Int. J. Anal. Appl. (2024), 22:205

International Journal of Analysis and Applications

Some Separation Axioms via Soft Somewhat Open Sets

Wafa Alqurashi®
Department of Mathematics, Faculty of Science, Umm Al-Qura University, Makkah, Saudi Arabia

*Corresponding author: wkqurashi@uqu.edu.sa

Abstract. It is commonly known that some topological spaces include structures that may be used to expand abstract
notions. somewhat open sets and soft sets is such sort of structures. We obtain several properties and symmetry of the
soft somewhat-Rg spaces and soft somewhat-R; spaces obtained. Furthermore, we present new theorems and results

and investigated relation between this concepts and the other structures.

1. INTRODUCTION

Known as soft set theory, Molodtsov [1] proposed an alternative method in 1999 for handling
partial information situations. This idea has been applied in a variety of contexts, including
probability theory, game theory, theory of measurement, smoothness of functions, and Riemann
integration. The fundamental idea of the theory of soft sets is the nature of parameter sets, which
offers a broad framework for modeling data that is ambiguous. This basically advances the field of
soft set theory in a little amount of time. Maji and colleagues [2] examined a (comprehensive) the-
oretical framework of soft set theory. They specifically established a few operators and operations
that connect soft sets. Then, other mathematicians presented new forms of soft operators and op-
erations and reformulated the operators and operations between soft sets provided in Maji et al.’s
work; the reader is referred to [3] for a list of current contributions pertaining to soft operators and
operations. Independent definitions of soft (generic) topology were provided in 2011 by Cagman
et al. [4] and Shabir and Naz [5]. Nazmul and Samanta [6] provided a definition of soft continuity
of functions in 2013. The literature thereafter started to publish a number of generalizations of soft
continuity and soft openness of functions. soft semi-open functions [7], soft f-open functions [8],
soft somewhere dense open [9], soft semi-continuous functions [7], soft f-continuous functions [8],

and so on are examples of soft functions. Various types of relationships that belong and don’t
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belong were examined in [5,10-12]. These relationships gave rise and symmetry to the multiplicity
and diversity of soft topology concepts and ideas. Following this succinct introduction, we review
several foundational ideas in Section 2. Subsequently, Section 3 is devoted to presenting the notion
of soft somewhat open sets and soft somewhat-Ry spaces. In Section 4 are investigate the concept

of soft somewhat-R; spaces.

2. PRELIMINARIES

This section presents some basic definitions and notations that will be used in the sequel.

Henceforth, we mean by X an initial universe, y a set of parameters and 2% the power set of X.

Definition 2.1. [1] Let ® : y — 2X be a set-valued function form a parameters set y to the power
set of a nonempty set X, then the pair (®,y) said to be a soft set over X, which defined as follows
(@,7) = {(a,@(@)) : a € y and ®(a) € 2% and we represented the soft set as (®,y) = . Throughout
this paper, (®,y) = ®@,, (O, y) = Q,, (F,y) = F), and (¥,y) = ¥, denote the soft sets over X. We
symbolized the family of all soft sets over X with parameters y by SS(X,,).

Definition 2.2. (1) [13] A soft set @, over X is called a soft element if ®(a) = {x} forall & € y,
where x € X. 1t is denoted by x,.
(2) [14] The complement of D, is a soft set X\ ®,, (or simply j,) where @ : y — 2% is given by
P(a) = X\ D(a) foralla € y.
(3) [1] A soft set @, over X is called null if ®(a) = 0 forall o € y.
(4) [1] A soft set @, over X is called absolute if ®(a) = X forall a € .
The null and absolute soft sets are respectively symbolized by O, and X,.. Clearly 0, = X, and X3, = 0,.

Definition 2.3. [5] A subfamily t,, of SS(X,) is called a soft topology on X if
(1) 0, and X, belong to T,.
(2) finite intersection of a soft sets from T, belongs to T,,.
(3) any union of a soft sets from T, belongs to t,.

The element of T, are called soft open sets, and their complements are called soft closed sets. A soft topological
space (X, T,) is denoted by (STS).

Definition 2.4. [5,15] A ST S (X,, 1)) is called
(1) soft To-space if for each x,, Yo € X, with xo # Ya, there exist soft open sets (®,y), (¥,y) such
that xo € (®,7), Yo & (D, y) or ya € (¥,7), x0 & (¥, 7).
(2) soft Ty-space if for each x,, Yo € X, with Xo # Yo, there exist soft open sets (®,y), (¥,y) such
that x, € (®,7), Yo & (®,y) and yo € (¥, ), xa ¢ (¥, 7).
(3) soft To-space if for each x,, Yo € Xy with xo # Ya, there exist soft open sets (®,y), (¥,y) such
that x, € (®,y) and y, € (Y, y) with (®,y) N1 (¥,y) = 0,.
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Definition 2.5. [16] Let A be an arbitrary index set and Q) = {(®, ), : u € A} be a subfamily of SS(X,).
Then:
(1) The union of all soft sets (®,y), is the soft set (¥,y), where ¥(e) = Uuea(P,y)u(e) for each
e €y. Wewrite Uyea(®,7), = (¥, 7).
(2) The intersection of all soft sets (®, ), is the soft set (¥, ), where ¥ (e) = Myuea (P, y)y(e) for each
e €y. Wewrite Mgea(P,7), = (¥, 7).

Now presents some basic definitions and notations of the concept of soft somewhat open sets

and use it to establish some properties of soft somewhat-Ry and soft somewhat-R; spaces

Definition 2.6. [17] A subset (®,y) of a STS (X, 7)) is said to be soft somewhat open (briefly soft
sw-open) if either (®,y) is null or Int(®,y) # 0,.

The complement of each soft sw-open set is called soft sw-closed. That is a soft set (¥, y) is a soft sw-closed
ifCl(Y,y) # X, or (¥,y) = X,.

Proposition 2.1. [17] Let (X,, 1, ) bea ST S, then

(1) A non-null set (®,y) over X is a soft sw-open if and only if there is a soft open set (¥, ) such that
0, # (¥,7) E ()

(2) A proper soft set (®,y) over X is a soft sw-closed if and only if there is a soft closed set (¥, y) such
that (®,y) E (Y, y) # X,.

(8) Ewvery superset of a soft sw-open set is soft sw-open.

(4) Every subset of a soft sw-closed set is soft sw-closed.

(5) Any union of soft sw-open sets is soft sw-open.

(6) The intersection of two soft sw-open sets need not be soft sw-open.

Definition 2.7. Let (X,,7,) be ST Sand (®,y), (¥,y) € S5(X,).

(1) The soft somewhat closure of (®,y), symbolized by sw-Cls(®,y), is the intersection of all soft
somewhat closed supersets of (®,y), i.e., sw-Cls(®,y) = M{(¥,y) : (¥, ) is soft somewhat closed
and (®,7) E (¥, )}

(2) The soft somewhat interior of (®,y) is the set sw-Ints((®,y)) = L{(¥,y) : (¥, y) is soft somewhat
open and (¥,y) C (D, y)}.

3. SOFT SOMEWHAT-R SPACES

Definition 3.1. Let (X, 1,) be soft topological space (ST'S) and (®,y) € SS(X,). Then the soft sw-
kernel of (®,y), denoted by sw-Ks((P,y)) is defined to be the set sw-Ks((®,7)) = M{(¥,y) : (¥,y)isa
soft sw-open set and (®,y) C (¥, y)}.

Lemma3.1. Let (X,, 1)) be ST Sand x, € X,. Then, y, € sw-Ks({xa}) ifand only if x, € sw-Cls({ya}).
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Proof. Suppose that y, ¢ sw-Ks({x,}). Then, there exists a soft sw-open set (¥,y) such that x, €
(¥,y) and y, ¢ (¥, 7). Therefore, we have x, ¢ sw-Cl;({y}). The proof of the converse case can
be done similarly. m]
Lemma 3.2. Let (X, 1)) be ST S and x, € X,. Then, sw-Ks({(P,7)}) = {xa € Xy, : sw-Cls({x,}) M
(@,7) # 0y).

Proof. Let x, € sw-Ks({(®,7)}) and sw-Cls({x,}) 1 (®,y) = 0,. Hence x, ¢ [sw-Cls({x,})]° which is
a soft sw-open set containing (P, y). This is impossible, since x, € sw-K;({(P,y)}). Consequently,
sw-Cls({xa}) M (®,y) # 0. Next, let x, € X, such that sw-Cl({x,}) 1 (P, y) # 0, and suppose that
Xq € sw-Ks;({(®P,y)}). Then, there exists a soft sw-open set (¥, y) containing (®,y) and x, ¢ (¥, 7).
Let y, € sw-Cls({x,}) M (®,y). Hence, (¥,y) is a soft sw-neighbourhood of y, which does not
contains x,. By this contradiction x, € sw-K;({(®,y)}) and hence sw-K;({(®,y)}) = {xq € X, : sw-
Cls({xa}) M (®,y) # 0y} O

Definition 3.2. An ST S (X,, 1)) is said to be soft sw-Ry space if every soft sw-open set contains the soft
sw-closure of each of its singletons.

Remark 3.1. Since a STS (X, 7)) is soft sw-Ty if and only if the singletons are soft sw-closed. So, it is
clear that every soft sw-T spaces is soft sw-Ro. But the converse is not true in general.

Proposition 3.1. Fora ST S (X,, 1)), the following properties are equivalent:
(1) (X,,1,) is soft sw-Ro-space;
(2) For any soft sw-closed set (®,y), xo & (®,y) implies that (®,y) E (¥,y) and xo, ¢ (¥, y) for
some soft sw-open (¥, y);
(3) For any soft sw-closed set (®,y), xo & (®,y) implies that (®,y) Msw-Cls({x,}) = 0y,
(4) For any distinct soft points x, and y, of X,, either sw-Cls({xa}) = sw-Cls({ya}) or sw-Cls({xa}) 1
sw-Cls({ya}) = 0,.

Proof. (1) = (2): Let (®,y) be a soft sw-closed and x, ¢ (®,y). Then, by (1) sw-Cls({x.}) E X, \
(D,y). Set (¥,y) = [sw-Cls({x,})]¢, then (¥, y) is a soft sw-open, (®,y) C (¥,y) and x, ¢ (¥, y).
(2) = (3): Let (P, ) be a soft sw-closed and x,, ¢ (P, y). There exists (¥, ) which is a soft sw-open,
(®,y) C (¥,y) and x, ¢ (¥,y). Since (¥,y) is a soft sw-open, (¥,y) NMsw-Cls({xa}) = 0, and so
(®@,7) Nsw-Cls({x4}) = 0y.

(3) = (4): Suppose that sw-Cl;({x,}) # sw-Cls({y.}) for distinct soft points x, and y,. Then, there
exists z, € sw-Cls({x,}) such that z, ¢ sw-Cl;({y,}). There exists a soft sw-open (®,y) such that
Yo ¢ (®,7) and z, € (P,y), hence x, € (P,y). Therefore, we have x, ¢ sw-Cls({y.}). By (3) we
obtain sw-Cl({x,}) Msw-Cls({ya}) = 0,.

(4) = (1): Let (P, y) be a soft sw-closed set containing x,. For any y, ¢ (®,7), o # Yo and x, & sw-
Cls({ya}). Hence sw-Cls({xa}) # sw-Cls({ya}). By (4) sw-Cls({xa}) Msw-Cls({ya}) = 0, for each
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Yo ¢ (®P,y) and hence sw-Cls({x,}) M (uyae(q),y)sw—CZs({ya})) = 0,. On other hand, since (®,)) bea
soft sw-closed and y,, ¢ (®,y) we have sw-Cls({y,}) E [(P, )] and hence [(D,y)]* = (I_Iyag(q),y)sw—
Cls({ya})). Therefore, we obtain [(®,y)]° M sw-Cls({x,}) = 0, and sw-Cls({x,}) T (P,y). Hence,
(X,,1,) is a soft sw-Rp-space. o

Theorem 3.1. An ST S (X, 7)) is a soft sw-Ro-space if and only if for any x, # Ya, sw-Cls({xa}) # sw-
Cls({ya}) implies that sw-Cls({x,}) M sw-Cls({ya}) = 0,.

Proof. Suppose that (X, 7, ) is a soft sw-Ro-space and x, # Y, such that sw-Cl({xa}) # sw-Cls({ya}).
Then, there exists z,, € sw-Cls({x,}) such thatz, ¢ sw-Cl;({y.}). So, there exists a soft sw-open (P, y)
such that y, ¢ (®,y) and z, € (®,y), hence x, € (P,y). Therefore, we have x, ¢ sw-Cls({ya}).
Thus, x, € [sw-Cls({y,})]¢ which is a soft sw-open and implies that sw-Cls({x,}) E [sw-Cls({ya})]
and sw-Cl({x,}) Nsw-Cls({ya}) = 0,.

Let (@, y) be any soft sw-open set containing x,. We show that sw-Cls({x,}) C (D, y). Lety, ¢ (P,y)
i.e., then x, # y, and x, ¢ sw-Cl;({y,}). This shows that sw-Cls({x,}) # sw-Cls({y.}). Hence, sw-
Cls({xa}) Msw-Cls({ya}) = 0,. So, ya ¢ sw-Cls({xa}) and sw-Cls({x,}) E (®,y). Therefore, (X,,1,)
is a soft sw-Ro-space. m]

Lemma 3.3. The following statements are equivalent for any soft points x, and y, in ST S (X, T)).

(1) sw-Ks({xa}) # sw-Ks({ya});
(2) sw-Cls({xa}) # sw-Cls({ya}).

Proof. (1) = (2): Let sw-Ks({xn}) # sw-Ks({ya}). Then, there exists a soft point z, such that
zo € sw-Ks({xa}) and z, € sw-Ks({ya}). It follows that z, € sw-Ks({xa}) M sw-Cls({za}) # 0, and
hence x, € sw-Cls({za}). By za ¢ sw-Ks({ya}), we have {y,} M sw-Cls({z,}) = 0,. Since x, € sw-
Cls({za}), sw-Cls({xa}) T sw-Cls({za}) and {y,} M sw-Cls({za}) = 0,. Therefore, it follows that
sw-Cls({xa}) # sw-Cls({ya})-

(2) = (1): Let sw-Cls({x4}) # sw-Cls({y,}). Then there exists a soft point z, such that z, € sw-
Cls({xa}) and z, ¢ sw-Cls({ya}). Then, there exists a soft sw-open set (P, y) containing z, and hence
Xq € (®,y) and y, ¢ (P, y). Therefore, y, ¢ sw-K;({x,}) and thus sw-Ks({xa}) # sw-Ks({ya})- m|

Theorem 3.2. A SITS (X,,1,) is a soft sw-Ro-space if and only if for any pair of a soft points x, and
Ya, with sw-Ks({xa}) # sw-Ks({ya}) implies that sw-Ks({xa}) Msw-Ks({ya}) = 0,.

Proof. Let (X,,7,) be a soft sw-Ro-space. Thus, by Lemma 3.3 for any soft points x, and y,, if
sw-Ks({xa}) # sw-Ks({y,}) implies that sw-Cls ({x,}) # sw-Cls({ya}). Now we show sw-Ks({x,}) Msw-
Ks({ya}) = 0,. Suppose that z, € sw-Ks({x,}) Msw-Ks({ya}). By za € sw-K;({x,}) and Lemma 3.1,
it follows that x, € sw-Cls({zo}). Since x, € sw-Cls({x,}) by Theorem 3.1, sw-Cls({x,}) = sw-
Cls({zq}). Similarly, we have sw-Cls({x,}) = sw-Cls({y}) = sw-Cls({zo}). This is a contradiction by
Lemma 3.3. Therefore, we have sw-K;({xa}) Msw-Ks({ya}) = 0,.
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Conversely, let (X,,7,) be a ST'S such that for any pair of a soft points x, and y,, with sw-
K({xa}) # sw-K({ya}) implies that sw-Ks({xa}) Msw-Ks({ya}) = 0,. If sw-Cls({xa}) # sw-Cls({ya}),
then by Lemma 3.3, sw-Ks({xa}) # sw-Ks({va}). Hence, sw-K;({x,}) Msw-Ks({ya}) = 0, which
implies sw-Cls({x,}) M sw-Cls({ya}) = 0,. Because z, € sw-Cls({x,}) implies that x, € sw-Ks({za})
and therefore, sw-Ks({xa}) Msw-Ks({zo}) # 0,. By hypothesis, we have sw-Ks({x,}) = sw-Ks({z4}).
Then z% € sw-Cl;({x,}) M sw-Cls({yo}) implies that sw-K;({xa}) = sw-Ks({za}) = sw-Ks({ya}). This
is a contradiction. Therefore, sw-Cl;({x.}) M sw-Cls({y.}) = 0,. By Theorem 3.1, (X,, 1)) is a soft
sw-Ro-space. O

Theorem 3.3. Fora ST S (X,, t,), the following properties are equivalent:

(1) (X,,7,) is a soft sw-Ro-space;
(2) Foranynon-null soft set (®,y) and any non-null soft sw-open set (¥,y) suchthat (®,y) (¥, y) #

0,, there exist a soft sw-closed set (F,y) such that (®,y) 11 (F,y) # 0, and (F,y) E (¥,y);
(3) Forany soft sw-openset (¥,y), (¥,y) = L{(F,y) : (F,vy) issoft sw-closed set and (F,y) © (\¥,y)};
(4) Forany soft sw-closedset (F,y), (F,y) = {(¥,y) : (¥,) is soft sw-open setand (F,y) C (\¥,y)};

(5) For any soft point x, € X, sw-Cls({xa}) E sw-Ks({xa}).

Proof. (1) = (2): Let (®,y) be non-null soft set and (¥, )) be non-null soft sw-open set such that
(®,7) N (¥,y) # 0,. There exists x, € (®,y) 1 (¥,y). Since x, € (¥,y) and (X,,7,, L) is soft
sw-Ro-space, sw-Cls({x.}) T (¥, y). Set (F,y) = sw-Cls({x,}), then (F,y) is soft sw-closed set with
(F,y) £ (¥,) and (@,7) 11 (E,y) #0,.

(2) = (3): Let (¥, y) be a soft sw-open set, then L{(F,y) : (F,y) is soft sw-closed set and (F,y) C
(¥, 7)) E(¥,y). Letx, € (¥, y). There exist a soft sw-closed set (F, y) such thatx, € (F,y) E (¥, 7).
Therefore, we have (F,y) € L{(F,y) : (F,y) is soft sw-closed set and (F,y) C ('¥,y)}. Hence,
(¥,y) = U{(F,y) : (F,y) is soft sw-closed set and (F,y) C (¥, 7)}.

(3) = (4): Itis clear.

(4) = (5): Let x,, be any soft point and y, & sw-K;({x,}). Then there exists a soft sw-open set (V,y)
such that x, € (V,y) and y. ¢ (V,y), hence sw-Cls({y.}) 1 (V,y) = 0,. By (4) n{(¥,y) : (Y,y)
is soft sw-open set and sw-Cl({ya}) E (¥,)}1(V,y) = 0, and x, ¢ (¥,y). Therefore, sw-
Cls({xa}) M (¥, 7) = 0, and yu ¢ sw-Cls({x,}). Consequently, we obtain sw-Cls({x,}) E sw-Ks({x,}).
5) = (1): Let (¥

Xo € sw-Cls({ya}) and ya (¥,7). This implies that sw-K;({x,}) E (¥,y). Therefore, we obtain
Xo € sw-Cls({x4})

,7) be soft sw-open set such that x, € (¥,y) and let y, € sw-Ks({x,}), then

C sw-Ks({xa}) € (¥,y). Hence, (X,, 1y, 1,) is a soft sw-Rg-space. o

Corollary 3.1. Fora ST S (X,, 1)), the following properties are equivalent:

(1) (X,, 7)) is a soft sw-Ro-space;
(2) For any soft point sw-Cls({xn}) = sw-Ks({xa}).
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Proof. (1) = (2): Let (X,, 1)) be a soft sw-Ro-space. By Theorem 3.3 sw-Cls({x.}) C sw-Ks({x,}) for
all x, € X,. Let y, € sw-Ks({xa}), then x, € sw-Cls({ya}), so by Theorem 3.1, sw-Cl({x,}) = sw-
Cls({ya}). Therefore, y, € sw-Cls({x,}) and hence sw-K;({x,}) T sw-Cl;({x,}). This show that
sw-Cls({xa}) = sw-Ks({xa}).

(2) = (1): This is obvious by Theorem 3.3. O

Corollary 3.2. For any soft point x, in a soft sw-Ro-space, if sw-Cls({x}) Msw-Ks({xa}) = {x4}. Then,
Sw‘Ks({xa}) = {xa}.

Proof. This is obvious by item (5) of Theorem 3.3. m]
Theorem 3.4. Fora ST S (X,, 1)), the following properties are equivalent:

(1) (X,,1,) is a soft sw-Ro-space;

(2) xq € sw-Cls({ya}) if and only if yo € sw-Cls({x,}) for any soft points x4, ya € X,.

Proof. (1) = (2): Let (X, 7, ) be a soft sw-Ro-space. Let x, € sw-Cls({y.}) and (¥, ) be soft sw-open
set such that y, € (¥, ). By hypothesis, x, € (¥,y). Therefore, every soft sw-open set containing
Yo contains x,. Hence y, € sw-Cls({x,}).

(2) = (1): Let (P, y) be soft sw-open set such that x, € (P, y). If y, ¢ (P, ), then x, ¢ sw-Cl;({ya})
and hence y, ¢ sw-Cls({x,}). This implies that sw-Cl({x,}) T (®,y). Hence, (X,,1,) is a soft

sw-Ro-space. m|

Theorem 3.5. Fora ST S (X, 1)), the following properties are equivalent:
(1) (X,,7,) is a soft sw-Ro-space;
(2) If (@, y) is soft sw-closed set, then sw-Ks((D,y)) = (P,y);
(3) If (®,y) is soft sw-closed set and x, € (®,y), then sw-Ks({x4}) T (P, y);
(4) For x, € Xy, then sw-Ks({xa}) T sw-Cls({xa}).

Proof. (1) = (2): Let (®,y) is soft sw-closed set and x, ¢ (®,y). Thus, (P,y) is soft sw-open
and x, € (®,y)". Since (X,,7,,1,) is a soft sw-Ro-space, sw-Cls({xa}) C (P, ) and sw-C({x,}) M
(®,7) = 0, and by Lemma 3.2, x,, ¢ sw-K((®,y)). Therefore, sw-K;((P,y)) = (®,7).

(2) = (3): In general if (®,y) C (¥, y) implies that sw-K;((®,y)) E sw-K;((¥,y)). Therefore, if
follows that by (2) sw-K;s({x4}) E sw-Ks((®,y)) = (D,y).

(3) = (4): Since x, € sw-Cl;({x,}) and sw-Cl;({x,}) is sw-closed, by (3) sw-Ks({x4}) T sw-Cls({xa}).
(4) = (1): Let x, € sw-Cls({ya}). Then by Lemma 3.1, y, € sw-Ks({x,}). Since x, € sw-Cls({x,})
and sw-Cl;({x,}) is sw-closed, by (4) we obtain y, € sw-K;({x,}) E sw-Cls({x,}). Therefore, x, € sw-
Cls({ya}) implies that y, € sw-Cl;({x,}). The converse is similar and by Theorem 3.4, (X,,1,) is a
soft sw-Ro-space. m|

Definition 3.3. [] Let ¥ C SS(X,) be non-null subset, then ¥ is called a soft filter base on X, if
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1) 0, ¢F;
(2) forall (®,y),(¥,y) € F, there exists (H,y) € F such that (H,y) E (®,y) N (¥, y).

Definition 3.4. A soft filter base ¥ is called sw-convergent to a soft point x,, if for any soft sw-open set
(®,y) containing x,, there exists (¥,y) € F such that (¥,y) E (D, y).
Lemma3.4. Let (X, 1)) bea ST Sand let x, and y, be two soft points such that every soft net {x‘. : d € D}

over X, sw-convergent to y, is sw-convergent to x,, where D is a directed set. Then x, € sw-Cls({ya}).

Proof. Suppose that x4 = y, for each d € D. Then {x% : d € D} is a soft net in sw-Cls({y,}). Since
(x4 : d € D} sw-convergent to y,, then {x/ : d € D} sw-convergent to x, and this implies that
Xa € sw-Cls({ya})- O

Theorem 3.6. Fora ST'S (X, 1)), the following properties are equivalent:
(1) (X,,1,) is a soft sw-Ro-space;
(2) If x, and y, be two soft points, then y, € sw-Cls({x,}) if and only if every soft net {x% : d € D} over

Xy, sw-convergent to y, is sw-convergent to x,.

Proof. (1) = (2): If x, and y, be two soft points such that y,, € sw-Cls({x,}). Suppose that {x : d € D}
be a soft net such that {xg : d € D} sw-convergent to y,. Since y, € sw-Cls({x,}), by Theorem 3.1,
we have sw-Cl;({x,}) = sw-Cls({ya}), Therefore, x, € sw-Cls({y.}). This means that x4 : d € D} sw-
convergent to x,. Conversely, let x, and y, be two soft points such that every soft net {x4 : d € D}
sw-convergent to y, is sw-convergent to x,. Then, x, € sw-Cls;({y,}) by Lemma 3.4. By Theorem 3.1
we have sw-Cl({x,}) = sw-Cls({ya}). Therefore, y, € sw-Cls({x,}).

(2) = (1): Assume that x, and y, be two soft points such that sw-Cls({xa}) M sw-Cls({y.}) # 0,. Let
za € sw-Cls({x,}) Msw-Cls({ya}). So, there exists a soft net such that {x? : d € D} in sw-Cls({x,})
such that {xﬁ : d € D} sw-convergent to z,. Since z, € sw-Cls({y,}), then {x‘i : d € D} sw-convergent
to y,. It follows that y, € sw-Cls({x,}). By the same way we obtain x, € sw-Cls({y,}). Therefore,
sw-Cls({xa}) = sw-Cls({ya}) and by Theorem 3.1 we have (X, 7, ) is a soft sw-Rg-space. O

4. SOFT SOMEWHAT-R| SPACES

Definition 4.1. A STS (X, 1)) is said to be soft sw-Ry space if any two soft points x, and y, with
sw-Cls({xa}) # sw-Cls({ya}), there exist two disjoint soft sw-open sets (®,y) and (¥,y) such that sw-
Cls({xa}) T (®,y) and sw-Cls({ya}) T (¥, y).

Proposition 4.1. If A ST'S (X, 7)) is a soft sw-Ry space, then it is a soft sw-Ro.

Proof. Let (®, ) be a soft sw-open set containing x,. If y, ¢ (®,y), then since x, ¢ sw-Cls({ya}), sw-
Cls({x4}) # sw-Cls({ya}). Hence, there exists a soft sw-open set (¥, y) such that sw-Cls({y,}) E (¥, y)
and x, ¢ (¥,7), which implies that y, ¢ sw-Cl;({x,}). Thus sw-Cls({x,}) E (®,)). Therefore,
(Xy,Ty) is a soft sw-Rg space. ]
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Theorem 4.1. A ST S (X,, 1)) is soft sw-Ry space if and only if for any soft points x, and y,, such
that sw-Ks({xa}) # sw-Ks({ya}), there exist two disjoint soft sw-open sets (®,y) and (¥,y) such that
sw-Cls({xq}) E (®,y) and sw-Cls({ya}) E (¥, y).

Proof. It follows that from Lemma 3.3. m]
Theorem 4.2. The following properties are equivalent for a ST S (X,, 1y):

(1) a soft sw-To-space;

(2) a soft sw-Rq and a soft sw-T1-space;

(3) a soft sw-Rq and a soft sw-Ty-space.

Proof. (1)= (2): Since (X, 7)) is asoft sw-T-space, then it is a soft sw-T1-space. If for any soft points
X and y,, such that sw-Cl;({x,}) # sw-Cls({ya}), then x, # y,, then there exist two disjoint soft sw-
open sets (®,y) and (¥, y) such that x, € (D, y) and y, € (¥,y) and sw-Cl;({x,}) = {x,} C (D, y)
and sw-Cls({ya}) = {va} E (¥, 7). Hence, (X,, 1)) is a soft sw-R;-space.

(2) = (3): Since (X,, 7)) is a soft sw-T;-space, then it is a soft sw-To-space.

(3) = (1): Since (X », Ty) is a soft sw-Rq-space, then it is a soft sw-Rg-space. Let x, and y, be disjoint
soft points. Since (X, 7)) is a soft sw-To-space, there exist a soft sw-open sets (®,7) such that
Xo € (®,y) and y, ¢ (P, ), we have x, € sw-Cls({x,}) E (P,y) and y, € (P, y)° E [sw-Cls({xa})]°.
Hence, (X, 7,) is a soft sw-T-space. Since sw-Cls({x,}) = {xa} # {ya} = sw-Cls({ya}). Then, there
exist two disjoint soft sw-open sets (®,y) and (¥, y) such that x, € (®,y) and vy, € (¥, y). Hence,
(X,,Ty) is a soft sw-Th-space.

A soft point x, of a ST'S (X, 7)) is a sw-O-accumulation soft point of a soft subset (P, y) if for
each soft sw-open (¥, y) containing x,, sw-CL((¥,y)) N (®,y) # 0,. The soft set sw-Cls((P,)) of
all sw-0-accumulation soft points of (®,y) is called the soft sw-6-closure of (®,y). The soft set
(®,y) is said to be soft sw-0-closed if sw-Cl;((D,y)) = (P, y). Complement of a soft sw-9-closed
set is said to be a soft sw-0-open. It is clear that sw-Cl;((®,y)) E sw-0Cl;((P,7)).

Lemma 4.1. Let x, and y, be any soft points ina ST'S (X, t,). Then y, € sw-0CI;({x,}) if and only if
Xo € sw-0CLs({ya}).

Proof. Let y, ¢ sw-0Cls({x,}). This implies that there exists a soft sw-open set (®,)) such that
Ya € (®,7) and sw-Cls((P, 7)) M {xa} = 0,. Also, [sw-CL((®,y))]¢ is a soft sw-open set containing
X, which means that x,, ¢ sw-0Cl;({y,}). O

Theorem 4.3. A ST'S (X,,1,) is a soft sw-Ry space if and only if sw-Cls({xa}) = sw-0Cls({xa}), for
any soft point x,,.

Proof. Let (X,,1,) be a soft sw-R; space. Suppose sw-Cls({xa}) # sw-OCl;({xa}). Then there
exists Y, € sw-0CL({x,}) \ sw-Cls({x,}). Then there exists a soft sw-open set (®,)) containing
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Ya such that sw-Cl,((®,y)) M {xa} # 0, but (®,y) M{x,} = 0,. Thus sw-Cli({ya}) T (P,y), sw-
Cls({xa}) M (®,y) = 0,. Hence, sw-Cls({xa}) # sw-Cls({ya}). Since (X,,1,) is a soft sw-R; space,
there exists two disjoint soft sw-open sets (Y,y), (Q,y) such that sw-Cls({x,}) E (Y,y) and sw-
Cli({ya}) C (Q,y). Therefore, (Y,))¢ is soft sw-closed set at y, which does not contain x,. Thus
Ya & sw-0Cls({x,}). This is a contradiction and hence sw-Cl;({x,}) = sw-0Cls({x,}).

Let sw-Cls({x,}) = sw-0CI({x,}), for any soft point x,. Now, we show (X,, T, ) is a soft sw-Ry
space. Let (®, ) be soft sw-open set such thatx, € (®,y) and y, ¢ (P, y). Since sw-Cls({ya}) = sw-
O0CL({ya}) E (®,7)", we have x, ¢ sw-0Cl;s({y,}) and by 4.1, y, & sw-Cls({xn}) = sw-0CL({x,}). It
follows that sw-Cl;({x,}) E (®,y). Therefore, (X,, 7,) is a soft sw-Rg space. For to show X, is a soft
sw-Ry space, let xo, Y, € X, with sw-Cls({xa}) # sw-Cls({ya}), then x, # yo. Since sw-Cls({x,}) = sw-
OCI;({x,}) for all soft point x, that is y, ¢ sw-9Cl;({x,}) and there exists soft sw-open set (P, y)
containing y, such thatx, ¢ sw-Cl;((®,y)). Therefore, we obtain y, € (®,y), x, € [sw-Cl((D,y))]
and (®,y) M [sw-Cl;((P,y))]° = 0,. This shows that (X, 7,) is a soft sw-T> space. It follows from
Theorem 4.2 that (X,, 7, ) is a soft sw-R; space. m]

Theorem 4.4. A ST'S (X,, 1)) is a soft sw-Ry space if and only if for each soft sw-open set (®,y) and
each x, € (D,y), sw-0Cls({x,}) E (P, 7).

Proof. Let (X,,1,) be a soft sw-R; space and (P, ) be a soft sw-open set with x, € (®,y). Let
Ya € (@,y)". Since (X,, 1)) is a soft sw-R; space, by Theorem 4.3 sw-Cl;({y.}) = sw-0Cls({ya}) C
(®,y). Hence, we have that x, ¢ sw-9Cl;({y,}) and by Lemma 4.1, y, ¢ sw-0Cls({x,}). It follows
that sw-0Cl;({x,}) C (P, 7).

Suppose that (X, 7)) is not a soft sw-R; space, by Theorem 4.3, sw-Cls({xa}) # sw-0Cl({xa}),
then there exists y, € sw-0Cl;({xa}) \ sw-Cls({x,}). Then, there exists a soft sw-open set (P, ) which
containing y, such that sw-Cl;((®,y)) M {x,} # 0, but (®,y) M {x,} = 0,. Then, sw-0Cl({y.}) C
(®,7) and sw-0Cls({ya}) M {xa} = 0,. Hence x, ¢ sw-0Cl;({ya}). Thus, ya ¢ sw-0Cls({x,}). Which

is a contradiction, we obtain (Xy, Ty) is a soft sw-R; space. ]

Theorem 4.5. The following properties are equivalent for a ST S (X,,1)):
(1) (X,,1y) is a soft sw-Ry space.
(2) for each x4, Yo € X, one of the following holds:
(a) if (®,y) be a soft sw-open, then x, € (®,y) if and only if y, € (D, y).
(b) there exist disjoint soft sw-open sets (®,y) and (¥, y) such that x, € (D, y) and y, € (¥, ).
(3) if Xa,Ya € X, such that sw-Cls({xa}) # sw-Cls({ya}), then there exist two soft sw-closed sets
(Y,y) and (Q,y) such that x, € (X,7), Ya € (L), Ya & (Y, ), Xa & (), and X, =
(Y, ) u(Qy).
Proof. (1) = (2): Let (X, 7)) be a soft sw-Ry space and x, Yo € X,. Then, there are two cases:
e Case (a): sw-Cls({xs}) = sw-Cls({ya}) and (P, y) be a soft sw-open, then x, € (P, ) implies
that y, € sw-Cl;({xo}) E (P, y) and y, € (P, y) implies that x, € sw-Cls({x,}) C (P, 7).
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e Case (b): sw-Cls({x,}) # sw-Cls({ya}). Then, there exist disjoint soft sw-open sets (P, y) and
(¥,v) such that x, € sw-Cls({x,}) E (®,y) and y, € sw-Cl;({ya}) (F, 7).

(2) = (3): Let x4, ya € X, such that sw-Cls({x,}) # sw-Cl;({ya}). Then, xo ¢ sw-Cl({ya}) or
Yo & sw-Cls({x,}), say xo € sw-Cls({ya}). So, there exist a soft sw-open set (U, y) such thatx, € (U, y)
and y, ¢ (U,y), which implies by case (b) there exist disjoint soft sw-open sets (®,y) and (¥, y)
such that x, € (®,y) and y, € (¥,y). Then, let (Y,y) = (¥,y)° and (Q),y) = (P, y)° are soft
sw-closed sets such that x, € (Y, ), ya € (0, 7), ya & (Y, 7), Xa € (OO, y), and X, = (Y, y) U (Q, 7).
(3) = (1): Suppose (X,,1,) is not soft sw-Ry space then there exist a soft sw-open set (®,y)
and x, € (®,y) such that sw-Cls({x,}) Z (®,y). Let y, € sw-Cls({x,}) N (P, y)¢. Then, sw-
Cls({xa}) # sw-Cls({y,}) and hence there exist two soft sw-closed sets (Y, ) and (Q), ) such that
Xa € (X,7), Ya € ()), Ya & (Y,7), Xa & (), and X, = (Y,y) U (Q, ). Then, yo € (Y,y)
which is soft sw-open set and x, ¢ (Y, y)¢, which is a contradiction by v, € sw-Cls({x,}). Hence,
(Xy,Ty) is soft sw-Ro space. Let a,, b, € X, such that sw-Cls({a,}) # sw-Cls({bs}). Then, there exist
two soft sw-closed sets (U, y) and (V,y) such thata, € (U,y), by € (V,y),ba & (U, y), a0 & (V,7),
and X, = (U,y)u (V,y). Thus, a, € (V,y)¢ and b, € (U, y)° which are disjoint a soft sw-open
sets implies that sw-Cls({as}) € (V,y) and sw-Cls({b.}) € (U, y)". Hence, (X,,1,) is a soft sw-R;

space. m]

Theorem 4.6. A ST'S (X, 1)) is a soft sw-T, space if and only if for Xa, Yo € Xy, such that x, # Yo, there
exist a soft sw-closed sets (Y,y) and (Q,y) such that xo € (X,7), Yo € (0, 9), ya € (X, 7), xa & (OO0, ),
and X, = (Y, y) U (Q,y).

Proof. The proof follows from Theorems 4.2 and 4.5. m]

5. CoNcLUSION

One of the main and most significant branches of mathematics is topology, which establishes
numerous connections between mathematical models and other branches of science. The soft set
theory, developed by Molodtsov and readily applicable to a wide range of situations including
uncertainties from social life, has garnered significant attention from scientists in recent times. We
have kept up our investigation of the characteristics of soft topological spaces in the current work.
We have created some intriguing features and introduced new axioms of soft somewhat separation
We will continue researching the characteristics of soft somewhat closed sets and soft somewhat
open sets, including their genetic aspects, in our next work. Then go over a few theorems on the
equivalency of soft, slightly distinct spaces. The somewhat topological qualities established in this
study may be generalized in the fuzzy soft sets and will be helpful in the fuzzy systems, as the
authors proposed topological structures on fuzzy soft sets [19-21]. Since there are compact linkages
between information systems and soft sets [22-25], we may enhance these types of connections

by utilizing the insights gleaned from research on soft topological space. We anticipate that the
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research presented in this paper will assist and encourage further investigations into soft topology,

enabling the development of a broad framework for practical applications.
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