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Abstract. This paper defines the following terms: intuitionistic fuzzy soft (IFS) pretopological space, IFS interior

function, IFS pre-open set, IFS pre-closed set, trace of a IFS pretopology, IFS separation axioms, IFS subspace, IFS

compactness, IFS connectedness, and some of their properties. In addition, the degree of soft non-vacuity, the soft α-

cut, and the IFS preneighbourhood system at a soft point are defined. IFS preneighbourhoods produce IFS pretopologies.

Numerous scientific disciplines work with ambiguous data that traditional mathematics may

not be able to adequately describe. To address these issues, theories such as the soft set (Ss) theory

[1, 3, 22] and fuzzy set (Fs) theory [28] have been created. One of the best techniques for handling

multi-attribute decision-making situations is Fs theory. Numerous fields deal with ambiguous data,

including the social sciences, medicine, and physics, so Fs [15, 28], intuitionistic fuzzy sets (IFss)

[6-8], Pythagorean fuzzy sets (PYFss) and picture fuzzy sets (PFss) [13, 24], and other mathematical

techniques are required to deal with the challenges of locating trustworthy data that is adequate

and accurate given the ambiguity and imprecision of social economics. Mathematical techniques

like IFs and PFss [13, 24] are essential. Two mathematical tools exist for handling uncertainties:

Ss theory, which was proposed by Molodtsov [22] and Fs theory, which was created by Zadeh

[28]. A few attributes and the idea of a fuzzy soft set (FSs) were presented by Maji et al. [21]. It

was Tany and Kandemir [27] who first defined fuzzy soft topology (FST). Originally, fuzziness

conditions were used to apply fuzzy sets Fss as described by Zadeh [28]. Every domain set element

ν in Fs has a single index, which is the degree of membership md(ν), which ranges from 0 to 1. A
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non-membership degree for the (Fs) is simply equal to 1 −md(ν). and IFs were created in order

to take into consideration membership degree uncertainty, as noted in [9]. There are two indices

used: the membership degree (md(ν)) and the non-membership degree (nd(ν)). Over the past

few decades, a large number of researchers have investigated the IFs, and it has been effectively

used in numerous other fields, such as medical diagnostics and decision making [6, 9]. In [28],

Zadeh’s Fs was generalized, defining the IFs with the two indexes md(ν) and nd(ν), and imposing

the constraint that 0 ≤ md(ν) + nd(ν) ≤ 1. The IFs and interval valued intuitionistic fuzzy sets

(IVI fss), which are widely utilized in various applications, including group decision making, have

been studied by a large number of academics, including [2, 7, 8, 14, 18]. Pretopology was first

proposed by M. Brissaud [11]. R. Badard first proposed the idea of a fuzzy pretopology (FPT)in
[10]. Fuzzy soft pretopological spaces (FSPTss) proposed by Khedr et. al [16].

The new definitions based on the pretopological notion of intuitionistic fuzzy soft pretopological

spaces (IFSPTss) that are presented in this study make a contribution. It is a generalization of the

FSPTss notion.

There are four main reasons to explore these models:

First, we’ll introduce the innovative idea of IFSPT. Second, investigate the notions of the IFS
neighbourhood system at a soft point.

Third, investigate the extent of soft no-vacuity and soft α-cut. Finally, IFSPTs is formed by IFS
neighborhoods, as demonstrated in Section 6. The structure of this document is as follows. The

concepts FS and PTss, this study is discussed in Section 2. Sect. 3, discuss some of topological

structures on IFST. In Section 4, we examine the benefits of FSPT. Section 5 defines and investigates

the IFSPT, IFS interior function, IFS pre-open set, IFS pre-closed set, the trace of a FSPT, and some

of its properties. Section 6 introduce idea of intuitionistic fuzzy soft pretopology generated by

fuzzy Soft preneighbourhoods. .

1. Preliminaries

In this part, we will go over the essential definitions and findings of fuzzy soft and pretopological

spaces that we will need for this study.

Definition 1.1. [22]A soft set, or parameterized family of subsets of the universe Γ, is a pair (M, Π); denoted
by MΠ, over the initial universe Γ and the set of parameters Π. i.e MΠ = {M(δ) : δ ∈ Π, M : Π→ P(Γ)}.
For any δ ∈ Π, if M(δ) = ϕ (or, alternatively, M(δ) = Γ), then (M, Π) is referred to as a null (or,
alternatively, an absolute) soft set, and will be represented by ϕ̃ (or, alternatively, Γ̃). The family of all soft
sets is now denoted by S(Γ)Π.

Definition 1.2. [26] A soft topology on Γ is defined as a collection τ ⊆ S(Γ)Π that contains Γ̃, ϕ̃ and is
closed under arbitrary soft union and finite soft intersection. The triplet (Γ, τ, Π) is known as a STS over Γ.

Definition 1.3. [23] If there is precisely one δ ∈ Π such that M(δ) = {γ} for some γ ∈ Γ and M(δ́) = ϕ,
for every δ́ ∈ Π − {δ}, then MΠ over Γ is referred to as a soft point. The symbol for it will be γδ.
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Definition 1.4. [23]A soft pointγδ is considered to belongs to a soft set GΠ if δ ∈ Π and M(δ) = {γ}ṽG(δ).
We write γδG̃Π.

Definition 1.5. [28] The mapping ΦΠ : Γ → [0, 1] defines a fuzzy set Π in any arbitrary set Γ. Here,
ΦΠ(γ) indicates the md(γ) in Π. In other words, the set of ordered pairs Π = {(γ, ΦΠ(γ)) : γ ∈ Γ} can
represent a fuzzy set Π in Γ. [0, 1]Γ represents the family of all Fss in Γ.

Definition 1.6. [19] [0, 1]Γ indicates the set of all Fss of Γ, Π v A, and Γ as the initial universe set and A
as a set of parameters. If M is a mapping provided by M : Π → [0, 1]Γ such that M(δ) = 0Γ if δ < Π and
M(δ) , 0Γ if δ ∈ Π, then the pair (M, Π), represented by MΠ, is termed a FSs over Γ. Therefore, the set
of ordered pairs MΠ = {(δ, MΠ) : δ ∈ Π, MΠ∈̃[0, 1]Γ} may be used to represent a FSs MΠ over Γ. Stated
differently, the family of parameterized fuzzy subsets of the set Γ is the fuzzy soft set.
FS(Γ)A is the set of all fuzzy soft sets over an initial universe Γ and a collection of parameters A.

Definition 1.7. [19] A FSs MΠ is a FS subset of a FSs GB over a common universe Γ if Π v B and
M(δ) ≤ G(δ), for every δ ∈ Π.

Definition 1.8. [25, 27] A family of FSss over (Γ, A) is a FST τ on (Γ, A) that satisfies the following
properties:
i- Γ̃, ϕ̃ ∈ τ

ii- If MΠ, GB ∈ τ then MΠũGB ∈ τ

iii- If (MΠ)i ∈ τ, for every i ∈ I then ˜ti∈I ∈ τ.
The triple (Γ, A, τ) is said to be a FSTS. In (Γ, A, τ), each member of τ is referred to as a FS open set. FS
closed is the complement of a FS open set.

Definition 1.9. [6] Let Γ be the universe setting, then the set
Π = {(γ, ΦΠ(γ),NΠ(γ)) : γ ∈ Γ} is called IFs of Γ, ΦΠ : Γ→ [0, 1] andNΠ : Γ→ [0, 1] are called degree
of positive-membership of δ (md(δ)) in Γ and negative-membership degree of δ (nd(δ)) in Γ successively
with the condition 0 ≤ ΦΠ(δ) +NΠ(δ) ≤ 1, ∀γ ∈ Γ.

Definition 1.10. [6] Let Π={(γ, ΦΠ(γ),NΠ(γ)) : γ ∈ Γ} and
C = {(γ, ΦC(γ),NC(γ)) : γ ∈ Γ} be IFss IFs of Γ.
i- Π v C iff ΦΠ(γ) ≤ ΦC(γ) andNΠ(γ) ≥ NC(γ) for all γ ∈ Γ,
ii- Π uC = {(γ, min{ΦΠ(γ), ΦC(γ)}, max{NΠ(γ),NC(γ)}) : γ ∈ Γ},
ii- Π tC = {(γ, max{ΦΠ(γ), ΦC(γ)}, min{NΠ(γ),NC(γ)}) : γ ∈ Γ}.

Definition 1.11. [6] 0̃ denotes a IFs Π over the set Γ, which is defined as Π = {(γ, 0, 1) : γ ∈ Γ}. This is
known as a IF null set.

Definition 1.12. [6] 1̃ denotes a IFs Π over the set Γ, which is defined as Π = {(γ, 1, 0) : γ ∈ Γ}. This is
known as a IF absolute set.

Definition 1.13. [20] Let A be the parameter set and Γ be the starting universe set. The set of all IF subsets
of Γ is represented by the symbol IFΓ. Let Π v A. An IFSs over Γ is a pair (M, Π), where M is a mapping



4 Int. J. Anal. Appl. (2024), 22:193

defined by M : Π→ IFΓ.
Essentially, M(δ) is a IFSs of Γ for each δ ∈ Π. This is known as the IF value set of parameter δ. It is
evident that M(δ) may be expressed as a IFSs such that M(δ) = {(γ, ΦΠ(γ),NΠ(γ)) : γ ∈ Γ}.
Referred to as IFS(ΓA), the set of all Sss over Γ with parameters from A is known as a IFS class.

2. Some topological structures on IFST

This section presents the ideas of subspace of IFSTS and provides some examples.

Definition 2.1. [17] If the conditions that follow are met, Λ is said to be a IFST on Γ, where Λ v IFS(ΓA).
i-ϕ̃, Γ̃ belong to Λ.
ii-The union of any number of IFSss in Λ belongs to Λ.
iii-The intersection of any two IFSss in Λ belongs to Λ.

The binary (ΓA, Λ) is called a STS over Γ, and Λ is called a IFST on Γ. It is argued that the

members of Λ are IFS open sets in Γ.

A IFSs (M, A) over Γ is said to be a IFS closed set in Γ, If the complement (M, A)c
∈ Λ then, IFSs

(M, A) over Γ is called a IFS closed set in Γ.

Definition 2.2. Let Γ = {γ1,γ2}, A = {δ1, δ2} and Λ = {ϕ̃, Γ̃, (M1, A), (M2, A), (M3, A)} where
(M1, A), (M2, A), (M3, A) are IFSss over Γ, defined as follows
M1(δ1) = {(γ1, 0.2, 0.3), (γ2, 0.1, 0.3)}, M1(δ2) = {(γ1, 0.2, 0.2), (γ2, 0.1, 0.1)},
M2(δ1) = {(γ1, 0.8, 0.3), (γ2, 0.1, 0.2)}, M2(δ2) = {(γ1, 0.8, 0.1), (γ2, 0.1, 0.1)},
M3(δ1) = {(γ1, 0, 0.3), (γ2, 0.5, 0.3)}, M3(δ2) = {(γ1, 0, 0.3), (γ2, 0.5, 0.3)}.
Then Λ defines a IFST over Γ, (ΓA, Λ) is a IFSTS on Γ.

Definition 2.3. Let (ΓA, Λ1), (ΓA, Λ2) be IFSTss.
i- If Λ2 w Λ1, then Λ2 is IFS finer than Λ1.
ii- If Λ2 w Λ1, then Λ2 is IFS strictly finer than Λ1.
iii- If either Λ2 w Λ1 or Λ2 v Λ1, then Λ2 is comparable with Λ1.

Definition 2.4. Let Γ be the universal set and A the parameter set.
i-Let Λ be the family of all defined IFSss on Γ. Next, (ΓA, Λ) is designated a IFS discrete space over Γ, and
Λ is named the IFS discrete topology on Γ.
ii-Λ={ϕ̃, γ̃} is the IFS indiscrete topology on Γ, and (ΓA, Λ) is dubbed a IFS indiscrete space over Γ.

Definition 2.5. Let Ψ be a non-empty subset of Γ and (ΓA, Λ) be IFSTs over Γ. Then, (ΨA, ΛΨ) is
called a IFS subspace of (ΓA, Λ), where (MΨ, A) = Ψ̃Aũ(M, A). This is called the IFST on Ψ, and
(ΨA, A) : (M, A) ∈ Λ}. The fact that ΛΨ is in reality a IFST on Ψ may be easily verified.

Example 2.1. A IFS discrete topological space is any IFS subspace of another IFS discrete topological space.
Moreover, a IFS indiscrete topological space is any IFS subspace of a IFS indiscrete topological space.
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3. Fuzzy soft pretopology

These terms are defined as follows in this section: pretopology, fuzzy pretopology, fuzzy soft

pretopology, fuzzy pretopological space, fuzzy soft pretopology, fuzzy soft pre-open set, fuzzy

soft pre-closed set, fuzzy soft pretopology trace, and some of its aspects are studied.

Definition 3.1. [10] b : 2Γ
→ 2Γ is a function that describes a PT on Γ and satisfies the following conditions:

i-b(ϕ) = ϕ;
ii-For each Π ∈ IΓ, b(Π) w Π.
A PTs is the pair (Γ, b).

We now give the following definition of the term "SPT":

Definition 3.2. [16] A function b : S(Γ)A → S(Γ)A that satisfies the following conditions is a SPT on
(Γ, A).
i-b(ϕ̃) = ϕ̃;
ii-b(MΠ) wMΠ, for every MΠ∈̃MS(Γ)A.
A SPTs is the triple (Γ, A, b).

Definition 3.3. [11] The function b : IΓ
→ IΓ can be used to describe a FPT on Γ if it fulfills:

i-b(ϕ) = ϕ;
ii-For each Π ∈ IΓ, b(Π) w Π.
A FPTs is the pair (Γ, b).
Let (Γ, b) be a FPTs, and let us consider the following properties:
iii-If b(Π) v b(C) for any Π, C ∈ IΓ such that Π v C, then (Γ, b) is of type I.
iv-If b(Π tC) = b(Π)t b(C) holds true for each Π, C ∈ IΓ, then (Γ, b) is considered to be of type D.
v-If b2(Π) = b(b(Π)) = b(Π) for every Π ∈ IΓ, then (Γ, b) is of type S.
It should be noted that any FPTs of type D, S and (iv)⇒ (iii) are FPTs, where b is Kuratowski closure.

Definition 3.4. [11] Assume that (Γ, b) is a FPTs, the fuzzy interior function h̄b : IΓ
→ IΓ is defined by

h̄b(Π) = (b(Πc))c. The following conditions are satisfied by the fuzzy interior function h̄b:
i-b(ϕ) = ϕ;
ii-For each Π ∈ IΓ, h̄b(Π) v Π;
iii-For every Π, C ∈ IΓ if Π v C, then h̄b(Π) v h̄b(C);
iv-For every Π, C ∈ IΓ, h̄b(Π uC) = h̄b(Π)u h̄b(C);
v-For every Π ∈ IΓ, h̄2

b(Π) = h̄b(Π).

Definition 3.5. [11] Let (Γ, b) be a FPTs and Π be a fuzzy subset of Γ. The trace of b on Π, denoted by bΠ,
is defined by: bΠ(C) = b(C)uΠ, for every fuzzy subset C of Π.

Definition 3.6. [16] A FSPT on (Γ, A) is a function
b : FS(Γ)A → FS(Γ)A which satisfies:
i-b(ϕ̃) = ϕ̃;
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ii-b(MΠ) wMΠ, for every MΠ∈̃FS(ΓA).
The triple (Γ, A, b) is then said to be a FSPTs.
A FSPTs (Γ, A, b) is said to be of:
iii-Type I: if for every MΠ, GB∈̃FS(ΓA) such that MΠṽGB, we have b(MΠ)ṽb(GB);
iv-Type D: if for every MΠ, GB∈̃FS(Γ)A, we have b(MΠt̃GB) = b(MΠ)t̃b(GB);
v-Type S: if for every MΠ∈̃FS(ΓA), we have b2(MΠ) = b(b(MΠ)) = b(MΠ).
We say that b is of type ση if b is of type σ and η, where σ, η ∈ {I, D, S}.
One may notice that (iv)⇒ (iii) and any FSPTs of type DS is a FSPTs where b is Kuratowski closure.

Proposition 3.1. [16] Let b, a be two FSPT on (Γ, A). Then
i- The composition function of b, a denoted by b ◦ a is a FSPT on (Γ, A).
ii-If b, a are type I (or D), then the composition function b ◦ a of b and a is of type I (or D).

Proof. i-(b ◦ a)(ϕ̃) = b(a(ϕ̃)) = ϕ̃. Also, (b ◦ a)(MΠ) = b(a(MΠ)). Put a(MΠ) = GΠ, then

(b ◦ a)(MΠ) = b(GΠ)w̃GΠ = a(MΠ)w̃MΠ. Therefore (b ◦ a)(MΠ)w̃MΠ.

ii-∗ Let b, a of type I and MΠṽGΠ, then a(MΠ )̃va(GΠ) and b(a(MΠ))̃vb(a(GΠ)).

Therefore (b ◦ a)(MΠ) = b(a(MΠ))ṽb(a(GΠ)) = (b ◦ a)(GΠ). This shoes that b ◦ a is of type I.
∗∗ Let b, a of type D, then b(MΠt̃GΠ) = b(MΠ)t̃b(GΠ) and a(MΠt̃GΠ) = a(MΠ)t̃a(GΠ). Now, (b ◦
a)(MΠt̃GΠ) = b(a(MΠt̃GΠ)) = b(a(MΠ)t̃a(GΠ)) = b(a(MΠ))t̃b(a(GΠ)) = (b◦ a)(MΠ)t̃b(a)(GΠ).

Therefore, (b ◦ a) is a type D. �

4. Intuitionistic fuzzy soft pretopology

The IFSPT, IFS interior function, IFS pre-open set, IFS pre-closed set, the trace of a FSPT and

some of its attributes are defined and studied in this section.

Definition 4.1. An IFSPT on (Γ, A) is a function b : IFS(ΓA)→ IFS(ΓA) which satisfies the conditions:
i-b(ϕ̃) = ϕ̃;
ii-b(MΠ) wMΠ, for each MΠ∈̃IFS(ΓA).
The triple (Γ, A, b) is then said to be an IFSPTs.
One classifies a IFSPTs (Γ, A, b) as follows:
iii-Type I: We have b(MΠ)ṽb(GB) if, for every MΠ, GB∈̃IFS(ΓA) such that MΠṽGB;
iv-Type D: if for every MΠ, GB∈̃IFS(ΓA), we have b(MΠt̃GB) = b(MΠ)t̃b(GB);
v-Type S: if for every MΠ∈̃IFS(ΓA), we have b2(MΠ) = b(b(MΠ)) = b(MΠ).
We say that b is of type ση if b is of type ξ and ζ, where ξ, ζ ∈ {I, D, S}.
One may notice that (iv)⇒ (iii) and any FSPTs of type DS is a FSPTs where b is Kuratowski closure.

Proposition 4.1. Let b, a be two IFSPT on (Γ, A). Then
i- The composition function of b, a denoted by b ◦ a is a IFSPT on (Γ, A).
ii-If b, a are type I (or D), then the composition function b ◦ a of b and a is of type I (or D).

Proof. i-(b ◦ a)(ϕ̃) = b(a(ϕ̃)) = ϕ̃. Also, (b ◦ a)(MΠ) = b(a(MΠ)). Put a(MΠ) = GΠ, then

(b ◦ a)(MΠ) = b(GΠ)w̃GΠ = a(MΠ)w̃MΠ. Therefore (b ◦ a)(MΠ)w̃MΠ.
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ii-∗ Let b, a of type I and MΠṽGΠ, then a(MΠ )̃va(GΠ) and b(a(MΠ))̃vb(a(GΠ)).

Therefore (b ◦ a)(MΠ) = b(a(MΠ))ṽb(a(GΠ)) = (b ◦ a)(GΠ). This shoes that b ◦ a is of type I.
∗∗ Let b, a of type D, then b(MΠt̃GΠ) = b(MΠ)t̃b(GΠ) and a(MΠt̃GΠ) = a(MΠ)t̃a(GΠ). Now, (b ◦
a)(MΠt̃GΠ) = b(a(MΠt̃GΠ)) = b(a(MΠ)t̃a(GΠ)) = b(a(MΠ))t̃b(a(GΠ)) = (b◦ a)(MΠ)t̃b(a)(GΠ).

Therefore, (b ◦ a) is a type D. �

Definition 4.2. i-Given two IFSPT on (Γ, A), let b1, b2. For every MΠ∈̃IFS(ΓA), b1 is considered coarser
than b2. This can be expressed as b1≤̃b2 if b1(MΠ)ṽb2(MΠ).
ii- Let {b`, ` ∈ L} be a family of IFSPT on (Γ, A), where L is an indexed set. We define supb` = ∨̃`∈L,
the least upper bound IFSPT on (Γ, A) and in f b` = ∧̃`∈L, the greatest lower bound IFSPT on (Γ, A), as
follows:
(∨̃`∈Lb`)(MΠ) = t̃`∈Lb`(MΠ) and (∧̃`∈Lb`)(MΠ) = ũ`∈Lb`(MΠ).

Proposition 4.2. Let {b`, ` ∈ L} be a family of IFSPT on (Γ, A). Then,
i-For each ` ∈ L, ∨̃`∈Lb` and ∧̃`∈Lb` are of type I if b` is of type I.
ii-If b` is of type D, then for every ` ∈ L, ∨̃`∈Lb` likewise belongs to type D.
iii-For every ` ∈ L, ∧̃`∈Lb` is also of type S if b` is of type S.

Proof. Let GB, MΠ∈̃IFS(ΓA).

i(1)-Let b` be of type I and MΠṽGB, then b`(MΠ)ṽb`(GB).

(∨̃`∈Lb`)(MΠ) = t̃`∈Lb`(MΠ)ṽt̃`∈Lb`(GB) = (∨̃`∈Lb`)(GB). This indicates that

(∨̃`∈Lb`)(MΠ)ṽ(∨̃`∈Lb`)(GB) and for that reason ∨̃`∈Lb` is of type I.
i(2)-(∧̃`∈Lb`)(MΠ) = ũ`∈Lb`(MΠ)ṽũ`∈Lb`(GB) = (∧̃`∈Lb`)(GB). This indicates that

(∧̃`∈Lb`)(MΠ)ṽ(∧̃`∈Lb`)(GB) and for that reason ∧̃`∈Lb` is of type I.
ii-Let b` be of type D, then b`(MΠt̃GB) = b`(MΠ)t̃b`(GB). At hence,

(∨̃`∈Lb`)(MΠt̃GB) = t̃b`(MΠt̃GB) = t̃(b`(MΠ)t̃(b`(GB)) = (t̃b`(MΠ))t̃(t̃b`(GB))

= ((∨̃`∈Lb`)(MΠ))t̃((∨̃`∈Lb`)(GB)). This suggests that the type of ∨̃`∈Lb` is D.

iii-Let b` be of type S, then b2
`(MΠ) = b`(MΠ). Hence,

(∧̃`∈Lb`)2(MΠ) = (∧̃`∈Lb`)((∧̃ ∈Lb )(MΠ)) = ũ`∈Lb`(ũ ∈Lb (MΠ)) =

(ũ`∈Lb2
`(MΠ))ũ(ũ ,`b`(b (MΠ))) = (ũ`∈Lb`(MΠ))ũ(ũ ,`b`(b (MΠ))

ṽ(ũ`∈Lb`(MΠ)) = (∧̃`∈Lb`)(MΠ). Then, (∧̃`∈Lb2
`)(MΠ)ṽ(∧̃`∈Lb`)(MΠ).

On the other hand since b`(MΠ)w̃MΠ, we have (∧̃`∈Lb`)(MΠ)w̃MΠ, which leads to

(∧̃`∈Lb2
`)(MΠ)w̃(∧̃`∈Lb`)(MΠ). therefore, we have (∧̃`∈Lb2

`)(MΠ) = (∧̃`∈Lb`)(MΠ) and thus, ∧̃`∈Lb`
is type S. �

Definition 4.3. Let b be an IFSPT, we define the IFS interior function
Ib : IFS(ΓA)→ IFS(ΓA) by: Ib(MΠ) = (b(Mc

Π))
c.

The following characteristics of the function Ib are met:
1-Ib(ϕ̃) = ϕ̃;
2-For each MΠ∈̃IFS(ΓA), we have Ib(MΠ)ṽMΠ;
3-For each MΠ, GB∈̃IFS(ΓA) such that MΠṽGB, we have Ib(MΠ)ṽIb(GB);
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4-For each MΠ, GB∈̃IFS(ΓA), we have Ib((MΠũGB) = Ib(MΠ)ũIb(GB);
5-For each MΠ∈̃IFS(ΓA), we have I2

b(MΠ) = Ib(MΠ).

Definition 4.4. Let b be an IFSPT and MΠ∈̃IFS(ΓA). Then MΠ is said to be a IFSP-open (resp. IFSP-
closed) set in (Γ, A, b) if Ib(MΠ) = MΠ (resp. b(MΠ) = MΠ).
It is obvious that MΠ is an IFSP-closed if Mc

Π is IFSP-open.

Proposition 4.3. Let b1, b2 be two IFSPT on (Γ, A). If b1≤̃b2 and MΠ is an IFSP-open (resp. IFSP-closed)
with respect to b2, then MΠ is IFSP-open (resp. IFSP-closed) with respect to b1.

Proof. First, let MΠ be IFSP-open with respect to b2 and b1≤̃b2, then b1(MΠ)ṽb2(MΠ) with implies

that Ib1(MΠ)w̃Ib2(MΠ). Since MΠ is IFSP-open with respect to b2, then Ib(MΠ) = MΠ and therefore

Ib1(MΠ)w̃MΠ. Since Ib1(MΠ)ṽMΠ, then Ib1(MΠ) = MΠ MΠ and so MΠ is IFSP-open with respect

to b1.

Now, let MΠ be IFSP-closed with respect to b2 and b1≤̃b2, then b1(MΠ)ṽb2(MΠ). Since MΠ is IFSP-

closed with respect to b2, then b2(MΠ) = MΠ and therefore b1(MΠ)ṽMΠ. Since, b1(MΠ)w̃MΠ, then

b1(MΠ) = MΠ and so, MΠ is IFSP-closed with respect to b1. �

Proposition 4.4. Let b be IFSPT of type D, then the finite union of IFSP-closed sets in (Γ, A, b) is
IFSP-closed.

Proof. Let b be a type D and MΠ, GB IFSP-closed sets in (Γ, A, b), then b(MΠ) = MΠ and b(GB) = GB.

Also, b(MΠt̃GB) = b(MΠ)t̃b(GB) = MΠt̃GB. This shows that MΠt̃GB is IFSP-closed. Therefore,

the finite union of IFSP-closed sets in (Γ, A, b) is IFSP-closed. �

Definition 4.5. Let b be a IFSPT with MΠ∈̃IFS(ΓA). The trace of b on MΠ is defined as bMΠ(GB) =

b(GB)ũMΠ, for any IFS subset GB of MΠ.

Proposition 4.5. The trace bMΠ represents an IFSPT. Furthermore, if b is of type I (resp. D, IS), so is bMΠ

(resp. D, IS).

Proof. First, we show that bMΠ is a IFSPT.

(1) bMΠ(φ̃) = b(φ̃)ũMΠ = φ̃uMΠ = φ̃.

(2) bMΠ(GB) = b(GB)ũMΠw̃GBũMΠ = GB. Therefore, bMΠ(GB)w̃GB.

bMΠ is a IFSPT according to (1) and (2).

(i) Assume b is of type I and GB, HCṽMΠ such that GBṽHC. Then b(GB)ṽb(HC). Now, bMΠ(GB) =

b(GB)ũMΠṽb(HC)ũMΠ = bMΠ(HC).

This show that bMΠ(GB)ṽbMΠ(HC). Since HCṽMΠ implies bMΠ(GB)ṽbMΠ(HC), then bMΠ of type I.
(ii) Assume b is of type D, then b(GBt̃HC) = b(GB)t̃b(HC). Now, bMΠ(GBt̃HC) = b(GBt̃HC)ũMΠ =

(b(GB)t̃b(HC))ũMΠ = (b(GBt̃MΠ)t̃(b(HCt̃MΠ) = bMΠ(GB)t̃bMΠ(HC). Therefore, bMΠ of type D.

(iii) Assume b is of type IS, then we have (with GBṽMΠ)

b2
MΠ

(GB) = bMΠ(bMΠ(GB)) = b(b(GB)ũMΠ)ũMΠ, but b(GB)ũMΠṽb(GB) which implies that

b(b(GB)ũMΠ)ṽb2(GB) = b(GB).
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So, b2
MΠ

(GB) = b(b(GB)ũMΠ)ũMΠṽb(GB)ũMΠ = bMΠ(GB).

But bMΠ(bMΠ(GB))w̃bMΠ(GB), and these two inclusions that b2
MΠ

(GB) = bMΠ(GB), so bMΠ of a type

IS. �

5. Intuitionistic fuzzy soft pretopology generated by fuzzy soft preneighbourhoods

The ideas of the intuitionistic fuzzy soft preneighbourhood system at a soft point, the degree

of soft non-vacuity, soft α-cut, and how to construct intuitionistic fuzzy soft pretopologies by

intuitionistic fuzzy soft preneighbourhoods are introduced and studied in this part.

Definition 5.1. The family of all intuitionistic fuzzy soft subsets Λ that fulfill ΦΛ(γδ) = 1 is the
intuitionistic fuzzy soft preneighbourhood system at a soft point γδ in (Γ, A), denoted by ζ(γδ).

Definition 5.2. A function Ψ : IFS(ΓA) → [0, 1] is referred to as a soft non-vacuity degree (it associates
to every intuitionistic fuzzy soft subset a number which represents the fact that it is more or less empty
intuitionistic fuzzy soft set) if it fulfills:
(i) Ψ(φ̃) = 0,
(ii) Ψ(GB) = supγδ∈̃ΓA ΦGB(γδ),
(iii) GBṽHC ⇒ Ψ(GB) ≤ Ψ(HC).

In particular Ψ(GB) = 1 if ∃ a soft point γδ that ΦGB(γδ) = 1.

To construct the adherence, we follow the same procedure as in the classical case; however, we

employ the degree of soft non-vacuity to characterize how the intersection ΛũGB, with Λ∈̃ζ(γδ),

is essentially empty.

Proposition 5.1. The function b : IFS(ΓA)→ IFS(ΓA) build by
Φb(GB) = in fΛ∈̃ζ(γδ)Ψ(ΛũGB) is an intuitionistic fuzzy soft adherence (intuitionistic fuzzy soft pretopol-
ogy) of type I.

Proof. From Φb(φ̃)(γδ) = in fΛ∈̃ζ(γδ)Ψ(Λũφ̃) = in fΛ∈̃ζ(γδ)Ψ(φ̃) = 0, then Φb(φ̃)(γδ) = 0 for each

γδ∈̃ΓA. At hence, b(φ̃) = φ̃.

Since foe each γδ∈̃ΓA and for each Λ∈̃ζ(γδ), we have ΦΛ(γδ) = 1, then

Φb(GB)(γδ) = in fΛ∈̃ζ(γδ)Ψ(ΛũGB) ≥ in fΛ∈̃ζ(γδ)Ψ(GB) = Ψ(GB) = supγδ∈̃ζ(γδ)ΦGB(γδ) ≥ ΦGB(γδ).

This shows that Φb(GB)(γδ) ≥ ΦGB(γδ) and therefore b(GB)w̃GB.

Given arbitrary intuitionistic fuzzy soft subsets GB, HC, let GBṽHC. Then for each Λ∈̃ζ(γδ), we

have

GBũΛṽHCũΛ it suggests that Ψ(GBũΛ) ≤ Ψ(HCũΛ).

Therefore in fΛ∈̃ζ(γδ)Ψ(GBũΛ) ≤ in fΛ∈̃ζ(γδ)Ψ(HCũΛ), and so Φb(GB)(γδ) ≤ Φb(HC)(γδ).

Thus b(GB)ṽb(HC). Based on the aforementioned, we deduce that b represents intuitionistic fuzzy

soft adherence (also known as intuitionistic fuzzy soft pretopology) of type I. �
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Definition 5.3. Let α ∈ [0, 1] and let GB be an intuitionistic fuzzy soft subset of (Γ, A). The soft subset
(GB)̃α of (Γ, A) is the soft α-cut of GB, and it is defined as follows:
(GB)̃α = {γδ∈̃(Γ, A) : ΦGB(γδ) ≥ α}. We now present a second method for constructing an intuitionistic
fuzzy soft adherence, and we will show subsequently that these two approaches can produce the same result.
Let us suppose that with every η ∈ [0, 1] is associated a classical type-I soft pretopology (b)̃η and that if
η1 ≥ η2 we have (b)̃η1

≤̃(b)̃η2
.

Proposition 5.2. η1 ≥ η2 can be satisfied by a family of soft adherences of type I, denoted by (b)̃η implies
(b)̃η1

≤̃(b)̃η2
.

Next, the two equivalent methods define the function b́ : IFS(ΓA)→ IFS(ΓA)

(i) Φb́(γδ) = sup{η : γδ∈̃(b)̃η((GB)̃η)}

(ii) (b́(GB))̃α = ũη<α(b)̃η((GB)̃η) that is a type-I intuitionistic fuzzy soft pretopology.

Proof. First we show that if η1 ≥ η2 then (b)̃η1
((GB)̃η1

)ṽ(b)̃η2
((GB)̃η2

)

Since (GB)̃η1
ṽ(GB)̃η2

and (b)̃η of type I, then (b)̃η1
((GB)̃η1

)ṽ(b)̃η1
((GB)̃η2

). Also, if (b)̃η1
≤̃(b)̃η2

, then

(b)̃η1
((GB)̃η2

)ṽ(b)̃η2
((GB)̃η2

).

Therefore, we have (b)̃η1
((GB)̃η1

)ṽ(b)̃η2
((GB)̃η2

).

However, it is well known that (b)̃η((GB)̃η) | η ∈ [o, 1] often has no membership function attached

to it, and this is true for each α. If it isn’t, we have

ũη<α(b)̃η((GB)̃η) = (b)̃α((GB)̃α).

However, the intuitionistic fuzzy soft pretopology b́ associated with

(b́(GB))̃α = ũη<α(b)̃η((GB)̃η) which will satisfies b́(φ̃) = φ̃ and b́(GB)w̃GB for every η because

(b́(φ̃))̃α = ũη<α(b)̃η((φ̃)̃η) = φ̃, then b́(φ̃) = φ̃.

Also, we have (b́(GB))̃α = ũη<α(b)̃η((GB)̃η), since (b)̃η((GB)̃ηw̃(GB)̃η),

then (b́(GB))̃ηw̃ũη<α(GB)̃η. Thus b́(GB)w̃GB.

We now demonstrate that b́ is of a type I, it is a consequence of the fact that the (b)̃η are of type I. We

have GBṽHC so, (GB)̃ηṽ(HC)̃η, for every η. Since (b)̃η are of type I, then (b)̃η((GB)̃η)ṽ(b)̃η((HC)̃η),

which implies that ũη<α(b)̃η((GB)̃η)ṽũη<α(b)̃η((HC)̃η). Therefor, (b́(GB))̃αṽ(b́(HC))̃η and thus

b́(GB)ṽb́(HC).

This demonstrates the type I of b́.

We now demonstrate the equivalentity of the two approaches to creating b́.

We not that ´́b is a soft adherence built with Φ ´́b(GB)
(γδ) = sup{η : γδ∈̃(b)̃η((GB)̃η)}. Let γδ be a soft

point of ( ´́b(GB))̃α, then γδ∈̃(b)̃η((GB)̃η), for every η < α.

(Given that [0, 1] is hole-free), therefore γδ∈̃ũη<α(b)̃η((GB)̃η) and so γδ∈̃(b́(GB)̃η) (∗)

Let γδ∈̃(b́(GB)̃η), then γδ∈̃ũη<α(b)̃η((GB)̃η). Therefore, γδ∈̃(b)̃η((GB)̃η) for each η < α and sup{η :

γδ∈̃(b)̃η((GB)̃η)} ≥ α. At hence, γδ∈̃(
´́b(GB))̃α (∗∗)

Based on ∗ and (∗∗), both approaches are equivalent. �

Proposition 5.3. Let A be a set of parameters and Γ be the universe set, γδ be a soft point in ΓA, ζ(γδ) be
the family of all intuitionistic fuzzy soft preneighbourhoods of γδ and (ζ(γδ))̃α is soft η-cuts. So, we can
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build a soft pretopology (b)̃η by
(b)̃η((GB)̃η) = {γδ : ∀(Λ)̃η∈̃(ζ(γδ))̃η, (Λ)̃ηũ(GB)̃η , φ̃} on SS(ΓA).
We now consider the intuitionistic fuzzy soft adheerences:
(i) b(GB) defined by Φb(GB) = in fΛ∈̃ζ(γδ)Ψ(ΛũGB)

(ii) b́(GB) defined by (b́(GB))̃α = ũδ<α(b)̃η((GB)̃η), for every α ∈ [0, 1].
Then the two intuitionistic fuzzy soft adherences are similar.

Proof. If for α we have γδ∈̃(b)̃α((GB)̃α), then (Λ)̃αũ(GB)̃α , φ̃, for each Λ∈̃ζ(γδ).

Therefore, Ψ(ΛũGB) ≥ α and so supzδ́∈̃ΓA ΦΛũGB(zδ́) ≥ α, for Λ∈̃ζ(γδ).

Thus in fΛ∈̃ζ(γδ)supzδ́∈̃ΓA ΦΛũGB(zδ́) = ξ1 ≥ α.

Let’s think about sup{η : γδ∈̃(b)̃η((GB)̃η)} = ξ2 for the same soft point γδ, we have ξ1 ≥ ξ2.

Assume, for now, that ξ1 > ξ2. This suggests that α◦ exists such that ξ1 > α◦ > ξ2, then α◦ > ξ2

and for that reason γδ<̃(b)̃α◦((GB)̃α◦), then there are Λ∈̃ζ(γδ) such that (Λ)̃α◦ũ(GB)̃α◦ = φ̃. This

suggests that Ψ(ΛũGB) ≤ α◦ and for that reason

supzδ́∈̃ΓA ΦΛũGB(zδ́) ≤ α◦, then in fΛ∈̃ζ(γδ)supzδ́∈̃ΓA ΦΛũGB(zδ́) = ξ1 ≤ α◦. This suggests a contradica-

tion: ξ1 ≤ α◦. ξ1 = ξ2 as a result. �

Proposition 5.4. For any η ∈ [0, 1], a type-I soft adherence (b)̃η has the following property: η1 ≥ η2

indicates that (b)̃η1
≤̃η2 where A is the set of parameters and Γ is the universe set.

We construct the intuitionistic fuzzy soft type-I adherence b using:
(b(GB))̃α) = ũδ<α(b)̃η(GB)̃η). If for every η, (b)̃η is of type D then b is of type D. If for each η, (b)̃η is of
type S then b is of type S.

Proof. It has been demonstrated that (Γ, A, b) is an intuitionistic fuzzy soft pretopology of type-I.
(i) Let us suppose that (b)̃η are of type D, then (b(GBt̃HC))̃α = ũη<α(b)̃η((GB)̃ηt̃(HC)̃η) =

(ũη<α(b)̃η((GB)̃η))t̃(ũη<α(b)̃η((HC)̃η)) =

(b(GB))̃αt̃(b(HC))̃α which prove that b is of type D.

(ii) Let (b)̃η of type S. Since b(GB)w̃GB, then b2(GB)w̃b(GB). However, given that (b2(GB))̃α =

ũη<α(b)̃η((b(GB))̃η) = ũη<α(b)̃η((ũΦ<η(b)̃Φ((GB))̃Φ)) and since

(b)̃η(ũΦ<α(b)̃Φ(GB)̃Φ)ṽũΦ<α((b)̃)2
Φ((GB)̃Φ) = ũΦ<α((b)̃)Φ((GB)̃Φ), we have

(b)̃η(ũΦ<η(b)̃Φ((GB)̃Φ))ṽ(b(GB))̃η) it suggests that

(b2(GB))̃αṽũη<α(b(GB))̃η. So b2(GB)ṽb(GB). Therefore, we obtain b2(GB) = b(GB), where b is of

type S. �

6. Conclusion

This paper defines a few terms related to intuitionistic fuzzy soft for pretopological space,

including IFS interior function, IFS pre-open set, IFS pre-closed set, trace of a IFS pretopology, IFS
separation axioms, IFS subspace, IFS compactness, and IFS connectedness. Furthermore, the IFS
preneighbourhood system at a soft point, the soft α-cut, and the degree of soft non-vacuity are

given, and IFS preneighbourhoods produced IFS pretopologies.
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