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Abstract. In this paper we investigate two generalized human immunodeficiency virus type-1 (HIV-1) dynamics models
with impaired antibody immunity. The models include both latently and actively infected cells. Three infection
mechanisms are incorporated into the models, viral infection mechanism (VIM), latent cellular infection mechanism
(CIM) and active CIM. The three infection rates are provided by generic nonlinear functions. The second model
includes three types of distributed time delays. We find that our models are biologically feasible. The global stability
analysis of equilibria are performed and found the basic reproduction ratio (Rg) as a threshold parameter. Using
Lyapunov method we show that, the virus-free equilibrium is globally asymptotically stable when Ry < 1 and the
virus-persistence equilibrium is globally asymptotically stable when R > 1. Sensitivity analysis on Ry is studied. To
support our theoretical results we provide some numerical simulations. We have demonstrated that Ry is influenced
by all three of the infection types, and that if one of them were ignored, R would be underestimated. This might lead
to inadequate medication effectiveness that aims to remove HIV-1 from the body. The effects of time delay and impaired
antibody immunity on HIV-1 progression are examined. According to our research, lowered immunity is a significant
factor in the infection’s growth. Furthermore, time delays might drastically reduce Ry, which would prevent HIV-1
from replicating. The information provided by our research in this work can improve our comprehension of HIV-1

dynamics within-host and provide guidance for the creation of novel pharmacological treatments.

1. INTRODUCTION

Human immunodeficiency virus type-1 (HIV-1) is a class of retrovirus which causes a persistent

HIV-1 infection in human body. Once HIV-1 infects the person, a higher viral load follows for
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the first few weeks, and then its replication becomes steady for several years [1]. As a result, the
CD4™T cells (which are the main target cells for HIV-1) decrease considerably. When the CD4*T
cells become below a certain threshold (200 cells/mm?), the patient develops Acquired Immune
Deficiency Syndrome (AIDS) [2]. One of the most important aspects of controlling viral infections
is adaptive immunity. The two primary components of the adaptive immunity are (i) Antibodies,
which neutralize the virus directly by generating a particular antibody, and (ii) T cells, which are
divided into two groups: CD4"T cells, which orchestrate the adaptive immune response, and
CD8T cells, which eliminate the infected cells [3]. According to estimates of UNAIDS 2023, there
were 39 million HIV-positive individuals worldwide in 2022, 1.3 million new HIV infections, and
630 thousand AIDS-related deaths [4].

Mathematical modeling is among the greatest methods for analyzing the infection’s progress and
management [5-10]. A standard model of viral infection under the influence of antibody response
was introduced in [11] which describes the interaction of four compartment uninfected CD4+T
cells, infected cells, free HIV-1 particles and antibodies. The concept described in reference [11]
is based on viral infection mechanism (VIM), where CD4" T cells get infected upon coming into
contact with HIV-1 particles. Numerous studies have demonstrated that HIV-1 may spread directly
through the development of virological synapses from an infected cell to an uninfected cell which
known as cellular infection mechanism (CIM) (see e.g., [12-19]). CIM can reduce the time it takes
for HIV-1 particles to produce by 0.9 times and enhance HIV-1 fitness by 3.9 times [20]. One
of the modifications to the conventional viral infection model with antibody response that was
introduced in [11] is to include the CIM as [21]:

(1.1)
Uy = (peUs + pgcUgc) Ug — 15Uy, (1.2)
Ug = nUg — 15Ug — AU Ug, (1.3)
Uy = dUglg~ iUy, (1.4)

Ug = 1- 17Uy = (uele + pxcly) Usg,

where Ug = Uqg(t), Ug = Ug(t) , Ug = Ug(t) and Uy = U(t) represent the concentrations of
healthy CD4 ™ T cells, actively infected cells, HIV-1 particles and antibodies at time ¢, respectively.
The production rate of uninfected CD4"T cells is 7, their death rate is (47U, and their infection
rate is (ugUg + uxUyx) Uy, where ugl gUg and pgU gUy represent the infection rates resulting
from VIM and CIM, respectively. The rate of decay of the infected cells is considered to be g Ug.
The HIV-1 particles are produced from infected cells at rate nlg and are cleared at rate (glls.
The antibody response remove HIV-1 particles at rate AU Ug. The activation rate of antibodies
is OU pUg, whereas their decay rate is (U ,. Model (1.1)-(1.4) has been extended by considering:
diffusion [22], [23]; age-structured [24]; time delay [21], [25]; cure of infected cells [26], [27]; and
general incidence rates, Fg(Ug, Ug) and Fgc (U, Ug), [22], [23], [25].

Certain viruses have the ability to inhibit or even destroy the immune system in specific situ-

ations, particularly when the viral load is excessive. Various conditions can weaken antibodies
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and decrease their ability to operate [28-30] including: (i) irradiation, malnutrition, trauma, tu-
mors, cytotoxic medications and aging, (ii) immunosuppression by microbes, such as malaria,
measles virus but notably HIV-1, and (iii) some disorders, such as diabetes [31]. By considering
the impaired antibody immunity, model (1.1)-(1.4) can be modified as [32], [33] and [34]:

Ug =1 —15Ug — (ugUs + ugcUgc) Uy, (1.5)
Uy = (ugUe + pgcUsc) Ug — tacUsc, (1.6)
U = Uy — 1gUs — AU Us, (1.7)
Uy = 6Ug — 1oUy — 60U s Ug, (1.8)

where 6Ug stands for antibody activation and OU ¢ Ug for antibody impairment rate.

Though there is no medicine to cure AIDS completely till date, but highly active antiretroviral
therapy (HAART) have been used for last two decades to treat HIV-1 patients and they are found
successful in suppressing HIV-1 replication and reconstituting the immune system in human
body [6,35-38]. However, using HAART cannot eradicate the virus completely [39]. Animportant
reason is that HIV-1 provirus can reside in latently infected cells which live long, but can be
activated to produce virus by relevant antigens [40], [41]. Moreover, as reported in [42], these
cells can contribute in the CIM. In recent works [43], [44] and [45], viral infection models were
developed by assuming that the uninfected cells get infected upon coming into contact with
viruses (VIM), latently infected cells (latent CIM) and actively infected cells (active CIM). In [46],
HIV-1 infection models with impaired antibody immunity and three infection mechanisms was
studied. The infection rates due VIM, latent CIM and active CIM were given, respectively, by
bilinear incidences, usUsglg, upUpU g and pgcUgcU 5, where Up is the concentration of the latently
infected cells. According to the mass-action principle, this bilinear incidence suggests that the rate
of infection is exactly proportional to the product of viral concentrations or infected cells interacting
with uninfected cells. In actuality, though, this concept isn’t always useful. For example, if there
are more viruses or infected cells than there are uninfected cells, the law of mass-action won’t
be applicable. An increase in the concentration of the virus or infected cells won’t cause an
increase in infection in such a situation. Papers [47] and [48] studied viral dynamics models with
impaired antibody immunity and two infection mechanisms, VIM and active CIM. The infection
rates were represented by general incidence functions, Fg(Uyg, Ug) and Fg (Ug, Ux ). However,
the contribution of the latently infected cells in the cellular infection was not considered.

The objective of the current work is to propose and study two HIV-1 infection models with
impaired antibody immunity, considering three infection mechanisms, VIM, latent CIM and active
CIM. The infection rates are given by general incidence functions, Fg(Uy, Ug), Fp(Ug, Up) and
Fx(Ug, Ug). The second model includes three different types of distributed-time delays. We
show the wellposedness of the proposed models. We demonstrate the existence and stability of
the system’s equilibria in terms of the basic reproduction ratio (Ro). To validate the theoretical

conclusions, we offer numerical simulations.
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2. MODEL WITH IMPAIRED ANTIBODY IMMUNITY, GENERAL INFECTION RATE AND THREE INFECTION

MECHANISMS

2.1. System overview. We introduce an HIV-1 model that incorporates impaired antibody immu-

nity and takes into account three infection mechanisms as follows:

Uy =1-15Uy—Fg(Ug, Us) - Fp (Ug, Up) — Fix (Ug, Ugc),

Up = TFg(Ug,Us) + Fp (Ug, Up) + Fgc (Ug, Ugc) = (a + 1p) Up,

Uyx = alp - 19Uy, (2.1)
Us =nUg —1glUg - AU,Ug,

Uy = o6Ug— i Uy - OU Us.

The general functions Fg (Ug, Ug), Fp (Ug, Up) and Fg (Ug, Ux) represent, respectively, the
VIM, latent CIM and active CIM. The meanings assigned to all remaining parametersand variables
remain in line with explanations provided in Section 1. Model (2.1) is very general because we
consider nonlinear incidences (Fg (U, Ug) , Fp (Ug, Up) and Fg (Ug, Ug)). It is also important
to note that model (2.1) incorporates a large number of pre-existing models (see those from earlier
research [43], [44] and [46]). Define px (Uy), X €{E, P, K} as:

Fe (Ug,Ug)  9F& (Ug,0)

ps(Ug) = uilf‘m Us ==
B Fp(Ug, Up) IFp(Ug,0)

Uge—0+ Ur]( N 8”7(
The following Hypotheses on the functions Fx (Ug, Ux), X € {&, P, K} are needed throughout
the paper [49], [50]:
Hypothesis H1. Fx (Uq, Ux) is continuously differentiable, Fx (U, Ux) > 0 and Fx (0, Uy) =

Fx(Ug,0) =0forall Uy >0and Uy >0, X € {E, P, K.
Fx (Ug, U oFx (Ug, U
x (U, Ux) / x (Uy X)>Oforallllj>0andUX>0,Xe{8,P,7(},
auj 8UX
Hypothesis H3. px (Ug) > 0and ¢, (Ug) > 0forall Uy > 0, X € {§,P, K]}

Fx (Uqg, U
% is non-increasing with respect to Uy for all Uy > 0, X € {&, P, K}.
X

2.2. Fundamental characteristics.

Hypothesis H2.

Hypothesis H4.

2.2.1. The well-posedness of the system.

Proposition 2.1. The system (2.1) is considered with Hypothesis H1. Then, a positive constants I'; for
i =1,2,3 exist, ensuring the following set:

A ={(Uyg, Up, Uy, Ug, Uy) € R3): 0 < Uy (1), Up (t), Ugc (t) <T1,0 < Ug () <Tp,0 < Uy () < T3,

is positively invariant.
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Proof. To guarantee nonnegativity in the solutions, we handle system (2.1) in the following manner
Ug luy—0=1>0,
Up |u7,:0: 7:5 (UJ, US) + ?7( (UJ, u:;() > 0, for all Uj, u,g, ur]( > 0,
Ur]( |U7<=0: allp >0, forall Up >0,
Ug |Ua:0: T]Uq( >0, forall Uy >0,
U£ |u£:0: oUg >0, for all Ug > 0.
Therefore, for all t > 0 we conclude that (U (t), Up(t), Ug(t), Ug(t), Ur(t)) € ]R>O, whenever

(Ug(0), Up(0), Ugc(0),
Ug(0), Uz (0)) € RS,. Let

lxls
®=U u u Xu
g tUp+ 7<+ 20 8+4T]5 £
Then, we have
. . . . I,.7(. l(](‘Lg
b=U u u —U u
g+ Up+ 7(+2n 6+4n6 L
Llx lxls Lq(/\ L«;(Lg@ lxlsly
=1—1qUq —1pUp — —Ug — - — u
A A A A R 4n8(2n+4n5) € Taps L
lx lxle lxlelr
<t-t1gUq —1pUp — =U Ug — Uy
D A A e S T P 4nd
lx lxls
<t-¢e|U U u —U Us|= D,
<1 E( g+ Up + q<+217 8+4775 L) T—¢&
where ¢ = min{tj, Lp, %K, %, LL}. Hence
O(t) <e (q> (0) - §)+ %

This yields 0 < @ (t) < I'1 if ® (0) < Ty, whereI'1 = -
Considering that all state variables have non-negative values, 0 < Ug (t),Up (t), Ugx (t) < T4,
0< UE; (t) < 1“2, and 0 < U£ (t) < F3, for all t+ > 0 if UJ (O) + U7) (O) + Ur]( (0) + ZUS (0) +

2n
4nor
ey £(0) <Tq, whereTp, = ! and I3 = il . To sum up, the boundedness of
41]5 Ll lxls
Uqg (t),Up (t),Ug (t),Ug (t) and Uy (t) implies that A is a positively invariant and compact set
concerning system (2.1). ]

2.2.2. The reproduction ratio and equilibria of the system.

Proposition 2.2. Assuming that Hypotheses H1-H4 are met, there exists a positive basic reproduction ratio

?’\ r]ag:)g,( )-Hglq(@rp(u )+ms@,<(u )
o gty (atip)

(i) ensure the system consistently maintains a virus-free equilibrium, denoted as O°, and

for system (2.1) in a way that

(ii) if Ro > 1, the system additionally possesses a virus-persistence equilibrium, denoted as O'.
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Proof. Using the next-generation method given in [51] we can calculate the basic reproduction ratio

as:
nage (U%) + tgixpp (UY ) + atgpge (U
0= ( J) ( j) ( J) = Rog + Rop + Rox, (2.2)
ety (a + tp)

where

nave (05 op (U) aopc (U05) |«

Roe=—"—""~, Rop=—7"7- Ry=——""~, U;=—.
gty (a + p) a+up i (@ + 1p) Ly

The clinical relevance of the parameter R holds significance as it plays a crucial role in determin-
ing whether the HIV-1 infection will progress into a chronic state. Within this framework, Ry
symbolizes the average quantities of secondary infected cells generated from engagements with
viruses and infected cells, where X € {&E, P, K}. To extend our exploration beyond 0°, we scruti-
nize (Uq, Up, Ug, Ug, Uy) as a potential equilibrium governed by the following set of algebraic

equations:
0=r1-15Ug —Fe(Ug, Ug) - Fp (Ug, Up) - Fic (Ug, Ux) , (2.3)
0=Fe (Ug, Us) + Fp (Ug, Up) + Fyc (Ug, Uc) — (a + 1p) Up, (2.4)
0=alp — 19Uy, (2.5)
0 =nlg — 1l — AU pUg, (2.6)
0=06Ug—1 Uy -0UslUs. (2.7)

From Egs. (2.5) and (2.7), we get

Lq(Uq( 5Ug
Up = XX uy,=——"-25_ 2.8
r a £ Ly +0Ug 28)

The following outcome is obtained after inserting Eq. (2.8) into Eq. (2.6):

trigls + (A(S + Lg@) U(ZS

Uw = I (Ue) = 2.9
x=Site) (i + 0Ue) )
It is clear that 31 (0) = 0. From Egs. (2.9) and (2.8), we get
1y (teteUg + (AS + 150) U
Up = I, (Ug) = ( a2 (2.10)

an (1p + 0Ug)
It is clear that 3, (0) = 0. The following outcome is obtained after inserting Eq. (2.3) into Eq. (2.4):

T—1gUqg = (a+1p) Up. (2.11)
From Egs. (2.10) and (2.11), we get

1 e (@ + 1p) (Lptgls + (A0 + 1g0) U2
Uy =93 (Ug) = — |1 ( )

2.12
7 wy (17 + 0Ug) 212
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Note that J3(0) = L_loj. Upon substitution of Egs. (2.9), (2.10) and (2.12) into Eq. (2.4), the result is

as follows:
Fe (83 (Ug) , Ug) + Fp (I3 (Ug) , B2 (Ug)) + Fxc (I3 (Usg) , 1 (Ug))

i (@ + 1p) (LLLSUS + (A0 + 10) U(Zg) 0 )13
- an (i + 0U) - —

From Eq. (2.13), we have

(1) When Ug = 0, the virus-free equilibrium O° = (L_IOJ_, 0,0,0, 0) is derived from Egs. (2.8)-

(2.12).
(2) When Ug # 0, let us define a function © (Ug) on [0, ) as:

O (Ug) = Fe (I3 (Ug) , Ug) + Fp (I3 (Ug) , 32 (Us)) + Fxc (I3 (Ug) , I1 (Ug))
e (@ + tp) (1216Ug + (A6 + 150) U2)
) an (i + 6U) '
We have @ (0) = 0. Let Ug be such that J; (Hg) =0,1ie,

(@ + 1p) (LLLgHg + (A0 + 10) l:[é)

u?f Lyan (LL + HClg) -0
which implies that
i (a4 1p) (A6 + 150) Uz + (L«KLLLg (a+1p)— Ljanel_l?(f) Ug - LjanLLU?,f =0, (2.14)
Therefore, Eq. (2.14) has a positive solution
(s — 2B+ \g—ﬁf/

where
A= (a+1p) (A0+180), B=xiris(a+1ip)—1gan0ly, C=—igancUY.
We can see that
0 (Us) = Fe (0, Ug) + Fp (0, 32 (Ug)) + Fac (0, 31 (Ug))
e (@ + 1p) (Lﬂaﬁs + (A8 + 10) a(zg)
an (LL + QUS)
tgc (@ + 1) (lﬂsﬁa + (A6 + 10) afg)

= - — <0.
arn (t_C + Qllg)
In addition
, o Fe (Ug,Ug) IFg(Ug,Us) Fp (Ug, Up)
O’ (Ug) = I3 (Usg) U, s + 35 (Us) —ou,
, oFp (Ug, Up) o, IFx (Ug, Ux) o, Fgc (Ug, Uy)
+ 52 (US) T + 53 (Ug) T + Sl (US) T
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g (a+1p) 6+ Ad (2up 4 0Ug) Ug

an (1p + 60Ug)?
IFx(U°,
Hypothesis H1 implies that T;;(ULI;, ) =0,X€{E P, K}. Then
70 70 70
8118 2 8u¢> 1 8u7( aft
70 70 70
_ 8¢g(uj, O) | e Fp (UJ’ 0) n lﬁaﬂ‘(uj' 0) ixts (@ + 1p)
dUg an dUyp n  JdUg an
oy | el (Ug,) LEPxK (Ufl,—) ixts (a +1p)
—elly)t T T o
_ lils (0(+Lp) (%0_1),

where Ry is dezzed in Eq. (2.2). Therefore, if Ro > 1 then © (0) > 0 and there exists
(1}, € (0, Ug) such that © ({I}) = 0. Let Ug = U}, in Eq. (2.3) and define
R (Ug) =1 - 17Uy - Fe (Uy, U}) - Fp (Ug, 92 (T})) - Fac (Ug, 31 (TE)).-
Subsequently, based on Hypothesis H1, we obtain 8(0) = 7 > 0 and
N(U) = - (Fe (U5, Up) + 7 (U5, 32 () + Foc (U5, 91 () < 0.

Under Hypothesis H2 it follows that 8 (Uy) decreases strictly as a function of Ug. Con-
sequently, there is a unique value U}Y within the interval (0, L_If]y) for which N (Ulj) equals
zero. Moreover, considering Egs. (2.8)-(2.10), we find

_ _ \2
Ly (ngué + (A0 + 10) (U}S) )

an (lL + QU;;)

_ ~1\2 _
gy + (00 +160) (U)ol
n(u;—kel:l(lg) L e+ 00y

-1 _ 1

P = » Uge =
The presence of the virus-persistence equilibrium O! = (U}T U;), U;(, U‘lg, Ulﬁ) becomes evident
when Ry > 1. O

2.2.3. Global stability of equilibria. The forthcoming theorems explore the global asymptotic stability
of both virus-free and virus-persistence equilibria. The development of the Lyapunov function
will adhere to the approach outlined in [49] and [52].

In the remaining work, we focus on a function &; (Ug, Up, Uy, Ug, U ), and we characterize M

as the largest invariant subset of
dz;
Ml' = {(Uj, u;o, Ur](, ng, UL) . d_tz = 0}, i= 0, 1,...,3.

Let us define Y = {(U g, Up, Uy, Ug, Uy) € ]R5zo :Ug > O} . In order to examine whether the equi-
librium O, is globally asymptotically stable (G.A.S), we necessitate adherence to Hypothesis H5



Int. J. Anal. Appl. (2024), 22:186 9

as outlined below [50]:

Hypothesis H5. The supremum of % on (0,7/tg] is attained at Ug = Li, where X € {P, K}.
‘ J

Theorem 2.1. For system (2.1), let Ry < 1 and Hypotheses H1-H5 are satisfied, then O° is G.A.S in A.

Proof. Let’s contemplate a potential Lyapunov function as:

n9e (U5) +weox (05) — ve(Uy)  Aoe(UY)
w0 9s(y) dy+Up+ licle Use + lg Ue + 201g -

o _f”ﬂ' v (1)

\:.OZUJ g

Evidently, Eo(Ug, Up, Ug, Ug, Uy) > 0 for every Ug, Up, Uy, Ug, Uy > 0, as well as
Eo(l_l%, 0,0,0,0) = 0. Computing d% we derive

o (el () uon(e)
dt os (Ug) | 7777 lxclg x
ve(Uy)  Ape(Uy)
& Ugly
Ls 0
808<U?7
=|1-——+|(t— 15Uy - Fe (Ug,Ug) - Fp (Ug, Up) — Fgc (Ug, Ux))
ve (Ug)
+ Fe (Ug, Ug) + Fp (Ug, Up) + Fgc (Ug, Ugc) — (@ + 1) Up
n9e (U%) + 1epgc (U° ps (U°
+ ( J)ng ( J) (alp — 1g¢Uygc) + ( J) (nUgc — 1glg — AU gUg)
Aoe (UY)
+TUL (5US—L£UL—9U£U8>
&
Ve (UOJ) Ve (U?r) Fe(Ug,Usg) -
=11- T—tqU + — & uo us
[ 9s (Ug) (t=17Us) ps (Uyq) Us ( j)
ve (U) 75 (U, Up) a (nge (UY) + o (U5 )
+ —(a+1p) + Up
vs (Ug) Up Ixle
ve () Fie (U, Ux) i Aoe (1Y)
+ ’ - U2 ) | Uy — ———2= (10 + 6Ug) U>. 2.15
oe (Uy) Us 807(( j) x Sie (tz g) Uy (2.15)

From Hypothesis H4, we have

Fe (Ug, Ug) < lim Fe (Uqg, Ug)

= Uqg), forall Uq, Ug > 0,
US - Ug—0t u,g ve ( j) ora grHe >

Fp(Ug Up) .. Fp(Ug, Up)

U—P < ui)lil’(lﬁ_ u—p = Pp (UJ) p for all UJ, Ugo >0,

Foc (Uqg, U Fa (Uqg, U

FoellUg Us) - Foe Uy, Uso) ox (Ug),  forall Ug, Ug > 0. (2.16)

Uge T Ug—0+ Uy
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Then ( )
ve (U Fe (Ug, Ug) _ &OS(UO) _
ol s o) S e ) —ve(y) <o
Further, Hypotheses H4 and H5 in case of Uoj = Ll imply that
J
v (Uy) 7 (U, Up) a(19z(Hy) +wox (017))
ve (Ug) Up ~latiw)+ lxlg
ps (09) pp (Uy) a (npe (U%) + tepac (TY))
< o5 (U7) - (a+1p)+ o
oel@)on(T) alwe(Ty) +owe()
oz () e
e e
= pp ( _?7 - (a+1wp) + ? (77808( jL)V:;SLSKJW( j))
_« (n9e (T%) + 1694 (05)) + e (0F) (@t
lils
= (a+1p) (Ro-1)
Furthermore
0z (H) Fic (Us, Ux) ve ({y) o () ve (Uy)ox (B5) oy
08 (UJ) Ug YK (U:]) < o6 (UJ) 9K (u:f) = 06 (U%) _WW(UJ) =0.

Upon conducting a computation and substituting the value L_I?rf = 1/1q, Eq. (2.15) transforms

into the following expression:

Ao _ 1_98([1?7)
dt — S@S(Uj)

/\808 (UO)
J 2
Sie (Lp + OUg) us.

(1 ﬁ]+(a+tso>(9%—1)%0—

T 10
Uy
u
(1—_—05)30.
Uy

Clearly, d‘% <0when Ry <1and % = 0when Ug = U?f and Up = Ug = Uz = 0. All solutions
convey to M/, wherein every element fulfills U () = U?T and Up (t) = Ug(t) = Up(t) = 0 for all
t [53]. Following that, the first equation of system (2.1) in conjunction with Hypothesis H1 results

From Hypothesis H3, we have

9s (Ug)

m
0= Uj =T—- ljU% —Tq( (Uoj, Uy (t)) - 7:7( (U%, Uy (t)) =0= Uy (t) =0, for all ¢.

Therefore, with M{, = {OO}, our conclusion asserts that OY is G.A.S under the condition Ry < 1, in

accordance with LaSalle’s invariance principle (L.L.P) [54]. m]
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In investigating the global stability of O!, we defined F (a) = a— 1 —In (a). Beside, the following
remarks and Hypothesis will be essential.

Remark 2.1. Considering Hypotheses H2 and H4, it is established that, for every positive Ug, Ug, Uy we

have

T (Ug, Us) T (Us Uy)
Ug - u;,

(Fe (Ug, Ug) - F& (U, Ug)) <0,

which implies that

[Ta (Ug, Us)  Ug <0 (217)

Fe(Ug, Uuy) Ug

- 7o (Ug, Uy)
Fs (Uj, Ug)

where Uy, € {L_I(lg, U(lg}

Hypothesis H6. For any U4 within the interval 0,7/t j), and positive values of Up and Uy,
the following Hypothesis is satisfied

(i)[ Fr (Ug Up) T (Uy U)
Fe (Uyg, Uy) Up ?S(ug,ug)u

[% (Ug Up) _ Fr (U U;»)J 0
Fe(Ug Uy)  Fe (U Ug))
K

(i) [ Fo (Ug, Uxe)  Tx (U, Use) (7 (Ug, Uo) 7 (U, Uy) <0
Te (U U) U T (U, Ug) Ui\ 7 (U, u*) To Uy Uy) )
where U7, € (T, UL} > 0, Uy, e (T}, UL} > 0, U5, e (L, UL} > 0,and Uy, e {02, UL} > 0.
Remark 2.2. From Hypothesis H6, for any U g within the interval (0,t/1q), and positive values of Up

and Ug, we get

?S(UB,UE)TP(UJIUP)_% [1_7:8(u-7’ )7:70( g’ ) <0 (218)
Fe(Us, Ug) Fr (U, Up)  Up U 76 (U, Up) e (U, Up) )~ |
Fe (U, Uy) Foc (U, Uxc) Cuk)[, Te (g, uy) 7o (U, U, 0 219

Fo (U, Uy) Frc (U, ) Ui ) Fe (U, Up) Foc (U, Use) |~ '

where Uy e (UL, UL} > 0, Uy, € (U4, UL} > 0, Uy, € (T, UL} > 0,and Uy e (T2, UL} > 0.

Theorem 2.2. Given Rg > 1 and the fulfillment of Hypotheses H1-H4 and H6, it can be concluded that
the equilibrium O for system (2.1) is guaranteed to be G.A.S in A\Y.

Proof. We formulate E; (Ug, Up, Ug, Ug, Uy) given by Eq. (2.20) as
_ Us Fg ul
B =Ug - u}f—f (—)d)/-l- ulF(uf]
iy Fe(r, Ug) u
U Fe (01, UL) + UL (16 + ATYL) Foc (T, Tk ) [ %J
UL (1 + AL U
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) ()0
e+ AU, \Ug) 20} (1+ AUL) (5 - 0UL)

(uz- UlL)2 . (2.20)

Ly U_lﬁ
it

Equilibrium condition Eq. (2.7) guarantees that 6 — 6U1£ = > 0. Clearly, & is positive

definite. Calculating d‘%:

el
Fe(Ug, UL) g

Uy Fe (U, Uy)
+

4z _
ar

TN
T i+ 10
Fe (UL, U3)
Fe (U, T3)
71
. N Fe (W, UE) + U (g + AL Foc (U, U ) [1 Uy
i U3 U (1 + AT ) u

K
re(), o) (
4[1 - —8] (nUsc - tsUg - AU Us)

=|1- (T—LJUJ—TS (Uj, US)—?;D (Uj, UP)_¢7( (UJ, Ur]())

+ (Tg (UJ, Ug)—l—fgo (UJ, Up)—l-ff}( (UJ, UfK)— (a+1p) Up)

(alp — 19cUgc)

0t (s +A0Y) &
)\Tg(U}T,U}S) i
+ = — — (UL_U.lg) ((SUS—LLUL—QULUS)
ué(Lg,JrAulL)(é—@ulL)
1 7e Uy Up) (r-tgUy) ?S(U}],ué)(? (Ug, Ug) + Fp (Ug, Up) + Foc (U, Uc))
= - - + ’ + ’ + ’
Tg(UJ,Ué) T—tgUg TS(UJ,US) s\YUg,ug P\YLT, UP K\HYLg, YK

Ul
- (?g (UJ, u(g) +Fp (UJ, UP) + Fyc (UJ, UW)) u—: —(a+1p)Up+ (a+1p) U}D

Ly ;( é(Lg + /\UlL) Ugc

7l 7l nUg _ 1l nUg _LSTS(U}T'U}S)
+ 7o (U Up) e ) Ug (16 +AUY) U (e +AU)

(Ue - )
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72,0
B Ué (Lg, + /\U}:)

AFg (U},, ax)
al (lg + AU}:) (6 - 9U1£)

U, (Us-0%)+

Using the following equilibrium conditions for O!
v = U + T (U, Uy) + Fp (U, Upp) + Fc (UL, U
j j/ 8 j/ 7) JI 7( 7
Fe (U, Up) + Fp (U, Up) + Foc (U, W) = (@ + 1) U,
71 71
Ul _ O(UP Ul _ Tﬂl(K
K ’ s 1 7
Lg¢ g+ AUL

SUL = 10, + 0UL UL,
we get

e (at, L)+ U (1 + AUL) Fi (at, i)

a 0y (e + AU

alll, (105 Fe (U, ) + T (16 + AT T (T3, U )

Fe (U, Ug) + T (U )

- UL L (16 + ALY
Consequently, the representation of Eq. (2.21) will be as follows:

d& |4 _ Te (U}T’ Ucls)
a Fs (Uj, U(lg)

](Lyag —1glg)+|1- ﬁ] (e (T, Ug) + Fp (T, T,)

+ Fac (UL, Uh)) + Fe (T, UE)

o Fe(Tl, al) Fx
+7:(K<u;17’u‘}() Ts(uj Uf)y:{]( B
s}

+Fe (0L, UL) + Fp (O, 05 + Foe (T, U )
alty, (nU3 T (UL, Ug) + U (16 + AUL) T (U, U ))
g UL UL (1 + AL ) us,
ally, (U e (U, Ug) + U (16 + ALY ) Foe (U, U )) Up e
UL UL (16 + AT ) U, Uy
N3 T (U, Ug) + U (16 + AL Foe (U, U )
Lo + AT
Uy Te <U37 Utls) U NUxTe (UET Ucls) Uy e7e (U} Ucls)

0L(ig+A0L) Uy we+Ad,  UOhls O (i+ALY)

+

(Ue - )

(UL - U_lg) (6U8 - lLUL - QULUS) .

.21)
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7 (11, 0})
G} to-+ 10)
A7 (11, )

G} i+ A0 -0
+ OU, UL + OU,Ug — 0U ,Ug)

RO )., 7000

A7 (11}, 1)
aL (Lg + AUlL)

73,3
0L (ig+A0Y)

Uz (Us - Ug) + 0 (Ue - Ug) 01 (Ue - Ug)

(ug-Th)(5Ug — Lol — OUpUg — ST + 1T,

1-

= ljl:l;

7o (Ug Up) )L Uy 7o (Uyg, Uy)
L I S(UJI Ua) _ 78<_37' _(18)777’(”5' UP)
+ TW(U}Y’ U;())+¢5(U§,Ué) F (UJ,U;;) + P(u}’ U;,) TS UJ, _(18)7:7)([{17’1’[1?)
o 7:5(1:[1 ,Ul)fq( (Uj, Uq() . Fs (Uj, Ua) !
F L J’ & _ 1 791 il
B ey a) T e
_ 7:? <UJ, UP) U}, _ _ 7:(}( (UJ, Ur;() _;)
_ 1 1 _ 1 1
P T T Ao TS
- (76 (T, 03) + 7 (0}, )+ e (@Y, U )) o
7)
1 1 1 ) Ue 1 1 1 vl U’DU;(
+(Fe (Y, OF) + Fac (T4 UW))U_;, — (e (U, U) + Foc (T, TG ) T
- 7 (0} ) G + 7 (L 08) - 7 (0}, ) g+ 7 (U )+ 7 (1 08)
K K K
Uxelll e (U, 0%) )
TS(U}Y u;lg) U,}(UE - Ué (16 + /\UlL) (LS +/\U.1£)(U8 - Ué)
AFg (U}T Ué) ~ _
e e -
173 0, 1)

7y (000 (e = ) (e~ )

ATS(U}T’UES) -1 \2
- '(18(%_’_)\[1.1[:)(6_@[1.1[:) (L£+6LI5)(UL—U£) .

This implies that
= - s (U, ) g Te (U, U) T F -
d_t1 - Ljulﬂ' 1- TS(UJ,U )](1 B U_},— o O TS(UJ,Ué) ( (ulj uclﬁ)+7:7’(ulj U;,)
o\ Fe (Uyg, Ug) ] e (UL, L) Fp (Ug, Up)
+ Foc (0L, Ul )) + e (O ,u}g)% + Fp (0L, T3 - (uf, U‘:’)% @)
7 8 4 8 JI P
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o Te(OY, 0L) T (U, Uyc) o\ Fe(Ug, Ug) U
1 741 J’ & _ 1 771 s
e e ey R a.

Fp (Ug, Up) Uy,

_ -1yl _ -1 7yl
) s @ mya
- 1) Ue M 1 7l UpUy
- Fp (U UP)U—;} — (Fe (U, Ug) + Foc (U, T, ) T
71 7l -1 o) Uxe -1l 71 77l UWUES
+2Fg (U, Uy) - Fe (U, 7()U—;(waq((uj,uq()—fa(uj,ua) T
o _\u ATS(Ul Ul) 2
~7e (T ) U_z (e + Atlf) (5(0: oul,) (12 + 0l (U1 - U
) Fe (0, U u o (Feusus) U
a1 6](1_U_§)+¢8(u; oy |t

- ro(a, ) LT o U) FelUy Ue)U)  Uplly  Uscl}
T Fe(ug ) Fe(U,UL)up Uplx  Upls
_ Fe (UL, UL) Fp (Ug, Up) 1

7 (0L, 0} T L -2z

o o e )
~ TS(_lz_l) Tp(UJ,U@)Ul
1 7 _ J’' e P

I O ) )y

) ?:3(_1 1)777((Uj,U7<) U
+7:7<(ulj U;() uj -? ot ol _UZ(
778( Jr s)ﬂ(( J’ 7<) x
L e (U, UL)  Frc (Uy, Ux) U Upl
+ Fac (T, T ) |3 - ——L &2 _ - - T
7<( J 7<) Tg(uj,_é) Tq((ljllj,il;()u¢ U, Uy
AFg (UL, UL
_ 8(_3’ 8) _ ([£+Qu8)(u£—U1L)2.
g6+ AU (0 - 0;)
Then
iz, . Te(U, ) U:f]
dt 7o (Ug, Up) )\ U5
L (Fa(Uj,Ua) u Ta(uj,Ul)Ua
1 71 _Ys _ eI TE T
+7:8(Uj/ US) Ta(uJ’Ué) Uil‘) TS(UJ,US) Ué

Fe (U Up)  Fe(Ug Us)Up  Upll Ul Fe(Ug, Up)Us

P (g OY) (0L, 0L Up  hUx  Olls 75Uy, Us) O

+Fe (U}T’ L_I}g)
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+Fp (U, U) 7e (U :é)gcp(b_lj L_[P>—L_I—f—1+¢8(L_I‘7' :‘13)%(_37 _;))L_[P
oy, 03) 7 (0, 05) O 7 (00, 02) 75 (U Ur)
(0 - 2oL )Tl )07 )7 (00
Fe(Ug, Uy)  Fp (0L, UL)Up  Fe (O, UL) Fp (Ug, Up) O
+ T (Y, ) 7ol :é)ﬁ(l_lj'%) SIK 1y (Fa(l_lj :Eg)ﬂ(_‘l(’" L uq(]
Fe (U, Up) Foc (L, Ule) - Uae P (U, ) F (U, Ue) U
+ 7o (ah, 50 TolUly Up) T (U, U) Oy Uple  To(Us Ug) e (U Uie) U
Fe(Ug UL)  Foc (UL, UL ) Up  Uplx T (U, UL) Foc (Uyy, Unc) Uk
AFg (T, 1L
) g (e +i\<l'lf (5(i)9 1) (12 0Ug) (U - u1£)2
_ Fe (U7, U3 _ Fe(Ug, Us) U Fe(Ug, U}
=ty 1_?32u§ '39; 1_U_§]+TS( i U) %EUJ,U(};;_U_E _Taguj,uz;]
(a5 e (U, :}g) ) fa(t_lg, 1_18) Uy Upll Uplly e (U, U) Us
Fe(Ug L) Fe(Ul, Uh)Up Uplx Uls 7 (U, Ug) U}
7 (a0, 00) 7o (U Ug) T (U Up) _ up ), 7o Uy, Ug) T (U7, Uy
Fe(Us, Up) Fp (U, Up) - Up U 7 (0, Ug) T (U, Up)
wr(at, ) o To(lly, Up)  r(Us Up) Uy, To (U Ue) T (0. Uy) Up
Fo(Ug, Uy)  Fp (0L, UL)Up T (0L, UL) Fp (Ug, Up) T,
A 2. LT R W )
Fe Uy }g)fk(ug,u;() g, Tg(u}f,u}g)%((uj,uq()
+ P (0L, TL) o Tl ) (U i) Up  7o(U, Ug) P (1) Ui) Ui
Follig U8) 7o (03, 03 Uy Oyl 7 (01, 03) 7o Ly, L) U
e (1,0

0l (16 + AUL) (5 - 00L)

From Hypothesis H2, we have

[1——%(U*17'U‘13)] 1-=L|<o0
— | <
TS(UJ'US) Uy

Under the AM-GM inequality, we discern that

5 TS(Ulj'U}S) Fe(Ug, Ug) Uy, Uply.  Ugly 778(UJ,U<13)U8
< +

To(Uy, 0L)  7o(00, 0L Up | bl ' Uiy o (U, Up) O
4o Fe (UL, UL) . Fic (Ug, Uge) U}y, Upllle  Fe(Uyg, Ug) Foc (U, Uge) Usec
T Fe(Ug, L) T (UL, UL)Up  Uplx 7 (00, UL) F (U, Ux) UL,
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3<

Fe (U, UL)  Fp(Uy, Up) UL, Fe(Uy, UL) Fp (T, U) Up

 Fe(ug,0t) (UL, UL)Up Ta(ug,ag)fp(uj,up)u;;

Moreover, from Egs. (2.17)-(2.19), we conclude

sy

Therefore, when Ry > 1, it implies that =5 < 0forall Uy, Up, Ug, Ug, Uy > 0. Moreover, d
when Uy = UL, Up = L_I}D, Uy = UL, Ug = L_I(lg and Uy = Uli. Consequently, M}
Applying the L.I.P allows us to infer that if R > 1, the equilibrium O! is G.A.S [53], [54].

3. HIV-1 MODEL WITH DISTRIBUTED DELAYS

Fe (Ug, Us) __SJ . %(uj,agg)) .

Fe(Ug U}) U Fe (Ug, Ug) |~

Fe (U, Ug) T (Ug, Up) B %} - Fe (Uy, UL) Fp (T, T}
7o (Us, Uy) P (04, 1) Uy JU 75 (0, L) 7o (U, Up)
TS(U},L_&;)T'K(UJ/UW) Uy [1_T8(UJ,U}S)TK(_

Fo (U, 08) T (01, L) Ui )\ 7 (0L, U01) 7

This section enhances the previously introduced model by integrating three varieties of dis-

tributed time delays.

3.1. System overview. The system of delay differential equations (DDEs) presented below will be

studied.

+Fa (Uqg (t=C), Uy (t=€))) dl — (a + 1p)Up,
Ux =a fofz o (€) e Up (t - €) db — 19Uy,
Us = n [ ms (£) e Uy (¢ =€) dl - 1gUg — AU LU,
Uy =oUg—1pUy—0UsUg.

Here, system (3.1) includes the following assumptions:

Uj =T— LJUJ _7:8 (UJ, US) —7:? (UJ, UP) —7:7( (UJ, Ur}() ’
Up = [ m (0) e (Fe (Uyg (=€), Ug (t =€) + Fp (Uyg (£ ), Up (£~ £))

(3.1)

o Atthe momentt, healthy cells encountering either HIV-1 particles or infected cells transition

to a latent infection state ¢ units of time later. The emergence of latently infected cells at

time ¢t depends on the count of cells recently contacted at time ¢ — £, which persist until time

t.

e After alatency period of £ units of time after infection, cells that were initially latent become

actively infected. The emergence of actively infected cells at time ¢ depends on the count

of cells recently transitioned into latent infection at time t — £, which persist until time ¢.
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e Newly formed mature HIV-1 particles emerge from actively infected cells £ units of time
after infection. The occurrence of HIV-1 particle production at time ¢ relies on the count of
cells that recently transitioned into actively infected status at time ¢ — £ that remain viable

until time ¢t.

As such, the likelihood of surviving the time-frame from t — £ to t is represented by m; (€) e7%.
Here, 1/b; is the average lifetime of the cell during the period of formation of a latently infected
cell [55], 1/b; is the average lifetime of the cell during the period of a latently infected cell’s
reactivation [56], 1/b3 is the average lifetime of an immature virus [55]. Besides, we choose the
delay parameter, ¢, at random. It is drawn from a probability distribution function 7t;(¢), which
spans the interval [0, f;], in which f; refers to the maximum delay duration. The functions 7t;(¢),
fori = 1,2,3 adhere to and fulfill the following specified conditions:

7; (€) > 0, foﬁ 7; (€)d¢ =1, and foﬂ 7 (£) e Pldl < o, where p > 0.

Assuming that

fi
IL(6) = m(0)e ¢, 11 = IL(6)de,i=1,2,3,
0

implies the fact that0 < I1; <1,i =1,2,3.

System (3.1) has the outlined initial conditions below:

{ (Ug (v), Up (v), Ux (0), Ug (v) , Uy (0)) = (ki (0) , k2 (0) , k3 (0), ks (0), ks (0)), (3.2)

ki (Z)) >0, i=1,2,..,5, ve [—f,O], f = max{fl,fz,fg},

where k; (v) € C([-f,0],Rx0),i=1,2,...,5and C = C([-f,0],Rxp) is the Banach space compris-

ing continuous functions, and it is equipped with the norm |[|kj|| = sup |k,- (C)| for all k; € C.
—f<C<0
Thus, a unique solution for system (3.1) under the specified initial conditions (3.2) is guaran-

teed, as affirmed by references [53] and [57]. The meanings assigned to all remaining parameters
and variables remain in line with the explanations provided earlier. We presume that functions
Fx (Uqg,Ux), X €{E P, K}, satisfy Hypotheses H1-H6 as presented previously.

3.2. Fundamental characteristics.

3.2.1. The well-posedness of the system.

Proposition 3.1. Assuming the fulfillment of Hypothesis H1, for system (3.1) and its initial conditions

(3.2). Then, a positive constants T'; for i = 1,2, 3,4 exist, ensuring the following compact set:

~

A = {(Ug, Up, Uy, Ug, Uy) € Coy : Uy ()] < T4,

U () U] <t}

Up(t)|| < Ty,

|Sf2,

Ug(t)|| < Ts,

is positively invariant.
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Proof. As Ug |u,—0= T > 0, it can be inferred that Ug(t) is always positive for every ¢ > 0.
Furthermore, other equations within system (3.1) will be expressed as:

f1
Up + (a+1p) Up = i Iy (€) (Fe (Uyg (t= ), Ug (t =) + Fp (Ug (t= ), Up (t = {))
+ Foc (Uyg (E= ), Ugc (t=0))) dl

f1
ertonntn fo T (€) (Fs (U (7 = ), Us (y— £))

+ Fp (Ug (y =), Up (y =) + Foc (Ug (y =), Ugc (y = £))))dtdy = 0.

. fa
Ug + 19Uy =a | T (€) Up (t—£)de
0

= Up (1) = kp(0)e™ )" + f

t fo
= Uy (t) = k3(0)e™*" + ozf e~ (=7) I, (€) Up (y - ) dtdy > 0.
0 0

: fi
Ug+ (ts + AUy) Ug =1 [3(6)Ug (t—¢)de
0

t t t f3
= Ug () = ky(0)e™ b tetAUL(D D 4o f o~ b et AUl [T oy g (= £) dedy > 0.
0 0

Uy + (g +0Ug) Uy = 6Ug

t t t
— UL (t) _ k5(0)e—f0(1£+6U5(u))du + 6f e fy(ll“‘eua(“))d”ua (5) de >0,
0

for every t € [0, f|. By employing a recursive argumentation approach, it can be shown that
Ug (t),Up (t),Ug (t), Ug (t) and Uz (t) remain nonnegative for every t > 0. As a result, system
(3.1) only admits solutions where (U (), Up (t), Ug (), Ug (t), Uz (t)) € R

207 for every t > 0.

Obviously, tlim sup Uy (t) < Ll, as deduced from the first equation in system (3.1). Following

that, we proceed with defining ®; as follows:

f1
o = [T (0) Uy (=€) de + Up.
0

Therefore

. A _ dug (t—¢
&y = nl(f)—Jét )
0
fi
= Hl(f)(T—Lju:](t—[))df—(a—Flp)UgD
0

dt + Up

f1
:Tnl—Lj ﬁl(f)UJ<t—5>d€—(a+Lp) Uy)
0
fi
S’L’—El( Hl({))UJ(t—f)df—l—uP =1-—¢61P1,
0
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where ¢; = min{tq, a + 1p}. This indicates that tlim sup P (t) < — [;. Based on the nonnega-

T
€1
tivity of fof "Iy (€) Ug (t - €) d€ and Up, then tlgglo sup Up (t) < I'y is confirmed. As a result of the
third equation in system (3.1), one can acquire

f2 . .
Uy = a I[L(OUp (t—€)dl — 19Uy < allply — igcUge < al'y — 19Uy
0

Then, }g?o sup Uy (t) < Dﬁ—}r(] = I',. Finally, we let

D, (1) = Ug + % u_g
This produces
= Ug + 2 UL
f3 _
=1 1l (f) Uy (t - f) dl — gl — AU pUg + % (6U5 Uy —0UpUs)
0
fs L L g0
— I _ _leyy, L ey
n o1l (6) Usgc (¢ =€) dl = Ug — —=Up = (A+2 o5 )UcUe
fs lels
<n H3(f>u7(<t—f)df——u8——ulz
2 26
< T]rz - éz(u(g -+ zéuL) = 171“2 — &Py,
where ¢, = m1n{ tr}. Thus, 11m n sup D, (t) < 22 = I'3. Based on the nonnegativity of Ug and Uy,
one can guarantee that tli)r?o sup Ug(t) < '3, and tli)r?o supUp(t) < % = ['4. Consequently, it can

be inferred that Ug (t), Up (t), Ugk (t), Ug (t) and Uy (t) are being ultimately bounded. This, in
turn, ensures the positive invariance of the compact set A under the dynamics of system (3.1). O

3.2.2. The reproduction ratio and equilibria of the system.

Proposition 3.2. Assuming that Hypotheses H1-H4 are met, there exists a positive basic reproduction ratio
= Hl(an2H3g)5(U0 )+L51K507>(U0 )+(1L5H2g)K( ))
Ro = tgigc(a+ip)

(i) ensures the system consistently maintains a virus-free equilibrium, denoted as O, and

for system (3.1) in a way that

(ii) if Ro > 1, the system additionally possesses a virus-persistence equilibrium, denoted as O'.
The proof is omitted as it is similar to the proof of Proposition 2.2.

3.2.3. Global stability of equilibria. The forthcoming theorems explore the global asymptotic sta-
bility of both virus-free and virus-persistence equilibria. For clarity’s sake, let’s demonstrate
(Uy (t=6),Up (t-0),

Ugc (t - 5) ,Ug (t - 5) JUg (t - 5)) by (uje' Up,, Ug,, Ug,, uﬁf)

Theorem 3.1. For system (3.1), let R < 1 and Hypotheses H1-H5 are satisfied, then O° is G.A.S in A.
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Proof. Let’s contemplate a potential Lyapunov function, E, (U, Up, Ug, Ug, Uy ), in the following

manner:

iy [PEAB) 1 ) e,
I

K
J us, Y& (V) lyclg

ve(Uy)  Aes(Uy) 1 R
P US+WUL+H_1J; H1(f)ﬁ_€(fs(uj(y),Ug(V))

+ Fp (Ug (7)) Up (7)) + Fx (Ug (), Ux (7)) dydt

o (o (U) + oo (U3) (5
+ o fo I (£) ft_guﬂy)dydé’

+

N nYe (Uoj) ff3 _
0

t
s(0) [ )yt
lg =

Evidently, Ez(Uj, Ugo, U7(, ng, UL) > 0 for every UJ, LIp, Ur](, u(g, u_g > 0, as well as
Ho (LI%, 0,0,0, 0) = 0. Further, d% is given by:

az, _{,_velUy)) . +’?H38"6(U%)+18K=’7<(U°j)u +Kf’8(uf)7)u
dt ve (Uyg) J I ” lxle * g &
Aps(Uy)
+ TULUL +Fe (Ug, Ug) + Fp (Ug, Up) + Foc (Ug, Ug)

[ oty ot

p 0
+ Fc (Uyg,, Ux, ) d + oI (M Tape (U) + tepac (U)) .

lxls
_ ol (Uy) ieon(Uy)) o5 e (),
lxle 0 lg
0
_we(ly) I3 () U d¢
lg 0
ve (Uy)
=|1- (T —1gUyg = Fe (Ug, Us) - Fp (Ug, Up) - Fgc (Ug, Ux))
ve (Uyg)
+ Hil j(: L () (e (Ug,, Us,) + Fp (Ug,, Up,)
+ Fac (U, Unc ) de = 2,

1
| M (Uy) + ok (Uy)

Lils

fo
(a r_Iz (f) Utp(df - L(KUrK
0
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M (U5)
6[8

fi _

1
+T5(UJ,U5)+TP(UJIUP)+TW(UJ/U7<)—EIO I (6) (Fe (Uyg,, Us,)

e (Uy)

lg

f3
+ (7] 1=[3(€)u7(fdf—L3U5—/\U£U3]—|— UL (5US—L£UL—QULUS)
0

+ Fp (Ug,, Up,) + Fac (Usg,, Ux, )) d¢
| Ol (1lwe (Uy) + oo (Ug)) - a(nllage (Uy) +oon (Us))
o

lxls lxle 0
| Mz (u9) - 198 (us) rr

I, (€) Usp, d¢

p ” ; I3(0)Ug,dt
ve (uoj) ve (UOJ) Fe (Ug, Ug)
B XOS(UJ)}(T_lJUJ) TloelUy) U - (Uy)| U
N ve (Uy) 7 (U, Up) _atw ol (s pg (Uf) + topac (U5)) U
& (uj) Up IL lxlg »
Ve (U%) 7:7( (UJI u‘K) 0 /\808 (U%) 2
o ) T — s (U%) | U — 5 (Lg + OUg) U2 (3.3)
Using inequality (2.16), we obtain
ve (Uy) 7 (U, Us) vs (U5)
ey U velUs) = G yoe ) -ve(Uy) <o

. o _ T .
Further, Hypotheses H4 and H5 in case of U, = o imply that

ve (Uy) 77 (U, Up) _atw ol (s pe (US) + topac (U)
9e (Uyg) Up I Lxls

(

) I lle

(Uy) atip ol (ilwe(Uy) + wox (Uy))
o ) I lxle

atip (e (Uy) + wox (Uy))
)_ H1 + lxls

alls (s (Uy) + teo (Uy)) + oo (Uy) ot 1p
- Lycls 1L
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Furthermore
ve (UG) Fx (U, Ux) oy _ 98(Ug) oxc (Us) oy _ 98 (Ug) oxe (U) .
- us) < — u; )< - U, )=0.
e (Uj) Ug 507(( :7) PS(UJ) W‘( :7) e (uoj) 507(( :7)

Upon conducting a straightforward computation and incorporating the value Uf)(f = 1/19, Eq.

(3.3) will manifest in the subsequent manner:

d=; _ T[1 _9e(U5))(, _uy Ao (U5)

_AT | et g _re\vg) 2
(1 u%)+ T (Ro-1)Up o (z + OUg) U-.

u
(1 - —57] <0.
uj
ds,

Evidently, for R < 1, the rate ~j¢ remains non-positive. Furthermore, d‘% equals zeroat Uq = Uoj

dt ps(Uyq)

From Hypothesis H3, we have

[ vs (U7)
1o — I/
9s (Ug)

with Up = Ug = Uz = 0. It follows that all solutions convey to M. Within M, every element
satisfy Ug(t) = U%, and Up(t) = Ug(t) = U,(t) = 0 for all t. Following this, the first equation of
model (3.1) along with Hypothesis H1 results in:

0= Uy =7- 15U - Fye (U, Uy (1)) = Fac (U, Uxc (1)) = 0 = Uy (t) = 0, forall .

Then, M), = {OO} . Consequently, according to the L.I.P, the inference can be drawn that 0V exhibits
global asymptotic stability whenever Ro < 1[53], [54]. O

Theorem 3.2. Given Ro > 1 the fulfillment of Hypotheses H1-H4 and He, it can be concluded that the
equilibrium O for system (3.1) is quaranteed to be G.A.S in A\Y.

Proof. Building up Z3(Uyq, Up, Uy, Ug, Uy) according to Eq. (3.4) as follows:
. 1 1 1
_— 1 Ur Fe (UJ, US) Up (Up
e A AT A 1l (71
Uy e\V:-Ug ! P
1 1 971 1 1 1
. NTLULFe (UL, UL) + UL (16 + AUYL) Foc (UL, UL [%]
U (1 + AUL) uk
Fe (Ui, UL) [US) AFe (UL, ut)
g+ AUy \Ug)  2Ul (1 + AUL) (5 - 0UL,

Fe(Uy, UE) h (e Uy (), Us (7))
M fom “ jz:—t’F 7e (UL, UL) it

Fp ut, ul fi £
+—(*7 P)f Hl(é’)fF
L 0 t—¢

) (uﬁ - LI1£)

7o (Us (). Up (0D,
7 (U )
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1 71
o (U Uie) F T (U (), U ()
+ H— L (f ) F " 1 d)/d{)
1 0 t-C Fx (U ke Uq()
ally (MU Fe (UL, Us) + U (16 + AUL) o (W Us) %t (Up ()
+ f Hz(f)f FIE2) e
UL UL (16 + AU ) 0 -t 3
nul Fe (UL, UL) rf to(U
4 (U u5) f 15 (£) f F “fy) dydc. (34)
ug (e +Aut) Jo e | UL
We can deduce from the equilibrium condition derived from the last equation of system (3.1) that
6— 9U1£ = l‘/&? > 0. The positivity definiteness of Z3 becomes evident. When calculating dd%

along the trajectories of the model described in (3.1), we obtain

dEs _7:3<ulj’u§:) . 1 _U_;B :
at _[ Fe (U, Up) VAT R
Uy Fe (UL, Up) + U (16 + AU ) Fic (UL, UG ) . U .
UL UL (16 + AUL) Ug |
Fe (UL, U}) UL) . A (U, u) N
U (ig + AUL) ( - U_s] * UL (1 + AUL) (o - ou) (- Uty
Fe(UL,UY) ofi  (Fe(UsUs) Fe(lg,Us)  (Fe(Us,Us,)
+ e [T - dt
I 0 Tg(u}], uy) fg(u}T, uy) Fe(Uyg, Ug)
. Fp (UL, UL) ffl - Fp (U, Up) ) Fp (U, Up,) Fp (Ug,, Up,) "
I 0 Fp (UL, UL)  Fp(Ul, Up) Fp (Uyg, Up)
. Fac (UL, u;()flﬁ Frc (Ug, Ux)  Fac (U, Ug, ) T«(uﬂ,u{,@)] v
K 7w ) _ KT 7K
I, 0 Fx (U}I, U(}() Fa (U}T U;() Fxc (Uj, u?()
. all, (nTsU T (Ul UL) + U (16 + AUYL) Foc (UL, UL )) ffz _— Up,
UL UL (16 + AUL) R VTTRTA
u; Fe (UL, Ug
)y ) (U ()
P Ut (e +Aut) Jo ulul x
(el )
—|1- m (r - gy - Fe (Ug, Ug) - Fp (Uyg, Up) - Foc (U, Uxc))
ul fi
+Hi1 1—u—z U; Iy (0) (Fe (U, Us,) + Fp (Usg,, Up,)

+ Foc (U, Us, ) de = (a+ 1p) Up)

UL Fe (UL, UL) + UL (1g + AUL) Fye (UL, UL ;
nils e 8( T 8)+ 8(18"" .L:) 7(( J 7<) _% [a & ﬂ2 (f) UP()df—lfKu'K
U 16+ AU AR
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7:8 Ul , ul ul f3
( J 8)) (1 8)(’7 I3 (£) Uge,dt — 1gUg — AU g Ug
0

uy (Lg + AU,
AFe (UL, ub)
U i+ AL) o - o)

(Ug-UL) (8Ug - 1.U - OU L U)

f
+ 7 (U, Us) - 11 fo 1 (0) Fe Uy, s, ) de

Fe (uﬂ'w u&)]df
Fe (U:f/ US)
fi

+7—'p(uj,up)—nil i I (€) Fp (Uyg,, Up, ) d

Fe (ulj, ug) f

+ H—l . 1Ty ({))ln(

Fp (ujf’ UP{)

1 1
+Mfﬁ I (€) In
0 Fp (UJ, UP)

I

f
+ Fx (Uj, U?() - Hil j(; 1 I () Fxc (ufff/ UW{) at

. Fac (UL, UL) A N b (U, Uy, v
Ty o Fx (UJI u?()

oL U}, (U Fe (UL, UL) + UL (g + AUY) Fac (UL, UL )) 1,
* LU} UL (Lg + Au},_,) U_;)
~ a (UH3U;<7:5 (U}T’ Ué) - Uc13 (La - /\ulL) T (U}T’ U,}()) £ I () Up,dt

el (i AU :
 allp (st 7 (U, Lfé) ' U (1s +1AU2) Foc(Uy i) R m(fl”‘) v
U UL (16 + AUY) 0 i

MU Te (U, Uy) U—Z( G e T3 (€) Uy de
Ul (e +AUL)  Up UL (g +AUL) Jo

1 F 1 ’ 1
g S(Uj Ug) f3 (0 ln(%)d{{
UL (g +AUL) Jo Uy
Thus
425 Fe (UL, L) 7o (U1, UL)
at _Ta(ujfué) (T_Ljuj)JrTa(UJIU}s) (Tg(uj’us)+ﬁ)(uj'u¢)+%((uj’u?<))
1 = TS(UJWU&) U, 1 (N TP(qu’qu)u;)
T4 I (€) 0, dé’—H—l A I (¢) 0 de
1 (h. TW(UJIUW)U;) a+i a+i
), &P Y Pae- Hlf"u + Hpu;,
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T )V ) )
- 2
0

K de
UL UL (1 + AUL) Ugc
UL Fe (u}y, up) + U (1e + AUL) Fic (u}], us) )
- 1771 1 (U'K - u’K)
ul Ul (e + AUL)
1 1 1 1 1
B 77?:8 (Uj, Ui;) f 3 I, (0 uﬁusdg ~ 1817-8 (UJ, Uf) (ua B Ué)
Uy (e + AUL) & UL (e + AUL)

175 (UL, ) M6 (U Ug)

0
Uy (Ug - Ué) +

(ug-UY) (8Ug - 1ol - OULUg)

U (s AU U (16 + AUL) (0 - 6U})
. Fe (U}T, Ué) ffl —— Fe (Ujf/ uag)
m o (U, )
LUy tp) (U ) f 'y (o | 20 Hre) (U ) d
Ih 0o Fp (UJ, UP)
Toc (Ul Uie) (T (U, )
L sl I (€)In m
. oI Uj, (15U T (UL, UL) + U (16 + AUL) Foc (UL UL)) u
UL UL (1 + AUL) Uy,
N all}, (nlIsUl Fe (UL, UL) + UL (16 + AUY) Fre (UL, UL)) ofe (O ( Up, )d{)
UL UL (1 + AUL) 0 Up
MU Fe (U, Uz) e MU Te (U Ug) o T (£) In (%) d. (3.5)
UL(e+Aul) Ug  uk(g+Aul) Jo Uy

Implementing the specified conditions for equilibrium O'

T =1 UL + Fe (UL, Up) + Fp (U, Up) + Foc (U, U),

(a+ 1p) UL
Fe (Uy, Ug) + Fp (Uy, Up) + Foc (U, Use) = —7—
aqul T]H3u1
Uk — Ly 1_ K sul = Ul + oulul,
K L & e + AU, &~ LHr £LYs

we derive

U Fe (Uljf U}g) +Ug (‘8 + AU}:) T (ué" U;()
UL (e + AUL)
ol UL, (UL Fe (UL, UL) + U (16 + AUL) Fic (UL, UL ))
) U U (164 AU |

7o ) 7ty ) -

4
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Therefore, Eq. (3.5) will be expressed as follows:

R Fe (U, U})
N PR 25 T8
dt Fs (Uj, U(lg)

1 1
i e
Fe (Ug, Ug)

T (Ug, Ug)
Fe (UL, UL) Frc (U, Usc)
Fe (Usr, Ug) T (U, Uj)

7 (U Up) 7 (U UR) + 7 (1, )

72 (U, ) 75 (U, )
Te (U Ug) Fr (U Up)
_"fg(u},,u}g) fﬁﬁ , Fe (Uyg,, Ug,) U},

I 0 Fe (UL, UL) Up

711,

+ e (U )

at

B 7:30 (U}?—/ ung) f 1 I (¢ TP(UJN UP[) u;)df
Ca R s

1 1
_?«(uj,uw) ffl - ﬁ((ujﬂ,um)u;)dg (a+1p) U up
0

o N TTN I T
_al (MU Fe (UL, UL) + UL (18 + AUY) Foc (UL, U ) ffz _ u,pfu;(d[
UL UL (1g + AUL) 0o Ul

UL Fe (u}7, UL) + UL (e + AUL) Fic (U}T uk) Uy
- Ul (g + AUL) ul

Ul Fe (u},, uy) o U U, 16T (U}], ug) )
T 1 f O3 TTh 1 (Ue - Ug)

uj (g +AuL) Jo Upls UL (ig+AUL)

AFe (u}f, uy) N M (ulj, uy) ) L\ e (u}f, uy) ) X

UL (ig+AUL) e (Ve = Ug) + up (g + AUL) U (Ue = ) - u (1 + AU U (Ue - U)

e (i )
UL (e +AuUL) (s - ou’,)

(ug-Uy)(5Ug — Lol — OULUg — SUL + 1. U,

Fe (Uyg, Ue,)

1 1
11 1 1 e (uj’ Ug) rh
+ OUL UL + OU Y Ug - OULUg) + ———= | TI; (¢)In
0 Fe (Ug, Ug)

I

oy ) [ m@m
0

+ 7r (U, ) de
L Fp (U, Up)
+"f7<(u15, ul,) flr_I O Fo (U, Ux,) "

Hl 0 ! 7‘-7( (Uj, Ur]()
(7o (Ul ) + 7o (1, UL)) 7
7)
ffg,(ulj, uy) +T7<(U1J, us) Uy,

+

I, 0
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U Té)(ul ,ul) f3 U
1 471\ Yx g Ye %,
+T3(UJ, Ua) u—;( + I | I3 (¢) ln(u—w)dg_

Consequently, the form of the expression becomes as follows:

dz= Fe (U}], U(lg) Fe (U}T LI}S)
dt3 ) (1 ) m (thI}?— Ljuj)_i_ 2- m (7:8 (U}y, U(lg)
Fs (Uj, Ug)
+ Fp (UL, Up) + Fac (UL, U )) + Fe (UL, U) ———L—=2
P( ! P) 7(( 7 7())+ 8( 7 S)TS(U:],U}s)
17 oo
+5p (u}f' uflo) i (uj, US) T Uy, Ur) +Fx (u}f, u;() Te (UJ’ ua) Fa (Ug, Ugc)

Fe (UJ, ué) Fo (u;, u;))

_ M ffl (¢ Fe (ufw US[) U;)
I 0o Fe (U}T U}S) Up

- M ffl I (¢ Tr (ujf' uﬂ) U;)d[
I 0 Fop (u}?’ u;)) Up

- M ffl M (¢ Fx (ujf' qu) Uy,
I, 0 Foc (U}T u;() Up

e (U, Ug) P (UL, i)

at

- (7 () + 7 (U, Ub) + Fac (U, ) o
P

1 11t 1 971
Fe (UL, UL)+ Foc (UL, UL) f_ Up UL
- [, (£) ————dt
I 0 UPU(K

— (Fe (U}, Ug) + Foc (U, U, ) (% - 1)

7% (UL, Ul ) o
_Mfsfb (¢ oy ¢ TS(UJ ua) (ts+AU1L)(Us—U}3)
0

I1; U;(Ug - ué (18 + )\u})
AFe (Ul u) . ) AFg (UL, UL) 1 1
e ) D e ) G e P e

Mg (UL, UL) ,
—171) = NS n
X (US US) U(l) (La ¥ /\UlL) (5 _ 9u1£) (ty + OUg) (UL U£)
Te (U}T’ ucl‘l) h _ Fe (Ug{,,u@)
+ 1, | I (6)In m

Fp (UL, UL) (i T (Us,, Up,)
+H—1fo IT; (£)In o Uy Uy
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+ %ﬂi%) Ofl T, (¢) 1{% 4+ (Fe (U, UL)
e (U ) E_Z . Fe (U, Ug) ;;j’«(ulg" ;) fofz (0 1n(u7:)df
+Fe (U, Uy) 5_; n %(LI{[;ZL%) 0f3 I (£) 1n(LLZ‘<‘)d£
- 2o ). o P, )7 )
et ) 7 ot ) T L) i T (U ) T (U U

7o (Us, U}) Te (Ug, Uy) T (U, Up)
Fe (U, UL) Foc (U, Uxd)  Fe (U, UY) ffl — Fe(Ug,, Us ) U,
Fe (Ug, UL) Fc (ulj, ul) Ih o (ulj, uy) up

_%(ulj, ) fﬁ - Fp (U, upf)u;)df
0

el U

Iy Fp (UL, UL) Up
1 1 1
B ﬂ((tllijl ) f " (e e (s, U e ~ 7 (U1, ) 2
1 0 Fac (UL, UL) Up Uy,

Fe (UL, UL)+ Foc (UL, UL) fe Up, U} U
_Te(Uy ) + Fae(Uy “)fo I (¢) uf’uwdf—ﬂ(ulj,u;()u—j(+z¢g(u1j,u}3)

I pHUK 7e
1 1 ¢8 (U}T 4 ué) - u-j([ u}(j 1 1 Ug
e (U Ul) - =2 [T (0 TR S

ety )
UL (1g+AUL) (5- oul)

Fe (UL, UL) i ln[(/'-‘a(ujf,ug[)

(1p + 6Ug) (Ug - UL

4+ —_— 11 (€
In 0 10 Fe (Uqg, Ug)

at

R L) [ m(—% (U Ur)
0

Hl 7:7’ (UJ, UP)

Fac (UL, UL A
+ M L (£)In
I 0

Foc (Ug, Ux,)
Fo (Ug, Ug)
Fe (U}?, U}S) + Fx (U}T U%) fa

Up,
+ I (£) In [)dﬁ
H2 0 2( ) (ugD
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Fe (UL, UL) U
NAKS) = Ke
+ T8 L (0)In de.
15 fo 2(0) (U«)

Additionally, we have the following equalities:

. Fe(Ug,, Us,) _ Fe(Ug,, Ug,) U}, Fe (UL, UL)
Fe (Uyg, Ue) Fe (UL, UL) Up Fe (Ug, UL)
. Fe (Ug, UL) Ug ln(UPU;()+ln(u7(—L%)’
Fe (Uyg, Ug) UL UL Uy Ul Ug
. Fr(Ug, Up,)|  (Fr(Ug. Up,) Uy o Fe (UL, UL)
Fp(Ug Up) || (UL, UL) Up Uy, UL)

Fe
1
Up,

(
Hn(fswmu;)%(ua, >u¢]
Fe (U, UL) Fp (U, Up) U}, |
n(ﬁ( (ug,, Ur](()} _ ln(ﬂ( (U, Ux,) u;,} Fe (UL, UL)
Foc (Ug, Ugc) Fac (UL, UL) Up Fe (U, UL)
ol )
Fe (UL, UL) Fac (Ug, Usc) UL,

U Up, UL ulu
ln( 9D[):hn e/ +In p K ,
Up ul Ug Llpul

P K
Uqe, Uge, UL ut.u,
1 (ﬁ):ln[ 71(( 6)+ln s f)
Uy U,KUS U(KUS
Therefore, % will be
- 1 71
@_ ul 1_7:8(115,118) 1_& —1—77(1,[1 ul) Tg(Ug,U@)_%
ar  Hg 1 Ul E\Mgr e ST
Fe (Ug, UL) g Fe Uy, UL) Ug
o [Fe(Ul, UL Fe (Ug Up) g,
+ 7:? (Uj, Up) 1 ] | - ﬁ
Fe (uff ’ ua)ﬁ’ (uj' UP) P

Fe (UL, UL) Foc (Ug, Ug)
197 J o T
+ T (U, Ug) [ Fe (Ug, UL) Foc (UL, UL)  Uge ]

7o (U, Up)

VN J o)
Fe (Uj, Ué)

+(Fe (Ul ug) + Fp (UL, UL) + Fac (UL, L))

Fe(Ul, UL) rh_ Fe(Uyg, Ug,) UL,
S SV A 74 f 8 dt
I 0 Fe (UL, UL) Up
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_%(u}].,u;)) fflﬁ , Fp (U, Up,) UL,
M () up
Fi (UL, UL) fflr_l , Foc (U, Ux, ) U,
Y

at

at

1 1 1 1 1
_ Fe (U, Ug) + P (U Us) [ " (0) 2 g o (1, UB) + e (12, )
0

I, Uz, Uy
e (Ul 1) ffs 1 (0 2 uy o ATe(Ul )
I3 0 UpUs UL (g+ AUL) (5 - 6UL)
L (U, uy) f "1 0 [n| (U, U, ) U, Fe (U, Ué))
I, 0 Fe (Uljr ué) Up Fe (uff ’ u<18)

(1 + 0Ug) (U - UL)’

+1In

In

1| Tl ) U 1n[u¢—%(]+1n[uwué) d
Fe (Ug, Ug) U(lg U;) Uy LL}( Ug
Fp (UL, UL) hi Fp (Usg,, Up,) UL
T [, o 2t
g e
. %(ulj,u}g)] [Tg(ug,ué)ﬁ(ulj,u;, up) y
n| 2\ e
Fe (Ug, UL) Fe (UL, UL) Fp (Uyg, Up) UL,
Foc (UL, UL) f Fac (Ug,, Ug, ) Uy Fe (UL, U;
i W(ﬁi W)fo (0 n ;((u? uzq))u; ]Hn[?zguj uf;
J’ K JrYg
i Fe (U, UL) Foc (UL, UL, ) U Hn[ufu;( v
Fe (UL, UL) Fac (Ug, Usc) UL, UL Uy

+ at

Fe (UL, UL) + Fge (UL, UL f2 Ugp, UL uLu
8( J 8) 7<( T «)f - f)[ln( Pe 7(]+ln[ P W]
0

I
I, 2 U Use UplTl,

Fe(UL, UL) rf Uge, UL utu
_,_Mf ﬁ3(€)[ln[ e SJ—I—ln[ X 8]
0

at

I3 u,}( & u7( Ué

Te (Uy Ug)
Fe (U, UL)
Fe (UL, UL) Fp Uy, Up) _Up
Fe (Uy, UL) Fp (UL, UL) - Up
Fe (UL, UL) Fic (Uyg, Ux) ) %J
Fe (Us Up) Foc (U, Use) - Ui

Ug

Uy Fe(Ug, Ug)  Us
1
uj

Fe (Uj, U(lg) U_é

+Fe (UL, ué)[

= Lg—u}/_[1 -

+Fp (UL, Uy) (

(U, >[
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Fe (U, UL) Fe (U, UL)
_ 1 9171 1 9171 1 911 Jr el 4 J &
(Fe (U, Ug) + Fp (UL, Up) + Foc (U, U )) 7o (U, 1) 1-In 7o (U, 1)
_Tg(ulj,u}g) fﬁﬁ « Fe (U, Us,) u, Fe (Uyg,, Ug, ) U}, 'd€
M e (g, ug) Uy 7o (U, UE) Up |
_%(u},u;)) fflﬂ « Tp(ug—c,up[)u;,_ ) Fp (Ug,, Up,) UL, "
I 0o Fp (UL, UL) Up Fp (UL, UL) Up
_T«(ulj,u;() fflﬁ o Fic(Ugo Use)Up [ Foe (U, Une) U y
I o Fi (UL, UL) Up Fac (UL, UL) Up
_Tg(u},,u}g)JrTq((ulj,u;() ffzﬁz(f) ngu;(_l_ln(ngu;(] e
I, 0 ulPU(K ulpuq(
Fe (Ul UL) rh_ [UgUL Uy, UL
- fo H3(€){u(}(u8 —1—ln(u;( 8) dt
7o (11, ) e 72 (1, U3) 7 (U, U Uy
1 1 1 1
+ 7 (Ul U n| = OPED) +Fp (UL, UL)In o (00 00) o (L U

, n
T s (U, L) P (U, Use) U
/W:S(ulj’ ucls) 1
o 7200 (o our) 4 U (e )

2

By simplifying the previous result, we arrive at

dEs o (Ul Ug) Ug
R O O
Fe(Ug Ug)  Ug T (UJ' USS) Us
+7:8(UE Ué)[fé)(uj/ué) _u_(lg_ Fe (uj,ug) ué
() Fe (U, Up) P (Ug, Up) Uy Fe (U, UL) Fp (UL, UL) Up
Fe (Ug, UL) Fp (UL, UL)  Up Fe (UL, UL) Fp (Ug, Up) UL,
Fe (UL, UL) Foc (Ug, Uxc) 11, Fe (U, UL) Foc (UL, UL ) U
+ Fac (UL, U -—K_1
g (g, UL) Foc (UL, UL) Uy Fe (UL, UL) Fac (Ug, Usc) UL,
Fe (UL, UL) flﬁl ole Fe (Uyg,, Us,) UL Fe (UL, UL)
e 7o )y ) 7 ()
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Fp (U, Up,) U}, M
7y (wj ’ u;’) Up Fe (UJ, Ugs)

F(TW(U%UK[)U;)]#(M v
T (wj u;() Up Fe (UJ, Ué)

I

1 1 3
_Mffﬁl(f){F
0

— w ffl (¢
1L 0

Te (U, Ug) + Foc (U Use) (% Up, U,
_ I, (¢)F e
I ; -

Fe (UL, UL . el
_M‘f 1=I3(€)F( *e S)df
I3 0

Fe (U, Ug) Us
Fe (Ug, Ug) Uy
T (Ug, Up) T (U, Uy) Up
Fe (UL, UL) Fp (U, Up) UL
Fe (U, UL) Fac (UL, UL ) Uxc
Fe (UL, UL) Foc (U, Usc) UL

-1-In

- Fs (U}T’ ué)

Fe (Uy, Up) Us
Fe (Ug, Ug) Ué]
Te (UJ, U(lg) Fp (u}f, u, ) Up

Fe (UL, UL) Fp (Uy, Up) u;)}
Fe (U, UL) Foc (UL, UL ) Uxc
Fe (UL, UL) Fic (U, Us) u;(J

-Fp (U}Y’ u;)) .

-1-In

- Fx (U}?, u{}()

AT (UL, L) .
_ UL (i + AUL) (6 - OUL) (12 +0Ug) (Ug - UL)

" 7o (Uy, Us)

( Fe (U, UL)

’ U(lc)) Fp (Ug, Up) Uy

)72 (U.5)
)7:7( (Uj, Uq() Uy
Ug, Ué) Fo (U}]’ u(}() - U_(}(
e (uju u(‘)g) u;
Tg(u}f’ u(ls) Up

(“M%@%%%n

Fe (Ulj, U}S) Fp (Ug, Up)

[1 T (U, ) 7 (U, L) J
Fe (U}, U(lg) Fac (Ug, Usc)

Fe (ulj, u(lg)

d{’_wffl molr Tp(ujnuﬂ)u;)
I 0 Fp (U}Y’ ulp) Up

o)
A/E
%»—\
o

+F .

Fe (U, UL) 7 (UYL, UL) U ]
Fe (UL, UL) Fp (U, Up) UL




34 Int. ]. Anal. Appl. (2024), 22:186
Fac (UL, UL) flr_l ol Foc (U, Us, ) U,
- = 1
ey 7o (U, ) Uy

+F[w o ?‘s(ujfu(lc,)f«(u;,u;()u«)

Fe (Ug, UL) Fe (UL, UL) Frc (U, Ugc) Uk,
Tl ) Tl ) (0,
I, 0o pUxc

IT

1 3
_’C—(US )fo ﬁB(f)F(u“‘u‘l"?)df

ety )
UL (1g+AUL) (5- oul)

Fe (U Us)
1-——||1-
Fe (Ug, UL)
In addition, from Egs. (2.17)-(2.19), we conclude

Fe (Ug, Ug) Ua] %(UJ' ))<0

From Hypothesis H2, we have

Uy

ul, =0

& (
(u )  Fe (Uyg, Ug)

(U )ﬁ)(ujfUP %} 1_7:8(u5ru(19)7:7’(u13"u;’)
(g, ut) 7 (Ui, us)  Up Fe (UL, UL) Fp (U, Up)
(ul, ut) F (U, Ux) Uy 1_¢8(uj,u}g)%((u}],u;<)
Te (U, UL) Foc (Ul UL) - Upe )\ 7 (U, UL) T (U, Uc)

8

<0,

o:wo:ﬂ\w

Consequently, when Ry > 1, it is established that dd“f < 0 holds true for all positive values of

Ug, Up, Uy, Ug and Uy. Additionally, 22 = 0 is realized when Uy = UL, Up = UL, Ux =
U,K, Ug = U}S and U, = U1£. As a result, w1th Mé = {Ol} , we can affirm that the equilibrium O!
is G.A.S under the condition R > 1 in accordance of L.LP [53], [54]. m|

4. ILLUSTRATIVE EXAMPLES AND NUMERICAL SIMULATIONS

Dive into the real world! This section brings our theoretical predictions to life through numerical
simulations. We use MATLAB solvers” ode45 and dde23 to explore the dynamics of systems (2.1)
and (3.1). We utilize Crowley-Martin functions for the incidence rates in system (2.1), while
choosing saturation incidence for system (3.1). Additionally, within the framework of model (2.1),
we investigate the dynamic impact of impaired antibody immunity and the effect of the Crowley-
Martin functions parameters on the dynamics. Furthermore, our analysis extends to exploring

the influences of time delays and the saturation effect on the dynamics of system (3.1). We utilize
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sensitivity analysis to reveal how basic reproduction ratios respond to variations in parameter

values.

4.1. Numerical simulation for model (2.1). The Crowley-Martin functional response was pio-
neered by P. H. Crowley and E. K. Martin [58]. The Crowley-Martin functional response is
considered predator-dependent, whereas predator interference involves both prey and predator
populations. This type of response is influenced by the predator presence. It is assumed in
Crowley-Martin that the predator-feeding rate will decline with higher predator density, even
when prey density is high. The influence of predator interference on feeding rate remains signif-
icant regardless of whether an individual predator is handling or searching for prey at any given
moment [59-62]. The Crowley-Martin functional response is distinguished by its cabability to
explain the saturation effects inherent in viral replication, which are influenced by the availability
of target cells. From a biological point of view, it is well known that viral replication reaches
an upper limit due to the finite availability of target cells [63]. The subsequent Crowley-Martin
incidence rates will be selected for system (2.1):

_ ueqgUe
To (U Ue) = (1 +vUy) (1 + pele)’
_ ppUgqUp
7o (U Ue) = G0, (14 o)
UqU
Foc (Ug, Ugc) = T K

(1 +vUg) (1+ exly)’

where uy > 0, X €{&, P, K}, account for the infection rate constants. Parameters v > 0 and ¢ > 0,
X €{E,P, K}, represent the Crowley-Martin infection rate constants. Concerning the feeding rate,
v represents the handling time, and ¢ x indicates the level of interference among predators (HIV-1
particles and infected cells). This functional response is useful for modeling infections like HIV-1,
as the rate of infection experiences a saturation effect because of the intracellular replication [63].
Hence, the structure of system (2.1) will be as follows:

Uy =1-19Uq— HetlyUe - upUs Uy

7 T (1 4vly) (14 9gle)  (1+vUy) (1+ pplp)

B P UgUgc
(1+ VU{I) (1+ goq<ll7<)'

I ueqgUs ppUgUp

T (vl ( J)SUS AUy (T + pplp)

ugcUyg (4.1)
—(a+wp) Up,

(I+vUyg) (1+ @xcUx)
Ux = alp — 15Uy,

Ug = nU(K—LSUg—)\ULUg,
UL = olUg — LLUL - QULU&

Clearly, Fx (Uq, Ux) ,X €{&, P, K} are continuously differentiable functions. Inaddition, Fx (Ug, Ux)
for X €{&, P, K} satisfying the following: Fx (Uqg, Uy) > 0 and Fx (0, Uyx) = Fx (Ug,0) = 0 for
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all Ug > 0 and Uy > 0. Hence, Hypothesis H1 is fulfilled. Moreover, we have

oFx (Uq, U U

Fx (Ug, Ux) _ ‘u;\» X >0, forallUq,Uy >0,
Uy (1+vUg)" (1+ @xlx)

oFx (Uq, U U

Fx (Ug, Ux) _ HxHyg > >0, forallly, Uy >0,
Il (1+vUg) (14 @xUx)

where X €{&, P, K}. This means that Hypothesis H2 is valid. It is obvious that
IFx (Ug,0)  pxUg

ox (Ug) = U R >0, forallUg >0, Xe{&P K}.
Furthermore
d (0Fx (UJ,O)) px
oy (U ( = >0, forallUq >0, Xel{E P, K},
(Ug) = au; \ " aux RERITAE g

which confirms that Hypothesis H3 is also met. Moreover, we have

0 (7:)( (Uj, U)()) _ pxpxUsg
Uy Ux (1+vUq) (1+ (pxux)2

<0, forallUg, Ux >0, X€{E P, K}.

Then, Hypothesis H4 is verified. It is observable that X E j)) “ <, X € {P, K} . Hence, Hypothesis

H5 is satisfied. Furthermore, we have

(Ug,Up)  pplp (1 + (Paa(lg) Fp (
Fe (u ) #SU}J (1+ ppUp)’ Tg('lj, J

and

Fp (Ug, Up) T (T, Up) ]
7o (g, UL Up 75 (0, 0F) O
prip (1 + pelly) (Up— 03)°

12 (TLY (1 + @plip)? (1 + @plll)

T (Ug, Ux) T (0 U) ) Fx (Ug, Ux) _TW(U}I' U%()}

o 0t~ 7ot ) )| 7t ) (0 )

owi (el (-0

(0 ewln)? (14 prlll)

for all Up, Uy > 0,Uqg € (O, Uf)([). Consequently, Hypothesis H6 is also satisfied. Given that
Hypotheses H1-H6 are fulfilled, the conclusions regarding global stability, as outlined in Theorems
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2.1 and 2.2 persist. System (4.1) is associated with the basic reproduction ratio, provided as

UY (nape + tetgcpp + atgig)

Rowur) = - = Rog1) + Ropai) + Roxai) (4.2)
(41) e (o - ) (1100 (41) (41) (41)
where

S nall ue

08(4.1) = vV

ety (o + 1p) (1 + vuj)

R B UOJHSD

0?(4.1) (a v LP) (1 4 VU%_),

all? g

Rox(a1) = I

i (a+ 1p) (1 + vL_Ig.).

4.1.1. Stability of equilibria. We conduct numerical simulations for the system described in (4.1),
employing the parameter with values outlined in Table 1. Several parameters have been drawn
from previous research, complemented by specific choices (ux, 0, vand ¢ = px for X €{E, P, K})

made for this study. For the assessment of equilibrium stability in system (4.1), we commence
simulations using three varied sets of initial states:

1S.1: (U4(0), Up(0), Ugc(0), Ug(0), U(0)) = (720,10,2.3,2.6,0.08),
1.5.2: (U4(0), Up(0), Ugc(0), Ug(0), U(0)) = (690,8,2,2,0.07),
1.5.3: (U4(0), Up(0), Ug(0), Ug(0), U(0)) = (660,6,1.6,1.5,0.06).

TasLE 1. Summary of model parameters and references.

Parameter Value Reference Parameter Value Reference

T 10 [64-66] n 2.6 [74], [75]
Ly 001 [5], [64], [67] s 24 [74],[75]
Ue varied - ) 0.01 [64], [76]
Up varied - Lr 0.3 [64], [77]
pgc varied - 0 varied -

a 0.2 [64], [68] ©1 varied -

Lp 0.17 [64], [68] P2 varied -

Ly 0.8 [69], [70] @3 varied -

A 0.06 [71-73] % varied -

Utilizing the infection rates ux for X € {§, P, K}, the stability of equilibria is governed by R 4.1),
as defined in Eq. (4.2). To scrutinize the impact of variations in these parameters, we explore two
distinct scenarios:

Stability of (_)(()4.1). For the parameters pg = 0.02, up = 0.00002, ug = 0.0001, v = ¢ = 0.02
and 6 = 0.001, the computed value of Ry, 1) = 0.703 is below 1. As illustrated in Figure
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1, the trajectories originating from 1.5.1-1.5.3 approach the equilibrium 0?4.1) = (1000,0,0,0,0).
0

(41) is being G.A.S, aligning with the outcome
established in Theorem 2.1. Biologically speaking, this situation implies the complete eradication

This observation reinforces the assertion that O

of the infection, signifying the successful elimination of the pathogen by the human body.

Stability of (_)%4.1). Choosing g = 0.03, up = 0.0001, ug = 0.0004, v = ¢ = 0.02 and 6 = 0.001,

1
(41)

specific values given by 0%4.1) = (688.079,8.43,2.108,2.279,0.075). In Figure 2, the numerical

results align with the findings of Theorem 2.2, indicating the convergence of solutions for system

yields Ro41) = 1.071 > 1. Consequently, the equilibrium Of, . exists when Rq1) > 1, with

(4.1) to O% 1) when %0(4_1) > 1 across all 1.5.1-1.5.3. From a biological standpoint, this situation

implies the coexistence of both HIV-1 particles and antibodies within the host organism.

4.1.2. Impact of impaired antibody immunity. In this given context, we introduce fluctuations in
the antibody impairment rate constant 6 value while maintaining specific values for ug = 0.03,
pp = 0.0001, pg = 0.0004, v = 0.02, and ¢ = @px = 0.02, where X € {&E, P, K}. We aim to explore
how antibody immune impairment impacts the dynamics of system (4.1), by obtaining numerical
solutions with different 0 values as provided in Table 2. Under these circumstances, we employ

the subsequent initial state:
L.S.4: (Uq(0),Up(0), Ux(0), Ug(0), U, (0)) = (684,8.5,2.13,2.3,0.04).

TaBLE 2. Effect of the antibody impairment rate constant, 0, on the model’s equilib-

ria.
Antibody impairment rate constant 0 Equilibrium O% L)
0 (688.133,8.429,2.107,2.278,0.076)
0.03 (686.796,8.465,2.116,2.289,0.062)
0.2 (683.739,8.548,2.137,2.313,0.03)
2 (681.28,8.614,2.154,2.333,0.005)

As 0 increases, we notice a decline in the quantity of antibodies, as shown in Table 2. This
decrease is accompanied by a greater quantity of infected cells, whether latent or active, along
with a higher quantity of HIV-1 particles. Due to this, there is a reduction in the count of healthy
cells. Notably, Figure 3 reveals that the stability criteria of the equilibria remain unaffected by
antibody immune impairment. This is a consequence of the fact that the parameter R4 1) stays

constant regardless of varying 0 values.

4.1.3. The effect of level of interference among predators (HIV-1 particles and infected cells), ¢, on the
system dynamics. In this case, we fix specific values for pug = 0.03, up = 0.0001, ug = 0.0004,
v = 0.02 and 6 = 0.1, We numerically solve system (4.1) with various values of ¢ = @x for
X €{&,P, K}, accompanied by the following initial state:

1.S.5: (Ug(0), Up(0), Ugk(0), Ug(0), U,(0)) = (680,12,3,3.5,0.05).
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Upon examining the results in Table 3, a positive correlation is apparent between ¢ and healthy
cells, meaning that when ¢ becomes higher, the concentration of healthy cells becomes higher
too. In contrast, the counts of other compartments become lower. Notably, the parameter %0(4.1)
remains independent of ¢. Consequently, Figure 4 illustrates that altering ¢ does not have an

impact on the stability of equilibria.

TasLE 3. Level of interference among HIV-1 particles and infected cells, ¢, on the
dynamic of system (4.1).

Level of interference ¢ Equilibrium O% 11)
0 (405.258,16.074,4.019,4.347,0.059)
0.018 (665.613,9.037,2.259,2.445,0.045)
0.06 (861.13,3.753,0.938,1.016, 0.025)
2 (995.266,0.128,0.032, 0.035, 0.001)

4.1.4. The effect of handling time among predators ( HIV-1 particles and infected cells), v, on the system
dynamics. In this scenario, setting specific values for pug = 0.03, up = 0.0001, ug = 0.0004,
0 =0.1and ¢ = px = 0.2, for X € {E, P, K}, and considering various values of v, we numerically
solve system (4.1) together with the following initial state:

L.S.6: (Ug(0), Up(0), Ux(0), Ug(0), U, (0)) = (500,30,4,4.3,0.04).

Our analysis of Table 4 reveals a positive correlation between v and healthy cells. This indicates
that an increase in v corresponds to a higher concentration of healthy cells, while the counts of other
compartments exhibit a decrease. This is, in fact, due to the dependence of the parameter 9%0(4.1)
on v. Therefore, Figure 5 confirms that v alters the stability properties of equilibria. Furthermore,
we derive the subsequent observations:

@) O} 41)1SGAS when 0 < v < 0.0215.

(if) O(()4.1) is G.A.Swhen v > 0.0215.

TasLE 4. The effect of handling time among HIV-1 particles and infected cells, v, on
the dynamic of system (4.1).

Handling time v Equilibria Roa)
0 Ol, ,, = (103.542,24.229,6.057, 6.551,0.069) 2.5
0.01 0%4_1) = (439.635,15.145,3.786,4.096,0.058) 2.045
0.014 Ol = (693.629,8.28,2.07,2.24,0.043) 15
0.0215 oY, ,, = (1000,0,0,0,0) 1

0.1 oY, ,, = (1000,0,0,0,0) 0.223
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4.2. Numerical simulation for model (3.1). In the context of numerical analysis, we adopt the

following specific form regarding the probability distribution functions (), fori=1,2,3:
7‘(1‘(5) = . (f—fi), fiG [O,fi], i:1,2,3,

where 0.(.) is the Dirac delta function. When f; — oo, we observe

f m(0)de=1, i=1,23.
0

Furthermore, we obtain
1L = f o (b—) e tde = et i=1,2,3.
0

Additionally, we will select the saturation incidence rates of infection as follows:

_ HeUgUs _ bpUglp _ HxUg Uy
1+egls’ 1+ eplp’ 1+ eqly’

here, the positive constants px for X € {&E, P, K} denote the infection rate constants, while ex > 0,

Fe (Uqg, Ug) Fp (Ug, Up) Fac (Ug, Ug)

X € {&,P, K} represents the saturation parameters. Consequently, Based on the aforementioned
reasoning, system (3.1) was modified into a system with a discrete time delay, as illustrated below:
peUgUs pupUgUp  pgcUgUy
1+egls 1+eplp 1+ egly’
Ep— usUq (t- fl) UgUg (t—101) L upU g (t- fl) Up (t— 1)
1+eglsg (t—t1) 1+epUp (t-1r)
pacUg (=€) Ugc (- 60)
1+ egcUyc (t—141)

Ux = ae™2Up (t - L) — 9cUy,
Us = ne®BUy (t =) —1gle — AUyUs,

UL = 6U5— LLUL_ QULUS.

U:f ZT—LJUj—

Up

= (a+1p) Up, 4.3)

The functions Fx (Ug, Ux) , X € {E, P, K} are evidently continuously differentiable. Additionally,
for each X € {&, P, K}, these functions satisfy the Hypotheses: Fx (Uqg, Uyx) > 0and Fx (0, Ux) =
Fx (Ug,0) = 0 for all Uy > 0 and Ux > 0. Thus, the fulfillment of Hypothesis H1 is evident.

Furthermore, we observe

oFx (Uq, U U
Fx (Ug x)_ HxHx >0, forallUy >0,

ol 14 exUy

oFx (Uqs, U U

Fa (Ug X): Hx g > >0, forallUg, Ux >0,
Uy (1+exUy)

where X € {&,P,K}. This can be expressed by stating that Hypothesis H2 is valid. It is obvious
that

Fx (U0
px (Ug) = % =uxUqg >0, forallUqs >0, Xe€{E P, K}.
Furthermore I )
, d x(Uqg,0
S{)X(UJ):duj( &LL\:T ):yX>O,Xe{8,P,7(},
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which confirms that Hypothesis H3 is also met. Moreover, we have

J (9‘3( (Uyg, Ux)) __ pxexUg
MU Ux (1+exUy)?

<0, forallUg, Ux >0, Xe{&E P, K}.

Hence, the verification of Hypothesis H4 is straightforward. Additionally, it is evident that
ox(Uq) . . . .
;;—Uj) = ﬁ—z, for X € {P, K} . Consequently, Hypothesis H5 is satisfied. Moreover, we have:

Fp (Ug,Up)  peUp (1 +€5U(1g) T?(U}f, U;) B upUy, (1 +€5U(1€)
Fe(Ug, UL)  wely(l+eplp)  Fe(Ul,UL)  peUl(1+epl))
Fx (Ug, Uge)  Hxlx (1+esti}) Tw<u}p uk) Uy (1+esi})
Fo(Ug, UL)  uelf(I+exlx)  Fe(Ul,ul)  pell(1+exll)

and

Fp (U, Up)  Fp (U Up)

Fe (U Ug)  Te(Uy Uy)

Fp (Ug, Up) T (U, Up)
Fe(Ug UL)Up T (Ul Ut) Ul

eriih (1-+ esUiy)" (Up - Up)

2 (UL) (1 + eplip)? (1 +epUL)’
Fx (Ug, Ug) Fo (U, Us)

Fe (U, Ug) Use T (U, Ug) Uj

<0,

T (Ug, Us)  Fae (Ul U%)}
Fe(Ug Uy)  Fe(Ul, )
exch (1 + ecUl)” (U - U )

13 (UB)” (1 + excine? (1 + excil )

—_ 4

for all Up, Uy > 0, Uy € (0, UY). Hence, Hypothesis H6 is fulfilled as well. With the fulfillment of
Hypotheses H1-H6, the global stability results stated in Theorems 3.1 and 3.2 persist. Accordingly,
the determination of the basic reproduction ratio for system (4.3) is outlined below:

% _ u%e—blgl (ae—bzfz ([lgne_b3g3 _|_ ‘U(J(LS) + [-170[6[‘}()
043) tetge (@ + 1p)

= Rosus) + Ropas) + Roxs), (4.4)

where

B T]au%‘uge—blfl—bzfz—by,fg,

R =
0E(4.3) Lelxc (a i LP)
R Ugttpe ™"
0P(4.3) — W/
auO ‘uq(e—blfl—bzﬁ
% J
Roxas) =

tgc (a + 1p)
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4.2.1. The stability implications of time delays on equilibria. To assess how time delay parameters affect
the solutions of system (4.3), we maintain constant values for parameters ug = 0.003, up = 0.0001,
pg = 0.0004, 6 = 0.001, by = 0.1, b, = 0.2, b3 = 0.3, and set € = ex = 0.0001, X €{&, P, K}.
Furthermore, you can refer to Table 1 for the values of the other parameters. Next, we examine
how the dynamics are affected by experimenting with different variations of the delay parameters
t;, where i takes values from 1 to 3. The stability of equilibria is highly sensitive to changes in the
parameters ¢; due to the dependence of ‘)?0(4,3) on them (as indicated in Eq. (4.4)). Let’s delve into
the following choices for the delay parameters:

D.P.1: {1 = 0.004, £, = 0.002, £3 = 0.003.

D.P.2: {; = 0.02, £, = 0.03, {3 = 0.01.

D.P3: {1 =0.6,(, = 0.7, {3 = 0.8.

D.P4: () = 1.287, 6, = 1.7, 6, = 2.8.

D.P5: 61 =4,6,=5,{3 = 6.

D.P6: (4 =7,6,=8,(3=09.

We address the initial state for solving system (4.3) as follows:

1.S.7: (Ug(v), Up(v), U (v), Ug(v), Ug(v)) = (600,5,2,1,0.2), v € [-£,0], € = max {{1, 2, (3} .
Table 5 displays the values of ‘)?’\0(4.3) corresponding to different ¢; values, where i = 1,2,3.
Significantly reducing 97&0(4_3) is noteworthy when the ¢; parameters increase. Figure 6 visually
depicts the numerical solutions derived from the system, emphasizing the significant impact of
the included time-delays. Specifically, a positive correlation exists between ¢; and the count of
healthy cells, indicating that their values increase simultaneously, while a decrease is observed
in the counts of other compartments. This suggests the potential creation of a new category of

medication aimed at extending delay times and ultimately mitigating HIV-1 multiplication.

TaBLE 5. Analyzing the influence of delay parameters, {;, on System (4.3).

Delay parameters {1, {5, {3 Equilibria %0(4‘3)
0.004,0.002,0.003 O% 13) = (367.297,17.093,4.272,4.606,0.151) 2.732
0.02,0.03,0.01 024.3) = (370.35,16.984,4.22,4.542,0.149) 2.71
0.6,0.7,0.8 0%4_3) = (529.992,11.963,2.6,2.212,0.073) 1.89
0 _
1.287,1.7,2.8 0(4_3) = (1000,0,0,0,0) 1
4,5,6 0?4.3) = (1000, 0,0,0,0) 0.337
0 _
7,8,9 O(4_3) = (1000,0,0,0,0) 0.176

4.2.2. The saturation infection rates effect on the system dynamics. In this scenario, we set ug = 0.003,
up = 0.0001, uge = 0.0004, 6 = 0.001 and ¢ = ¢; = 0.002, i = 1,2,3. We consider different values
of € = ex, X €{&, P, K} and numerically solve system (4.3) with the initial state 1.S.7 to analyze the

impact of saturation infection rates on the dynamics of system (4.3). Analyzing Table 6 reveals a
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correlation wherein an augmentation in € leads to an increase in the count of healthy cells, while
there is a reduction in the counts of other compartments. Clearly, the parameter %0(4_3) does not
depends on €. Therefore, Figure 7 confirms that the saturation infection does not alter the stability

properties of equilibria.

TaBLE 6. The dynamics of system (4.3) affected by saturation parameters.

Saturation parameter € Equilibrium Q1(4.3)
0.002 (371.136,16.993,4.247,4.58,0.15)
0.08 (492.947,13.701,3.424,3.696,0.122)
0.3 (666.725,9.006,2.251,2.432,0.08)
1 (839.906,4.326,1.081,1.169,0.039)

4.3. Analysis of parameter sensitivity.

4.3.1. Investigating the sensitivity of parameters for model (4.1). The principal goal of analyzing pa-
rameter sensitivity is to determine the variable that has the most substantial impact on the basic
reproduction ratio Ry, which should be the focus of control strategies. To achieve this, we will
employ direct differentiation, a method that calculates sensitivity indices by considering changes
in variables based on parameters. We can define the normalized forward sensitivity index of Ry,

which depends on the differentiability with respect to a parameter g, as follows:

0 dRo

SQ = %a_gl

(4.5)

For each parameter belonging to %0(4.1)r we utilized Eq. (4.5) to compute the sensitivity index
values. For this purpose, we considered the parameters specified in Table 1, while also incorpo-
rating supplementary values for ug = 0.03, up = 0.0001, pug = 0.0004 and v = 0.02. Sensitivity
index values for R4 1) are showcased in Table 7 and Figure 8, revealing positive index values for
T, Ug, U, Hx, 1 and a. In this context, higher values of these parameters correspond to a higher
prevalence of HIV-1 infection within this population. In contrast, the remaining indices show
negativity, implying that an increase in 1, tp, 15, tg and v corresponds to a reduction in the %0(4.1)
value. Interestingly, the parameter 6, representing antibodies responsiveness, demonstrates no

impact on R4 1).-
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TaBLE7. Sensitivity analysis for the basic reproduction ratio for system (4.1), ‘)%0(4.1) .

Parameter o S.Index Value Parameter 9 S.Index Value

T S 0.048 o S, 0.447
Ly S, —-0.048 lg S -0.976
ue Sue 0.976 Lp S, —0.459
Up Sup 0.012 Lg¢ Six —0.988
U S 0.012 % S, —-0.952

n Sy 0.976 0 Ss 0

4.3.2. Investigating the sensitivity of parameters for model (4.3). Here, Eq. (4.5) will be applied to calcu-
late sensitivity indices concerning the basic reproduction ratio for system (4.3), ‘)3\0(4.3), considering
each parameter contributing to the basic reproduction ratio. The calculations were performed with
the parameters specified in Table 1, supplemented by the inclusion of the additional parameters:
ps = 0.003, up = 0.0001, ug = 0.0004, by = 0.1, b, =0.2,b3 =0.3,¢; = 0.6, £, = 0.7,and {3 = 0.8.
The sensitivity index values for %0(4.3) are presented in Table 8, and Figure 9 provides a graphical
representation. Positive indices for 7, ug, up, ug, n and a suggest that an increase in these val-
ues will elevate the prevalence of HIV-1 disease. Conversely, negative indices, including i, tp,
g, ts, b1, by, b3, £1, £, and {3 indicate that an increase in these values will lower the parameter
%0(4_3). Furthermore, the parameter representing antibodies responsiveness, 6, demonstrates no

discernible effect on ‘)%0(4.3).

TaBLE 8. Sensitivity analysis for the basic reproduction ratio for system (4.3) ‘)3\0(4.3).

Parameter p S.Index Value Parameter 9 S.Index Value

T S 1 Lp S, —0.459
Ly Si; -1 Ly Six —0.865
ue Sue 0.748 by Sp, -0.06
Up Sup 0.135 by Sp, -0.121
U S 0.117 b3 Sp, -0.18

n Sy 0.748 0 Se, -0.06

a S 0.325 %3 Se, -0.121
lg S —0.748 {3 Se, -0.18

o Ss 0
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5. DiscussioNn

To emphasize the importance of integrating the latent CIM spread in our investigated models,

we analyze model (2.1) in the context of various antiviral interventions, outlined as follows:

Uy =t-17Uy—(1-c1)Fe(Ug, Ue) - (1-c2) Fp (Ug, Up)
—(1-¢3) Foc (Uqg, Ug),
Up = (1-c1)Fe(Uyg, Ug) + (1-c2) Fp (Ug, Up)
+(1-¢c3) Fxe (Ug, Ugc) — (a + 1p) Up, (5.1)
Ux = alp — iUy,
Us = nUy — 1glg — AU gUg,
Uy =o6Ug— i Uy — 60U Us.

The parameter 0 < ¢; < 1 represents the effectiveness of antiviral therapy in blocking VIM
transmission, while 0 < ¢3,¢3 < 1 denote the therapeutic efficacies in blocking latent and active
CIM transmissions, respectively [78].

For system (5.1), the following establishes the basic reproduction ratio:
70 70 70

(1-c1)na 97e(05,0) L (1=c) o7 (Uy,0) L (1-c)a oF (U, 0)
stgc (@ + 1p) dUg a+Lp dUp i (a0 + tp) Uy ’
Assuming ¢ to be equal to ¢1, ¢, and ¢3, we obtain:

Ko (10| IFs(U%,0) 1 aFp(UY,0) Lo T (a9, o)
0"V T e (atp) dUg atiwp  IUp e (a+1p)  IUx
= (1-¢) Ro.

Ro =

Currently, we compute the drug efficacy, ¢, which results in ‘Ré < 1 and stabilizes O° in system

(5.1) as follows:

1> ¢ > Cmin = max {0,1 - L} (5.2)
Ro

Neglecting the spread of latent CIM in model (5.1) yields

Uy =1-1gUs—(1-¢c)Fe(Ug, Ug) - (1-¢) F (Ug, Ux),

Up = (1-c)Fe(Ug,Ug) ++(1-c) Fx (Ug, Uxc) - (a + tp) Up,

Ux = alp—1xcUy, (5.3)
Us = nlg — gl — AU pUg,

Uy =06Ug—1Uyp—60UrUs,

and the definition of the basic reproduction ratio of model (5.3) will be
70 70
na  9F(05,0) L a IFx (09, 0) .

RS _ _ — _
Ro=(1-¢) i (a+1p)  IUg e (@ +1p)  IUg (1=¢)Ro.
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We identify the drug efficacy, denoted as ¢, that ensures ‘f&g < 1, thereby stabilizing the equilibrium

O of system (5.3). The condition is expressed as:

12g>émin:max{0,1— } } (5.4)
Ro

It is evident that Rg < Ro. Interestingly, comparing Egs. (5.2) and (5.4) reveals that ¢pin is always

smaller than Cmin. Therefore, applying drugs with efficacy ¢ in case of Cmin < ¢ < Emin, Will

guarantee that ?A%é < 1, ensuring the global asymptotic stability of OY in system (5.3). However,

R; > 1, indicating the instability of O in system (5.1) . As a result, drug therapies designed

without considering the spread of the latent CIM may be inaccurate or insufficient for achieving

virus eradication from the body.

6. CONCLUSION

This work formulates two novel models providing insights into HIV-1 dynamics while consider-
ing antibody immune impairment. These models comprise five compartments: circulating HIV-1
particles, infected cells harboring latent and active types, immune cells of the antibodies type, and
healthy cells from CD4" T lymphocytes. To enhance realism, we introduced a scenario in which
healthy cells acquire susceptibility to infection upon exposure to infectious compartments (HIV-1
particles, and infected cells). The second model takes the first model a step further by incorporating
DDEs. Both models incorporate general functions to represent the incidence rates. Notably, the
solutions produced by these models display properties of nonnegativity and boundedness. Within
this framework, we identified two crucial equilibria: the virus-free equilibrium, oo (OO), and the
virus-persistence equilibrium, O' (O!). We calculated the basic reproduction ratios, referred to as
Ro (%0), which are essential for determining whether the equilibria mentioned earlier exist and
remain stable over time. It is noteworthy that Ro (Rq) consists of three separate components,
representing the contributions from VIM, latent CIM, and active CIM. The Lyapunov function
technique and L.I.P. are employed to comprehend the system’s behavior over time by studying the
global asymptotic stability of the equilibria. Two key findings emerged from our investigation:
tirstly, the virus-free equilibrium oo (OO) is being G.A.S whenever Ro <1 (‘Ro < 1), ultimately
leading to the disappearance of the infection. In contrast, the equilibrium O (O°) loses its stability
and the virus-persistence equilibrium O' (O!) is being G.A.S whenever R > 1 (Ro > 1), indicating
a long-term infection. For experimental verification of our theoretical derivations, we employed
numerical simulations, which yielded results consistent with our analytical solutions. Our explo-
ration encompassed the influence of antibody immune impairment, time delays, and latent CIM
on HIV-1 dynamics, revealing reduced immune function as a key factor contributing significantly
to disease progression. Moreover, time delays significantly reduced the basic reproduction ratio
(Ro), leading to suppressed HIV-1 reproduction. Therefore, eliminating HIV-1 requires priori-
tizing strategies that keep Rq below 1. Our study also highlights the critical role of latent CIM
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spread in HIV-1 dynamics. Additionally, a sensitivity analysis revealed key factors influencing the

system’s behavior, deepening our understanding of HIV-1 dynamics.
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