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Abstract. In the context of uncertainty theory, we present strongly deferred weighted convergence of complex uncertain
sequences. Also, we introduce strongly deferred weighted convergence of complex uncertain sequences in all five
aspects of uncertainty, that is through almost surely, mean, measure, distribution and uniformly almost surely. Further,
with the aid of interesting examples and diagram we investigate some interrelationships among these complex uncertain

sequences.

1. INTRODUCTION AND PRELIMINARIES

In real life human being usually come across situations when decisions are made in a state of
indeterminacy. There are two ways to handle indeterminacy which were suggested by Liu [10].
One is the most familiar theory known as probability theory, which is unavoidable when the
frequencies are very close to the distribution function. But when no sample is accessible to ap-
proximate a probability distribution, in that case probability theory never permits precise results.
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For example, we have no way to acquire the strength of the bridge in use. Thus, it is hard to
obtain enough sample data for some events. In this case, we have to rely on the domain experts to
give belief degree that each event would happen while making decisions. To overcome such kind
of circumstances, Liu [8] investigated the hypothesis of uncertainty theory. Probability theory is
based on the frequency of random events whereas the uncertainty theory is based on the belief
degree. The uncertainty theory is used to handle randomness and fuzziness. In 2009, Liu [11]
refined this theory which is based on an uncertain measure that satisfies monotonicity, normality,
countable sub-additivity, self-duality and product measure properties. Moreover, Liu applied
this theory of uncertainty on sequence and established the property of convergence of uncertain
measure by presenting convergence in mean, in distribution, in measure and in almost surely.
Peng [20] presented the conception of the complex uncertain variables which was further studied
by Chen et al. [2]. Datta and Tripathy [3] extended this study by introducing double sequences of
complex uncertain variables.

Since the convergence of sequences plays a vital role in mathematics. There are also many con-
vergence notions in uncertainty theory i.e., almost surely convergence, convergence in mean,
convergence in measure and convergence in distribution. Thereafter, You [27] carried out an im-
portant development by reporting a new type of convergence known as convergence uniformly
almost surely. Complex uncertain sequence by means of statistical convergence was studied by
Tripathy and Nath [26]. In uncertainty theory, a lot of development has been made by many
researchers from different fields of mathematics like finance [1], set theory [7] , risk and stability
analysis [12] etc. For a detailed study, one may refer ( [5], [6], [18], [19], [21], [22], [24], [25]).

Definition 1.1. (Liu [9]) Suppose Q) be a non-empty set and A be a o—algebra on (). A set function
p: A — [0,1] is called uncertain measure if it holds the following criteria:

(A u(Q)) =1,

(i) W{A} + p{A°} =1, for any event A € A,

(iii) For every countable sequence of {A,} € A, we have

y{ G Am} < i p{Am}.
m=1 m=1

The triplet (Q), A, u) is called an uncertainty space.

For obtaining uncertainty measure of compound event, product criteria of uncertain measure was presented
by Liu [11] as

(iv) Suppose (Q, Am, 1,,) be an uncertainty space for m € IN. The product uncertain measure y is an

uncertain measure that satisfies

m=1 m=1

where Ay, are events which are arbitrarily taken from A,,.
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Definition 1.2. (Liu [13]) An uncertain variable ¢ is a measurable function from (Q, A, u) — R (set of

real numbers) i.e., for any Borel set B of real numbers, the set
fveQ:¢(v) eB}
is an event.
Definition 1.3. (Liu [13]) The uncertainty distribution ® of an uncertain variable ¢ is defined as
®(u) = plc<u}, forallueR.

Definition 1.4. (Liu [13]) The expected value of E of an uncertain variable ¢ is given by

—+00

0
Elc] = i y{czy}dy—f plc < yldy

provided that at least one of two integrals is finite.
Now, let us discuss some concept of convergence for uncertain sequences which were introduced
by Chen et al. [2].

Definition 1.5. (Chen et al. [2]) Let (z,,) be complex uncertain sequence. Then (z,,) is almost surely

convergent to z if 3 an event A whose measure is 1 with
lim ||z, (v) =z(0)Il = 0,
foreveryv € A.

Definition 1.6. (Chen et al. [2]) Let (z,,) be a complex uncertain sequence, then (z,,) is convergent in

measure to z if
lim p{llz, —zll 2 €} = 0,
m—0o0

Ve>0.

Definition 1.7. (Chen et al. [2]) Let (z,,) be a complex uncertain sequence, then (z,,) is convergent in
mean to z if

lim E||z,, —zl] = O.
1M—>00

Definition 1.8. (Chen et al. [2]) Let (z,,) be complex uncertain sequence. If ®, &1, Dy, - - - are uncertainty
distributions of uncertain variables z,z1,z,- - - respectively, then (z,,) is convergent in distribution to z if

lim ®,(c) = ®(c),

m—o0

¥ ¢ € R, at which ®(c) is continuous.

Definition 1.9. (Chen et al. [2]) Let (z,,) be complex uncertain sequence. Then (z,,) is uniformly almost
surely convergent to z if A (E'(m)) with uw(E (m)) — 0 such that (zy,) is uniformly convergent to z in
Q\ E'(m), for any fixed natural number m, where (E' (m)) represents a sequence of events.



4 Int. J. Anal. Appl. (2024), 22:181

Remark (Chen et al. [2]) Suppose z,, = Sy, + iy, form =1,2,3--- and z = 9 + in, we have

lem =2l = /(S = )2 + (3 = )2

is just an uncertain variable.
Recently, Nath and Tripathy [16] introduced statistical convergence of complex uncertain sequence
via Orlicz function. Almost convergence of complex uncertain triple sequences, was presented
by Das et al. [4]. Strongly almost convergence in sequences of complex uncertain variables is
presented by Nath et al. [17]. Motivated by these works, we introduced the notion of strongly
deferred weighted convergence in concern with mean, measure, distribution, almost surely and
uniform almost surely of complex uncertain sequences. Moreover, we have discussed some
interrelationships between these uncertain sequences.
A sequence (cy,) is said to be Cesaro summable to a number / if
n
fim Y en =
m=1
Similarly, a sequence (¢, ) is said to be strongly p—Cesaro summable to !/ if
1 n
;}1_{?0 ” lcm —1IF =0,
m=1
where p € R™. For more details on Cesaro summability and strongly Cesaro summabilty one may
consult ( [14] and [15]).

Definition 1.10. Assume that (a,) and (by,) be sequences of non-negative integers satisfying the following
criteria:

(i) a, < b, ¥n € N) and

(ii) limy, 00 by = 0.

Now, suppose (t,,) and (1,,,) are two sequences of non-negative real numbers s.t.

by
To= Y tu
Mm=ap+1
and
by
Lo= Y bu
m=ay41
The convolution of the above sequences is defined as:
R, = (T*L), Z by, —pilmGo-
m=an+1

Then, the deferred weighted mean is defined as

1
n_R_ Z tp,— mlmGm.

m=ay 1
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To know more about deferred weighted mean (see [23]).

Definition 1.11. A sequence (c,) is said to be strongly weighted convergent to a number 1 if
1 n
lim = n; g, il — 1| = .

Throughout the paper, we assume (z,,) be complex uncertain sequence.

2. MaIN ResuLts

Definition 2.1. A sequence (z,,) is called strongly deferred weighted convergent in concern with almost

surely to z if A A with uncertain measure 1 s.t., for every v € A,

b,

.1 :

nlggoR— z Ity —mlmzm (v) — z(v)|| = 0.
m=ay41

Definition 2.2. A sequence (z,,) is called strongly deferred weighted convergent in measure to z if ¥ € > 0
1
lim . Z y{lltb”_mlmzm(v) —z(v)|| = e} =0.

1n—00
M=ay41

Definition 2.3. A sequence (z,,) is called strongly deferred weighted convergent in mean to z if

by
. 1
lim R_ Z E|||tbn_mlmzm(v) —z(v)||] —0
! " m=a,41

Definition 2.4. Suppose ® and ®,, be complex uncertain distribution of complex uncertain variable z and
zy respectively. Then (z,,) is called strongly deferred weighted convergent in distribution to z if

1
lim — Z £y, il @1 (€) = D(c)]| = O.

n—00
Mm=anp+1

V¥ ¢ at which ®(c) is continuous.

Definition 2.5. A sequence (z,,) is called strongly deferred weighted convergent in concern with uniformly
almost surely to z if Y € > 0, 3 E;{ with y{E;{} — 0 s.t., (zm) is strongly deferred weighted uniformly
convergent in C — E;{ for any fixed k € N

The following example shows the existence of a strongly deferred weighted convergent with
respect to almost surely in a given uncertain space.

Example 1: Let us consider infinite uncertainty space (0 = {v1, vy, - -} with measurable function
as follows

1 : 1 1.
y{A} — supvmeA (m2+1)’ lf SupvmeA (m2+1) < 27
0, otherwise.

Now, let us define complex uncertain variable by

v) (m? +1)i, ifv=no,
Zm(V) =
" 0, otherwise.
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Consider t,_,, = 1,1,y = 1,a, = 2n, b, = 4n, we get

+o0 0
Wty -mlmzm =zl = Ulltp, —mlmzm — zIl = €}de — f Py, —mlmzm — zll = €}de

0
2 1
= ) monke =

therefore,

= 0.
Thus, (z) is strongly deferred weighted convergent to z in almost surely.

Theorem 2.1. If a sequence (z,,) is strongly deferred weighted convergent in mean to z, then it is strongly
deferred weighted convergent in measure to z.

Proof. Let the sequence (z,,) be strongly deferred weighted convergent to z in mean, then from

Markov’s inequality, for any € > 0, we get

E(llzm — zl|
plllzm —zll 2 €} < %
or
k i {IIt l | >¢e} < 1 i E[”tbn—mlmzm —Z“] 0
Ry B R. —
R, = Billtp, —mtmZm — Z|| 2 €5 = R, g -
as n — 0. Thus, (z,,) is strongly deferred weighted convergent to z in measure. O

To show converse of above result is not true we present an example below.
Example 2: Consider the uncertainty space (0, A, u) with Q = {vy,vy,---} having uncertain

measurable function as follows

1 . 1 1.

SUPyyen Tmt1)” if sup,, . Gy < 2

_ _ 1 . 1 1.

piA} =1 1 Sup,, . Tty if SUp,, . Gty < 2/
%, otherwise.

Now, let us define complex uncertain variable by

() :{ (m+1)i, ifv=ovy;

0, otherwise.

form=1,2,--- and z = 0. Then, forany e >0, ¢, _,, = 1,1, = 1,4, = 2n, b, = 4nand m > 2, we
have

1 by 1 4n 1

— . t _l —_ > e J— - .
R D Bl bz —zlizel = oo ) oo —0asnoe
m=a,+1 m=2n+1
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Thus, (zy,) is strongly deferred weighted convergent to z in measure. Now, for each m > 2, and

ty,—m = lm = 1, we have the uncertain distribution of ||t _,,lnzm — zll = llzm — zl| as
0, if u<0;
Py(u) =1 1-Ghgy, HO<u<(m+1)
1, ifu>(m+1).

So, we have

m2+1 1
E[”tb”—mlmZm —z|| - 1] = [L‘ 1- (1 - ﬁ)dﬂ - 1] =0.

2
Thus, (z,) is not strongly deferred weighted convergent in mean to z.
Theorem 2.2. Suppose (z,) with real (3,,) and imaginary part (1) respectively are strongly deferred

weighted convergent in measure to S and 1 respectively iff (z,,) is also strongly deferred weighted convergent

in measure to z = 9 + in.

Proof. As (9,) and (1,,) are strongly deferred weighted convergent in measure to 9 and 1 respec-

tively. Then for every € > 0, we have

o .
lim == m;ﬂ g1ty il S — 9] > \5} 0
and
L .
gy X i =nlz 5} = o
Also,
Mo,z = 20 = AV, ik S = S+ It b — 1P,
we have
Wty —almz — 2l = €} {1t bS8 = =} U {ltg, —pubauitn = 1] = —).
V2 V2
Using sub-additivity axiom of uncertain measure we get,
1 1 ¢
lim == m_za,:ll il wlnzn =2l 2 €} < lim o m;ﬂ {1t b S = 1 > $}
+ lim — bz {1ty sl =1l = ~—]
e m:anﬂy by—mbmMm — 1| 2 N .
So,
1
31_1)120 R Z y{lltbn_mlmzm —z|| > e} = 0.
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That is (z,,) is strongly deferred weighted convergent to z in measure. Conversely, suppose (z,)

is strongly deferred weighted convergent to z in measure. Then for any 6 > 0, we have

b
1 ¢
lim = 3 gty -nlnzn—zI 25 = 0
m=a,+1
1
= lim Y it (S + i) = (S + i) 28} = 0
m=a,+1
1
= lim Z1y{|(tbn_mlm9m—9)+i(tbn_mzmnm—n)|26} = o
m=a,-+

Then, 3 a positive number with #” with 0 < 7 < § such that,

bﬂ

,}E’&Ri Y. u{ltolnSu =827} = 0
nm:an—H
and
1 &
ﬂlgl(;IOR_n Z ,u{|tb,,—mlm77m_77|27’/} = 0.
m=a,+1

Hence, the real part (9,,) and imaginary part (1,,) of complex uncertain sequence (z,,) are strongly

deferred weighted convergent in measure to 9 and 7 respectively. m]

Theorem 2.3. Consider z = 9 + in be a complex normal uncertain variable. If real part (9,,) and imaginary
part (1) of a complex uncertain sequence (z,, ), form = 1,2, - - - . are strongly deferred weighted convergent
in measure to O and 1, respectively, then (z,,) is deferred weighted convergent in distribution toz = 9 + in.

But converse is not true in general.

Proof. For complex uncertainty distribution ®, consider ¢ = e + id be a point of continuity. Also,
forany y > eand p > 4,
{toy—mlmOm < e, ty—mlmm <dy = A{tp,—mlmSm < e ty,—plwtim <d,9 <y,n < p}

U{ty, —mlmSm < e, ty,—mlmtim < d, S >y, 1n > p}
Ulty,—mlmOm < €, ty,—mlmtim <d,9 <y,n> p}
Ultp,—mlmOm < €, ty,—mlutm < d, ¥ >y,n < p}
C{¥ <y, n<pbUllty,—mlmSm— 91>y —e}
Uty —mlmtm — 1l = p —d}.

Using subadditivity property, we have

q)m(c) = q)m(€+ld)

IA

O(y +ip) + plltp,—mlmSm =S = y — e} + pllty,—mlmnm — 1l = p —d}.
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Since, both (9,,) and (7,,) are strongly deferred weighted convergent in measure to 9 and 7

respectively, we have

b
.1 :
lim — 2: ity -l Sm =81 2y —e} = 0
n m=a,+1
and
1
nh_{f}o R Z P{“bn—mlmnm —nl=zp- d} =0
n m=a,+1
Therefore,
1 &
Eﬂ—-Z:%%M@@)s D(y +ip)
m=a,+1
1 bn
+  lim — y{ltbn_mlmsm - =>y- e}
n—oo Rn
m=a,+1
1 &
R Y
m=a,+1

For any y > ¢, p > d. Suppose y +ip — e +id, we get

b
1 . .
lim sup {R_ Z tbn_mlmq)m(c)} < O(y +ip) = P(c).

n—oo n
m=a,+1

Also, for u <e, y <d, we have

o, b Om <t byl <y = Aty —mlmOm < €, tp,—mlmOm < d,d <u,n <y}
Uit —mlmOm < ety —mlmfm > d,9 <u,n <yl
Uity —mlmdm < ety —mlunm < d, S <u,n > p}
Uity —mlmOm < e, ty,—mlmm < d, ¥ > u,n < y}
C Ity —mlmSm < e, ty,—mlynm < d}
Ulltp,—mlimSm — 3 = e —u} U{lty, —mlmnm — 1

>d-yl,

this means that

D(u+iy) < Oule+id) + pllty,—mlmOm — N = e —u} + pllty, —plmnm — 1l = d — y}.

As, for preassigned € > 0, we have

1
lim — Y gty lnSu—91>¢€) = 0

n—oo Ry,
m=a,+1

2.1)
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and
1 bn
lim = 3wty -ubunn —nl 2 €} = 0.
" m=ay+1
So, we get

bn
, o 1 .
P(u+iy) < liminf {R_ Z ty,—mlmPm (e + 1d)},

n—0o0 n
m=a,+1

foranyu <e,y <d. Whenu 4 iy — e+ id, we have

bn
o 1
d(c) < nh_r}r(}o mf{R—n _Z:H tbn_mlmdl'm(c)}. (2.2)

Using equation (2.1) and (2.2) we get @, (c) is strongly deferred weighted convergent in distribution
to ®(c) asn — co. m]

Converse of above result is not true. To show this we present an example below.
Example 3: Consider the uncertainty space (Q, A, p) to be {v1, v, v3} with p(v1) = &, p(v2) = 3,
p(vs) = 35, u(vi,v2) = &, u(vi,v3) = 3, and p(vy, v3) = 3.

Define complex uncertain variables as
i if v =vq;
zm(V) =3 —i, ifv =1y

2i  ifv=nuvs.

Define z,, = —zform = 1,2,--- . Then, z,, and z have the same distribution as
0, ife<0, —co<d < +oo;
0, ife>0,d<-1;
D, (c) =14 1/5, ife>0, -1<d<1;
7/10, ife>0,1<d<2;
1, ife>0,1,d>2.

So, (zm) is strongly deferred weighted convergent to z in distribution. Now, for any € > 0,

ty,-m = lm = 1 and a, = 2n, b, = 4n we have

bn
Z plllty,—mlmzm =zl = €} = 1.
m=a,+1
bn
Thus, limy e = Y pllts,-mlnzn —2ll > €}
m=a,+1
1 4n
= nh_{r‘}o o Z plo Nty —mlmzm(v) —z(v)| > €} =
m=2n+1

Hence, (z,,) is not strongly deferred weighted convergent to z in measure.
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Corollary 2.1. If (z,,) is strongly deferred weighted convergent in measure, then it is also almost

A—statistical convergent in distribution.
Proof. On combining Theorem 2.7 and Theorem 2.8, we get the result as desired. m]

Corollary 2.2. If (z,,) is strongly deferred weighted convergent in mean then it is also strongly deferred

weighted convergent in distribution.
Proof. From Theorem 1 and corollary above, it can be easily proved. m]

Remark 2: Strongly deferred weighted convergent with respect to almost surely does not imply
strongly deferred weighted convergent in mean.

Example 4: Consider the uncertain space (2, A, u) to be {vy,v2,-- -} with y(A) =2 Z 3%

vpEN
Define the complex uncertain variables by

(v) 3", ifv=uv,, for meN
Zm(V) =
" 0, otherwise,

form =1,2,--- and z = 0. Then, (z,,) is strongly deferred weighted convergent in concern with

almost surely to z. Also,

0, ifu<0;
D, (u) = 1—%, if0<u<3m
1, ifu >3",

form=1,2,3,--- ,ty,-m = luw = 1,4, = 2n, and b, = 4n, we have

Elllty, bz =2l = f [1—(1—i)]du
0 3
00 0
+ f (1—1)du—f Odu
3m —00

= 1.
by
This implies, limy,—,c Rin Z Ellty, —mlmzm — zlI]
m=a,+1
1 4n
= lim = 3" Ellty, bz~ 2l = 1
m=2n+1

So, (z;) does not strongly deferred weighted convergent to z in mean.
Remark 3: Strongly deferred weighted convergent with respect to almost surely does not imply
strongly deferred weighted convergent in measure.

Example 5: Consider the uncertainty space (€, A, u) to be {v1, vy, v3, v4}. Define

0, ifA=q;
1, ifA=0;
0.6, ifvieA;
0.4, ifvyeA.

p{A} =
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Define the sequence of complex uncertain variables by

i, ifv=uvq;
2i, ifv=uvy
zm(v) =% 3i, ifv=uv3;

4i, if v = vy

0, otherwise,

form=1,2,3,--- ,and z = 0. Then, (z,,) is strongly deferred weighted convergent to z with respect

to almost surely. Also, fore >0, ty, _y, = l,; = 1,a, = 2n, b, = 4n we have

plllty,—mlmzm —zll = €} = plv < lty,—mlmzm(v) —z(V)I| = €} = 1.
That is,
1 bn
lim == Y pllltywlnzn =2l z el = 1,
m=a,+1

Thus, (z,,) does not strongly deferred weighted in measure.

Remark 4: Strongly deferred weighted convergent in measure does not imply strongly deferred
weighted convergent with respect to almost surely.

Example 6: Suppose the uncertainty space (Q, A, y) to be [0,1] with Borel algebra and Lebesgue
measure. For any positive integer m 3 a integer s such that, m = 2° + Q. Now, define a complex

uncertain variable by

(v) i if§<v£Q2J§1;
Zm(V) =
" 0, otherwise,

form =1,2,3,---, Q € Z (set of integers) and z = 0. Now, fore > 0, t} _,, = I, = 1, a, = 2n,

b, = 4nand m > 2, we get
bn

limy e = Y lllte, bz =2 > €)
m=a,+1
1 4n
= 7}1_1)210 7 Z plv : Ity —lmzm (v) —z(V)Il > €}
m=2n+1
1 1
= lim—Xx=—=0

Thus, (z) is strongly deferred weighted convergent to z in measure. Further, we have

bn
o1
lim = Z Elllty, -mlmzm —2l] = 0.

n—oo R,
m=a,+1

Therefore, (z,,) is also strongly weighted convergent to z in mean. However, for any v € [0, 1], Jan

Q o+l

not strongly deferred weighted convergent with respect to almost surely to z.

infinite number of closed intervals which are of the form | ] containing v. Thus, z,,(v) does
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Proposition 2.1. The sequence (z,,) is strongly deferred weighted convergent in concern with almost surely
to z if and only if

y( ﬁ O Ri Z lty, —mlmzm(v) —z(V)I| = €| = 0.

m=1n=m " m=a,+1
Proof. By the definition of strongly deferred weighted convergence with respect to almost surely,
dan event with p(A) = 1 such that,

bn
lim = Yty -mlwzn(v) = 2(0) =0,

n—oo
m=a,+1

then for any e > 0and v € A, we have

SR 1 bn
y(UﬂR—n Z ||tbn_mlmzm(v)—z(v)||<e) = 1.

m=1n=m m=a,+1

Applying criteria (ii) of uncertain measure, we get

y(ﬁ ORL{ bZ ||tbn_mlmzm(v)—z(v)||Ze}) ~ 0.

m=1n=m m=a,+1

Conversely, suppose for € > 0, and for v € A, we have

y(ﬁ ORL{ i ||tbn_mlmzm(v)—z(v)||26}) _ o

m=1n=m m=a,+1

By self duality axiom for any € > 0 and v € A, we have

co 00 1 bn
y(UﬂR— Y. ||tb”_mlmzm(v)—z(v)||<e) = 1

m=1n=m m=a,+1

That is, for any € > 0, 3 an event A with uncertain measure 1, we get

bn

1

Bim == Y s, -mbzn (0) = 2(0)| = 0.
m=a,+1

O

Proposition 2.2. The sequence (z,,) is strongly deferred weighted convergent to z in concern with uniformly

almost surely if and only if

00 bn
y( U {Ri Z Ity —mlmzm — zIl = e}) = 0.

n
n=m m=a,+1

Proof. Assume (z,,) be strongly deferred weighted convergent in concern with uniformly almost
surely to z, then for any & > 0 3 S such that p(S) < & and (z,) is strongly deferred weighted
uniformly converges to z on )\ S. So, for any € > 0, 3 m > 0 such that

1 bn

R Z £y, —mlmzm(v) —z(V)|l < €

n m=a,+1
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forn>mand v e O\ S, thatis

00 bn
U{Ri 2. llfbn—mlm2m<v>—z<v>||2e} c s.

n
n=m m=a,+1

Now, by using subadditivity criteria, we have

P( O {RL i Wty —ulmzm (V) — z(V)]| = e}) < plSH<é.

n
n=m m=a,+1

Then,

lim y(D{Ri bz ||tbn_mlmzm(v)—z(v)||26}) _ 0.

n
n=m m=ay+1

Conversely, let

)}ﬂp(ﬂ@n{% i ||tbn_mlmzm(v)—z(v)||26}) = 0.

n m=a,+1

So, for preassigned 6 > 0 and m > 1, 3 my such that

y(O{Ri y ondzn(0) =201 3] < 3

n=my n m=a,+1
Suppose
00 00 1 bn 1
s=UUg X Mz -z 2 a},
m=1n=my m=a,+1
then
00 1 bn
plsS) < y( U {— Z I, —mlmzm (V) —z(V)|| = —}) < 9,
n=m n m=a,+1
but .
sup |ltp,—mlmzm(v) —z(v)|l < —
veQ-§ m
foranym=1,2,3---. m]

Theorem 2.4. If (z,,) is strongly deferred weighted convergent to z with respect to uniformly almost surely
then (zy,) is strongly deferred weighted convergent to z with respect to almost surely.

Proof. Taking proposition 2.12 in consideration, if (z,,) is strongly deferred weighted convergent

in concern with uniformly almost surely to z then we have

e8] bn
lim y( U {Ri Z 1y, bz — 2Il = e}) - 0.

n m=a,+1
Since,

“( ﬁ O {Ri i 1, bz = 2| > e})

n m=a,+1
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(G{ Z Iltbn-mlmzm—z||26}).

m m a,+1

As n — oo on both side, we get

y( @ D{ Z ||tbn_mlmzm—z||26}) — 0.

nm =a,+1

By proposition 2.11, (z,) is strongly deferred weighted convergent to z. m]

Theorem 2.5. If (z,,) is strongly deferred weighted convergent to z with respect to uniformly almost surely.

Then (zy,) is strongly deferred weighted convergent to z in measure.

Proof. 1f (z) is strongly deferred weighted convergent to z with respect to uniformly almost surely

to z, then from proposition 2.12, we have

00 bn
lim P( U {Ri Z ”tbn—mlmzm _Z” > 6}) = 0

n
n=m m=a,+1

and
1 bn o0 1 bn
y{R— Y Utz =2 2 e} < y( g {R— Yyl =2l 2 e})
n m=a,+1 n=m n m=ay+1
asn — oo, we get (z,,) is strongly deferred convergent in measure to z. m]

The interrelation among almost surely, mean, measure, distribution and uniformly almost surely

is represented in Figure 1.

DIAGRAM REPRESENTING ABOVE CONVERGENCE RELATIONS :

Strongly deferred weighted Strongly deferred weighted
convergence with respect to _ ] convergence with respect to
uniformly almost surely almast surely

Strongly deferred weighted Strongly deferred weighted
canvergence in meaasure convergence in mean

Real and imaginary parts are Strongly deferred weighted
strongly deferred weighted - . convergence in distribution
convergence in measure _

Ficure 1. — means implies, -» means does not implies, <> does not imply each other.
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3. CoNCLUSION

Upon prior analysis, our interest is to investigate and discuss strongly deferred weighted con-
vergence with respect to almost surely, strongly deferred weighted convergence in mean, strongly
deferred weighted convergence in measure, strongly deferred weighted convergence in distri-
bution and strongly deferred weighted convergence with respect to uniformly almost surely for
complex uncertain sequences. Also, the interrelationship among these concepts are presented
diagrammatically. In further studies, strongly lacunary statistical convergence by using double

sequences can be studied for complex uncertain sequences.
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