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Abstract. In this paper, we introduce weak relative annulets in almost distributive lattices and study their algebraic
properties. Also, we introduce weak relative pseudo-complements and correlate with relative complements and

pseudo-complements in an almost distributive lattice.

1. INTRODUCTION

In the realm of lattice theory, distributive lattices stands as a fundamental and captivating
concept and holds a special place due to their elegant and far-reaching properties. At its core, a
distributive lattice [11] is a lattice that satisfies the distributive property, a property that governs
how the lattice operations of meet (infimum) and join (supremum) interact with each other. This
property has a profound impact on the structure and behavior of elements within the lattice,
leading to fascinating implications in various mathematical disciplines, including algebra, logic,
and computer science.

The concept of annihilator ideals [2] emerges as a powerful and intriguing notion, shedding
light on the interplay between elements within these lattice structures. Relative annihilator (weak-
relative annihilators) [5,7] ideals represent a specialized subset of annihilator ideals and these

ideals capture a unique property: they are annihilated not just by individual elements of the lattice
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but by a specific subset of elements, forming a bridge between two distinct subsets and uncovering
hidden connections.

The study of complements in distributive lattices [11] delves into the concept of an element
having a unique counterpart that, when combined, yields the greatest or smallest element in the
lattice. However, in certain situations, the presence of a true complement for every element is not
guaranteed. This limitation leads to explore the concept of pseudo-complements [4] (weak-relative
pseudo-complements [6]) and relative-complements [3], which extends the idea of complemen-
tarity in distributive lattices to encompass cases where true complements may not always exist.
Traditional complements [3,4,6,10] in distributive lattices ( [8,13,14] in almost distributive lattices)
imbue each element with a unique counterpart that, when combined, results in the lattice’s maxi-
mum or minimum element. However, in the realm of almost distributive lattices, strict distributiv-
ity may not always hold, challenging the existence of traditional complements. This motivates the
study of weak relative pseudo-complements, which provides an extended framework to explore

complementarity in almost distributive lattices.

2. PRELIMINARIES

In this section, we recollect a few necessary definitions, examples and results which are thor-

oughly used in the sequel.

Definition 2.1. [12] An algebra (L,V, A,0) is called an Almost Distributive Lattice (ADL), if it satisfies
the consecutive identities;

(1) 0Aa=0

2)av0=a

B)an(bvec)=(aAb)V(anc)

4) (avb)Ac=(anc)V(bAc)

BG)yav(bac)=(avb)A(aVec)

6) (avb)Ab=1b
foralla,b,c€L.-

Let us consider L means that an almost distributive lattice in the entire paper. Givena,b € L, we
say thata <bifaAb =a(oraVvb = b). Itis easy to verify that L becomes a partial order set with

respect to <. An element m in L is called a maximal if m Ax = x, forall x € L.

Example 2.1. [12] Let L be a set with three elements (say 0,a and b) such that

AlO|alb VI|0|lalb
01000 0|0|al|b
al|0|a|b alalalb
b{0O|al|b b|b|bl|b

Then L is an almost distributive lattice in which every non-zero element is maximal. This ADL is called as
a discrete ADL.
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Definition 2.2. [13] Given an element x € L, an element x* € L is said to be pseudo-complement of x if it
satisfies the following;

(1) xAx*=0

(ii) forany y € L,x Ay = 0 implies x* Ay = .

The authors [13] obtained a bijective relation between the class of maximal elements and the
set of pseudo-complements, in an almost distributive lattice (provided maximal elements should
exist). Also, they proved the class {a* | a € L} forms a Boolean algebra [11], when L is an almost

distributive lattice with maximal elements.

Definition 2.3. [8] Given elements a,b € L, an element x € L is called a relative pseudo-complement of a
with respect tobif {y € L |a Ay € (b]} = (x], where (b] and (x| are the ideals generated by x, b respectively.

The authors [8] examined that the existence of x in Definition 2.3., need not be unique. If x is
unique, then L becomes a lattice, and moreover L is relatively pseudo-complemented [4], since
distributive lattice has a unique pseudo-complementation. Also, they have obtained an induced
surjective undifferentiated relation between the set of maximal elements and the class of relative
pseudo-complementation on an almost distributive lattice (provided with maximal elements)

(provided there is a relative pseudo-complementation).

3. WEAK RELATIVE ANNULETS IN ADLs

In this section, we define weak-relative annulets (which is a generalization of relative annulets
[14]) in an almost distributive lattice and obtain several algebraic properties (whose proofs are

straightforward, using algebraic properties of almost distributive lattices) on them.

Definition 3.1. Given a,b € L. An element x € L is said to be a weak relative annulet of a with respect to

b, ifa A x = b. Let us denote the set of weak relative annulets of a with respect to b as wra < a,b >.

Propositiom 3.1. Foranya €L,
(1) wra < a,0>= (a)*, where (a)* ={x € L|aAx=0}.
(2) wra<0,a>=1L
(3) wra < m,a >= {a}, where m is a maximal element in L.
(4) wra <d,0 >= {0}, where d is a dense element in L.
(®) Ifa # 0, then wra < 0,a >= 0.
(6) wra <a,a>= [a), where [a) = {aV x|x €L}

Propositiom 3.2. Foranya,beL,

(1) aAnb=b & bewra<a,b> aVvb=0D.
R acwra<ab> a=h.
B)0ewra<ab>< b=0.
4)a<b = acwra<ba>andbewra<a,a>.
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B()a<bhb = wra<b,0>Cwra<a,0>.

(6) wra<a,0>Nwra<b,0>=wra<aVvbO0>

(7) wra<a,0>Uwra<b,0>Cwra<aAb,0>.

8 bewra<aVvbb>andacwra<bVa,a>.

9) bhaewra<bbAa>andaAbewra<a,anb>.

Propositiom 3.3. Foranya,b,x,y €L,
(1) xe (4] & xecwra<a,x>.
(2) wra<x,a>Nwra<y,a>Cwra<xVy,a>.
@) yewrc<x,a>= yAac€wrc<x,a>.
4) wra<xAy,a>=wra<yAx,a>.
®) wra<xVya>=wra<yVxa>.
6) wra<x,a>Nwra<x,b>*0 — a=0"0.
(7) If x <y, thenwra < y,a>Cwra<x,xAa>.
8) avxewra<a,a>, forall x € L.
9) xewra<a,b>=— xAb=0.

Propositiom 3.4. The following are equivalent in L,
(1) L is a lattice.
(2 avxewra<a,a>, forallx € L.
@) xvVacwra<a,a>, forallx € L.

Propositiom 3.5. Leta,b,x,y € L. Then

(1) Ifxewra<a,b>ycwra<ba>thenycwra<x,bAa>andx €wra<y,anb>.
(2) Ifxewra<aAbaAc> thenaAx €ewra<bahc>.
@) Ifxewra<bAa,cha> thenxAae€wra<b,cAa>.

Propositiom 3.6. Leta,b,c € L. Then

(1) wra<a,c>Cwra<aAc,c>.

(2) wra<a,c>Nwra<b,c>Cwra<aVb,c>.
(3) wra<a,c>Nwra<b,c>Cwra<aAb,c>.
(4) wra<b,anc>Cwra<aAbaAc>.

(5) wra<b,cha>Cwra<bAa,cha>.

4. WEAK RELATIVE PSEUDO-COMPLEMENTS IN ADLs

In this section, we define and examine weak relative pseudo-complementation in al-
most distributive lattices. We extract pseudo-complementation from weak relative pseudo-

complementation in an almost distributive lattice.

Definition 4.1. Given any two elements a,b € L, an element x of L is said to be a weak relative pseudo-

complement of a with respect to b, if it satisfies the following;
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(i) anx=D
(ii) foranyyeL,aAy = bimpliesx Ny = y.
In another words, a maximal element in the set wra < a,b > (provided wra < a,b ># 0) is called

a weak relative pseudo-complement of a with respect to b.
Let us denote the set of weak relative pseudo-complements of 2 with respect to bin L as wrp((a, b).

Propositiom 4.1. wrp(0,a) = 0, foralla € L\ {0}.
Proof. Letx € L. Then0 =0Ax # 4, foralla € L\ {0}. |
Propositiom 4.2. wrp(d,0) = {0}, for all dense elements d € L.

Proof. Let d be a dense elementin L. Then d A0 = 0. Let y € L such thatd Ay = 0. Theny = 0
(since d is dense). Now, d Ay = d A0 = 0 = y. Therefore 0 € wrp(d,0). On the other hand, let
x € L such that x € wrp(d,0). Then d A x = 0 which implies that x = 0 (since d is dense). Therefore
wrp(d,0) = {0}. m]

Remark 4.1. Every weak relative pseudo-complement of an element with respect to 0 may not be zero. For,
consider the lattice L = {0,a,b,1}, in which Vv and A defined as follow;

ViOlal|b|1l AlOlal|b|1
0|0|a|b|1 010(0|010
alalallll al0la|0]a
b|b|1|b|1 b|0|0|b|1
1]1(1]1|1 1/0ja|b|1

Then b is a weak relative pseudo-complement of a relative to 0, which is not equal to 0.
Propositiom 4.3. If x1,xp € wrp(a,b), then x1 A Xy = xp and xa A x1 = X71.

Proof. Let x1,x2 € wrp(a,b). Then aAx; = b = a Axp. Since x; is a weak relative pseudo-
complement of 2 with respect to b and a A x, = b, we get x; A x, = xp. Similarly we can prove

Xp A X = X1. o
Propositiom 4.4. Ifa € wrp(a,b), then b = a.

Proof. Suppose thata € wrp(a,b). Thenb =aAa = a. o
Propositiom 4.5. If wrp(a,b) # 0, thena Ab = .

Proof. Let x be an element in wrp(a,b). Thena Ax =b. Now,aAb=aAaAx=aAx =Db. m]
Propositiom 4.6. If L is a lattice, then, for any a,b € L, wrp(a, b) has atmost one element.

Proof. Leta,b € L such that wrp(a,b) # 0. Let x1,x2 € wrp(a,b). Thena Ax; = b = a A xp. Since x;
is a weak relative pseudo-complement of a with respect to b, and a A x, = b, we get x; Axp = xp.
Similarly we can prove x» A x; = x1. Therefore x; < x; and x; < x1 (since L is a lattice) and hence

x1 = xp. Thus wrp(a, b) contains at most one element. ]
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Remark 4.2. The converse of Proposition 4.6., need not be true. For, see Example 2.1., it is easy to observe

that wrp(x, y) has at most one element, for all x, y € L and L is not a lattice.
Propositiom 4.7. If + is a pseudo-complementation on L, then a* € wrp(a,0), for all a € L.

Proof. Let * be a pseudo complementationon Landa € L. ThenaAa* =0and, fory € L,aAny =0
implies a* Ay = y (since * is a pseudo-complementation on L). Therefore a* is a weak relative

pseudo-complementation of a with respect to 0. O

Propositiom 4.8. If L has dense elements, then every weak relative pseudo-complement of an element a € L

with respect to 0 is a pseudo-complement of a.

Proof. Let x be a weak relative pseudo-complement of an element a € L with respect to 0. Then
a Ax = 0. Since L has dense elements, it is possible to choose y € Lsuch thata Ay = 0. Asxisaweak
relative complement of 2 with respect to 0, we get x A y = 0. Therefore x is pseudo-complement of

a with respect to 0. m]

Remark 4.3. Weak relative pseudo-complementation is a stronger property than the pseudo-
complementation on an ADL. That is, if an ADL has dense elements, then only we can discuss pseudo-
complementation. Where as the concept of weak relative pseudo-complementation on an ADL, we may not
require dense elements.

L with maximal elements is said to be a relatively complemented almost distributive lattice [12],
if for any a € L, there exists x € L such thata Ax = 0 and 2 V x is maximal. In this case, we can say

that x is a relative complement of a. Now, we have the following.
Propositiom 4.9. If x is a relative complement of a in L, then x € wrp(a,0)

Proof. Let x be a relative complement of 2. Thena A x = 0 and a4 V x maximal. Let y € L such that
aAy = 0. Then,

xAy=0V(xAy)=@Ay)V(xAy)=(aVx)Ay=y(sinceaV xis maximal)
Therefore x is a weak relative pseudo-complement a with respect to 0. m]
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