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Abstract. In this paper we investigate two generalized human immunodeficiency virus type-1 (HIV-1) dynamics models

with impaired antibody immunity. The models include both latently and actively infected cells. Three infection

mechanisms are incorporated into the models, viral infection mechanism (VIM), latent cellular infection mechanism

(CIM) and active CIM. The three infection rates are provided by generic nonlinear functions. The second model

includes three types of distributed time delays. We find that our models are biologically feasible. The global stability

analysis of equilibria are performed and found the basic reproduction ratio (<0) as a threshold parameter. Using

Lyapunov method we show that, the virus-free equilibrium is globally asymptotically stable when <0 ≤ 1 and the

virus-persistence equilibrium is globally asymptotically stable when<0 > 1. Sensitivity analysis on<0 is studied. To

support our theoretical results we provide some numerical simulations. We have demonstrated that<0 is influenced

by all three of the infection types, and that if one of them were ignored,<0 would be underestimated. This might lead

to inadequate medication effectiveness that aims to remove HIV-1 from the body. The effects of time delay and impaired

antibody immunity on HIV-1 progression are examined. According to our research, lowered immunity is a significant

factor in the infection’s growth. Furthermore, time delays might drastically reduce <0, which would prevent HIV-1

from replicating. The information provided by our research in this work can improve our comprehension of HIV-1

dynamics within-host and provide guidance for the creation of novel pharmacological treatments.

1. Introduction

Human immunodeficiency virus type-1 (HIV-1) is a class of retrovirus which causes a persistent

HIV-1 infection in human body. Once HIV-1 infects the person, a higher viral load follows for
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the first few weeks, and then its replication becomes steady for several years [1]. As a result, the

CD4+T cells (which are the main target cells for HIV-1) decrease considerably. When the CD4+T

cells become below a certain threshold (200 cells/mm3), the patient develops Acquired Immune

Deficiency Syndrome (AIDS) [2]. One of the most important aspects of controlling viral infections

is adaptive immunity. The two primary components of the adaptive immunity are (i) Antibodies,

which neutralize the virus directly by generating a particular antibody, and (ii) T cells, which are

divided into two groups: CD4+T cells, which orchestrate the adaptive immune response, and

CD8+T cells, which eliminate the infected cells [3]. According to estimates of UNAIDS 2023, there

were 39 million HIV-positive individuals worldwide in 2022, 1.3 million new HIV infections, and

630 thousand AIDS-related deaths [4].

Mathematical modeling is among the greatest methods for analyzing the infection’s progress and

management [5–10]. A standard model of viral infection under the influence of antibody response

was introduced in [11] which describes the interaction of four compartment uninfected CD4+T

cells, infected cells, free HIV-1 particles and antibodies. The concept described in reference [11]

is based on viral infection mechanism (VIM), where CD4+T cells get infected upon coming into

contact with HIV-1 particles. Numerous studies have demonstrated that HIV-1 may spread directly

through the development of virological synapses from an infected cell to an uninfected cell which

known as cellular infection mechanism (CIM) (see e.g., [12–19]). CIM can reduce the time it takes

for HIV-1 particles to produce by 0.9 times and enhance HIV-1 fitness by 3.9 times [20]. One

of the modifications to the conventional viral infection model with antibody response that was

introduced in [11] is to include the CIM as [21]:

U̇J = τ− ιJUJ − (µEUE + µKUK )UJ , (1.1)

U̇K = (µEUE + µKUK )UJ − ιKUK , (1.2)

U̇E = ηUK − ιEUE − λULUE, (1.3)

U̇L = δULUE − ιLUL, (1.4)

where UJ = UJ (t), UK = UK (t) , UE = UE(t) and UL = UL(t) represent the concentrations of

healthy CD4+T cells, actively infected cells, HIV-1 particles and antibodies at time t, respectively.

The production rate of uninfected CD4+T cells is τ, their death rate is ιJUJ , and their infection

rate is (µEUE + µKUK )UJ , where µEUJUE and µKUJUK represent the infection rates resulting

from VIM and CIM, respectively. The rate of decay of the infected cells is considered to be ιKUK .

The HIV-1 particles are produced from infected cells at rate ηUK and are cleared at rate ιEUE.

The antibody response remove HIV-1 particles at rate λULUE. The activation rate of antibodies

is δULUE, whereas their decay rate is ιLUL. Model (1.1)-(1.4) has been extended by considering:

diffusion [22], [23]; age-structured [24]; time delay [21], [25]; cure of infected cells [26], [27]; and

general incidence rates, FE(UJ , UE) and FK (UJ , UK ), [22], [23], [25].

Certain viruses have the ability to inhibit or even destroy the immune system in specific situ-

ations, particularly when the viral load is excessive. Various conditions can weaken antibodies
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and decrease their ability to operate [28–30] including: (i) irradiation, malnutrition, trauma, tu-

mors, cytotoxic medications and aging, (ii) immunosuppression by microbes, such as malaria,

measles virus but notably HIV-1, and (iii) some disorders, such as diabetes [31]. By considering

the impaired antibody immunity, model (1.1)-(1.4) can be modified as [32], [33] and [34]:

U̇J = τ− ιJUJ − (µEUE + µKUK )UJ , (1.5)

U̇K = (µEUE + µKUK )UJ − ιKUK , (1.6)

U̇E = ηUK − ιEUE − λULUE, (1.7)

U̇L = δUE − ιLUL − θULUE, (1.8)

where δUE stands for antibody activation and θULUE for antibody impairment rate.

Though there is no medicine to cure AIDS completely till date, but highly active antiretroviral

therapy (HAART) have been used for last two decades to treat HIV-1 patients and they are found

successful in suppressing HIV-1 replication and reconstituting the immune system in human

body [6,35–38]. However, using HAART cannot eradicate the virus completely [39]. An important

reason is that HIV-1 provirus can reside in latently infected cells which live long, but can be

activated to produce virus by relevant antigens [40], [41]. Moreover, as reported in [42], these

cells can contribute in the CIM. In recent works [43], [44] and [45], viral infection models were

developed by assuming that the uninfected cells get infected upon coming into contact with

viruses (VIM), latently infected cells (latent CIM) and actively infected cells (active CIM). In [46],

HIV-1 infection models with impaired antibody immunity and three infection mechanisms was

studied. The infection rates due VIM, latent CIM and active CIM were given, respectively, by

bilinear incidences, µEUEUJ , µPUPUJ andµKUKUJ , where UP is the concentration of the latently

infected cells. According to the mass-action principle, this bilinear incidence suggests that the rate

of infection is exactly proportional to the product of viral concentrations or infected cells interacting

with uninfected cells. In actuality, though, this concept isn’t always useful. For example, if there

are more viruses or infected cells than there are uninfected cells, the law of mass-action won’t

be applicable. An increase in the concentration of the virus or infected cells won’t cause an

increase in infection in such a situation. Papers [47] and [48] studied viral dynamics models with

impaired antibody immunity and two infection mechanisms, VIM and active CIM. The infection

rates were represented by general incidence functions, FE(UJ , UE) and FK (UJ , UK ). However,

the contribution of the latently infected cells in the cellular infection was not considered.

The objective of the current work is to propose and study two HIV-1 infection models with

impaired antibody immunity, considering three infection mechanisms, VIM, latent CIM and active

CIM. The infection rates are given by general incidence functions, FE(UJ , UE), FP(UJ , UP) and

FK (UJ , UK ). The second model includes three different types of distributed-time delays. We

show the wellposedness of the proposed models. We demonstrate the existence and stability of

the system’s equilibria in terms of the basic reproduction ratio (<0). To validate the theoretical

conclusions, we offer numerical simulations.
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2. Model with impaired antibody immunity, general infection rate and three infection

mechanisms

2.1. System overview. We introduce an HIV-1 model that incorporates impaired antibody immu-

nity and takes into account three infection mechanisms as follows:

U̇J = τ− ιJUJ −FE (UJ , UE) −FP (UJ , UP) −FK (UJ , UK ) ,

U̇P = FE (UJ , UE) +FP (UJ , UP) +FK (UJ , UK ) − (α+ ιP)UP,

U̇K = αUP − ιKUK ,

U̇E = ηUK − ιEUE − λULUE,

U̇L = δUE − ιLUL − θULUE.

(2.1)

The general functions FE (UJ , UE) , FP (UJ , UP) and FK (UJ , UK ) represent, respectively, the

VIM, latent CIM and active CIM. The meanings assigned to all remaining parametersand variables

remain in line with explanations provided in Section 1. Model (2.1) is very general because we

consider nonlinear incidences (FE (UJ , UE) , FP (UJ , UP) and FK (UJ , UK )). It is also important

to note that model (2.1) incorporates a large number of pre-existing models (see those from earlier

research [43], [44] and [46]). Define ℘X (UJ ), X ∈ {E,P,K} as:

℘E (UJ ) = lim
UE→0+

FE (UJ , UE)
UE

=
∂FE (UJ , 0)

∂UE
,

℘P (UJ ) = lim
UP→0+

FP (UJ , UP)
UP

=
∂FP (UJ , 0)

∂UP
,

℘K (UJ ) = lim
UK→0+

FK (UJ , UK )
UK

=
∂FK (UJ , 0)

∂UK
.

The following Hypotheses on the functions FX (UJ , UX) , X ∈ {E,P,K} are needed throughout

the paper [49], [50]:

Hypothesis H1. FX (UJ , UX) is continuously differentiable, FX (UJ , UX) > 0 and FX (0, UX) =

FX (UJ , 0) = 0 for all UJ > 0 and UX > 0, X ∈ {E,P,K}.

Hypothesis H2.
∂FX (UJ , UX)

∂UJ
> 0,

∂FX (UJ , UX)
∂UX

> 0 for all UJ > 0 and UX > 0, X ∈ {E,P,K}.

Hypothesis H3. ℘X (UJ ) > 0 and ℘′
X
(UJ ) > 0 for all UJ > 0, X ∈ {E,P,K}.

Hypothesis H4.
FX (UJ , UX)

UX
is non-increasing with respect to UX for all UX > 0, X ∈ {E,P,K}.

2.2. Fundamental characteristics.

2.2.1. The well-posedness of the system.

Proposition 2.1. The system (2.1) is considered with Hypothesis H1. Then, a positive constants Γi for
i = 1, 2, 3 exist, ensuring the following set:

∆ =
{(

UJ , UP, UK , UE, UL
)
∈ R5

≥0 : 0 ≤ UJ (t) , UP (t) , UK (t) ≤ Γ1, 0 ≤ UE (t) ≤ Γ2, 0 ≤ UL (t) ≤ Γ3
}

,

is positively invariant.
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Proof. To guarantee nonnegativity in the solutions, we handle system (2.1) in the following manner

U̇J |UJ=0= τ > 0,

U̇P |UP=0= FE (UJ , UE) +FK (UJ , UK ) ≥ 0, for all UJ , UE, UK ≥ 0,

U̇K |UK=0= αUP ≥ 0, for all UP ≥ 0,

U̇E |UE=0= ηUK ≥ 0, for all UK ≥ 0,

U̇L |UL=0= δUE ≥ 0, for all UE ≥ 0.

Therefore, for all t ≥ 0 we conclude that (UJ (t), UP(t), UK (t), UE(t), UL(t)) ∈ R5
≥0, whenever

(UJ (0), UP(0), UK (0),
UE(0), UL(0)) ∈ R5

≥0. Let

Φ = UJ + UP + UK +
ιK
2η

UE +
ιK ιE
4ηδ

UL.

Then, we have

Φ̇ = U̇J + U̇P + U̇K +
ιK
2η

U̇E +
ιK ιE
4ηδ

U̇L

= τ− ιJUJ − ιPUP −
ιK
2

UK −
ιK ιE
4η

UE −
(
ιKλ

2η
+
ιK ιEθ

4ηδ

)
ULUE −

ιK ιEιL
4ηδ

UL

≤ τ− ιJUJ − ιPUP −
ιK
2

UK −
ιK ιE
4η

UE −
ιK ιEιL

4ηδ
UL

≤ τ− ε

(
UJ + UP + UK +

ιK
2η

UE +
ιK ιE
4ηδ

UL

)
= τ− εΦ,

where ε = min
{
ιJ , ιP, ιK2 , ιE2 , ιL

}
. Hence

Φ (t) ≤ e−εt
(
Φ (0) −

τ
ε

)
+
τ
ε

.

This yields 0 ≤ Φ (t) ≤ Γ1 if Φ (0) ≤ Γ1, where Γ1 =
τ
ε

.

Considering that all state variables have non-negative values, 0 ≤ UJ (t) , UP (t) , UK (t) ≤ Γ1,

0 ≤ UE (t) ≤ Γ2, and 0 ≤ UL (t) ≤ Γ3, for all t ≥ 0 if UJ (0) + UP (0) + UK (0) +
ιK
2η

UE (0) +

ιK ιE
4ηδ

UL (0) ≤ Γ1, where Γ2 =
2ηΓ1

ιK
and Γ3 =

4ηδΓ1

ιK ιE
. To sum up, the boundedness of

UJ (t),UP (t),UK (t),UE (t) and UL (t) implies that ∆ is a positively invariant and compact set

concerning system (2.1). �

2.2.2. The reproduction ratio and equilibria of the system.

Proposition 2.2. Assuming that Hypotheses H1-H4 are met, there exists a positive basic reproduction ratio

<0 =
ηα℘E

(
Ū0
J

)
+ιEιK℘P

(
Ū0
J

)
+αιE℘K

(
Ū0
J

)
ιEιK (α+ιP)

for system (2.1) in a way that

(i) ensure the system consistently maintains a virus-free equilibrium, denoted as Ō0, and
(ii) if<0 > 1, the system additionally possesses a virus-persistence equilibrium, denoted as Ō1.
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Proof. Using the next-generation method given in [51] we can calculate the basic reproduction ratio

as:

<0 =
ηα℘E

(
Ū0
J

)
+ ιEιK℘P

(
Ū0
J

)
+ αιE℘K

(
Ū0
J

)
ιEιK (α+ ιP)

= <0E +<0P +<0K , (2.2)

where

<0E =
ηα℘E

(
Ū0
J

)
ιEιK (α+ ιP)

, <0P =
℘P

(
Ū0
J

)
α+ ιP

, <0K =
α℘K

(
Ū0
J

)
ιK (α+ ιP)

, Ū0
J
=

τ
ιJ

.

The clinical relevance of the parameter<0 holds significance as it plays a crucial role in determin-

ing whether the HIV-1 infection will progress into a chronic state. Within this framework, <0X

symbolizes the average quantities of secondary infected cells generated from engagements with

viruses and infected cells, where X ∈ {E,P,K}. To extend our exploration beyond Ō0, we scruti-

nize (UJ , UP, UK , UE, UL) as a potential equilibrium governed by the following set of algebraic

equations:

0 = τ− ιJUJ −FE (UJ , UE) −FP (UJ , UP) −FK (UJ , UK ) , (2.3)

0 = FE (UJ , UE) +FP (UJ , UP) +FK (UJ , UK ) − (α+ ιP)UP, (2.4)

0 = αUP − ιKUK , (2.5)

0 = ηUK − ιEUE − λULUE, (2.6)

0 = δUE − ιLUL − θULUE. (2.7)

From Eqs. (2.5) and (2.7), we get

UP =
ιKUK
α

, UL =
δUE

ιL + θUE
. (2.8)

The following outcome is obtained after inserting Eq. (2.8) into Eq. (2.6):

UK = =1 (UE) =
ιLιEUE + (λδ+ ιEθ)U2

E

η (ιL + θUE)
. (2.9)

It is clear that =1 (0) = 0. From Eqs. (2.9) and (2.8), we get

UP = =2 (UE) =
ιK

(
ιLιEUE + (λδ+ ιEθ)U2

E

)
αη (ιL + θUE)

. (2.10)

It is clear that=2 (0) = 0. The following outcome is obtained after inserting Eq. (2.3) into Eq. (2.4):

τ− ιJUJ = (α+ ιP)UP. (2.11)

From Eqs. (2.10) and (2.11), we get

UJ = =3 (UE) =
1
ιJ

τ− ιK (α+ ιP)
(
ιLιEUE + (λδ+ ιEθ)U2

E

)
αη (ιL + θUE)

 . (2.12)
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Note that =3(0) = Ū0
J

. Upon substitution of Eqs. (2.9), (2.10) and (2.12) into Eq. (2.4), the result is

as follows:

FE (=3 (UE) , UE) +FP (=3 (UE) ,=2 (UE)) +FK (=3 (UE) ,=1 (UE))

−

ιK (α+ ιP)
(
ιLιEUE + (λδ+ ιEθ)U2

E

)
αη (ιL + θUE)

= 0. (2.13)

From Eq. (2.13), we have

(1) When UE = 0, the virus-free equilibrium Ō0 =
(
Ū0
J

, 0, 0, 0, 0
)

is derived from Eqs. (2.8)-

(2.12).

(2) When UE , 0, let us define a function Θ (UE) on [0,∞) as:

Θ (UE) = FE (=3 (UE) , UE) +FP (=3 (UE) ,=2 (UE)) +FK (=3 (UE) ,=1 (UE))

−

ιK (α+ ιP)
(
ιLιEUE + (λδ+ ιEθ)U2

E

)
αη (ιL + θUE)

.

We have Θ (0) = 0. Let ÛE be such that =3

(
ÛE

)
= 0, i.e.,

Ū0
J
−

ιK (α+ ιP)
(
ιLιEÛE + (λδ+ ιEθ) Û2

E

)
ιJαη

(
ιL + θÛE

) = 0,

which implies that

ιK (α+ ιP) (λδ+ ιEθ) Û2
E
+

(
ιK ιLιE (α+ ιP) − ιJαηθŪ0

J

)
ÛE − ιJαηιLŪ0

J
= 0, (2.14)

Therefore, Eq. (2.14) has a positive solution

ÛE =
−B +

√

B2 − 4AC
2A

,

where

A = ιK (α+ ιP) (λδ+ ιEθ) , B = ιK ιLιE (α+ ιP) − ιJαηθŪ0
J

, C = −ιJαηιLŪ0
J

.

We can see that

Θ
(
ÛE

)
= FE

(
0, ÛE

)
+FP

(
0,=2

(
ÛE

))
+FK

(
0,=1

(
ÛE

))
−

ιK (α+ ιP)
(
ιLιEÛE + (λδ+ ιEθ) Û2

E

)
αη

(
ιL + θÛE

)
= −

ιK (α+ ιP)
(
ιLιEÛE + (λδ+ ιEθ) Û2

E

)
αη

(
ιL + θÛE

) < 0.

In addition

Θ′ (UE) = =′3 (UE)
∂FE (UJ , UE)

∂UJ
+
∂FE (UJ , UE)

∂UE
+=′3 (UE)

∂FP (UJ , UP)
∂UJ

+=′2 (UE)
∂FP (UJ , UP)

∂UP
+=′3 (UE)

∂FK (UJ , UK )
∂UJ

+=′1 (UE)
∂FK (UJ , UK )

∂UK
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−
ιK (α+ ιP)

αη

ιE + λδ (2ιL + θUE)UE
(ιL + θUE)

2

 .

Hypothesis H1 implies that
∂FX

(
Ū0
J

,0
)

∂UJ
= 0, X ∈ {E,P,K}. Then

Θ′ (0) =
∂FE

(
Ū0
J

, 0
)

∂UE
+=′2 (0)

∂FP
(
Ū0
J

, 0
)

∂UP
+=′1 (0)

∂FK
(
Ū0
J

, 0
)

∂UK
−
ιK ιE (α+ ιP)

αη

=
∂FE

(
Ū0
J

, 0
)

∂UE
+
ιEιK
αη

∂FP
(
Ū0
J

, 0
)

∂UP
+
ιE
η

∂FK
(
Ū0
J

, 0
)

∂UK
−
ιK ιE (α+ ιP)

αη

= ℘E
(
Ū0
J

)
+
ιEιK℘P

(
Ū0
J

)
αη

+
ιE℘K

(
Ū0
J

)
η

−
ιK ιE (α+ ιP)

αη

=
ιK ιE (α+ ιP)

αη
(<0 − 1) ,

where <0 is defined in Eq. (2.2). Therefore, if <0 > 1 then Θ′ (0) > 0 and there exists

Ū1
E
∈

(
0, ÛE

)
such that Θ

(
Ū1
E

)
= 0. Let UE = Ū1

E
in Eq. (2.3) and define

ℵ (UJ ) = τ− ιJUJ −FE
(
UJ , Ū1

E

)
−FP

(
UJ ,=2

(
Ū1
E

))
−FK

(
UJ ,=1

(
Ū1
E

))
.

Subsequently, based on Hypothesis H1, we obtain ℵ(0) = τ > 0 and

ℵ

(
Ū0
J

)
= −

(
FE

(
Ū0
J

, Ū1
E

)
+FP

(
Ū0
J

,=2

(
Ū1
E

))
+FK

(
Ū0
J

,=1

(
Ū1
E

)))
< 0.

Under Hypothesis H2 it follows that ℵ (UJ ) decreases strictly as a function of UJ . Con-

sequently, there is a unique value Ū1
J

within the interval
(
0, Ū0

J

)
for which ℵ

(
Ū1
J

)
equals

zero. Moreover, considering Eqs. (2.8)-(2.10), we find

Ū1
P
=
ιK

(
ιLιEŪ1

E
+ (λδ+ ιEθ)

(
Ū1
E

)2
)

αη
(
ιL + θŪ1

E

) , Ū1
K
=
ιLιEŪ1

E
+ (λδ+ ιEθ)

(
Ū1
E

)2

η
(
ιL + θŪ1

E

) , Ū1
L
=

δŪ1
E

ιL + θŪ1
E

.

The presence of the virus-persistence equilibrium Ō1 =
(
Ū1
J

, Ū1
P

, Ū1
K

, Ū1
E

, Ū1
L

)
becomes evident

when<0 > 1. �

2.2.3. Global stability of equilibria. The forthcoming theorems explore the global asymptotic stability

of both virus-free and virus-persistence equilibria. The development of the Lyapunov function

will adhere to the approach outlined in [49] and [52].

In the remaining work, we focus on a function Ξi (UJ , UP, UK , UE, UL), and we characterize M′i
as the largest invariant subset of

Mi =

{
(UJ , UP, UK , UE, UL) :

dΞi

dt
= 0

}
, i = 0, 1, ..., 3.

Let us define Υ =
{
(UJ , UP, UK , UE, UL) ∈ R5

≥0 : UJ ≥ 0
}

. In order to examine whether the equi-

librium Ō0, is globally asymptotically stable (G.A.S), we necessitate adherence to Hypothesis H5
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as outlined below [50]:

Hypothesis H5. The supremum of ℘X(UJ )℘E(UJ )
on (0, τ/ιJ ] is attained at UJ =

τ
ιJ

, where X ∈ {P,K}.

Theorem 2.1. For system (2.1), let<0 ≤ 1 and Hypotheses H1-H5 are satisfied, then Ō0 is G.A.S in ∆.

Proof. Let’s contemplate a potential Lyapunov function as:

Ξ0 = UJ − Ū0
J
−

∫ UJ

Ū0
J

℘E
(
Ū0
J

)
℘E (γ)

dγ+ UP +
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

)
ιK ιE

UK +
℘E

(
Ū0
J

)
ιE

UE +
λ℘E

(
Ū0
J

)
2διE

U2
L

.

Evidently, Ξ0(UJ , UP, UK , UE, UL) > 0 for every UJ , UP, UK , UE, UL > 0, as well as

Ξ0(Ū0
J

, 0, 0, 0, 0) = 0. Computing dΞ0
dt we derive

dΞ0

dt
=

1−
℘E

(
Ū0
J

)
℘E (UJ )

 U̇J + U̇P +
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

)
ιK ιE

U̇K

+
℘E

(
Ū0
J

)
ιE

U̇E +
λ℘E

(
Ū0
J

)
διE

ULU̇L

=

1−
℘E

(
Ū0
J

)
℘E (UJ )

 (τ− ιJUJ −FE (UJ , UE) −FP (UJ , UP) −FK (UJ , UK ))

+FE (UJ , UE) +FP (UJ , UP) +FK (UJ , UK ) − (α+ ιP)UP

+
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

)
ιK ιE

(αUP − ιKUK ) +
℘E

(
Ū0
J

)
ιE

(ηUK − ιEUE − λULUE)

+
λ℘E

(
Ū0
J

)
διE

UL (δUE − ιLUL − θULUE)

=

1−
℘E

(
Ū0
J

)
℘E (UJ )

 (τ− ιJUJ ) +

℘E
(
Ū0
J

)
℘E (UJ )

FE (UJ , UE)
UE

−℘E
(
Ū0
J

) UE

+

℘E
(
Ū0
J

)
℘E (UJ )

FP (UJ , UP)
UP

− (α+ ιP) +
α
(
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

))
ιK ιE

 UP

+

℘E
(
Ū0
J

)
℘E (UJ )

FK (UJ , UK )
UK

−℘K
(
Ū0
J

) UK −
λ℘E

(
Ū0
J

)
διE

(ιL + θUE)U2
L

. (2.15)

From Hypothesis H4, we have

FE (UJ , UE)
UE

≤ lim
UE→0+

FE (UJ , UE)
UE

= ℘E (UJ ) , for all UJ , UE > 0,

FP (UJ , UP)
UP

≤ lim
UP→0+

FP (UJ , UP)
UP

= ℘P (UJ ) , for all UJ , UP > 0,

FK (UJ , UK )
UK

≤ lim
UK→0+

FK (UJ , UK )
UK

= ℘K (UJ ) , for all UJ , UK > 0. (2.16)
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Then
℘E

(
Ū0
J

)
℘E (UJ )

FE (UJ , UE)
UE

−℘E
(
Ū0
J

)
≤

℘E
(
Ū0
J

)
℘E (UJ )

℘E (UJ ) −℘E
(
Ū0
J

)
= 0.

Further, Hypotheses H4 and H5 in case of Ū0
J
=

τ
ιJ

imply that

℘E
(
Ū0
J

)
℘E (UJ )

FP (UJ , UP)
UP

− (α+ ιP) +
α
(
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

))
ιK ιE

≤

℘E
(
Ū0
J

)
℘P (UJ )

℘E (UJ )
− (α+ ιP) +

α
(
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

))
ιK ιE

≤

℘E
(
Ū0
J

)
℘P

(
Ū0
J

)
℘E

(
Ū0
J

) − (α+ ιP) +
α
(
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

))
ιK ιE

= ℘P
(
Ū0
J

)
− (α+ ιP) +

α
(
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

))
ιK ιE

=
α
(
η℘E

(
Ū0
J

)
+ ιE℘K

(
Ū0
J

))
+ ιK ιE℘P

(
Ū0
J

)
ιK ιE

− (α+ ιP)

= (α+ ιP) (<0 − 1) .

Furthermore

℘E
(
Ū0
J

)
℘E

(
UJ

) FK (
UJ , UK

)
UK

−℘K
(
Ū0
J

)
≤

℘E
(
Ū0
J

)
℘K

(
UJ

)
℘E

(
UJ

) −℘K
(
Ū0
J

)
≤

℘E
(
Ū0
J

)
℘K

(
Ū0
J

)
℘E

(
Ū0
J

) −℘K
(
Ū0
J

)
= 0.

Upon conducting a computation and substituting the value Ū0
J

= τ/ιJ , Eq. (2.15) transforms

into the following expression:

dΞ0

dt
≤ τ

1−
℘E

(
Ū0
J

)
℘E (UJ )


1−

UJ
Ū0
J

+ (α+ ιP) (<0 − 1)UP −
λ℘E

(
Ū0
J

)
διE

(ιL + θUE)U2
L

.

From Hypothesis H3, we have 1−
℘E

(
Ū0
J

)
℘E (UJ )


1−

UJ
Ū0
J

 ≤ 0.

Clearly, dΞ0
dt ≤ 0 when<0 ≤ 1 and dΞ0

dt = 0 when UJ = Ū0
J

and UP = UE = UL = 0. All solutions

convey to M′0, wherein every element fulfills UJ (t) = Ū0
J

and UP (t) = UE(t) = UL(t) = 0 for all

t [53]. Following that, the first equation of system (2.1) in conjunction with Hypothesis H1 results

in

0 = U̇J = τ− ιJŪ0
J
−FK

(
Ū0
J

, UK (t)
)
=⇒ FK

(
Ū0
J

, UK (t)
)
= 0 =⇒ UK (t) = 0, for all t.

Therefore, with M′0 =
{
Ō0

}
, our conclusion asserts that Ō0 is G.A.S under the condition<0 ≤ 1, in

accordance with LaSalle’s invariance principle (L.I.P) [54]. �
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In investigating the global stability of Ō1, we defined z (a) = a− 1− ln (a). Beside, the following

remarks and Hypothesis will be essential.

Remark 2.1. Considering Hypotheses H2 and H4, it is established that, for every positive UJ , UE, U∗
E

we
have FE (UJ , UE)

UE
−

FE

(
UJ , U∗

E

)
U∗
E

 (FE (UJ , UE) −FE
(
UJ , U∗

E

))
≤ 0,

which implies that FE (UJ , UE)

FE

(
UJ , U∗

E

) − UE
U∗
E


1−

FE

(
UJ , U∗

E

)
FE (UJ , UE)

 ≤ 0, (2.17)

where U∗
E
∈

{
Ū1
E

, U1
E

}
.

Hypothesis H6. For any UJ within the interval (0, τ/ιJ ), and positive values of UP and UK ,

the following Hypothesis is satisfied

(i)

 FP (UJ , UP)

FE

(
UJ , U∗

E

)
UP
−

FP

(
U∗
J

, U∗
P

)
FE

(
U∗
J

, U∗
E

)
U∗
P


FP (UJ , UP)

FE

(
UJ , U∗

E

) − FP
(
U∗
J

, U∗
P

)
FE

(
U∗
J

, U∗
E

)  ≤ 0,

(ii)

 FK (UJ , UK )

FE

(
UJ , U∗

E

)
UK
−

FK

(
U∗
J

, U∗
K

)
FE

(
U∗
J

, U∗
E

)
U∗
K


FK (UJ , UK )

FE

(
UJ , U∗

E

) − FK
(
U∗
J

, U∗
K

)
FE

(
U∗
J

, U∗
E

)  ≤ 0,

where U∗
J
∈

{
Ū1
J

, U1
J

}
> 0, U∗

P
∈

{
Ū1
P

, U1
P

}
> 0, U∗

K
∈

{
Ū1
K

, U1
K

}
> 0, and U∗

E
∈

{
Ū1
E

, U1
E

}
> 0.

Remark 2.2. From Hypothesis H6, for any UJ within the interval (0, τ/ιJ ), and positive values of UP
and UK , we getFE

(
U∗
J

, U∗
E

)
FP (UJ , UP)

FE

(
UJ , U∗

E

)
FP

(
U∗
J

, U∗
P

) − UP
U∗
P


1−

FE

(
UJ , U∗

E

)
FP

(
U∗
J

, U∗
P

)
FE

(
U∗
J

, U∗
E

)
FP (UJ , UP)

 ≤ 0, (2.18)

FE
(
U∗
J

, U∗
E

)
FK (UJ , UK )

FE

(
UJ , U∗

E

)
FK

(
U∗
J

, U∗
K

) − UK
U∗
K


1−

FE

(
UJ , U∗

E

)
FK

(
U∗
J

, U∗
K

)
FE

(
U∗
J

, U∗
E

)
FK (UJ , UK )

 ≤ 0, (2.19)

where U∗
J
∈

{
Ū1
J

, U1
J

}
> 0, U∗

P
∈

{
Ū1
P

, U1
P

}
> 0, U∗

K
∈

{
Ū1
K

, U1
K

}
> 0, and U∗

E
∈

{
Ū1
E

, U1
E

}
> 0.

Theorem 2.2. Given <0 > 1 and the fulfillment of Hypotheses H1-H4 and H6, it can be concluded that
the equilibrium Ō1 for system (2.1) is guaranteed to be G.A.S in ∆\Υ.

Proof. We formulate Ξ1 (UJ , UP, UK , UE, UL) given by Eq. (2.20) as:

Ξ1 = UJ − Ū1
J
−

∫ UJ

Ū1
J

FE

(
Ū1
J

, Ū1
E

)
FE

(
γ, Ū1

E

) dγ+ Ū1
P
z

UP
Ū1
P


+
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

)
ιK Ū1

E

(
ιE + λŪ1

L

) z

UK
Ū1
K
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+
FE

(
Ū1
J

, Ū1
E

)
ιE + λŪ1

L

z

UE
Ū1
E

+ λFE
(
Ū1
J

, Ū1
E

)
2Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (
UL − Ū1

L

)2
. (2.20)

Equilibrium condition Eq. (2.7) guarantees that δ − θŪ1
L

=
ιLŪ1

L

Ū1
E

> 0. Clearly, Ξ1 is positive

definite. Calculating dΞ1
dt :

dΞ1

dt
=

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)  U̇J +

1−
Ū1
P

UP

 U̇P

+
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

)
ιK Ū1

K
Ū1
E

(
ιE + λŪ1

L

) 1−
Ū1
K

UK

 U̇K

+
FE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) 1−
Ū1
E

UE

 U̇E +
λFE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (
UL − Ū1

L

)
U̇L

=

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)  (τ− ιJUJ −FE
(
UJ , UE

)
−FP

(
UJ , UP

)
−FK

(
UJ , UK

))
+

1−
Ū1
P

UP

 (FE (
UJ , UE

)
+FP

(
UJ , UP

)
+FK

(
UJ , UK

)
− (α+ ιP)UP

)
+
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

)
ιK Ū1

K
Ū1
E

(
ιE + λŪ1

L

) 1−
Ū1
K

UK

 (αUP − ιKUK )

+
FE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) 1−
Ū1
E

UE

 (ηUK − ιEUE − λULUE)

+
λFE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (
UL − Ū1

L

)
(δUE − ιLUL − θULUE)

=

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)  (τ− ιJUJ
)
+
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) (
FE

(
UJ , UE

)
+FP

(
UJ , UP

)
+FK

(
UJ , UK

))
−

(
FE

(
UJ , UE

)
+FP

(
UJ , UP

)
+FK

(
UJ , UK

)) Ū1
P

UP
− (α+ ιP)UP + (α+ ιP) Ū1

P

+
α
(
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

))
ιK Ū1

K
Ū1
E

(
ιE + λŪ1

L

) UP

−

α
(
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

))
ιK Ū1

K
Ū1
E

(
ιE + λŪ1

L

) UPŪ1
K

UK

−

ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

)
Ū1
K

Ū1
E

(
ιE + λŪ1

L

) (
UK − Ū1

K

)

+FE
(
Ū1
J

, Ū1
E

) ηUK
Ū1
E

(
ιE + λŪ1

L

) −FE (
Ū1
J

, Ū1
E

) ηUK
UE

(
ιE + λŪ1

L

) − ιEFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
UE − Ū1

E

)
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−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

)UL
(
UE − Ū1

E

)
+

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (
UL − Ū1

L

)
(δUE − ιLUL − θULUE) .

(2.21)

Using the following equilibrium conditions for Ō1

τ = ιJŪ1
J
+FE

(
Ū1
J

, Ū1
E

)
+FP

(
Ū1
J

, Ū1
P

)
+FK

(
Ū1
J

, Ū1
K

)
,

FE

(
Ū1
J

, Ū1
E

)
+FP

(
Ū1
J

, Ū1
P

)
+FK

(
Ū1
J

, Ū1
K

)
= (α+ ιP) Ū1

P
,

Ū1
K
=
αŪ1
P

ιK
, Ū1

E
=

ηŪ1
K

ιE + λŪ1
L

, δŪ1
E
= ιLŪ1

L
+ θŪ1

L
Ū1
E

,

we get

FE

(
Ū1
J

, Ū1
E

)
+FK

(
Ū1
J

, Ū1
K

)
=
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

)
Ū1
E

(
ιE + λŪ1

L

)
=
αŪ1
P

(
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

))
ιK Ū1

K
Ū1
E

(
ιE + λŪ1

L

) .

Consequently, the representation of Eq. (2.21) will be as follows:

dΞ1

dt
=

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)  (ιJ Ū1
J
− ιJUJ

)
+

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)  (FE (
Ū1
J

, Ū1
E

)
+FP

(
Ū1
J

, Ū1
P

)

+ FK
(
Ū1
J

, Ū1
K

))
+FE

(
Ū1
J

, Ū1
E

) FE (
UJ , UE

)
FE

(
UJ , Ū1

E

) +FP (
Ū1
J

, Ū1
P

) FE (
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

)
FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
+FK

(
Ū1
J

, Ū1
K

) FE (
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

)
FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

) −FE (
Ū1
J

, Ū1
E

) FE (
UJ , UE

)
Ū1
P

FE

(
Ū1
J

, Ū1
E

)
UP

−FP

(
Ū1
J

, Ū1
P

) FP (
UJ , UP

)
Ū1
P

FP

(
Ū1
J

, Ū1
P

)
UP
−FK

(
Ū1
J

, Ū1
K

) FK (
UJ , UK

)
Ū1
P

FK

(
Ū1
J

, Ū1
K

)
UP
− (α+ ιP) Ū1

P

UP
Ū1
P

+FE
(
Ū1
J

, Ū1
E

)
+FP

(
Ū1
J

, Ū1
P

)
+FK

(
Ū1
J

, Ū1
K

)
+
αŪ1
P

(
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

))
ιK Ū1

K
Ū1
E

(
ιE + λŪ1

L

) UP
Ū1
P

−

αŪ1
P

(
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

))
ιK Ū1

K
Ū1
E

(
ιE + λŪ1

L

) UPŪ1
K

Ū1
P

UK

−

ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
+ Ū1

E

(
ιE + λŪ1

L

)
FK

(
Ū1
J

, Ū1
K

)
Ū1
E

(
ιE + λŪ1

L

) UK
Ū1
K

− 1


+
ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) UK
Ū1
K

−

ηŪ1
K
FE

(
Ū1
J

, Ū1
E

)
ιE + λŪ1

L

UK
Ū1
K

UE
−

ιEFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
UE − Ū1

E

)
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−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

)UL
(
UE − Ū1

E

)
+
λFE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) Ū1
L

(
UE − Ū1

E

)
−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) Ū1
L

(
UE − Ū1

E

)

+
λFE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (
UL − Ū1

L

) (
δUE − ιLUL − θULUE − δŪ1

E
+ ιLŪ1

L

+ θŪ1
L

Ū1
E
+ θŪ1

L
UE − θŪ1

L
UE

)
= ιJ Ū1

J

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) 
1−

UJ
Ū1
J

+
2−

FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)  (FE (
Ū1
J

, Ū1
E

)
+FP

(
Ū1
J

, Ū1
P

)

+ FK
(
Ū1
J

, Ū1
K

))
+FE

(
Ū1
J

, Ū1
E

) FE (
UJ , UE

)
FE

(
UJ , Ū1

E

) +FP (
Ū1
J

, Ū1
P

) FE (
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

)
FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
+FK

(
Ū1
J

, Ū1
K

) FE (
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

)
FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

) −FE (
Ū1
J

, Ū1
E

) FE (
UJ , UE

)
Ū1
P

FE

(
Ū1
J

, Ū1
E

)
UP

−FP

(
Ū1
J

, Ū1
P

) FP (
UJ , UP

)
Ū1
P

FP

(
Ū1
J

, Ū1
P

)
UP
−FK

(
Ū1
J

, Ū1
K

) FK (
UJ , UK

)
Ū1
P

FK

(
Ū1
J

, Ū1
K

)
UP

−

(
FE

(
Ū1
J

, Ū1
E

)
+FP

(
Ū1
J

, Ū1
P

)
+FK

(
Ū1
J

, Ū1
K

)) UP
Ū1
P

+
(
FE

(
Ū1
J

, Ū1
E

)
+FK

(
Ū1
J

, Ū1
K

)) UP
Ū1
P

−

(
FE

(
Ū1
J

, Ū1
E

)
+FK

(
Ū1
J

, Ū1
K

)) UPŪ1
K

Ū1
P

UK

−FE

(
Ū1
J

, Ū1
E

) UK
Ū1
K

+FE
(
Ū1
J

, Ū1
E

)
−FK

(
Ū1
J

, Ū1
K

) UK
Ū1
K

+FK
(
Ū1
J

, Ū1
K

)
+FE

(
Ū1
J

, Ū1
E

) UK
Ū1
K

−FE

(
Ū1
J

, Ū1
E

) UK Ū1
E

Ū1
K

UE
−

FE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
ιE + λŪ1

L

) (
UE − Ū1

E

)

−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
UL − Ū1

L

) (
UE − Ū1

E

)

+
λFE

(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (
δ− θŪ1

L

) (
UL − Ū1

L

) (
UE − Ū1

E

)

−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (ιL + θUE)
(
UL − Ū1

L

)2
.

This implies that

dΞ1

dt
= ιJŪ1

J

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)
1−

UJ
Ū1
J

+
2−

FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) (FE (
Ū1
J

, Ū1
E

)
+FP

(
Ū1
J

, Ū1
P

)

+ FK
(
Ū1
J

, Ū1
K

))
+FE

(
Ū1
J

, Ū1
E

) FE (UJ , UE)

FE

(
UJ , Ū1

E

) +FP (
Ū1
J

, Ū1
P

) FE (
Ū1
J

, Ū1
E

)
FP (UJ , UP)

FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
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+FK
(
Ū1
J

, Ū1
K

) FE (
Ū1
J

, Ū1
E

)
FK (UJ , UK )

FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

) −FE (
Ū1
J

, Ū1
E

) FE (UJ , UE) Ū1
P

FE

(
Ū1
J

, Ū1
E

)
UP

−FP

(
Ū1
J

, Ū1
P

) FP (UJ , UP) Ū1
P

FP

(
Ū1
J

, Ū1
P

)
UP
−FK

(
Ū1
J

, Ū1
K

) FK (UJ , UK ) Ū1
P

FK

(
Ū1
J

, Ū1
K

)
UP

−FP

(
Ū1
J

, Ū1
P

) UP
Ū1
P

−

(
FE

(
Ū1
J

, Ū1
E

)
+FK

(
Ū1
J

, Ū1
K

)) UPŪ1
K

Ū1
P

UK

+ 2FE
(
Ū1
J

, Ū1
E

)
−FK

(
Ū1
J

, Ū1
K

) UK
Ū1
K

+FK
(
Ū1
J

, Ū1
K

)
−FE

(
Ū1
J

, Ū1
E

) UK Ū1
E

Ū1
K

UE

−FE

(
Ū1
J

, Ū1
E

) UE
Ū1
E

−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (ιL + θUE)
(
UL − Ū1

L

)2

= ιJŪ1
J

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)
1−

UJ
Ū1
J

+FE (
Ū1
J

, Ū1
E

) FE (UJ , UE)

FE

(
UJ , Ū1

E

) − UE
Ū1
E


+FE

(
Ū1
J

, Ū1
E

) 4−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FE (UJ , UE) Ū1
P

FE

(
Ū1
J

, Ū1
E

)
UP
−

UPŪ1
K

Ū1
P

UK
−

UK Ū1
E

Ū1
K

UE


+FP

(
Ū1
J

, Ū1
P

) FE
(
Ū1
J

, Ū1
E

)
FP (UJ , UP)

FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

) − UP
Ū1
P


+FP

(
Ū1
J

, Ū1
P

) 2−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FP (UJ , UP) Ū1
P

FP

(
Ū1
J

, Ū1
P

)
UP


+FK

(
Ū1
J

, Ū1
K

) FE
(
Ū1
J

, Ū1
E

)
FK (UJ , UK )

FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

) − UK
Ū1
K


+FK

(
Ū1
J

, Ū1
K

) 3−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FK (UJ , UK ) Ū1
P

FK

(
Ū1
J

, Ū1
K

)
UP
−

UPŪ1
K

Ū1
P

UK


−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (ιL + θUE)
(
UL − Ū1

L

)2
.

Then

dΞ1

dt
= ιJ Ū1

J

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) 
1−

UJ
Ū1
J


+FE

(
Ū1
J

, Ū1
E

) FE
(
UJ , UE

)
FE

(
UJ , Ū1

E

) − UE
Ū1
E

− 1 +
FE

(
UJ , Ū1

E

)
UE

FE

(
UJ , UE

)
Ū1
E


+FE

(
Ū1
J

, Ū1
E

) 5−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FE (
UJ , UE

)
Ū1
P

FE

(
Ū1
J

, Ū1
E

)
UP
−

UPŪ1
K

Ū1
P

UK
−

UK Ū1
E

Ū1
K

UE
−

FE

(
UJ , Ū1

E

)
UE

FE

(
UJ , UE

)
Ū1
E
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+FP
(
Ū1
J

, Ū1
P

) FE
(
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

)
FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

) − UP
Ū1
P

− 1 +
FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
UP

FE

(
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

)
Ū1
P


+FP

(
Ū1
J

, Ū1
P

) 3−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FP (
UJ , UP

)
Ū1
P

FP

(
Ū1
J

, Ū1
P

)
UP
−

FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
UP

FE

(
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

)
Ū1
P


+FK

(
Ū1
J

, Ū1
K

) FE
(
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

)
FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

) − UK
Ū1
K

− 1 +
FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

)
UK

FE

(
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

)
Ū1
K


+FK

(
Ū1
J

, Ū1
K

) 4−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FK (
UJ , UK

)
Ū1
P

FK

(
Ū1
J

, Ū1
K

)
UP
−

UPŪ1
K

Ū1
P

UK
−

FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

)
UK

FE

(
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

)
Ū1
K


−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (ιL + θUE)
(
UL − Ū1

L

)2

= ιJ Ū1
J

1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) 
1−

UJ
Ū1
J

+FE (
Ū1
J

, Ū1
E

) FE
(
UJ , UE

)
FE

(
UJ , Ū1

E

) − UE
Ū1
E


1−

FE

(
UJ , Ū1

E

)
FE

(
UJ , UE

) 
+FE

(
Ū1
J

, Ū1
E

) 5−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FE (
UJ , UE

)
Ū1
P

FE

(
Ū1
J

, Ū1
E

)
UP
−

UPŪ1
K

Ū1
P

UK
−

UK Ū1
E

Ū1
K

UE
−

FE

(
UJ , Ū1

E

)
UE

FE

(
UJ , UE

)
Ū1
E


+FP

(
Ū1
J

, Ū1
P

) FE
(
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

)
FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

) − UP
Ū1
P


1−

FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
FE

(
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

) 
+FP

(
Ū1
J

, Ū1
P

) 3−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FP (
UJ , UP

)
Ū1
P

FP

(
Ū1
J

, Ū1
P

)
UP
−

FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
UP

FE

(
Ū1
J

, Ū1
E

)
FP

(
UJ , UP

)
Ū1
P


+FK

(
Ū1
J

, Ū1
K

) FE
(
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

)
FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

) − UK
Ū1
K


1−

FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

)
FE

(
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

) 
+FK

(
Ū1
J

, Ū1
K

) 4−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) − FK (
UJ , UK

)
Ū1
P

FK

(
Ū1
J

, Ū1
K

)
UP
−

UPŪ1
K

Ū1
P

UK
−

FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

)
UK

FE

(
Ū1
J

, Ū1
E

)
FK

(
UJ , UK

)
Ū1
K


−

λFE
(
Ū1
J

, Ū1
E

)
Ū1
E

(
ιE + λŪ1

L

) (
δ− θŪ1

L

) (ιL + θUE)
(
UL − Ū1

L

)2
.

From Hypothesis H2, we have 1−
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

)
1−

UJ
Ū1
J

 ≤ 0.

Under the AM-GM inequality, we discern that

5 ≤
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) + FE (UJ , UE) Ū1
P

FE

(
Ū1
J

, Ū1
E

)
UP

+
UPŪ1

K

Ū1
P

UK
+

UK Ū1
E

Ū1
K

UE
+
FE

(
UJ , Ū1

E

)
UE

FE (UJ , UE) Ū1
E

,

4 ≤
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) + FK (UJ , UK ) Ū1
P

FK

(
Ū1
J

, Ū1
K

)
UP

+
UPŪ1

K

Ū1
P

UK
+
FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

)
UK

FE

(
Ū1
J

, Ū1
E

)
FK (UJ , UK ) Ū1

K

,
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3 ≤
FE

(
Ū1
J

, Ū1
E

)
FE

(
UJ , Ū1

E

) + FP (UJ , UP) Ū1
P

FP

(
Ū1
J

, Ū1
P

)
UP

+
FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
UP

FE

(
Ū1
J

, Ū1
E

)
FP (UJ , UP) Ū1

P

.

Moreover, from Eqs. (2.17)-(2.19), we concludeFE (UJ , UE)

FE

(
UJ , Ū1

E

) − UE
Ū1
E


1−

FE

(
UJ , Ū1

E

)
FE (UJ , UE)

 ≤ 0,

FE
(
Ū1
J

, Ū1
E

)
FP (UJ , UP)

FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

) − UP
Ū1
P


1−

FE

(
UJ , Ū1

E

)
FP

(
Ū1
J

, Ū1
P

)
FE

(
Ū1
J

, Ū1
E

)
FP (UJ , UP)

 ≤ 0,

FE
(
Ū1
J

, Ū1
E

)
FK (UJ , UK )

FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

) − UK
Ū1
K


1−

FE

(
UJ , Ū1

E

)
FK

(
Ū1
J

, Ū1
K

)
FE

(
Ū1
J

, Ū1
E

)
FK (UJ , UK )

 ≤ 0.

Therefore, when<0 > 1, it implies that dΞ1
dt ≤ 0 for all UJ , UP, UK , UE, UL > 0. Moreover, dΞ1

dt = 0

when UJ = Ū1
J

, UP = Ū1
P

, UK = Ū1
K

, UE = Ū1
E

and UL = Ū1
L

. Consequently, M′1 =
{
Ō1

}
.

Applying the L.I.P allows us to infer that if<0 > 1, the equilibrium Ō1 is G.A.S [53], [54]. �

3. HIV-1 model with distributed delays

This section enhances the previously introduced model by integrating three varieties of dis-

tributed time delays.

3.1. System overview. The system of delay differential equations (DDEs) presented below will be

studied.

U̇J = τ− ιJUJ −FE (UJ , UE) −FP (UJ , UP) −FK (UJ , UK ) ,

U̇P =
∫ f1

0 π1 (`) e−b1` (FE (UJ (t− `) , UE (t− `)) +FP (UJ (t− `) , UP (t− `))

+FK (UJ (t− `) , UK (t− `))) d` − (α+ ιP)UP,

U̇K = α
∫ f2

0 π2 (`) e−b2`UP (t− `) d` − ιKUK ,

U̇E = η
∫ f3

0 π3 (`) e−b3`UK (t− `) d` − ιEUE − λULUE,

U̇L = δUE − ιLUL − θULUE.

(3.1)

Here, system (3.1) includes the following assumptions:

• At the moment t, healthy cells encountering either HIV-1 particles or infected cells transition

to a latent infection state ` units of time later. The emergence of latently infected cells at

time t depends on the count of cells recently contacted at time t− `, which persist until time

t.
• After a latency period of ` units of time after infection, cells that were initially latent become

actively infected. The emergence of actively infected cells at time t depends on the count

of cells recently transitioned into latent infection at time t− `, which persist until time t.
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• Newly formed mature HIV-1 particles emerge from actively infected cells ` units of time

after infection. The occurrence of HIV-1 particle production at time t relies on the count of

cells that recently transitioned into actively infected status at time t − ` that remain viable

until time t.

As such, the likelihood of surviving the time-frame from t − ` to t is represented by πi (`) e−bi`.

Here, 1/b1 is the average lifetime of the cell during the period of formation of a latently infected

cell [55], 1/b2 is the average lifetime of the cell during the period of a latently infected cell’s

reactivation [56], 1/b3 is the average lifetime of an immature virus [55]. Besides, we choose the

delay parameter, `, at random. It is drawn from a probability distribution function πi(`), which

spans the interval [0, fi], in which fi refers to the maximum delay duration. The functions πi(`),

for i = 1, 2, 3 adhere to and fulfill the following specified conditions:

πi (`) > 0,
∫ fi

0 πi (`) d` = 1, and
∫ fi

0 πi (`) e−ρ`d` < ∞, where ρ > 0.

Assuming that

Π̄i(`) = πi(`)e−bi`, Πi =

∫ fi

0
Π̄i(`)d`, i = 1, 2, 3,

implies the fact that 0 < Πi ≤ 1, i = 1, 2, 3.

System (3.1) has the outlined initial conditions below: (UJ (v) , UP (v) , UK (v) , UE (v) , UL (v)) = (k1 (v) , k2 (v) , k3 (v) , k4 (v) , k5 (v)) ,

ki (v) ≥ 0, i = 1, 2, ..., 5, v ∈ [− f , 0], f = max{ f1, f2, f3},
(3.2)

where ki (v) ∈ C([− f , 0], R≥0), i = 1, 2, ..., 5 and C = C ([− f , 0] , R≥0) is the Banach space compris-

ing continuous functions, and it is equipped with the norm ‖ki‖ = sup
− f≤ζ≤0

∣∣∣ki (ζ)
∣∣∣ for all ki ∈ C.

Thus, a unique solution for system (3.1) under the specified initial conditions (3.2) is guaran-

teed, as affirmed by references [53] and [57]. The meanings assigned to all remaining parameters

and variables remain in line with the explanations provided earlier. We presume that functions

FX (UJ , UX) , X ∈ {E,P,K} , satisfy Hypotheses H1-H6 as presented previously.

3.2. Fundamental characteristics.

3.2.1. The well-posedness of the system.

Proposition 3.1. Assuming the fulfillment of Hypothesis H1, for system (3.1) and its initial conditions
(3.2). Then, a positive constants Γ̂i for i = 1, 2, 3, 4 exist, ensuring the following compact set:

∆̂ =
{
(UJ , UP, UK , UE, UL) ∈ C5

≥0 :
∥∥∥UJ (t)

∥∥∥ ≤ Γ̂1,
∥∥∥UP(t)

∥∥∥ ≤ Γ̂1,∥∥∥UK (t)
∥∥∥ ≤ Γ̂2,

∥∥∥UE(t)
∥∥∥ ≤ Γ̂3,

∥∥∥UL(t)
∥∥∥ ≤ Γ̂4

}
,

is positively invariant.
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Proof. As U̇J |UJ=0= τ > 0, it can be inferred that UJ (t) is always positive for every t ≥ 0.

Furthermore, other equations within system (3.1) will be expressed as:

U̇P + (α+ ιP)UP =

∫ f1

0
Π̄1 (`) (FE (UJ (t− `) , UE (t− `)) +FP (UJ (t− `) , UP (t− `))

+ FK (UJ (t− `) , UK (t− `))) d`

=⇒ UP (t) = k2(0)e−(α+ιP)t +
∫ t

0
e−(α+ιP)(t−γ)

∫ f1

0
Π̄1 (`) (FE (UJ (γ− `) , UE (γ− `))

+ FP (UJ (γ− `) , UP (γ− `)) +FK (UJ (γ− `) , UK (γ− `))))d`dγ ≥ 0.

U̇K + ιKUK = α

∫ f2

0
Π̄2 (`)UP (t− `) d`

=⇒ UK (t) = k3(0)e−ιK t + α

∫ t

0
e−ιK (t−γ)

∫ f2

0
Π̄2 (`)UP (γ− `) d`dγ ≥ 0.

U̇E + (ιE + λUL)UE = η

∫ f3

0
Π̄3(`)UK (t− `) d`

=⇒ UE (t) = k4(0)e−
∫ t

0 (ιE+λUL(u))du + η

∫ t

0
e−

∫ t
γ
(ιE+λUL(u))du

∫ f3

0
Π̄3 (`)UK (γ− `) d`dγ ≥ 0.

U̇L + (ιL + θUE)UL = δUE

=⇒ UL (t) = k5(0)e−
∫ t

0 (ιL+θUE(u))du + δ

∫ t

0
e−

∫ t
γ
(ιL+θUE(u))duUE (`) d` ≥ 0,

for every t ∈ [0, f ]. By employing a recursive argumentation approach, it can be shown that

UJ (t) , UP (t) , UK (t) , UE (t) and UL (t) remain nonnegative for every t ≥ 0. As a result, system

(3.1) only admits solutions where (UJ (t) , UP (t) , UK (t) , UE (t) , UL (t)) ∈ R5
≥0, for every t ≥ 0.

Obviously, lim
t→∞

sup UJ (t) ≤
τ
ιJ

, as deduced from the first equation in system (3.1). Following

that, we proceed with defining Φ1 as follows:

Φ1 =

∫ f1

0
Π̄1 (`)UJ (t− `) d`+ UP.

Therefore

Φ̇1 =

∫ f1

0
Π̄1 (`)

dUJ (t− `)
dt

d`+ U̇P

=

∫ f1

0
Π̄1(`) (τ− ιJUJ (t− `)) d` − (α+ ιP)UP

= τΠ1 − ιJ

∫ f1

0
Π̄1(`)UJ (t− `) d` − (α+ ιP)UP

≤ τ− ε1

∫ f1

0
Π̄1(`)UJ (t− `) d`+ UP

 = τ− ε1Φ1,
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where ε1 = min{ιJ ,α+ ιP}. This indicates that lim
t→∞

sup Φ1 (t) ≤
τ
ε1

= Γ̂1. Based on the nonnega-

tivity of
∫ f1

0 Π̄1 (`)UJ (t− `) d` and UP, then lim
t→∞

sup UP (t) ≤ Γ̂1 is confirmed. As a result of the

third equation in system (3.1), one can acquire

U̇K = α

∫ f2

0
Π̄2(`)UP (t− `) d` − ιKUK ≤ αΠ2Γ̂1 − ιKUK ≤ αΓ̂1 − ιKUK .

Then, lim
t→∞

sup UK (t) ≤ αΓ̂1
ιK

= Γ̂2. Finally, we let

Φ2 (t) = UE +
ιE
2δ

UL.

This produces

Φ̇2 = U̇E +
ιE
2δ

U̇L

= η

∫ f3

0
Π̄3 (`)UK (t− `) d` − ιEUE − λULUE +

ιE
2δ

(δUE − ιLUL − θULUE)

= η

∫ f3

0
Π̄3 (`)UK (t− `) d` −

ιE
2

UE −
ιEιL
2δ

UL − (λ+
ιEθ
2δ

)ULUE

≤ η

∫ f3

0
Π̄3 (`)UK (t− `) d` −

ιE
2

UE −
ιEιL
2δ

UL

≤ ηΓ̂2 − ε2(UE +
ιE
2δ

UL) = ηΓ̂2 − ε2Φ2,

where ε2 = min{ ιE2 , ιL}. Thus, lim
t→∞

sup Φ2(t) ≤
ηΓ̂2
ε2

= Γ̂3. Based on the nonnegativity of UE and UL,

one can guarantee that lim
t→∞

sup UE(t) ≤ Γ̂3, and lim
t→∞

sup UL(t) ≤
2δΓ̂3
ιE

= Γ̂4. Consequently, it can

be inferred that UJ (t) , UP (t) , UK (t) , UE (t) and UL (t) are being ultimately bounded. This, in

turn, ensures the positive invariance of the compact set ∆̂ under the dynamics of system (3.1). �

3.2.2. The reproduction ratio and equilibria of the system.

Proposition 3.2. Assuming that Hypotheses H1-H4 are met, there exists a positive basic reproduction ratio

<̃0 =
Π1

(
ηαΠ2Π3℘E

(
U0
J

)
+ιEιK℘P

(
U0
J

)
+αιEΠ2℘K

(
U0
J

))
ιEιK (α+ιP)

for system (3.1) in a way that

(i) ensures the system consistently maintains a virus-free equilibrium, denoted as O0, and
(ii) if <̃0 > 1, the system additionally possesses a virus-persistence equilibrium, denoted as O1.

The proof is omitted as it is similar to the proof of Proposition 2.2.

3.2.3. Global stability of equilibria. The forthcoming theorems explore the global asymptotic sta-

bility of both virus-free and virus-persistence equilibria. For clarity’s sake, let’s demonstrate

(UJ (t− `) , UP (t− `) ,

UK (t− `) , UE (t− `) , UL (t− `)) by
(
UJ` , UP` , UK` , UE` , UL`

)
Theorem 3.1. For system (3.1), let <̃0 ≤ 1 and Hypotheses H1-H5 are satisfied, then O0 is G.A.S in ∆̂.
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Proof. Let’s contemplate a potential Lyapunov function, Ξ2(UJ , UP, UK , UE, UL), in the following

manner:

Ξ2 = UJ −U0
J
−

∫ UJ

U0
J

℘E
(
U0
J

)
℘E (γ)

dγ+
1

Π1
UP +

ηΠ3℘E
(
U0
J

)
+ ιE℘K

(
U0
J

)
ιK ιE

UK

+
℘E

(
U0
J

)
ιE

UE +
λ℘E

(
U0
J

)
2διE

U2
L
+

1
Π1

∫ f1

0
Π̄1(`)

∫ t

t−`
(FE (UJ (γ) , UE (γ))

+ FP (UJ (γ) , UP (γ)) +FK (UJ (γ) , UK (γ))) dγd`

+
α
(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

∫ f2

0
Π̄2(`)

∫ t

t−`
UP(γ)dγd`

+
η℘E

(
U0
J

)
ιE

∫ f3

0
Π̄3(`)

∫ t

t−`
UK (γ)dγd`.

Evidently, Ξ2(UJ , UP, UK , UE, UL) > 0 for every UJ , UP, UK , UE, UL > 0, as well as

Ξ2

(
U0
J

, 0, 0, 0, 0
)
= 0. Further, dΞ2

dt is given by:

dΞ2

dt
=

1−
℘E

(
U0
J

)
℘E (UJ )

 U̇J +
1

Π1
U̇P +

ηΠ3℘E
(
U0
J

)
+ ιE℘K

(
U0
J

)
ιK ιE

U̇K +
℘E

(
U0
J

)
ιE

U̇E

+
λ℘E

(
U0
J

)
διE

ULU̇L +FE (UJ , UE) +FP (UJ , UP) +FK (UJ , UK )

−
1

Π1

∫ f1

0
Π̄1(`)

(
FE

(
UJ` , UE`

)
+FP

(
UJ` , UP`

)
+ FK

(
UJ` , UK`

))
d`+

αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

UP

−

α
(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

∫ f2

0
Π̄2(`)UP`d`+

ηΠ3℘E
(
U0
J

)
ιE

UK

−

η℘E
(
U0
J

)
ιE

∫ f3

0
Π̄3(`)UK`d`

=

1−
℘E

(
U0
J

)
℘E (UJ )

 (τ− ιJUJ −FE (UJ , UE) −FP (UJ , UP) −FK (UJ , UK ))

+
1

Π1

∫ f1

0
Π̄1(`)

(
FE

(
UJ` , UE`

)
+FP

(
UJ` , UP`

)
+ FK

(
UJ` , UK`

))
d` −

α+ ιP
Π1

UP

+
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

)
ιK ιE

α∫ f2

0
Π̄2(`)UP`d` − ιKUK
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+
℘E

(
U0
J

)
ιE

η∫ f3

0
Π̄3(`)UK`d` − ιEUE − λULUE

+ λ℘E
(
U0
J

)
διE

UL (δUE − ιLUL − θULUE)

+FE (UJ , UE) +FP (UJ , UP) +FK (UJ , UK ) −
1

Π1

∫ f1

0
Π̄1(`)

(
FE

(
UJ` , UE`

)
+ FP

(
UJ` , UP`

)
+FK

(
UJ` , UK`

))
d`

+
αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

UP −
α
(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

∫ f2

0
Π̄2(`)UP`d`

+
ηΠ3℘E

(
U0
J

)
ιE

UK −
η℘E

(
U0
J

)
ιE

∫ f3

0
Π̄3(`)UK`d`

=

1−
℘E

(
U0
J

)
℘E (UJ )

 (τ− ιJUJ ) +

℘E
(
U0
J

)
℘E (UJ )

FE (UJ , UE)
UE

−℘E
(
U0
J

) UE

+

℘E
(
U0
J

)
℘E (UJ )

FP (UJ , UP)
UP

−
α+ ιP

Π1
+
αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

 UP

+

℘E
(
U0
J

)
℘E (UJ )

FK (UJ , UK )
UK

−℘K
(
U0
J

) UK −
λ℘E

(
U0
J

)
διE

(ιL + θUE)U2
L

. (3.3)

Using inequality (2.16), we obtain

℘E
(
U0
J

)
℘E (UJ )

FE (UJ , UE)
UE

−℘E
(
U0
J

)
≤

℘E
(
U0
J

)
℘E (UJ )

℘E (UJ ) −℘E
(
U0
J

)
= 0.

Further, Hypotheses H4 and H5 in case of U0
J
=

τ
ιJ

imply that

℘E
(
U0
J

)
℘E (UJ )

FP (UJ , UP)
UP

−
α+ ιP

Π1
+
αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

≤

℘E
(
U0
J

)
℘P (UJ )

℘E (UJ )
−
α+ ιP

Π1
+
αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

≤

℘E
(
U0
J

)
℘P

(
U0
J

)
℘E

(
U0
J

) −
α+ ιP

Π1
+
αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

= ℘P
(
U0
J

)
−
α+ ιP

Π1
+
αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
ιK ιE

=
αΠ2

(
ηΠ3℘E

(
U0
J

)
+ ιE℘K

(
U0
J

))
+ ιK ιE℘P

(
U0
J

)
ιK ιE

−
α+ ιP

Π1

=
α+ ιP

Π1

(
<̃0 − 1

)
.



Int. J. Anal. Appl. (2024), 22:186 23

Furthermore

℘E
(
U0
J

)
℘E

(
UJ

) FK (
UJ , UK

)
UK

−℘K
(
U0
J

)
≤

℘E
(
U0
J

)
℘K

(
UJ

)
℘E

(
UJ

) −℘K
(
U0
J

)
≤

℘E
(
U0
J

)
℘K

(
U0
J

)
℘E

(
U0
J

) −℘K
(
U0
J

)
= 0.

Upon conducting a straightforward computation and incorporating the value U0
J

= τ/ιJ , Eq.

(3.3) will manifest in the subsequent manner:

dΞ2

dt
≤ τ

1−
℘E

(
U0
J

)
℘E (UJ )


1−

UJ
U0
J

+ α+ ιP
Π1

(
<̃0 − 1

)
UP −

λ℘E
(
U0
J

)
διE

(ιL + θUE)U2
L

.

From Hypothesis H3, we have 1−
℘E

(
U0
J

)
℘E (UJ )


1−

UJ
U0
J

 ≤ 0.

Evidently, for <̃0 ≤ 1, the rate dΞ2
dt remains non-positive. Furthermore, dΞ2

dt equals zero at UJ = U0
J

with UP = UE = UL = 0. It follows that all solutions convey to M′2. Within M′2, every element

satisfy UJ (t) = U0
J

and UP(t) = UE(t) = UL(t) = 0 for all t. Following this, the first equation of

model (3.1) along with Hypothesis H1 results in:

0 = U̇J = τ− ιJU0
J
−FK

(
U0
J

, UK (t)
)
=⇒ FK

(
U0
J

, UK (t)
)
= 0 =⇒ UK (t) = 0, for all t.

Then, M′2 =
{
O0

}
. Consequently, according to the L.I.P, the inference can be drawn that O0 exhibits

global asymptotic stability whenever <̃0 ≤ 1 [53], [54]. �

Theorem 3.2. Given <̃0 > 1 the fulfillment of Hypotheses H1-H4 and H6, it can be concluded that the
equilibrium O1 for system (3.1) is guaranteed to be G.A.S in ∆̂\Υ.

Proof. Building up Ξ3(UJ , UP, UK , UE, UL) according to Eq. (3.4) as follows:

Ξ3 = UJ −U1
J
−

∫ UJ

U1
J

FE

(
U1
J

, U1
E

)
FE

(
γ, U1

E

) dγ+
U1
P

Π1
z

UP
U1
P


+
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

)
ιKU1

E

(
ιE + λU1

L

) z

UK
U1
K


+
FE

(
U1
J

, U1
E

)
ιE + λU1

L

z

UE
U1
E

+ λFE
(
U1
J

, U1
E

)
2U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (
UL −U1

L

)2

+
FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`)

∫ t

t−`
z

FE (UJ (γ) , UE (γ))

FE

(
U1
J

, U1
E

)  dγd`

+
FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`)

∫ t

t−`
z

FP (UJ (γ) , UP (γ))

FP

(
U1
J

, U1
P

)  dγd`
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+
FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`)

∫ t

t−`
z

FK (UJ (γ) , UK (γ))

FK

(
U1
J

, U1
K

)  dγd`

+
αU1
P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) ∫ f2

0
Π̄2 (`)

∫ t

t−`
z

UP (γ)

U1
P

 dγd`

+
ηU1
K
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) ∫ f3

0
Π̄3 (`)

∫ t

t−`
z

UK (γ)

U1
K

 dγd`. (3.4)

We can deduce from the equilibrium condition derived from the last equation of system (3.1) that

δ − θU1
L

=
ιLU1

L

U1
E

> 0. The positivity definiteness of Ξ3 becomes evident. When calculating dΞ3
dt

along the trajectories of the model described in (3.1), we obtain

dΞ3

dt
=

1−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

)  U̇J +
1

Π1

1−
U1
P

UP

 U̇P

+
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

)
ιKU1

K
U1
E

(
ιE + λU1

L

) 1−
U1
K

UK

 U̇K

+
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) 1−
U1
E

UE

 U̇E +
λFE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (
UL −U1

L

)
U̇L

+
FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`)

FE
(
UJ , UE

)
FE

(
U1
J

, U1
E

) − FE (
UJ` , UE`

)
FE

(
U1
J

, U1
E

) + ln

FE
(
UJ` , UE`

)
FE

(
UJ , UE

) 
 d`

+
FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`)

FP
(
UJ , UP

)
FP

(
U1
J

, U1
P

) − FP (
UJ` , UP`

)
FP

(
U1
J

, U1
P

) + ln

FP
(
UJ` , UP`

)
FP

(
UJ , UP

) 
 d`

+
FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`)

FK
(
UJ , UK

)
FK

(
U1
J

, U1
K

) − FK (
UJ` , UK`

)
FK

(
U1
J

, U1
K

) + ln

FK
(
UJ` , UK`

)
FK

(
UJ , UK

) 
 d`

+
αU1
P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) ∫ f2

0
Π̄2 (`)

UP
U1
P

−
UP`
U1
P

+ ln
(

UP`
UP

))
d`+

ηU1
K
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) ∫ f3

0
Π̄3 (`)

UK
U1
K

−
UK`
U1
K

+ ln
(

UK`
UK

) d`

=

1−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

)  (τ− ιJUJ −FE
(
UJ , UE

)
−FP

(
UJ , UP

)
−FK

(
UJ , UK

))
+

1
Π1

1−
U1
P

UP


∫ f1

0
Π̄1 (`)

(
FE

(
UJ` , UE`

)
+FP

(
UJ` , UP`

)
+ FK

(
UJ` , UK`

))
d` − (α+ ιP)UP

)
+
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

)
ιKU1

K
U1
E

(
ιE + λU1

L

) 1−
U1
K

UK


α∫ f2

0
Π̄2 (`)UP`d` − ιKUK
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+
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) 1−
U1
E

UE

 η∫ f3

0
Π̄3 (`)UK`d` − ιEUE − λULUE


+

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (
UL −U1

L

)
(δUE − ιLUL − θULUE)

+FE
(
UJ , UE

)
−

1
Π1

∫ f1

0
Π̄1 (`)FE

(
UJ` , UE`

)
d`

+
FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`) ln

FE
(
UJ` , UE`

)
FE

(
UJ , UE

)  d`

+FP
(
UJ , UP

)
−

1
Π1

∫ f1

0
Π̄1 (`)FP

(
UJ` , UP`

)
d`

+
FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`) ln

FP
(
UJ` , UP`

)
FP

(
UJ , UP

)  d`

+FK
(
UJ , UK

)
−

1
Π1

∫ f1

0
Π̄1 (`)FK

(
UJ` , UK`

)
d`

+
FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`) ln

FK
(
UJ` , UK`

)
FK

(
UJ , UK

)  d`

+
αΠ2U1

P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) UP
U1
P

−

α
(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) ∫ f2

0
Π̄2 (`)UP`d`

+
αU1
P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) ∫ f2

0
Π̄2 (`) ln

(
UP`
UP

)
d`

+
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) UK
U1
K

−

ηFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) ∫ f3

0
Π̄3 (`)UK`d`

+
ηU1
K
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) ∫ f3

0
Π̄3 (`) ln

(
UK`
UK

)
d`.

Thus

dΞ3

dt
=

1−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

)  (τ− ιJUJ
)
+
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

) (
FE

(
UJ , UE

)
+FP

(
UJ , UP

)
+FK

(
UJ , UK

))

−
1

Π1

∫ f1

0
Π̄1 (`)

FE

(
UJ` , UE`

)
U1
P

UP
d` −

1
Π1

∫ f1

0
Π̄1 (`)

FP

(
UJ` , UP`

)
U1
P

UP
d`

−
1

Π1

∫ f1

0
Π̄1 (`)

FK

(
UJ` , UK`

)
U1
P

UP
d` −

α+ ιP
Π1

UP +
α+ ιP

Π1
U1
P
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−

α
(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) ∫ f2

0
Π̄2 (`)

UP`U
1
K

UK
d`

−

ηΠ3U1
K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

)
U1
K

U1
E

(
ιE + λU1

L

) (
UK −U1

K

)

−

ηFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) ∫ f3

0
Π̄3 (`)

UK`U
1
E

UE
d` −

ιEFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
UE −U1

E

)

−

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

)UL
(
UE −U1

E

)
+

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (
UL −U1

L

)
(δUE − ιLUL − θULUE)

+
FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`) ln

FE
(
UJ` , UE`

)
FE

(
UJ , UE

)  d`

+
FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`) ln

FP
(
UJ` , UP`

)
FP

(
UJ , UP

)  d`

+
FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`) ln

FK
(
UJ` , UK`

)
FK

(
UJ , UK

)  d`

+
αΠ2U1

P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) UP
U1
P

+
αU1
P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) ∫ f2

0
Π̄2 (`) ln

(
UP`
UP

)
d`

+
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) UK
U1
K

+
ηU1
K
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) ∫ f3

0
Π̄3 (`) ln

(
UK`
UK

)
d`. (3.5)

Implementing the specified conditions for equilibrium O1

τ = ιJU1
J
+FE

(
U1
J

, U1
E

)
+FP

(
U1
J

, U1
P

)
+FK

(
U1
J

, U1
K

)
,

FE

(
U1
J

, U1
E

)
+FP

(
U1
J

, U1
P

)
+FK

(
U1
J

, U1
K

)
=

(α+ ιP)U1
P

Π1
,

U1
K
=
αΠ2U1

P

ιK
, U1

E
=

ηΠ3U1
K

ιE + λU1
L

, δU1
E
= ιLU1

L
+ θU1

L
U1
E

,

we derive

FE

(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)
=
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

)
U1
E

(
ιE + λU1

L

) ,

=
αΠ2U1

P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) .
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Therefore, Eq. (3.5) will be expressed as follows:

dΞ3

dt
=

1−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

)  (ιJU1
J
− ιJUJ

)
+

2−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

)  (FE (
U1
J

, U1
E

)

+ FP
(
U1
J

, U1
P

)
+FK

(
U1
J

, U1
K

))
+FE

(
U1
J

, U1
E

) FE (
UJ , UE

)
FE

(
UJ , U1

E

)
+FP

(
U1
J

, U1
P

) FE (
U1
J

, U1
E

)
FP

(
UJ , UP

)
FE

(
UJ , U1

E

)
FP

(
U1
J

, U1
P

) +FK (
U1
J

, U1
K

) FE (
U1
J

, U1
E

)
FK

(
UJ , UK

)
FE

(
UJ , U1

E

)
FK

(
U1
J

, U1
K

)
−

FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`)

FE

(
UJ` , UE`

)
U1
P

FE

(
U1
J

, U1
E

)
UP

d`

−

FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`)

FP

(
UJ` , UP`

)
U1
P

FP

(
U1
J

, U1
P

)
UP

d`

−

FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`)

FK

(
UJ` , UK`

)
U1
P

FK

(
U1
J

, U1
K

)
UP

d` −
(α+ ιP)U1

P

Π1

UP
U1
P

−

αU1
P

(
ηΠ3U1

K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

))
ιKU1

K
U1
E

(
ιE + λU1

L

) ∫ f2

0
Π̄2 (`)

UP`U
1
K

U1
P

UK
d`

−

ηΠ3U1
K
FE

(
U1
J

, U1
E

)
+ U1

E

(
ιE + λU1

L

)
FK

(
U1
J

, U1
K

)
U1
E

(
ιE + λU1

L

) UK
U1
K

− 1


−

ηU1
K
FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) ∫ f3

0
Π̄3 (`)

UK`U
1
E

U1
K

UE
d` −

ιEFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
UE −U1

E

)

−

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

)UL
(
UE −U1

E

)
+
λFE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

)U1
L

(
UE −U1

E

)
−

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

)U1
L

(
UE −U1

E

)

+
λFE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (
UL −U1

L

) (
δUE − ιLUL − θULUE − δU1

E
+ ιLU1

L

+ θU1
L

U1
E
+ θU1

L
UE − θU1

L
UE

)
+
FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`) ln

FE
(
UJ` , UE`

)
FE

(
UJ , UE

)  d`

+
FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`) ln

FP
(
UJ` , UP`

)
FP

(
UJ , UP

)  d`

+
FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`) ln

FK
(
UJ` , UK`

)
FK

(
UJ , UK

)  d`

+
(
FE

(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)) UP
U1
P

+
FE

(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)
Π2

∫ f2

0
Π̄2 (`) ln

(
UP`
UP

)
d`
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+FE
(
U1
J

, U1
E

) UK
U1
K

+
FE

(
U1
J

, U1
E

)
Π3

∫ f3

0
Π̄3 (`) ln

(
UK`
UK

)
d`.

Consequently, the form of the expression becomes as follows:

dΞ3

dt
=

1−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

) (ιJU1
J
− ιJUJ

)
+

2−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

) (FE (
U1
J

, U1
E

)
+ FP

(
U1
J

, U1
P

)
+FK

(
U1
J

, U1
K

))
+FE

(
U1
J

, U1
E

) FE (UJ , UE)

FE

(
UJ , U1

E

)
+FP

(
U1
J

, U1
P

) FE (
U1
J

, U1
E

)
FP (UJ , UP)

FE

(
UJ , U1

E

)
FP

(
U1
J

, U1
P

) +FK (
U1
J

, U1
K

) FE (
U1
J

, U1
E

)
FK (UJ , UK )

FE

(
UJ , U1

E

)
FK

(
U1
J

, U1
K

)
−

FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`)

FE

(
UJ` , UE`

)
U1
P

FE

(
U1
J

, U1
E

)
UP

d`

−

FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`)

FP

(
UJ` , UP`

)
U1
P

FP

(
U1
J

, U1
P

)
UP

d`

−

FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`)

FK

(
UJ` , UK`

)
U1
P

FK

(
U1
J

, U1
K

)
UP

d`

−

(
FE

(
U1
J

, U1
E

)
+FP

(
U1
J

, U1
P

)
+FK

(
U1
J

, U1
K

)) UP
U1
P

−

FE

(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)
Π2

∫ f2

0
Π̄2 (`)

UP`U
1
K

U1
P

UK
d`

−

(
FE

(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)) UK
U1
K

− 1


−

FE

(
U1
J

, U1
E

)
Π3

∫ f3

0
Π̄3 (`)

UK`U
1
E

U1
K

UE
d` −

FE

(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
ιE + λU1

L

) (
UE −U1

E

)

−

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
UL −U1

L

) (
UE −U1

E

)
+

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (
δ− θU1

L

) (
UL −U1

L

)

×

(
UE −U1

E

)
−

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (ιL + θUE)
(
UL −U1

L

)2

+
FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`) ln

FE
(
UJ` , UE`

)
FE (UJ , UE)

 d`

+
FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`) ln

FP
(
UJ` , UP`

)
FP (UJ , UP)

 d`
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+
FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`) ln

FK
(
UJ` , UK`

)
FK (UJ , UK )

 d`+
(
FE

(
U1
J

, U1
E

)

+ FK
(
U1
J

, U1
K

)) UP
U1
P

+
FE

(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)
Π2

∫ f2

0
Π̄2 (`) ln

(
UP`
UP

)
d`

+FE
(
U1
J

, U1
E

) UK
U1
K

+
FE

(
U1
J

, U1
E

)
Π3

∫ f3

0
Π̄3 (`) ln

(
UK`
UK

)
d`

= ιJU1
J

1−
FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

)
1−

UJ
U1
J

+
2−

FE

(
U1
J

, U1
E

)
FE

(
UJ , U1

E

) (FE (
U1
J

, U1
E

)
+FP

(
U1
J

, U1
P

)

+ FK
(
U1
J

, U1
K

))
+FE

(
U1
J

, U1
E

) FE (UJ , UE)

FE

(
UJ , U1

E

) +FP (
U1
J

, U1
P

) FE (
U1
J

, U1
E

)
FP (UJ , UP)

FE

(
UJ , U1

E

)
FP

(
U1
J

, U1
P

)
+FK

(
U1
J

, U1
K

) FE (
U1
J

, U1
E

)
FK (UJ , UK )

FE

(
UJ , U1

E

)
FK

(
U1
J

, U1
K

) − FE
(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`)

FE

(
UJ` , UE`

)
U1
P

FE

(
U1
J

, U1
E

)
UP

d`

−

FP

(
U1
J

, U1
P

)
Π1

∫ f1

0
Π̄1 (`)

FP

(
UJ` , UP`

)
U1
P

FP

(
U1
J

, U1
P

)
UP

d`

−

FK

(
U1
J

, U1
K

)
Π1

∫ f1

0
Π̄1 (`)

FK

(
UJ` , UK`

)
U1
P

FK

(
U1
J

, U1
K

)
UP

d` −FP
(
U1
J

, U1
P

) UP
U1
P

−

FE

(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)
Π2

∫ f2

0
Π̄2 (`)

UP`U
1
K

U1
P

UK
d` −FK

(
U1
J

, U1
K

) UK
U1
K

+ 2FE
(
U1
J

, U1
E

)
+FK

(
U1
J

, U1
K

)
−

FE

(
U1
J

, U1
E

)
Π3

∫ f3

0
Π̄3 (`)

UK`U
1
E

U1
K

UE
d` −FE

(
U1
J

, U1
E

) UE
U1
E

−

λFE
(
U1
J

, U1
E

)
U1
E

(
ιE + λU1

L

) (
δ− θU1

L

) (ιL + θUE)
(
UL −U1

L

)2

+
FE

(
U1
J

, U1
E

)
Π1

∫ f1

0
Π̄1 (`) ln

FE
(
UJ` , UE`

)
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+
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Additionally, we have the following equalities:
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E
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Therefore, dΞ3
dt will be
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By simplifying the previous result, we arrive at
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From Hypothesis H2, we have 1−
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In addition, from Eqs. (2.17)-(2.19), we concludeFE (UJ , UE)
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Consequently, when <̃0 > 1, it is established that dΞ3
dt ≤ 0 holds true for all positive values of

UJ , UP, UK , UE and UL. Additionally, dΞ3
dt = 0 is realized when UJ = U1

J
, UP = U1

P
, UK =

U1
K

, UE = U1
E

and UL = U1
L

. As a result, with M′3 =
{
O1

}
, we can affirm that the equilibrium O1

is G.A.S under the condition <̃0 > 1 in accordance of L.I.P [53], [54]. �

4. Illustrative examples and numerical simulations

Dive into the real world! This section brings our theoretical predictions to life through numerical

simulations. We use MATLAB solvers’ ode45 and dde23 to explore the dynamics of systems (2.1)

and (3.1). We utilize Crowley-Martin functions for the incidence rates in system (2.1), while

choosing saturation incidence for system (3.1). Additionally, within the framework of model (2.1),

we investigate the dynamic impact of impaired antibody immunity and the effect of the Crowley-

Martin functions parameters on the dynamics. Furthermore, our analysis extends to exploring

the influences of time delays and the saturation effect on the dynamics of system (3.1). We utilize
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sensitivity analysis to reveal how basic reproduction ratios respond to variations in parameter

values.

4.1. Numerical simulation for model (2.1). The Crowley-Martin functional response was pio-

neered by P. H. Crowley and E. K. Martin [58]. The Crowley-Martin functional response is

considered predator-dependent, whereas predator interference involves both prey and predator

populations. This type of response is influenced by the predator presence. It is assumed in

Crowley-Martin that the predator-feeding rate will decline with higher predator density, even

when prey density is high. The influence of predator interference on feeding rate remains signif-

icant regardless of whether an individual predator is handling or searching for prey at any given

moment [59–62]. The Crowley-Martin functional response is distinguished by its cabability to

explain the saturation effects inherent in viral replication, which are influenced by the availability

of target cells. From a biological point of view, it is well known that viral replication reaches

an upper limit due to the finite availability of target cells [63]. The subsequent Crowley-Martin

incidence rates will be selected for system (2.1):

FE (UJ , UE) =
µEUJUE

(1 + νUJ ) (1 + ϕEUE)
,

FP (UJ , UP) =
µPUJUP

(1 + νUJ ) (1 + ϕPUP)
,

FK (UJ , UK ) =
µKUJUK

(1 + νUJ ) (1 + ϕKUK )
,

where µX > 0,X ∈ {E,P,K} , account for the infection rate constants. Parameters ν > 0 and ϕX > 0,

X ∈ {E,P,K} , represent the Crowley-Martin infection rate constants. Concerning the feeding rate,

ν represents the handling time, and ϕX indicates the level of interference among predators (HIV-1

particles and infected cells). This functional response is useful for modeling infections like HIV-1,

as the rate of infection experiences a saturation effect because of the intracellular replication [63].

Hence, the structure of system (2.1) will be as follows:

U̇J = τ− ιJUJ −
µEUJUE

(1 + νUJ ) (1 + ϕEUE)
−

µPUJUP
(1 + νUJ ) (1 + ϕPUP)

−
µKUJUK

(1 + νUJ ) (1 + ϕKUK )
,

U̇P =
µEUJUE

(1 + νUJ ) (1 + ϕEUE)
+

µPUJUP
(1 + νUJ ) (1 + ϕPUP)

+
µKUJUK

(1 + νUJ ) (1 + ϕKUK )
− (α+ ιP)UP,

U̇K = αUP − ιKUK ,

U̇E = ηUK − ιEUE − λULUE,

U̇L = δUE − ιLUL − θULUE.

(4.1)

Clearly,FX (UJ , UX) ,X ∈ {E,P,K}are continuously differentiable functions. In addition,FX (UJ , UX)
for X ∈ {E,P,K} satisfying the following: FX (UJ , UX) > 0 and FX (0, UX) = FX (UJ , 0) = 0 for
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all UJ > 0 and UX > 0. Hence, Hypothesis H1 is fulfilled. Moreover, we have

∂FX (UJ , UX)
∂UJ

=
µXUX

(1 + νUJ )
2 (1 + ϕXUX)

> 0, for all UJ , UX > 0,

∂FX (UJ , UX)
∂UX

=
µXUJ

(1 + νUJ ) (1 + ϕXUX)
2 > 0, for all UJ , UX > 0,

where X ∈ {E,P,K}. This means that Hypothesis H2 is valid. It is obvious that

℘X (UJ ) =
∂FX (UJ , 0)

∂UX
=

µXUJ
1 + νUJ

> 0, for all UJ > 0, X ∈ {E,P,K} .

Furthermore

℘′
X
(UJ ) =

d
dUJ

(
∂FX (UJ , 0)

∂UX

)
=

µX

(1 + νUJ )
2 > 0, for all UJ > 0, X ∈ {E,P,K} ,

which confirms that Hypothesis H3 is also met. Moreover, we have

∂
∂UX

(
FX (UJ , UX)

UX

)
= −

µXϕXUJ
(1 + νUJ ) (1 + ϕXUX)

2 < 0, for all UJ , UX > 0, X ∈ {E,P,K} .

Then, Hypothesis H4 is verified. It is observable that ℘X(UJ )℘E(UJ )
=

µX
µE

,X ∈ {P,K} . Hence, Hypothesis

H5 is satisfied. Furthermore, we have

FP (UJ , UP)

FE

(
UJ , Ū1

E

) =
µPUP

(
1 + ϕEŪ1

E

)
µEŪ1

E
(1 + ϕPUP)

,
FP

(
Ū1
J

, Ū1
P

)
FE

(
Ū1
J

, Ū1
E

) =
µPŪ1

P

(
1 + ϕEŪ1

E

)
µEŪ1

E

(
1 + ϕPŪ1

P

) ,

FK (UJ , UK )

FE

(
UJ , Ū1

E

) =
µKUK

(
1 + ϕEŪ1

E

)
µEŪ1

E
(1 + ϕKUK )

,
FK

(
Ū1
J

, Ū1
K

)
FE

(
Ū1
J

, Ū1
E

) =
µK Ū1

K

(
1 + ϕEŪ1

E

)
µEŪ1

E

(
1 + ϕK Ū1

K

) ,

and  FP (UJ , UP)

FE

(
UJ , Ū1

E

)
UP
−

FP

(
Ū1
J

, Ū1
P

)
FE

(
Ū1
J

, Ū1
E

)
Ū1
P


FP (UJ , UP)

FE

(
UJ , Ū1

E

) − FP
(
Ū1
J

, Ū1
P

)
FE

(
Ū1
J

, Ū1
E

) 
= −

ϕPµ2
P

(
1 + ϕEŪ1

E

)2 (
UP − Ū1

P

)2

µ2
E

(
Ū1
E

)2
(1 + ϕPUP)

2
(
1 + ϕPŪ1

P

)2 ≤ 0,

 FK (UJ , UK )

FE

(
UJ , Ū1

E

)
UK
−

FK

(
Ū1
J

, Ū1
K

)
FE

(
Ū1
J

, Ū1
E

)
Ū1
K


FK (UJ , UK )

FE

(
UJ , Ū1

E

) − FK
(
Ū1
J

, Ū1
K

)
FE

(
Ū1
J

, Ū1
E

) 
= −

ϕKµ
2
K

(
1 + ϕEŪ1

E

)2 (
UK − Ū1

K

)2

µ2
E

(
Ū1
E

)2
(1 + ϕKUK )

2
(
1 + ϕK Ū1

K

)2 ≤ 0,

for all UP, UK > 0, UJ ∈
(
0, Ū0

J

)
. Consequently, Hypothesis H6 is also satisfied. Given that

Hypotheses H1-H6 are fulfilled, the conclusions regarding global stability, as outlined in Theorems
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2.1 and 2.2 persist. System (4.1) is associated with the basic reproduction ratio, provided as

<0(4.1) =
Ū0
J
(ηαµE + ιEιKµP + αιEµK )

ιEιK (α+ ιP)
(
1 + νŪ0

J

) = <0E(4.1) +<0P(4.1) +<0K(4.1), (4.2)

where

<0E(4.1) =
ηαŪ0

J
µE

ιEιK (α+ ιP)
(
1 + νŪ0

J

) ,

<0P(4.1) =
Ū0
J
µP

(α+ ιP)
(
1 + νŪ0

J

) ,

<0K(4.1) =
αŪ0
J
µK

ιK (α+ ιP)
(
1 + νŪ0

J

) .

4.1.1. Stability of equilibria. We conduct numerical simulations for the system described in (4.1),

employing the parameter with values outlined in Table 1. Several parameters have been drawn

from previous research, complemented by specific choices (µX, θ, ν and ϕ = ϕX for X ∈ {E,P,K})

made for this study. For the assessment of equilibrium stability in system (4.1), we commence

simulations using three varied sets of initial states:

I.S.1: (UJ (0), UP(0), UK (0), UE(0), UL(0)) = (720, 10, 2.3, 2.6, 0.08),

I.S.2: (UJ (0), UP(0), UK (0), UE(0), UL(0)) = (690, 8, 2, 2, 0.07),

I.S.3: (UJ (0), UP(0), UK (0), UE(0), UL(0)) = (660, 6, 1.6, 1.5, 0.06).

Table 1. Summary of model parameters and references.

Parameter Value Reference Parameter Value Reference

τ 10 [64–66] η 2.6 [74], [75]

ιJ 0.01 [5], [64], [67] ιE 2.4 [74], [75]

µE varied - δ 0.01 [64], [76]

µP varied - ιL 0.3 [64], [77]

µK varied - θ varied -

α 0.2 [64], [68] ϕ1 varied -

ιP 0.17 [64], [68] ϕ2 varied -

ιK 0.8 [69], [70] ϕ3 varied -

λ 0.06 [71–73] ν varied -

Utilizing the infection rates µX forX ∈ {E,P,K}, the stability of equilibria is governed by<0(4.1),

as defined in Eq. (4.2). To scrutinize the impact of variations in these parameters, we explore two

distinct scenarios:

Stability of Ō0
(4.1). For the parameters µE = 0.02, µP = 0.00002, µK = 0.0001, ν = ϕ = 0.02

and θ = 0.001, the computed value of <0(4.1) = 0.703 is below 1. As illustrated in Figure
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1, the trajectories originating from I.S.1-I.S.3 approach the equilibrium Ō0
(4.1)

= (1000, 0, 0, 0, 0).

This observation reinforces the assertion that Ō0
(4.1)

is being G.A.S, aligning with the outcome

established in Theorem 2.1. Biologically speaking, this situation implies the complete eradication

of the infection, signifying the successful elimination of the pathogen by the human body.

Stability of Ō1
(4.1). Choosing µE = 0.03, µP = 0.0001, µK = 0.0004, ν = ϕ = 0.02 and θ = 0.001,

yields <0(4.1) = 1.071 > 1. Consequently, the equilibrium Ō1
(4.1) exists when <0(4.1) > 1, with

specific values given by Ō1
(4.1) = (688.079, 8.43, 2.108, 2.279, 0.075). In Figure 2, the numerical

results align with the findings of Theorem 2.2, indicating the convergence of solutions for system

(4.1) to Ō1
(4.1) when <0(4.1) > 1 across all I.S.1-I.S.3. From a biological standpoint, this situation

implies the coexistence of both HIV-1 particles and antibodies within the host organism.

4.1.2. Impact of impaired antibody immunity. In this given context, we introduce fluctuations in

the antibody impairment rate constant θ value while maintaining specific values for µE = 0.03,

µP = 0.0001, µK = 0.0004, ν = 0.02, and ϕ = ϕX = 0.02, where X ∈ {E,P,K}. We aim to explore

how antibody immune impairment impacts the dynamics of system (4.1), by obtaining numerical

solutions with different θ values as provided in Table 2. Under these circumstances, we employ

the subsequent initial state:

I.S.4: (UJ (0), UP(0), UK (0), UE(0), UL(0)) = (684, 8.5, 2.13, 2.3, 0.04).

Table 2. Effect of the antibody impairment rate constant, θ, on the model’s equilib-

ria.

Antibody impairment rate constant θ Equilibrium Ō1
(4.1)

0 (688.133, 8.429, 2.107, 2.278, 0.076)

0.03 (686.796, 8.465, 2.116, 2.289, 0.062)

0.2 (683.739, 8.548, 2.137, 2.313, 0.03)

2 (681.28, 8.614, 2.154, 2.333, 0.005)

As θ increases, we notice a decline in the quantity of antibodies, as shown in Table 2. This

decrease is accompanied by a greater quantity of infected cells, whether latent or active, along

with a higher quantity of HIV-1 particles. Due to this, there is a reduction in the count of healthy

cells. Notably, Figure 3 reveals that the stability criteria of the equilibria remain unaffected by

antibody immune impairment. This is a consequence of the fact that the parameter <0(4.1) stays

constant regardless of varying θ values.

4.1.3. The effect of level of interference among predators (HIV-1 particles and infected cells), ϕ, on the
system dynamics. In this case, we fix specific values for µE = 0.03, µP = 0.0001, µK = 0.0004,

ν = 0.02 and θ = 0.1, We numerically solve system (4.1) with various values of ϕ = ϕX for

X ∈ {E,P,K} , accompanied by the following initial state:

I.S.5: (UJ (0), UP(0), UK (0), UE(0), UL(0)) = (680, 12, 3, 3.5, 0.05).



Int. J. Anal. Appl. (2024), 22:186 39

Upon examining the results in Table 3, a positive correlation is apparent between ϕ and healthy

cells, meaning that when ϕ becomes higher, the concentration of healthy cells becomes higher

too. In contrast, the counts of other compartments become lower. Notably, the parameter<0(4.1)

remains independent of ϕ. Consequently, Figure 4 illustrates that altering ϕ does not have an

impact on the stability of equilibria.

Table 3. Level of interference among HIV-1 particles and infected cells, ϕ, on the

dynamic of system (4.1).

Level of interference ϕ Equilibrium Ō1
(4.1)

0 (405.258, 16.074, 4.019, 4.347, 0.059)

0.018 (665.613, 9.037, 2.259, 2.445, 0.045)

0.06 (861.13, 3.753, 0.938, 1.016, 0.025)

2 (995.266, 0.128, 0.032, 0.035, 0.001)

4.1.4. The effect of handling time among predators ( HIV-1 particles and infected cells), ν, on the system
dynamics. In this scenario, setting specific values for µE = 0.03, µP = 0.0001, µK = 0.0004,

θ = 0.1, and ϕ = ϕX = 0.2, for X ∈ {E,P,K}, and considering various values of ν, we numerically

solve system (4.1) together with the following initial state:

I.S.6: (UJ (0), UP(0), UK (0), UE(0), UL(0)) = (500, 30, 4, 4.3, 0.04).

Our analysis of Table 4 reveals a positive correlation between ν and healthy cells. This indicates

that an increase in ν corresponds to a higher concentration of healthy cells, while the counts of other

compartments exhibit a decrease. This is, in fact, due to the dependence of the parameter<0(4.1)

on ν. Therefore, Figure 5 confirms that ν alters the stability properties of equilibria. Furthermore,

we derive the subsequent observations:

(i) Ō1
(4.1) is G.A.S when 0 < ν < 0.0215.

(ii) Ō0
(4.1)

is G.A.S when ν ≥ 0.0215.

Table 4. The effect of handling time among HIV-1 particles and infected cells, ν, on

the dynamic of system (4.1).

Handling time ν Equilibria <0(4.1)

0 Ō1
(4.1) = (103.542, 24.229, 6.057, 6.551, 0.069) 22.5

0.01 Ō1
(4.1) = (439.635, 15.145, 3.786, 4.096, 0.058) 2.045

0.014 Ō1
(4.1) = (693.629, 8.28, 2.07, 2.24, 0.043) 1.5

0.0215 Ō0
(4.1)

= (1000, 0, 0, 0, 0) 1

0.1 Ō0
(4.1)

= (1000, 0, 0, 0, 0) 0.223
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4.2. Numerical simulation for model (3.1). In the context of numerical analysis, we adopt the

following specific form regarding the probability distribution functions πi(`), for i = 1, 2, 3:

πi(`) = δ∗ (` − `i) , `i ∈ [0, fi] , i = 1, 2, 3,

where δ∗(.) is the Dirac delta function. When fi →∞, we observe∫
∞

0
πi (`) d` = 1, i = 1, 2, 3.

Furthermore, we obtain

Πi =

∫
∞

0
δ∗ (` − `i) e−bi`d` = e−bi`i , i = 1, 2, 3.

Additionally, we will select the saturation incidence rates of infection as follows:

FE (UJ , UE) =
µEUJUE
1 + εEUE

, FP (UJ , UP) =
µPUJUP
1 + εPUP

, FK (UJ , UK ) =
µKUJUK
1 + εKUK

,

here, the positive constants µX for X ∈ {E,P,K} denote the infection rate constants, while εX > 0,

X ∈ {E,P,K} represents the saturation parameters. Consequently, Based on the aforementioned

reasoning, system (3.1) was modified into a system with a discrete time delay, as illustrated below:

U̇J = τ− ιJUJ −
µEUJUE
1 + εEUE

−
µPUJUP
1 + εPUP

−
µKUJUK
1 + εKUK

,

U̇P = e−b1`1

(
µEUJ (t− `1)UEUJ (t− `1)

1 + εEUE (t− `1)
+
µPUJ (t− `1)UP (t− `1)

1 + εPUP (t− `1)

+
µKUJ (t− `1)UK (t− `1)

1 + εKUK (t− `1)

)
− (α+ ιP)UP,

U̇K = αe−b2`2UP (t− `2) − ιKUK ,

U̇E = ηe−b3`3UK (t− `3) − ιEUE − λULUE,

U̇L = δUE − ιLUL − θULUE.

(4.3)

The functions FX (UJ , UX) , X ∈ {E,P,K} are evidently continuously differentiable. Additionally,

for each X ∈ {E,P,K}, these functions satisfy the Hypotheses: FX (UJ , UX) > 0 and FX (0, UX) =
FX (UJ , 0) = 0 for all UJ > 0 and UX > 0. Thus, the fulfillment of Hypothesis H1 is evident.

Furthermore, we observe

∂FX (UJ , UX)
∂UJ

=
µXUX

1 + εXUX
> 0, for all UX > 0,

∂FX (UJ , UX)
∂UX

=
µXUJ

(1 + εXUX)
2 > 0, for all UJ , UX > 0,

where X ∈ {E,P,K}. This can be expressed by stating that Hypothesis H2 is valid. It is obvious

that

℘X (UJ ) =
∂FX (UJ , 0)

∂UX
= µXUJ > 0, for all UJ > 0, X ∈ {E,P,K} .

Furthermore

℘′
X
(UJ ) =

d
dUJ

(
∂FX (UJ , 0)

∂UX

)
= µX > 0, X ∈ {E,P,K} ,
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which confirms that Hypothesis H3 is also met. Moreover, we have

∂
∂UX

(
FX (UJ , UX)

UX

)
= −

µXεXUJ
(1 + εXUX)

2 < 0, for all UJ , UX > 0, X ∈ {E,P,K} .

Hence, the verification of Hypothesis H4 is straightforward. Additionally, it is evident that
℘X(UJ )
℘E(UJ )

=
µX
µE

, for X ∈ {P,K} . Consequently, Hypothesis H5 is satisfied. Moreover, we have:

FP (UJ , UP)

FE

(
UJ , U1

E

) =
µPUP

(
1 + εEU1

E

)
µEU1

E
(1 + εPUP)

,
FP

(
U1
J

, U1
P

)
FE

(
U1
J

, U1
E

) =
µPU1

P

(
1 + εEU1

E

)
µEU1

E

(
1 + εPU1

P

) ,

FK (UJ , UK )

FE

(
UJ , U1

E

) =
µKUK

(
1 + εEU1

E

)
µEU1

E
(1 + εKUK )

,
FK

(
U1
J

, U1
K

)
FE

(
U1
J

, U1
E

) =
µKU1

K

(
1 + εEU1

E

)
µEU1

E

(
1 + εKU1

K

) ,

and  FP (UJ , UP)

FE

(
UJ , U1

E

)
UP
−

FP

(
U1
J

, U1
P

)
FE

(
U1
J

, U1
E

)
U1
P


FP (UJ , UP)

FE

(
UJ , U1

E

) − FP
(
U1
J

, U1
P

)
FE

(
U1
J

, U1
E

) 
= −

εPµ2
P

(
1 + εEU1

E

)2 (
UP −U1

P

)2

µ2
E

(
U1
E

)2
(1 + εPUP)

2
(
1 + εPU1

P

)2 ≤ 0,

 FK (UJ , UK )

FE

(
UJ , U1

E

)
UK
−

FK

(
U1
J

, U1
K

)
FE

(
U1
J

, U1
E

)
U1
K


FK (UJ , UK )

FE

(
UJ , U1

E

) − FK
(
U1
J

, U1
K

)
FE

(
U1
J

, U1
E

) 
= −

εKµ
2
K

(
1 + εEU1

E

)2 (
UK −U1

K

)2

µ2
E

(
U1
E

)2
(1 + εKUK )

2
(
1 + εKU1

K

)2 ≤ 0,

for all UP, UK > 0, UJ ∈
(
0, U0

J

)
. Hence, Hypothesis H6 is fulfilled as well. With the fulfillment of

Hypotheses H1-H6, the global stability results stated in Theorems 3.1 and 3.2 persist. Accordingly,

the determination of the basic reproduction ratio for system (4.3) is outlined below:

<̃0(4.3) =
U0
J

e−b1`1
(
αe−b2`2

(
µEηe−b3`3 + µK ιE

)
+ µPιEιK

)
ιEιK (α+ ιP)

= <̃0E(4.3) + <̃0P(4.3) + <̃0K(4.3), (4.4)

where

<̃0E(4.3) =
ηαU0

J
µEe−b1`1−b2`2−b3`3

ιEιK (α+ ιP)
,

<̃0P(4.3) =
U0
J
µPe−b1`1

α+ ιP
,

<̃0K(4.3) =
αU0
J
µK e−b1`1−b2`2

ιK (α+ ιP)
.
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4.2.1. The stability implications of time delays on equilibria. To assess how time delay parameters affect

the solutions of system (4.3), we maintain constant values for parameters µE = 0.003, µP = 0.0001,

µK = 0.0004, θ = 0.001, b1 = 0.1, b2 = 0.2, b3 = 0.3, and set ε = εX = 0.0001, X ∈ {E,P,K}.

Furthermore, you can refer to Table 1 for the values of the other parameters. Next, we examine

how the dynamics are affected by experimenting with different variations of the delay parameters

`i, where i takes values from 1 to 3. The stability of equilibria is highly sensitive to changes in the

parameters `i due to the dependence of <̃0(4.3) on them (as indicated in Eq. (4.4)). Let’s delve into

the following choices for the delay parameters:

D.P.1: `1 = 0.004, `2 = 0.002, `3 = 0.003.

D.P.2: `1 = 0.02, `2 = 0.03, `3 = 0.01.

D.P.3: `1 = 0.6, `2 = 0.7, `3 = 0.8.

D.P.4: `1 = 1.287, `2 = 1.7, `3 = 2.8.

D.P.5: `1 = 4, `2 = 5, `3 = 6.

D.P.6: `1 = 7, `2 = 8, `3 = 9.

We address the initial state for solving system (4.3) as follows:

I.S.7: (UJ (v), UP(v), UK (v), UE(v), UL(v)) = (600, 5, 2, 1, 0.2), v ∈ [−`, 0] , ` = max {`1, `2, `3} .

Table 5 displays the values of <̃0(4.3) corresponding to different `i values, where i = 1, 2, 3.

Significantly reducing <̃0(4.3) is noteworthy when the `i parameters increase. Figure 6 visually

depicts the numerical solutions derived from the system, emphasizing the significant impact of

the included time-delays. Specifically, a positive correlation exists between `i and the count of

healthy cells, indicating that their values increase simultaneously, while a decrease is observed

in the counts of other compartments. This suggests the potential creation of a new category of

medication aimed at extending delay times and ultimately mitigating HIV-1 multiplication.

Table 5. Analyzing the influence of delay parameters, `i, on System (4.3).

Delay parameters `1, `2, `3 Equilibria <̃0(4.3)

0.004, 0.002, 0.003 O1
(4.3)

= (367.297, 17.093, 4.272, 4.606, 0.151) 2.732

0.02, 0.03, 0.01 O1
(4.3)

= (370.35, 16.984, 4.22, 4.542, 0.149) 2.71

0.6, 0.7, 0.8 O1
(4.3)

= (529.992, 11.963, 2.6, 2.212, 0.073) 1.89

1.287, 1.7, 2.8 O0
(4.3)

= (1000, 0, 0, 0, 0) 1

4, 5, 6 O0
(4.3)

= (1000, 0, 0, 0, 0) 0.337

7, 8, 9 O0
(4.3)

= (1000, 0, 0, 0, 0) 0.176

4.2.2. The saturation infection rates effect on the system dynamics. In this scenario, we set µE = 0.003,

µP = 0.0001, µK = 0.0004, θ = 0.001 and ` = `i = 0.002, i = 1, 2, 3. We consider different values

of ε = εX,X ∈ {E,P,K} and numerically solve system (4.3) with the initial state I.S.7 to analyze the

impact of saturation infection rates on the dynamics of system (4.3). Analyzing Table 6 reveals a
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correlation wherein an augmentation in ε leads to an increase in the count of healthy cells, while

there is a reduction in the counts of other compartments. Clearly, the parameter <̃0(4.3) does not

depends on ε. Therefore, Figure 7 confirms that the saturation infection does not alter the stability

properties of equilibria.

Table 6. The dynamics of system (4.3) affected by saturation parameters.

Saturation parameter ε Equilibrium Q̃1(4.3)

0.002 (371.136, 16.993, 4.247, 4.58, 0.15)

0.08 (492.947, 13.701, 3.424, 3.696, 0.122)

0.3 (666.725, 9.006, 2.251, 2.432, 0.08)

1 (839.906, 4.326, 1.081, 1.169, 0.039)

4.3. Analysis of parameter sensitivity.

4.3.1. Investigating the sensitivity of parameters for model (4.1). The principal goal of analyzing pa-

rameter sensitivity is to determine the variable that has the most substantial impact on the basic

reproduction ratio <0, which should be the focus of control strategies. To achieve this, we will

employ direct differentiation, a method that calculates sensitivity indices by considering changes

in variables based on parameters. We can define the normalized forward sensitivity index of<0,

which depends on the differentiability with respect to a parameter %, as follows:

S% =
%

<0

∂<0

∂%
, (4.5)

For each parameter belonging to<0(4.1), we utilized Eq. (4.5) to compute the sensitivity index

values. For this purpose, we considered the parameters specified in Table 1, while also incorpo-

rating supplementary values for µE = 0.03, µP = 0.0001, µK = 0.0004 and ν = 0.02. Sensitivity

index values for<0(4.1) are showcased in Table 7 and Figure 8, revealing positive index values for

τ, µE, µP, µK , η and α. In this context, higher values of these parameters correspond to a higher

prevalence of HIV-1 infection within this population. In contrast, the remaining indices show

negativity, implying that an increase in ιJ , ιP, ιK , ιE and ν corresponds to a reduction in the<0(4.1)

value. Interestingly, the parameter δ, representing antibodies responsiveness, demonstrates no

impact on<0(4.1).
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Table 7. Sensitivity analysis for the basic reproduction ratio for system (4.1),<0(4.1).

Parameter % S.Index Value Parameter % S.Index Value

τ Sτ 0.048 α Sα 0.447

ιJ SιJ −0.048 ιE SιE −0.976

µE SµE 0.976 ιP SιP −0.459

µP SµP 0.012 ιK SιK −0.988

µK SµK 0.012 ν Sν −0.952

η Sη 0.976 δ Sδ 0

4.3.2. Investigating the sensitivity of parameters for model (4.3). Here, Eq. (4.5) will be applied to calcu-

late sensitivity indices concerning the basic reproduction ratio for system (4.3), <̃0(4.3), considering

each parameter contributing to the basic reproduction ratio. The calculations were performed with

the parameters specified in Table 1, supplemented by the inclusion of the additional parameters:

µE = 0.003, µP = 0.0001, µK = 0.0004, b1 = 0.1, b2 = 0.2, b3 = 0.3, `1 = 0.6, `2 = 0.7, and `3 = 0.8.

The sensitivity index values for <̃0(4.3) are presented in Table 8, and Figure 9 provides a graphical

representation. Positive indices for τ, µE, µP, µK , η and α suggest that an increase in these val-

ues will elevate the prevalence of HIV-1 disease. Conversely, negative indices, including ιJ , ιP,

ιK , ιE, b1, b2, b3, `1, `2, and `3 indicate that an increase in these values will lower the parameter

<̃0(4.3). Furthermore, the parameter representing antibodies responsiveness, δ, demonstrates no

discernible effect on <̃0(4.3).

Table 8. Sensitivity analysis for the basic reproduction ratio for system (4.3) <̃0(4.3).

Parameter % S.Index Value Parameter % S.Index Value

τ Sτ 1 ιP SιP −0.459

ιJ SιJ −1 ιK SιK −0.865

µE SµE 0.748 b1 Sb1 −0.06

µP SµP 0.135 b2 Sb2 −0.121

µK SµK 0.117 b3 Sb3 −0.18

η Sη 0.748 `1 S`1 −0.06

α Sα 0.325 `2 S`2 −0.121

ιE SιE −0.748 `3 S`3 −0.18

δ Sδ 0
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Figure 1. Solution patterns of the dynamical system (4.1) in the state of<0(4.1) ≤ 1.
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Figure 2. Solution patterns of the dynamical system (4.1) in the state of<0(4.1) > 1.
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Figure 3. Solution patterns of the dynamical system (4.1) along different θ values.
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Figure 4. The effect of ϕ on the solution patterns in system (4.1).
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Figure 5. The effect of ν on the solution patterns in system (4.1).
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Figure 6. The influence of `i on the solution patterns in system (4.3).
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Figure 7. The influence of saturation infection rates on the solution patterns in

system (4.3).
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Figure 8. Analyzing sensitivity of parameters for<0(4.1) in model (4.1).

Figure 9. Analyzing sensitivity of parameters for <̃0(4.3) in model (4.3).
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5. Discussion

To emphasize the importance of integrating the latent CIM spread in our investigated models,

we analyze model (2.1) in the context of various antiviral interventions, outlined as follows:

U̇J = τ− ιJUJ − (1− ς1)FE (UJ , UE) − (1− ς2)FP (UJ , UP)

− (1− ς3)FK (UJ , UK ) ,

U̇P = (1− ς1)FE (UJ , UE) + (1− ς2)FP (UJ , UP)

+ (1− ς3)FK (UJ , UK ) − (α+ ιP)UP,

U̇K = αUP − ιKUK ,

U̇E = ηUK − ιEUE − λULUE,

U̇L = δUE − ιLUL − θULUE.

(5.1)

The parameter 0 ≤ ς1 ≤ 1 represents the effectiveness of antiviral therapy in blocking VIM

transmission, while 0 ≤ ς2, ς3 ≤ 1 denote the therapeutic efficacies in blocking latent and active

CIM transmissions, respectively [78].

For system (5.1), the following establishes the basic reproduction ratio:

<0 =
(1− ς1) ηα

ιEιK (α+ ιP)

∂FE
(
Ū0
J

, 0
)

∂UE
+

(1− ς2)

α+ ιP

∂FP
(
Ū0
J

, 0
)

∂UP
+

(1− ς3)α

ιK (α+ ιP)

∂FK
(
Ū0
J

, 0
)

∂UK
.

Assuming ς to be equal to ς1, ς2, and ς3, we obtain:

<
ς
0 = (1− ς)

 ηα

ιEιK (α+ ιP)

∂FE
(
Ū0
J

, 0
)

∂UE
+

1
α+ ιP

∂FP
(
Ū0
J

, 0
)

∂UP
+

α

ιK (α+ ιP)

∂FK
(
Ū0
J

, 0
)

∂UK


= (1− ς)<0.

Currently, we compute the drug efficacy, ς, which results in <ς
0 < 1 and stabilizes Ō0 in system

(5.1) as follows:

1 ≥ ς > ς̃min = max
{

0, 1−
1
<0

}
. (5.2)

Neglecting the spread of latent CIM in model (5.1) yields

U̇J = τ− ιJUJ − (1− ς)FE (UJ , UE) − (1− ς)FK (UJ , UK ) ,

U̇P = (1− ς)FE (UJ , UE) + + (1− ς)FK (UJ , UK ) − (α+ ιP)UP,

U̇K = αUP − ιKUK ,

U̇E = ηUK − ιEUE − λULUE,

U̇L = δUE − ιLUL − θULUE,

(5.3)

and the definition of the basic reproduction ratio of model (5.3) will be

<̂
ς
0 = (1− ς)

 ηα

ιEιK (α+ ιP)

∂FE
(
Ū0
J

, 0
)

∂UE
+

α

ιK (α+ ιP)

∂FK
(
Ū0
J

, 0
)

∂UK

 = (1− ς) <̂0.
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We identify the drug efficacy, denoted as ς, that ensures <̂ς
0 < 1, thereby stabilizing the equilibrium

Ō0 of system (5.3). The condition is expressed as:

1 ≥ ς > ς̂min = max
{

0, 1−
1

<̂0

}
. (5.4)

It is evident that <̂0 <<0. Interestingly, comparing Eqs. (5.2) and (5.4) reveals that ς̂min is always

smaller than ς̃min. Therefore, applying drugs with efficacy ς in case of ς̂min ≤ ς < ς̃min, will

guarantee that <̂ς
0 < 1, ensuring the global asymptotic stability of Ō0 in system (5.3). However,

<
ς
0 > 1, indicating the instability of Ō0 in system (5.1) . As a result, drug therapies designed

without considering the spread of the latent CIM may be inaccurate or insufficient for achieving

virus eradication from the body.

6. Conclusion

This work formulates two novel models providing insights into HIV-1 dynamics while consider-

ing antibody immune impairment. These models comprise five compartments: circulating HIV-1

particles, infected cells harboring latent and active types, immune cells of the antibodies type, and

healthy cells from CD4+T lymphocytes. To enhance realism, we introduced a scenario in which

healthy cells acquire susceptibility to infection upon exposure to infectious compartments (HIV-1

particles, and infected cells). The second model takes the first model a step further by incorporating

DDEs. Both models incorporate general functions to represent the incidence rates. Notably, the

solutions produced by these models display properties of nonnegativity and boundedness. Within

this framework, we identified two crucial equilibria: the virus-free equilibrium, Ō0 (O0), and the

virus-persistence equilibrium, Ō1 (O1). We calculated the basic reproduction ratios, referred to as

<0 (<̃0), which are essential for determining whether the equilibria mentioned earlier exist and

remain stable over time. It is noteworthy that <0 (<̃0) consists of three separate components,

representing the contributions from VIM, latent CIM, and active CIM. The Lyapunov function

technique and L.I.P. are employed to comprehend the system’s behavior over time by studying the

global asymptotic stability of the equilibria. Two key findings emerged from our investigation:

firstly, the virus-free equilibrium Ō0 (O0) is being G.A.S whenever <0 < 1 (<̃0 < 1), ultimately

leading to the disappearance of the infection. In contrast, the equilibrium Ō0 (O0) loses its stability

and the virus-persistence equilibrium Ō1 (O1) is being G.A.S whenever<0 > 1 (<̃0 > 1), indicating

a long-term infection. For experimental verification of our theoretical derivations, we employed

numerical simulations, which yielded results consistent with our analytical solutions. Our explo-

ration encompassed the influence of antibody immune impairment, time delays, and latent CIM

on HIV-1 dynamics, revealing reduced immune function as a key factor contributing significantly

to disease progression. Moreover, time delays significantly reduced the basic reproduction ratio

(<̃0), leading to suppressed HIV-1 reproduction. Therefore, eliminating HIV-1 requires priori-

tizing strategies that keep <̃0 below 1. Our study also highlights the critical role of latent CIM
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spread in HIV-1 dynamics. Additionally, a sensitivity analysis revealed key factors influencing the

system’s behavior, deepening our understanding of HIV-1 dynamics.
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