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Abstract. This paper presents a study on nonlinear difference equation systems of 6k + 3 order. The equations are of the

form pp 1 =py—(6k-+2)/(F1 % Guok? i (ak-+1) P (6k+2))r Tn+1 =n—(6k+2)/ (£ £ T2kPr— (ak+1)Tn—(6k+2))s Tnt1 =Tn—(6k+2)/ (1 £
Pn-2kn—(4k+1)"n—(6k+2)), k = 0 where n is a non-negative integer (belonging to the set Ny = IN' U {0}) and the starting
values p_;, q_;, r_;, | € {0,1,...,6k + 2} are arbitrary nonzero real numbers. We propose a systematic approach to
solve this system, introducing a novel technique to find explicit solutions. The main outcomes of our study are the
explicit solutions derived from the considered system. The study examines four different cases of this system and
provides numerical examples to illustrate the results. The numerical examples demonstrate the behavior of the system
for various initial conditions. The study is concluded with graphical representations of the solutions for each case,

providing insights into the behavior of the systems.

1. INTRODUCTION

Difference equations, or discrete dynamic systems, represent a distinct field of study within
mathematics. They are particularly relevant in various scientific disciplines, such as biology,
where many systems are naturally described using discrete variables, and in economic modeling
(see, for example, [16]- [17] and the references therein). The theory of difference equations is
important in applied sciences and numerous other fields. This theory is considered fundamental
and is expected to maintain its central role in mathematics. Notably, nonlinear difference equations

of higher orders, exceeding one, carry immense significance and cannot be underestimated. They
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have applications and implications that are both broad and profound in various areas of research
and problem-solving.

The solvability of nonlinear difference equations and systems has become a focal point of interest
among mathematicians recently. This area of study has seen significant attention, with contri-
butions from researchers (see, for example, [1]- [15], [18]- [24] and the references therein). In
the realm of nonlinear difference equations, a particularly intriguing aspect is the association with
well-known sequences like the Fibonacci sequence. This connection has been thoroughly explored,
as exemplified in works such as “Dynamical behavior and solution of nonlinear difference equation via
Fibonacci sequence” by Elsayed et al. [9]. Notably, Clark and Kulenovic, in particular, have provided
valuable insights into the dynamics of solutions in the context of a specific difference equation. Nu-
merous studies have been conducted on the dynamics of solutions in various systems of nonlinear

difference equations. Here are some of the notable works and the systems they have investigated:

e Kurbanli et al. [22] examined the behavior of positive solutions in a system described by

the equations:
Xn+1 =
e Elsayed [12] found solutions for systems of difference equations with the following form:

Xn-1 Yn-1

Xp4+1 = i1+ ynxn—l’yn+1 = $1—+ xnyn_l.

e Kurbanli et al. [23] discussed a three-dimensional system of difference equations:

X _ Xn-1 y _ Yn-1 . _ Zp-1
n+1 1+ YnXn_1 7 Yn+1 1+ Xn Y1 74n+1 1+ ynz_n_l .
¢ In Elsayed and Gafel [10], solutions for a system of three difference equations were dis-
cussed:
Xn—-2 Yn-2 Zp-2
Xn+1 = /yﬂ+1 - 7Zn4+1 =

14+ ZyYp-1Xn—2 +1 4+ XpZy-1Yn—2 +1 4 YnXp-12Zn—2

This reflects the ongoing efforts to understand and solve nonlinear difference equations, which
have practical relevance in a wide range of scientific and mathematical applications. These in-
vestigations are critical for advancing our understanding of discrete dynamic systems and their
behavior. The investigations mentioned above have motivated the current study to explore the

form of solutions in systems involving 3—dimensional rational difference equations
D — Pn—(6k+2) en = Tn—(6k+2) / (11)

K + Tn—2k" n—(4k+1)Pn—(6k+2) K+ TFn—2kPu—(4k-+1)Tn—(6k+2)

Tn—(6k+2)

n+1 = .
! K+ TPn-2kGn—(4k+1) n—(6k+2)

The present paper proposes a systematic approach to solving this system and introduces a novel

technique to find explicit solutions. The main outcomes of this study is the explicit solutions
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derived from the considered system. The methodology used in this study builds upon the es-
tablished techniques introduced in seminal works in the field. Notably, the methods used in this
study draws from the following important papers:

o The Recati difference equation system, which is closely related to the system under consider-
ation, was introduced by Recati (1897) and further studied by Brand (1955), Papaschinopou-
los and Papadopoulos (2002), Clark and Kulenovic (2005), Stevi¢ et al. (2018-2019).

e The method used to find explicit solutions for nonlinear difference equations is based on
the works of Elsayed (2012), Kurbanli et al. (2016), and Elsayed and Gafel (2021).

The study examines four different cases of this system and provides numerical examples to
illustrate the results. These examples aim to demonstrate the behavior of the system for various
initial conditions. The study is concluded with graphical representations of the solutions for each
case, providing insights into the behavior of the systems. These studies contribute to a deeper

understanding of the behavior and solutions in nonlinear difference equation systems (1.1).

2. MAIN RESULTS

The main results focus on finding solutions to a three-dimensional system of nonlinear difference
equations. These equations are represented by the system described in (1.1) and are closely related
to the system mentioned. The objective is to analyze and understand the behavior of solutions for

this system.

2.1. System (1.1) when ¥ = 7 = +1. In this context, it is assumed that {p,, g, 7} represent a
solution to the following system

Pn-2 qn-2 Th=2

_— = , I8 =, 2.1
T+ dutmapnz " T T4 rpntdnz’ T T+ pulnirus @1)

Pn+1 =

which is considered as special cases of system (1.1) when k = © = +1and k = 0. This subsection is
dedicated to an in-depth investigation of solutions for the three-dimensional system of nonlinear
difference equations (2.1). The investigation employs a methodology that relies on the suggested

notations as a fundamental tool. These notations are

&y = Puqn-1"n-2, ,Bn = qu¥n-1Pn-2, Yn = "uPn-19n-2. (2'2)

In many cases, when dealing with systems of difference equations, it can be advantageous to
express the system represented by (2.1) as an equivalent system of difference equations. This
transformation is typically performed to simplify the study and analysis of the system. Accord-
ingly, our research has resulted in the following equivalent system:
ﬁn Vn [27%

(04 = -, = = .
=T, Bu+1 T4y Vnrl = T

(2.3)

The solutions to the last system of difference equations are provided in the following theorem:
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Theorem 2.1. Let {avy, B, Vn},sq be solutions of system (2.3). Then {an}y>0 , {Bul},s0 @18 {Vn},so are given
by the following formulas forn = 0,1, ...

azy = Kz (ap) Bsn = K3, (Bo) v3n = Kan (y0)
{antnz=0 14 @3n41 = Kans1 (Bo) ABuluso 19 Ban+1 = Kan1 (Yo)  and {yu},s0 23 Vant1 = Kang1 (a0)
a3n12 = Kzug2 (70) Ban+2 = Kznyo (ap) Van+2 = Kzn12 (Bo)

(2.4)

where K, (x) and ag, Po and yo are computed from (2.2).

. X
- 1+nx’

Proof. By replacing the expression derived from the last recurrence relation in (2.3) into the second
equation, and subsequently incorporating this result into the first recurrence relation in (2.3), we

arrive at the following:

-2
" u>2
1+ 3a,- "

Apy1 =

Likewise, we get

ﬁ”—z Vn-2
= s — Z 2
,Bn+1 1+ 3ﬁn—2 Vel 1+ 3Vn—2 !

Using the follownig notations a,; = a3y, fu; = Pan+i and vy, | = Vapqy, forn > 0with 1 =0,1,2,

we obtain:
o Brit) = Bn,i  Vul
1+ 30(”,1/ n+1,1 1+ 3ﬁn,[’ Vn+1, 1+ 3)/71,1/

forn > 0with[ = 0, 1, 2. Since the three recurrence relations are similar, let’s use the first recurrence

A1l =

relation for the next transformation 1+ 3a,,; = @, /a,—1 . By simplifying, we obtain:

an+1 -2a, +a,.1 =0, n>0.

n— (114—1)50 and 4., — Qg
n(l-ag) -1 I W 3nay)
complete. m]

So, we have a;,, = , for I = 0,1,2. Therefore, the proof is

Theorem 2.1 provides solutions to the system described by (2.3). This system consists of three
difference equations, which govern the sequences «a;, f,, and y,. The theorem states that these

sequences can be expressed as follows:

¢ a, follows a pattern where a3, @3,,+1, and az, 4 are given by certain expressions involving
ao, o, and yo.
e 3, follows a similar pattern where 83, f3,+1, and Bz, are expressed in terms of ap, fo, and
Yo-
e , also follows a similar pattern where y3,, y3,+1, and 3,42 are determined by ay, fo, and
Yo-
These expressions provide a comprehensive understanding of the behavior of the system over
successive iterations, offering a way to compute a;, ,, and y, for any n > 0 based on the initial
values ay, fo, and yp.

Consequently, we obtain the following result.
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Theorem 2.2. Let {py, Gn, 7u},>_, be solutions of system (2.1). Then {pu},s o, qn},s_p and {ru},s_o are
given by the following formulas forn =0,1,...

P3n-k = P-k H

for k =0,1,2, where {n} >0 , B} s0 1A {Vn},sq are the solutions for the system (2.3) given in (2.4).

Proof. The solutions of the system described in (2.1) can be determined by using the previously
established notations (2.2). The solutions take the following form:

Oy Bn _ Vn

n = s n = s Tn . 2.5
P qn-1"n-2 1 Tn—1Pn-2 Pn-19n-2 (25)
Using (2.5), we obviously have
Qa3p V3n
= ——P3(n-1),93n = 1), 130 = 3(n-1)r 2.6
P3n ﬁsn-1p3( 1), J3n - 6/3( V) Ton = 2T a(n-1) (2.6)
V3n"3(n-1) a3nP3(n-1) B3nd3(n-1)

Pan-1 = P3(n-1)-1, 93n-1 = I3(n-1)-1, T3n-1 = "3(n-1)-1s (2.7)

P3nY3n-2 q3n3n-2

and which system (2.6) (resp. (2.7)) can be solved recursively, yielding:

n a3(n—j) e 53( e V3(n-j)
Psn:POH . 1,113;1:670 Tan—TOH ,
1 ) —

3nP3n-2

a
=0 V3(n- p 3(n
(resp. p P H V3(n=j)"3(n-j-1) 4 . H A3(n-j)P3(n-j-1) . Y ﬁs(nfj)%(nfjfl))
3n-1 = P-1 3n-1 = 4-1 , Tap—1 = 7_ ).
" "3(n- ])ﬁB(n -j)- " pS(n ])7/3 (n—j)-2 Fon-1 ! =0 q3(n—j)a3(n—j)—2
From (2.5), we further have:
3 3 a
P3n-—2 = Pon s g3n-2 = Vo s V3n-2 = o .
q3n¥3n-1 "3nP3n-1 P3nq3n-1

O

From Theorems (2.1) — (2.2), we derive the following theorem, elucidating the structure of solu-

tions for the system described by (2.1).

Theorem 2.3. Assume {p,, qn, rn} are solutions to the system represented in (2.1). Considering arbitrary

nonzero real numbers p_;, q_;, r_; for | € {0, 1,2} as initial values, the solutions for the system (2.1) can be
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expressed as follows:

n-1 .
B 1+ (3(n—j)—1)pog-1r-2

=0
1 1+ (3 (n—j)—2) rop-19-2
P3n-1 = pP-1 1 ; ’
g 1+ @ (n=j)=1)rop-19-2
T 1+3(n—j-1)qrap-
-2 — P2 . ’
P =2 L T G- ) -2 qorip=
_ (n—7j)—1)qor-1p—
q3n—¢70H 1+3n i) qor-1p—2
] . 11+ (3(n—j)—2) pogar—
-1 — 1 X ’
3n 1 14+ B (n=-j)-1)pog-1r—2
_ - 1+3(n—j—-1)rop-19-2
T 6]—2] 5 1+ B (n—j)—2) rop1g-2
n—1 .
S 1+ (3(n—j)—1)rop-19-2
’ io 1+3(n=jropaga
11+ (3(n—j) —2)qor_1p—
I3p-1 = T-1 ; ’
g 1+ B =) =1)qor1p-2
n—1

forn>1.

The system under study, as titled in the subsection, is investigated when k > 0. The system is
represented by the following equations:
Pn—(6k+2) _ dn—(6k+2)
L+ Gu-ok- (4k+1)Pr—(6k+2) L Fu-2kPn—(4k 1) Tn—(6k+2)
Tn—(6k+2)
1+ Pr-akfn—(ak+1)Tn—(6k+2)

Pn+1 = (2-8)

Tn41 =

4

which is an extension of the system described in (2.1). A scheme for the system (2.8) is presented

as follows:

n+1 25 p-2k 2 -+ 2 on-(6k+2). (2.9)
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This scheme allows us to express the system (2.8) as a set of equations for specific indices:

P2k+1)(1-2)+¢
P+ = T A (2k+ 1)+ (2h41) (1=1) 1P (k1) (1=2) 4
q(2k+1)(1-2)+t
@)+ 1+ r(2k+1)l+tp(2k+1)(l—1)+tq(2k+1)(l—2)+t’
T(2k+1) (I41)+¢ k) ’
L Pkt 2k 1) (=) (k1) (1=2) 4t

where t ranges from 1 to 2k + 1, and / is a non-negative integer. Using the notations:

Bl’l(t) = P(2k+1)i+ts

5;” = G2kt 1)1+t

QDI(t) roksnyi+et €410, 2k+ 1},

with [ > -3 and t ranging from 1 to 2k + 1, a set of (2k + 1)-systems analogous to system (2.1) can

be derived. This discussion leads to the introduction of the following theorem.

Theorem 2.4. Suppose that {p,,qn, 1y} are solutions to the system represented in (2.1). Additionally,
consider arbitrary nonzero real numbers p_;, q_;, v for I € {0,1,...,6k + 2} as the initial values. In this

case, the solutions for the system (2.1) can be expressed as follows:

=1+ @(-j)-1) Ptt—(2k+1)Tt-2(2k+1)

Po(zketjie = Pt 111 L+ 3(1=J) Ped—(2x+1)Tt=2(2k+1)

4

(B(I-j)-2) TPt (2k+1)9t-2(2k+1)
@BI-j)-1) TtPi—(2k+1)9t-2(2k+1) '

1+
P(2k+1)(3I1-1)+t = Pt—(2k+1) H T

. —»p +3(-j-1) qt7 1 (2k+1)Pt-2(2k+1)
(2k+1)(31-2) +t t=2(2k+1) 13 1+GBI-))-2)q Vt—(2k+1)Pt—z(zk+1)'

o 1+GBI-))- 1) 47— (2k+1)Pr-2(2k+1)

4

i) GVt (2k+1)Pt-2(2k+1)

q(2k+1)(31-1)+t = Jt—(2k-+1) ﬁ 112? Z )R Sy Z(ZkH)
=0 j)-1) PtQt—(zk+1)Vt—2(2k+1)
s = s ﬁ 11++<§ E; — ] = 1) 1P 2k+1)De-2(2k+1) /
=0 -j)-2) TPt (2k+1)9t-2(2k+1)
14 (3 (1 = 1) rp,- (2k+1)9t-2(2k+1)
Skt =Tt H 143 (1= ) 1P ki) Tr—2(2k1)

=
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. . ﬁ T+ (B (I=7) = 2) g"1—(2k41)Pe=2(2k+1)
k+1)(31-1)++ = Tt—(2k - ,
(2k+1)(31-1)+t t—(2k+1) f 1+ (3 (l - ]) - 1) qtTt—(2k+1)Pr=2(2k+1)
. _, o 143(1-j-1) Ptqr—(2k+1)Tt-2(2k+1)
(2k+1)(31-2)+t t-2(2k+1) 14 1+ G(-j)-2)p qt—(2k+1)rt—2(2k+1)’
form>1,tef{l,...,2k+1}.
2.2. System (1.1) when ¥k = —7 = +1. In this subsection, it is assumed that {p,, g, 7,,} represent a
y Pn,q p
solution to the following system
Pn-2 qn-2 T'n-2
= - =, 2.10
P T g T T T tupucatn T 1= putfaoira 210
which is considered as special cases of system (1.1) when x = —7 = +1 and k = 0. Using the
notations (2.2), we obtain the following equivalent system
n )/n 0(”
=" =4 = . 211
Qnt1 1_ﬁn,ﬁn+1 T V1 = T g, (2.11)

The solutions to the last system of difference equations are p

Theorem 2.5. Let {avy, Bu, Vn},s( be solutions of system (2.10).

given by the following formulas forn = 0,1, ...
Ban = Jau (Po)

a3y = J3u (ap)

{an}nzO Y9 A3nt1 = Jant1 (,BO) ’ {ﬁn}nzo :
asn+2 = Jant2 (0) Ban+2 = Jan+2 (o)
where [, (x) = 12—,and ap, fo and yo are computed from (2.2).

Bant1 = Jant1 (Yo) and {yn},so

rovided in the following theorem:

Then {a,},0, {ﬁn}n20 and {yn}n20 are

YV3n = ]3n (70)
Vant1 = Jan+1 (@)
Van+2 = Jan+2 (Po)

Proof. By replacing the expression derived from the last recurrence relation in (2.3) into the second

equation, and subsequently incorporating this result into the first recurrence relation in (2.3), we

arrive at the following:
an-2

=— n>=2.
an+1 ]. - 30171_2, "=
Likewise, we get
ﬁﬂ—z Vn-2
= =—n>2.
Pn+1 1- 32 Vn+1 1—3yn2

Using the follownig notations a,,; = a3,41, Bu

we obtain:
aul

1T A 1,l —
1—30(,1[’ ﬁn+,

Ayt1,] =

= Bsptsand 1 = V3uy, forn > 0with 1 =0,1,2,

Vn,l
1- 3)/,1,1 !

forn > Owith[ = 0, 1, 2. Since the three recurrence relations are similar, let’s use the first recurrence

relation for the next transformation 1 - 3a,; = a, [a,-1.

difference equation a1 —2a, +ay—1 = 0, n > 0. So, we have a,, =

xp,1

1= 3nag;’ for [ = 0,1,2. Therefore, the proof is complete.

By simplifying, we obtain the same
-(n+1)ap

1

———— " and a,; =
» (1 —0(0) — and ay |

O

~



Int. J. Anal. Appl. (2024), 22:191 9

From Theorems (2.2) and (2.5), we establish the following theorem concerning the structure of

solutions for the system denoted by (2.10).

Theorem 2.6. Suppose that {py,qn, rn} are solutions to the system represented in (2.10). Considering
arbitrary nonzero real numbers p_;, q_;, r_; for I € {0,1, 2} as the initial values, the solutions for the system

(2.10) can be expressed as follows:

n-1
1- - 1) pog-17-2
P3n —POJI_[ n ] Pod172
. " 1 1= (3(n—j) —2) rop-19-2
3n-1 = P-1 . ,
o 1= B (n=j)=1)rop-19-2
. p il 3(n—j—1)qor-1p—2
3n-2 = P-2 , ,
o 1= (B =])=2)qor-1p-2
B 1- —j) = 1) qor-1p-2
q?ﬂ’l - qu Tl ] qor 1p ) ’

11— (3(n—j) - 2) pog-1r—
q3n-1 = -1 ; ’
1-B(n—j)=1)pog-1r-2

-3 (n—j—-1)rop1g9-2
T 1= B (=) =2) ropo1g-’

o ﬁl—@(”—j)—l)rop—M—Z
e 1-3(n=j)rop-192

B 1-(3(n—j)—2)qor-1p—
o =1 | | 2 B(n—j)—1) qorap—2’

2 =12 | —3(n-j-1)pog-1r-2
o 1—(3(n—j)-2) pog17—2’

forn>1.

The system under study, as titled in the subsection, is investigated when k > 0. The system is

represented by the following equations:

Pu-(6k+2) Tn—(6k+2)
ntl = Sn1 = , (2.12)
Pt 1 = Gn—okT—(ak+1)Pr—(6k+2) st 1 = Ty—2kPn—(4k+1)Tn—(6k+2)
Tn—(6k+2)
rﬂ+1 7
1 = Pr—2kGn—(ak+1)"n—(6k+2)
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which is an extension of the system described in (2.10). Utilizing the scheme (2.9), the system

(2.12) is reformulated as follows:

B Pk+1)(1-2)+¢
P+t = 1 =gk )0 1)+tP(zk+1)(z—z)+t'
_ q(2k+1)(1-2)+t
@D+ = 1=k 1)i0eP k1) (- l)+tq(2k+1)(l—2)+t,

T (2k+1) (1-2)+t

T (2k4+1) (141)+¢

7

1 = Py 9 2k +1) (1-1) 147 (k4 1) (1-2) 44
where t ranges from 1 to 2k + 1, and [ is a non-negative integer. This discussion leads to the

introduction of the following theorem.

Theorem 2.7. Suppose that {py,qn, 1} are solutions to the system represented in (2.10). Additionally,
consider arbitrary nonzero real numbers p_;, q_;, r_; for I € {0,1,...,6k + 2} as the initial values. In this
case, the solutions for the system (2.10) can be expressed as follows:

S 1-(B1-j)-1) Ptqt—(2k+1)Tt-2(2k+1)

Pa@kat)l+t = Pt ]11 1=3 (1= J) Pti—(2ks1)Tt-2(2k+1)

4

ﬁ —j) = 2)rip, (2k+1)9t-2(2k+1)

P@2k+1)(31-1)+t = Pr-(2k+1) 11 "D rpr (2k+1)qt_2(2k+1),

p —»p = 1- l_] 1) qiry_ (2k+1)Pt-2(2k+1)
(2k4+1)(31-2)+t = Pr=2(2k+1) 1 1- )qfrt—(2k+l)pt—2(2k+l),

7

q . ﬁ 1= (8 (I=7) = 1) gere_(2rq1)Pr-2(2k41)
(2k+1)1+t t 11 1-3(1-7) qeTi—(2k+1)Pt-2(2k+1)

1= (I=7) = 2) Pri—(2k+1)"t=2(2k41)
q(2k4+1)(31-1)+t = Jt—(2k+1) H 1-GU-))

-1) Ptqt—(2k+1)Tt-2(2k+1) '

q _ = 1=-3(1=j = 1) 1P (k1) Fr-2(2841)
(2k+1)(31-2)+t = Jt-2(k2+1) 1 1= @B (I=]) =2) "pr_(orr1)Fr-20k41)

r . -1 1 _ - 1) ripe_ (2k+1)qt-2(2k+1)
3(2k+1)1+t t]:O 1 3 l— J) rips- (2k+1)qt-2(2k+1) ,

T 1-(B(1-))-2) Gt (2k-+1)Pt-2(2k-+1)

T(2k+1)(381-1)+t = Tt—(2k+1) ]11 1-GI-j) -1

) qir t—(2k+1)Pt-2(2k+1) '

-1 1—

. ., H 3(1-j-1) Ptqt—(2k+1)"t-2(2k+1)
(2k+1)(31-2)+t t-2(2k+1) 15 1-3(-j)-2) ptqt_(2k+l)rt_2(2k+l),

forn>1,tef{l,...,2k+1}.
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2.3. System (1.1) when k¥ = —7 = —1. In this subsection, it is assumed that {p,, g, 7} represent a

solution to the following system

Pn-2 qn-2 T'n-2
— , — P T = 7 213
Pt -1+ Antn-1Pn-2 il -1+ "nPn-19n-2 i -1+ Pndn-1¥n-2 ( )
which is considered as special cases of system (1.1) when xk = —t = —1 and k = 0. Using the
notations (2.2), we obtain the following equivalent system
:87’1 Vn [277]
A1 = ————>), = —, = . 2.14
n+1 1 +ﬁn ﬁnJrl 1 T Vn+1 1+ a, ( )

The solutions to the last system of difference equations are provided in the following theorem:

Theorem 2.8. Let {aty, Bu, Vn},s( be solutions of system (2.13). Then {an},so, {Bnlyso a1d {Yn},sq are
given by the following formulas forn = 0,1, ...

a3 = IV (ap) Ban =11 (Bo) yan =1 (7o)
{@nbuso : 3 aansr =12 (Bo) ABnluso 13 Bant1 = 1% (y0) and nbiso 1 Vans1 = 1% (ag)
azna =1 (o) Bansz = IV (o) Yansz =15 (Bo)
where Ifll) (x) = ad 17(12) (x) = & , o, Bo and yq are

(-1)"+(n-2[n/2])x’ (1) = (n-1-2[n/2))x
computed from (2.2).

Proof. By replacing the expression derived from the last recurrence relation in (2.3) into the second
equation, and subsequently incorporating this result into the first recurrence relation in (2.3), we
arrive at the following:

dn-2

—_—, n=>2.
-1+ dp—2

Ayl =

Likewise, we get
. ﬁn—Z . Vn-2
ﬁn—H - +ﬁn—2’ Vn+1 = 1 +Vn—2_,
Using the follownig notations a,,; = a3y+1, Pni = Pan+1 and Y, = V341, forn > 0 with 1 =0, 1,2,

n>2

we obtain:
_ aﬂ,l o ﬁBn;l _ 7/11,1
Apt1,] = Taz' Bui1) = Tﬁl’ Vn+1,] = Tyl,
n, n, n,

forn > 0with! = 0, 1, 2. Since the three recurrence relations are similar, let’s use the first recurrence

relation for the next transformation a,,; — 1 = @, /a,_1 . By simplifying, we obtain:

En—&—l _En—l =0,n>0.

—  apt(a-1)(-1)"+1 !
So, we have a,, = it,o - (f'fo ) ( )n + and o, = ol ,forl =0,1,2. There-
0(0—(&0—1) (—1) +1 " n—1 j
(=17 +| L (1) Jaoy
]:
fore, the proof is complete. m]

From Theorems (2.2) and (2.8), the following theorem is established concerning the structure of
solutions for the system denoted by (2.13).
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Theorem 2.9. Assume {py, qn, 1} are solutions to the system represented in (2.13). Additionally, consider
arbitrary nonzero real numbers p_;, q_;, r—; for | € {0,1,2} as the initial values. In this case, the solutions

for the system (2.13) can be expressed as follows:

7

s :p0ﬁ<—1>”‘f‘1 (n=j=1-2[(1=-1) /2]) pog-rr-2
j=0 (—1)”] (n—j=2[(n-j)/2]) pog-1r-2
Pano1=p 1n1 )" -(n—j-2-2[(n—j-1) /2)) rop19-2
=0 T (m-j-1-2[(n-j-1)/2]) rop-19-2
n-1 )
/

B (_1)”_j_1 + (n—j—l—Z[(Tl_j_l 2])q07—1p_2
P3n-2 = p-2 H (1) —(n-j-2-2[(n-j—-1)/2]) qor-1p-2

S D Y R I N I | 0r—1P—2

" :%]Ho( )<—1>”‘f(+<n]—j—z[<[1(1— ) /2];%7])1[; o
()" T = (n-j-2-2[(n=j-1) /2)) pogir—

5 ()" (n=j=1-2[(n=j-1) /2]) pogorr—2
= (=)' (n—j-1-2[(n-j—1) /2]) rop-19-2

o (()"T=(n-j-2-2[(n—j-1)/2]) rop1g2

q3n-1 = 4-1

4

rou = ro [ EU £ i1 =2 M0 == ) /) roprg2
j=0 ()" +(n—j-2[(n-j)/2]) rop-19-2
T (0" = (= j=2-2[(n=j=1) /2) qorap-2
10 ()" (- j-1-2[(n-j-1) /2)) qor-1p—2’
(=D (- j-1-2[(n-j=1) /2)) pogar—2
w0 (D" = (n-j-2-2[(n-j-1)/2]) pogrra

"3p-1 = 7-1

forn>1.

The system under study, as titled in the subsection, is investigated when k > 0. The system is

represented by the following equations:

Pu-(6k+2) Tn—(6k+2)
s 5]n+1 =
=1+ Gu-2k" - (ak41)Pn—(6k+2) =1 + "y—2kPn—(ak+1)Tn—(6k+2)
Tn—(6k+2)
=1+ Pu-2kGn—(ak+1) " (6k+2)

) (2.15)

Pn+1 =

'ny1 =

7
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which is an extension of the system described in (2.13). Utilizing the scheme (2.9), the system
(2.15) is reformulated as follows:

P(2k+1)(1-2)+¢

P+ = Ty 2k 1) 147 (2K+1) (1=1)+£P (2k+1) (1-2) +¢
q(2k+1)(1-2)+t

e+ = Ty P k1) 1+tP (2K41) (1=1) 49 (2k+1) (1-2) -t
F(2k41)(1-2)+t

T (2k4+1) (141)+¢

7

T - + Pkt 1) 1449 (2Kk+1) (1=1) -+ (2k+1) (1-2) +t

where t ranges from 1 to 2k + 1, and [/ is a non-negative integer. This discussion leads to the
introduction of the following theorem.

Theorem 2.10. Suppose that {p,,qn, s} are solutions to the system represented in (2.13). Additionally,
consider arbitrary nonzero real numbers p_;, g, r—; for 1 € {0,1

., 6k + 2} as the initial values. In this
case, the solutions for the system (2.13) can be expressed as follows:

N ﬁ (-1 + (l —j-1-2[(-j-1) /2])tht—(2k+1)rt—2(2k+1),
=0 (- 1) (l—] 2[(1=) /2]) peay- (2k+1)Tt-2(2k+1)
P k1) 1)t = Pre(ais) ﬁ 1 e l—] 2-2[(I1=j=1) /2]) epr_(2k41)Tr-2(2k41) /
]:o —j=1=2[(I-j=1)/2]) rips (2k+1)qt-2(2k+1)
-1 l -1

. —y - + (l j=1=2[(I=j=1) /2]) @71 (oks1)Pr-2(2k+1)
(2k+1)(31-2)+t = Pt-2(2k+1) ’
- —(-j-2-2[(-j-1)/2]) qr, (2k+1)Pt-2(2k+1)

j=0

C1 (1) (1=j=1-2[(=j=1) /2) grrpraeren
q3(2k+1)1+t = 4t H

j=0 (- 1) (l —j=2[(I=7)/2]) qer,- (2k+1)Pt=2(2k+1)
g g ﬁ (- ) —(I=j-2=-2[(I-j=1)/2]) psq:- (2k+1)Tt-2(2k+1)
(2k+1)(31-1)+t = Gt—(2k+1) ,
i=o ( —)TT (- j-1-2[(1-j-1) /2]) Ptdt—(2k+1)T1-2(2k+1)

; ] ﬁ (- 4 —j=1=2[(I=j=1) /2]) "tPs—(2k41)T-2(2k+1)
(2k+1)(31-2)+t — Yt-2(k2+1) —; ; - ’
o (DT —(=j=2-2[(1-j=1) /2]) 1Psors1) -2k 1)

S— (-1 (l—f— 1-2[(I1=j=1)/2]) rps( 2k+1)6h—2(2k+1)’
=0 (-1 (l—] 2[(I=7) /2]) 1Pr—(2k+1)qt=2(2k+1)
1) (It = o (20 ﬁ - z e l—] 2-2[(1-j=1)/2]) qir- (2k+1)Pt=2(2k+1) ’
]:0 —j-1-2[(-j-1)/2]) qiTt—(2k+1)Pt-2(2k+1)
k1))t = Fras) CL(-n) (l—] 1=2[(I1=j=1)/2]) pts—(2k+1) " 2(2k+1),
=0 \~ —(I=j-2-2[(I-j-1)/2]) psq:- (2k+1)Tt-2(2k+1)

forn>1,tef{l,...,2k+1}.
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24. System (1.1) when ¥ = 7 = —1. In this subsection, it is assumed that {p,, ., 74} represent a

solution to the following system

Pn-2 qn-2 T'n-2

_ , - Tyal = , 2.16
Pt -1- qntn—-1Pn-2 i -1- "nPn-1qn-2 i -1- Pnn-1¥n-2 ( )
which is considered as special cases of system (1.1) when k = 7 = —1 and k = 0. Using the
notations (2.2), we obtain the following equivalent system
:8” Vn Qn
=" =" = ) 2.17
An+1 -1- ﬁn ﬁ”H‘l -1- yn VH-H —1— ay, ( )

The solutions to the last system of difference equations are provided in the following theorem:

Theorem 2.11. Let {avy, B, Vn},sq e solutions of system (2.16). Then ()0, {Bu)yso 414 {Vi},so are
given by the following formulas forn = 0,1,...

as, = Fy (ao) Ban = F\) (o) yan =Fy) (70)
{0 09 azps1 = Fflz) (Bo) ABnbuzo 1Y Pant1 = Fglz) (yo) and {ynl,so 4 Vans1 = F£12) ()
aznia = F (0) Bant2 = Fi) (o) Vans2 = Ey (Bo)
where F,(f) (x) = ad F (x) = & , and ap, Bo and yo

(-1)"=(n=2[n/2])x" "
are computed from (2.2).

()" + n-1-2[n/2])x

Proof. By replacing the expression derived from the last recurrence relation in (2.3) into the second
equation, and subsequently incorporating this result into the first recurrence relation in (2.3), we

arrive at the following:

an-2
Qi1 Toa, n>2
Likewise, we get
ﬁn—Z Vn-2
Bn+1 = _1_—511_2, Vnt+1l = _1_—)/”_2,11 > 2.
Using the follownig notations a,,; = 3,41, fui = Pan+1 and yy, 1 = Y341, forn > 0with 1 = 0,1,2,
we obtain:
Apy1] = L, Bn+1,1 = L; Vnt1]l = L,
’ “1—ay, ’ —1-Bu ’ 1=y,

forn > Owith[ = 0, 1, 2. Since the three recurrence relations are similar, let’s use the first recurrence

relation for the next transformation -1 - a,; = a, /ay,—1. By simplifying, we obtain the same
a+ (ap—1)(-1)" +1

difference equation: a,i1 —ay-1 = 0, n > 0. So, we have a, = G 1) () 11
o—(ao—1) (-
a
Ay = (1’1 ,for I = 0,1, 2. Therefore, the proof is complete. ]
n— .
(-1)" - (‘ZO (—1)]) ag,
]:

From Theorems (2.2) and (2.11), the following theorem is established concerning the structure of
solutions for the system denoted by (2.16).
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Theorem 2.12. Assume {py, qn, 'n} are solutions to the system represented in (2.16). Additionally, consider
arbitrary nonzero real numbers p_;, q_;, r—; for | € {0,1,2} as the initial values. In this case, the solutions

for the system (2.16) can be expressed as follows:
T 0" = (= j=1-2[(0n = j=1) /2]) pogar
o (D)= (n—-j-2[(n-})/2]) pog-1r-
p3_1:p1”1 D"+ (n—j-2-2[(n—j~1) /2]) rop-19-2
o ( "” (n=j—-1-2[(n=j-1) /2]) rop-19-2
1(—1)”‘]“1—(11—1'—1 2[(n-j—1) /2]) qor-1p—2
o )" (m-j-2-2[(n-j-1)/2]) qor-1p-2
= (—1)”‘j‘1—_(n—j—1—2[(n j—1) /2]) qor-1p—2
(—1)"] (n—j=2[(n-7j)/2])qor-1p-2
D" (n=j-2-2[(n—j-1) /2)) pog1r-2
”” (n=j—-1-2[(n=j-1) /2]) pogara’
D" —(n—j-1-2((n-j-1) /2]) rop-1g-2
(—1 (n=j=2-2[(n=j-1)/2)) rop-1q-2 "
—1)n_]_1—'(”—]'—1—2[(74—]—1)/2])70P—1fl—2
()" = (n=j-2[(n=j) /2] ropag>
(-1)"7+ (n-j-2-2[(n=j-1) /2]) qorap—2
(1" = (n=j=1-2[(n=j~1) /2]) qor-ap-’
()" = (= j=1-2[(n=j-1) /2]) pog-1r—
()" 4 (n-j-2-2[(n=j-1)/2]) pogara

7

I

P3n = Po

3 \

P3n—2 = pP-2

q3n = 110

7

-
= |
o

H

q3n-1 = q-1

:l“ ‘:l

q3n—2 = 4-2

(=]

Y3n =10

—_

"3n-1 = T-

o

’—‘ —. =

| 3 Il | \.
oo o -
~—~~

—_

3p-2 =712

[e)

j=

forn>1.

The system under study, as titled in the subsection, is investigated when k > 0. The system is

represented by the following equations:

Pn—(6k+2) Tn—(6k+2)
n+1 = s gn+1 = , (2.18)
Pt -1- Gn—2k"n—(4k+1)Pn—(6k+2) fn-1 -1- T'n—2kPn—(4k+1)9n-(6k+2)
Tn—(6k+2)
rﬂ-i—l — 7

=1 = Pu-akn—(ak+1)"n-(6k+2)
which is an extension of the system described in (2.16). Utilizing the scheme (2.9), the system
(2.18) is reformulated as follows:

P2k+1)(1-2)+t
1 = (k1)1 47 2k 1) (1-1) +tP (k1) (1-2) £

P2k+1)(14+1)+t

7
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q(2k+1)(1+1

)+t

T (2k+1) (I4+1)+¢

:_1_

q(2k+1)(1-2)+t
V(2k+1)1tP (2k+1) (1-1)++9 (2k+1) (1-2) +t
T(2k+1)(1-2)+t

=1 = Pk 1) 19 2k 1) (1-1) 147 (2K +1) (1-2) +¢

4

where t ranges from 1 to 2k + 1, and [/ is a non-negative integer. This discussion leads to the
introduction of the following theorem.

Theorem 2.13. Suppose that {py, g, rn} are solutions to the system represented in (2.16). Additionally,

consider arbitrary nonzero real numbers p_;, q_;, v for I € {0,1

case, the solutions for the system (2.16) can be expressed as follows:

., 6k + 2} as the initial values. In this

ﬁ (-1 - (l —j=1=2[(I=j=1)/2]) Pri-(2k11)"t-2(2k41)

e TP 1> R0 2D ’
Dt 1 = Prooke) = (- - (l—] 2=-2[(I=j=1) /2]) "iPr—(2k+1)9t-2(2k+1) ,
=0 ( —j=1=2[(I=j=1) /2]) 1P ok41)Fe—2(2k41)
s mr ot = Pt ﬁ (—1)?1 - <l ~j 122001 /) P,
o DT+ (I=j=2-2[(=j=1) /2]) 47— 2x1)Pe-2(2k+1)
s — ﬁ ()7 - (1= j=1-2(0-=1) /2) o Prozinen
=0 1) (l—] 2[(I=j) /2]) qery- (2k+1)Pt=2(2k+1)
G0 ) (It = i) ﬁ (_11 — ( j—2-2[(1-j-1)/2]) prgs- (2k+1)Tt=2(2k+1) ,
]:0 -1) " —j=1-2[(1-j-1)/2]) peqs- (2k+1)Tt-2(2k+1)

-1
q(2k+1)(31-2)+t = Jt-2(k2+1) H

(—1)1_1_1 - (Z —j=1=-2[(I-j=1) /2]) rip,- (2k+1)9t-2(2k+1)

0 (17 (= j=2-2((1=j=1) /2D) 1Py iagaisn)
_, =l l = ( —j-1-2[(I-j-1)/2]) TtPr—(2k+1)9t-2(2k+1)
2k+1 I+t — 't 7
=0 (- 1 (l—] 2[(I=j) /2]) rips— (2k+1)qt-2(2k+1)
_, ﬁ - (l—] 2-2[(1-j-1) /2]) ger- (2k+1)Pt=2(2k+1)
T(2k+1)(31-1)+t = Tt—(2k+1) ,
]:0 l e —j=1-2[(I-j-1)/2]) qer, (2k+1)Pt-2(2k+1)
-1 l j-1

T(2k+1)(381-2)+t = Tt-2(2k+1)

(l J=1=2[(I=j=1) /2]) pt@s-(2k+1)"t-2(2k+1)

j=0

form>1,tef{l,...,2k+1}.

7

—j=2-2[(I1-j-1)/2]) prgs- (2k+1)7t-2(2k+1)

3. NumMmericaL ExAMPLES

In this section, several numerical examples are provided to illustrate and support the theoretical

results from the previous section.
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Example 3.1. The first example focuses on the difference equation system

Pn-8 qn-8 T1—8
1+ QH—Zrn—Spn—S’qn+l T 1+ Tn-2Pn-5qn-8 Tl = + Prn—2Gn-5tn-8
n = 0,1,... The starting point of the sequence is determined by the initial conditions, which are specified
as follows: p_j = 1.2j,,q-; = 0.6j—landr_; = 1-0.09], j = 0,...,8. The plot of the system (3.1) is
shown in Figure 1.

Pn+1 = (3-1)

Plot of system (3.1
10 T T T T yx ( T )

T T T

r
n'n
N

T

p,d,

Figurel.This figure shows the solutions of the system represented by (3.1)

whenp-; =12j,,q-j=0.6j—1andr_; =1-0.09}, j=0,...,8.

Example 3.2. The second example focuses on the difference equation system

Pn-8 qn-8 Tnog
1- Qn—Zrn—SPn—Slqn+1 T 1- Tn-2Pn-50n-8 Tl = g Pn—2Gn-5"n—8
n = 0,1,... The starting point of the sequence is determined by the initial conditions, which are specified
as follows: p_; = 1.2j,9-j = =0.6j—land r_j = 140.09f, j = 0,...,8. The plot of the system (3.2) is
shown in Figure 2.

Pn+1 = (3-2)
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Plot of system (3.2)

10 T T T

T T T

\\ _pn_-_'qn o rI'I

Figure2. This figure shows the solutions of the system represented by (3.2)
whenp_j=12j,,q.j=-06j-1landr_;=1+0.09j, j=0,...,8.

Example 3.3. The third example focuses on the difference equation system

Pn-8 qn-8 Tn-8
-1+ qn—zfn—spn—s’an T 1t raaPasins’ AR Pn-2qn-5"n-8"
n =0,1,... The starting point of the sequence is determined by the initial conditions, which are specified
as follows: p_j = 1.2j,q_;j = 0.6j+1andr_; = 1-0.09j, j = 0,...,8. The plot of the system (3.3) is

shown in Figure 3.

Pn+1 = (3-3)
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Plot of system (3.3)
180 \ \ \ \ \ \

U~

120~

100~

q
3
T

0

Figure3. This figure shows the solutions of the system represented by (3.3)
whenp_j=12j,,q.j=0.6j+1andr_;=1-0.09j, j =0,...,8.

Example 3.4. The fourth example focuses on the difference equation system

Pn-8 qn-8 Tn-8
’ %+1 - T+l =
-1- qn-2"n-5Pn-8 -1- Tn—-2Pn-59n-8

Pn+1 = (3.4)

=1 - pp2Gn-srn-s’
n =0,1,... The starting point of the sequence is determined by the initial conditions, which are specified
as follows: p_; = 0.7j,,q-j = =0.6j+1andr_; = 1-0.09f, j = 0,...,8. The plot of the system (3.4) is
shown in Figure 4.
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Plot of system (3.4)
35 T T i T T T T k T T T ll

Figure4. This figure shows the solutions of the system represented by (3.4)

whenp_j =0.7j,,g-j = -0.6j+1landr_; =1-0.09j, j=0,...,8.

4. CONCLUSION

This paper has formulated solutions to several systems of nonlinear difference equations in three
dimensions. The obtained formulas are expressed as solutions to homogeneous linear difference
equations with constant coefficients associated with the respective systems. It’s worth noting
that these methods can be extended to equations more general than those discussed in (1.1). For

instance, the approach can be applied to s—dimensional systems of nonlinear difference equations,

1) ey

a)(l) _ wn_(6k+2) (U(2) o n—(6k+2)
nl = 2) (3) 1) Pl ¢ @ (2) Y
20, D k1) P 6k 12) L+ O a1 Vns(6k12)
w S)
(S) . 1’!—(6k+2) *
Wpiq = 1) (2 s) € Nos €N

n=2k% - (4k+1) Y n—(6k+2)

with initial values a)(_jl.), i€{0,1,...,3k+2},j€{l1,2,...,s} are arbitrary nonzero real numbers. In

the context of open problemes, it is worth noting that the solution of this type of nonlinear difference

equations is closely related to the Fibonacci sequence. This intriguing connection introduces
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avenues for further investigation into the interplay between nonlinear dynamics and the well-
known Fibonacci sequence, presenting open problems that could deepen our understanding of

these mathematical structures.
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