses on analyzing how solutions
behave by presenting a general solution form. Researchers look at the stability properties of the
equilibrium point because getting the solution formulations can be difficult.

In this article, we have found the expressions of solutions in some special cases as applications
of rational difference systems of order four. In section 3, we have investigated the solution’s
qualitative behavior, such as local and global stability, as well as the boundedness of the solutions.
Also, we have obtained the general form of the solution of system 3.2. In sections 4,5 and 6, we
have obtained solutions for three special cases of the studied systems 4.1, 5.1 and 6.1. Finally, some

illustrative examples are provided to support our theoretical discussion.
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