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Abstract. This paper innovatively extends partial metric spaces to introduce double composed partial metric space
(DCPMS). Unlike traditional metrics, DCPMS replaces the triangle inequality with a nuanced form, integrating control
functions into the metric. Building upon Ayoob et al.’s work, this novel generalization focuses on establishing fixed

point theorems for DCPMS, contributing to the evolving landscape of mathematical analysis in this unique domain.

1. INTRODUCTION

In recent decades, the landscape of fixed point theory has experienced a profound evolution,
marked by a surge in generalizations extending beyond the traditional metric space framework.
This transformative trajectory is characterized by two primary avenues of exploration: the adap-
tation of underlying spaces and the refinement of contraction conditions. The investigation into
diverse spaces has given rise to the emergence of generalized metric spaces, where a notable depar-
ture from convention involves the introduction of a constant in the right-hand side of the triangle
inequality. Pioneering this novel concept, Czerwik [6] and Bakhtin [7] introduced the captivating
notion of b-metric spaces, ushering in a new realm of mathematical analysis with a topology that
significantly diverges from familiar metric spaces.

In 2017, Kamran et al. [8] extended the concept of b-metric spaces, giving rise to what is now
recognized as extended b-metric spaces, accompanied by corresponding fixed point theorems.
Building upon this extension, Mlaiki et al. [9] took a further step in 2018 by advancing extended b-
metric spaces into the domain of controlled metric spaces. This extension involved the introduction

of a binary control function on the right side of the triangle inequality, paving the way for the
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establishment of new fixed point results. Subsequently, in 2019, Lattef [10] contributed to the field
by establishing a Kannan-type fixed point result specifically tailored for controlled metric spaces.
In 2020, Ahmad et al. [11] further enriched this evolving landscape by establishing a fixed point
result for Reich-type contractions in controlled metric spaces.

Venturing beyond controlled metric spaces, Abdeljawad et al. [12] introduced the concept of
double controlled metric type spaces in 2021. This novel extension involves the incorporation of
two binary control functions on the right side of the triangle inequality. The authors not only
introduced this concept but also established corresponding Banach-type and Kannan-type fixed
point results within this framework. Numerous researchers have since delved into the realm
of double controlled metric type spaces, employing various contraction mappings to establish
tixed point results. For instance, Azmi [15] explored the space using two contraction mappings,
namely 'Ciri’c-Reich-Rus-type and @-contraction, unveiling compelling results on the existence
and uniqueness of fixed points. More recently, Ayoob et al. [4] introduced a groundbreaking
generalization of metric spaces named the double composed metric space (DCMS). The topology
of this newly introduced space diverges from that of double controlled metric type spaces, offering
fresh perspectives in mathematical analysis.

Matthews [16] introduced the concept of partial metric spaces, presenting a departure from
conventional metric spaces. In this framework, the typical metric is replaced by a partial metric,
characterized by the intriguing property that the self-distance of any point within the space may not
necessarily be zero. Building upon this novel foundation, Matthews demonstrated the applicability
of the Banach contraction principle in partial metric spaces. Controlled partial metric type spaces
were introduced by Souayah et al. in 2019, as documented in their work [5]. This groundbreaking
insight not only broadens the mathematical landscape but also finds practical utility, as evidenced
by its application in program verification.

This paper contributes to this evolving landscape by introducing an innovative extension of
partial metric spaces, termed the double composed partial metric space (DCPMS). Differing from
traditional metric spaces, the triangle inequality in DCPMS is replaced by D(n,7) < a (D(7,0)) +
B(D(6,1))foralln, 6,1 € X, where the control functions v, 8 : [0, ) — [0, c0) are intricately woven
into the metric . This novel generalization builds upon the work presented in [4], extending
the scope to partial metric spaces. The primary focus of this paper is to establish a fixed point
theorem specifically tailored for double composed partial metric spaces, thereby contributing to

the evolving landscape of mathematical analysis in this distinct domain.

2. PRELIMINARIES

We start by defining the extended b—metric spaces as initially introduced by Kamran et al. in
their work [8].

Definition 2.1. Let O be a non empty set and & : OX U — [1,00). A function 4 : OX O — [0,0) is
called an extended b—metric type if it satisfies:
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(1) 4(o,y) = 0ifand only if o = y for all o,y € G;

(2) 39,y) = 3y, 0) forall g,y € G;

@) 4(o,0) < &6, ) [Ho,y) + 3y, )] forall o,,T€ .
The pair (O, ) is called extended b—metric space.

Mlaiki et al. introduced a novel generalization of extended b—metric spaces, termed controlled

metric type spaces, as outlined in their work [9].

Definition 2.2. Let O be a non empty set and & : OX U — [1,00). A function 4 : OX O — [0,00) is
called a controlled metric type if it satisfies:

(1) 4(¢, ) = 0ifand only if o = y for all o,y € O;

(2) 4(o, ) = 3(y, 0) forall o,y € G;

3) 4(0,1) < &(o,1)3(0,9) + &(y, D3, 1) for all ¢, 3,1 € O.
The pair (O, d) is called controlled metric type space.

In 2019, Souayah et al. introduced controlled partial metric type spaces, defining them as outlined

below in their work [5].

Definition 2.3. Let O be a non empty set and & : U X O — [1,00). The function 4: OX T — [0,00) is
called a controlled partial metric type if it satisfies:

(1) ¢ =y ifand only if 30, y) = 3¢, 0) = (9, y), forall 6,y € 5;
(2) 4(o,y) =4(y,0) forall o,y € O;
(3) d(o,0) < (o, y)
@) 3(o.0) < &0, )30, 9) + E@, DAY, D) forall ¢, 3,1 € O.
The pair (O, ) is called controlled partial metric type space.

A recent development by Ayoob et al. [4] introduces a novel generalization of a metric space,

termed the double composed metric space (DCMS).

Definition 2.4. Let O be a non empty set and 1, x : [0,00) — [0, c0) be two non-constant functions. A
function 4: O X O — [0, 00) is called a double composed metric if it satisfies:

(1) 4(¢, ) = 0ifand only if o = y forall o,y € O

(2) 4(o,y) =4(y,0) forall o,y € O
3) 4(o,1) < n( y)) ( y,D)for all o,,1 € O.

(

The pair (O, d) is a called double composed metric space.
Next, we present a new concept: the double composed partial metric space.

Definition 2.5. Let O be a non empty set and 1, % : [0,00) — [0, c0) be two non-constant functions. A
function 4: Ox O — [0, 00) is called a double composed partial metric space if it satisfies the following:

(1) o= yifandonlyif3(o,y) = 4(0,0) = (¥, y), forall o,y € G;
() 40, y) = 4y, 0) forall o,y €O
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() 4(6.0) <46 y)
@) (o, D) <m(Ia,9) + %(3(5, D) for all 6,4,1 € ©.
The pair (O, 4) is a called double composed partial metric space (DCPMS).

Remark 2.1. It is important to note that the double composed partial metric space encompasses a broader
scope compared to the double composed metric space. This is because a double composed partial metric space
may not necessarily qualify as a double composed metric space. The following example serves to illustrate

this distinction.

Remark 2.2. Every partial metric space is a DCPMS, by taking 11(0) = x#(0) = 0 but the converse need
not be true as shown by the following example.

Example 2.1. Let O =N = {1,2,,...}. Define 4: Ux 0O — [0, ) by

é if ¢ is even,

0 ifoisodd.

3(0,0) =
and if ¢ # y, then

%, if ¢ is even and 1y is odd
(0, y) = ;;./, if 0 is odd and 1y is even
1, otherwise .

Define functions 1, x : [0,00) — [0, o) by

0, ifa=0
%, otherwise.

Then (O, d) is a double composed partial metric space, which is not a partial metric space, and also not a

double composed metric space.

Proof. Conditions 1 and 2 of Definition 2.5 are easily verified, we will prove conditions 3 and 4.
Note that 4(¢, 0) < 4(¢, y) for all ¢ # y. Since

case 1: if g is even, then 4(g, ¢) = é, while 4(p, ) = % or 1, in both cases 4(¢, ¢) < (¢, ).
case 2: if ¢ is odd, then clearly 0 = 4(g, 9) < 4(¢, ).

To prove property 4, we consider several cases
case 1: if y = ¢ or § = I, then clearly we have 4(g,[) < n(j(g', y)) + %(j(y,ﬂ).
case 2: if 7 # g and vy # [, and suppose ¢ = /, then if ¢ is even, we have

% =400 <n(d0,9) +x(3(5,0) = 20.

case3: 1 if y# 0 # [, then we verify condition (4), by considering several sub cases:
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1) if all y, o, and [ are odd. Then clearly condition holds.

2)if o, [ are odd but 7 is even, then

1=4(g,0) < n(:IE@, 7))+ x(3(5,1)) = 2.

3)if all y, ¢, and [ are even, then

1=4(,0) < (40, y)) +x(4(5,0)) =2

4) if ¢, y are odd but [ is even, then

% =d(p,0) < n(ﬂ(@, y)) + %(ﬂ(y, i)) = 2[. (similar the case of I, i are odd but ¢ is even)

5) if ¢, y are even but / is odd, then

% =450 < 7'((:!(@', y)) + %(:I(]'/,D) = 1+ 7. (similar is the case of [, i are even but ¢ is odd, and

the case ¢ is even but 7, [ are odd).

Thus we have shown that (3, 4) is a double composed partial metric space.

Next, to show (U, ) is not a partial metric space, take ¢ = 6, [ = 4 and let Yy = 3, then

11
1=4(6,4) >4(6,3)+4(3,4) = ct1

Clearly (O, d) is not a double composed metric space, since 4(2,2) = § # 0.

O

Example 2.2. Let O = {1,2,3}. Two non-constant functions m,x : [0,00) — [0,00) are defined by
1(0) = 0+ 700 and x(9) = ¢. Define a function 4: Ox O — [0, o) by

20 20

700

1200 70

20

4(1,1) = 4(2,2) = 4(3,3) =20
4(1,2) = 4(2,1) = 70
4(1,3) = 4(3,1) = 1200
14(2,3) = 4(3,2) = 700

Then (O, d) is a double composed partial metric space.
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Proof. To prove that (O, d) double composed partial metric space, observe that the first three
conditions of Definition 2.5 are easily satisfied by 4. We establish the triangle inequality.

7(4(1,3)) + #(4(3,2)) = 1(1200) + »(700) = (1200 + 700) + 700 > 70 = 4(1, 2).
7t(4(1,2)) + #(4(2,3)) = n(70) + #(700) = (70 + 700) + 700 > 1200 = 4(1,3).
n(4(2,1)) + »(4(1,3)) = n(70) + x(1200) = (70 4 700) + 1200 > 700 = 4(2, 3).

Also,
7t(4(1,2)) + #(4(2,1)) = 1(1200) + »#(700) = (70 4+ 700) + 70 > 20 = 4(1,1)

Similarly the rest of the cases. Hence, for all g, y, [e O, we have

(0,0 < (A6, 9)) + (3. 1)).
O

A double composed partial metric space (O, 4) generates a Tp-Topology on U, with a base of the
family of open balls {B(x,r) : x € O, r > 0}, where

B(x,r) ={y €O :d(x,y) < d(x,x) +r}.
Now, we define the convergence of sequences in double composed partial metric spaces.

Definition 2.6. Let (O, d) be a double composed partial metric space. For each sequence {h,} € O, we say
1. {h,} is a Cauchy sequence if n}'igloo A (hiy, hy ) exists and is finite ;
2. {h,} converges to I if and only #,}l_r,?o 1(hy, h) = 4(h,h);
3. (O,h) is complete if every Cauchy sequence in O is convergent to some point in h € O, i.e.
n}%r_r}oozl (Bp, Biy) = 4 (B, 1) .

Proposition 2.1. Let (O, d) be a double composed partial metric space with two non-constant and contin-
uous control functions 1, x : [0,00) — [0, c0) satisfying (4(s,s)) + x(4(¢,t)) =0, forall s, t € O. Then
every convergent sequence has a unique limit.

Proof. Let {,} € O be a sequence and suppose it converges to s and t in O. By the definition of
convergence, we have lim 4(f,,s) = 4(s,s) and lim 4 (f,,t) = 4(¢,t). By the triangle inequality
n—oo n—oo
in DCPMS, we obtain
A(s, t) < (d(fn, s)) + 2 (d(fy, t))
Since 7 and x are continuous, taking the limit in the above inequality, we obtain
A(s, t) < m(lim d(fy,s)) + 2 (lim 4(hy,, t))
n—oo n—oo
= n(3(s,5)) + 2(3(t, 1))
=0

This implies that 3(s,t) = 0. As 4(s,s) < (s, t) = 0, this gives 3(s,s) = 0 and similarly 4(¢,¢) = 0.
Thus, 4(s, t) = 4(s,s) = 4(t,t) = 0, which further implies thats = t.
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3. MaIN Resurr

Prior to presenting our initial main theorem, we will articulate the following lemma.

Lemma 3.1. Let (O, d) be a complete double composed partial metric space with non-decreasing control
functions 1, % : [0, 00) — [0, 00) satisfying the conditions of Proposition 2.1 and morover x is sub-additive.
Let F : O — O be a continuous mapping satisfying the two conditions:
1)
3(Fo, Fy) < k4(, ) (3.1)
forall o,y € Oand somek € (0,1).
2) For hy € O, we define a sequence {h,} by h, = F*hg, such that

lim [Z 17 (K (ho, 1)) ) ) + 3 (k”‘lzl(ho,hl))] =0, (3.2)

m,n— o0

where 1’ m( (kiﬂ(ho, fiy ))) ) and x""M" 1(k” (ko 1y )) denote the composite functions. Then, the sequence

{h,} converges to some point in O.

Proof. Let hig € O. Define a sequence {#,,} in O with 1, = F"hg so that 1,1 = Fh,, for all n € IN. We

have
1 (hn/ hi’H—l) =4 (th—lthn)

< k4 (Fy_1, Fi)
= k4 (Fftya, Fhiy_1)

< kZZI (hn—Zr hn—l) (33)
< K4 (o, 1) -
= (Fln,hn+1) < k"4 (ho,hl) (3.4)

For n > m, by using the triangle inequality repeatedly, and the sub-additivity of %, we obtain
A, n) < (3P, Xm1)) + (X1, Fin))
(3P, Xmr1)) + 2 [0 (I(xm41, Fim2)) + 1 (32, )]

)+
= 723, Xs1)) + 20 (I X1, P 2)) + K2 [H 2, )]

< 70(I(Pm, Xim1)) + 270 (g1, Fim2)) + 23 [0 (Pon2, Fons3)) + 2 (A3, 7))

= 713, Xms1)) + 2 (1, Ton2)) + (I, Bon)) + 5[ H s, )] (35)
< ) + 221 (A (A2, Finr3) )

(A, Xmr1)) + %70 (IH(Xm+1, i)

%3[ (3, Fimra)) + 2 (A4, i) )]

(3P, Xm41)) + 270( (X1, Fimr2)) + 227 ((Bg2, Fins))
n)

+%37T(:|(hm+3/hm+4)) +x [ ( m+4/ ]

_|_
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) + 270 (I (X1, Fimy2)) + K373y 2, B 13)) + 2T (A (P43, P 4)

|4 o 22 (Ipo2, 1)) 4 2 (3B, )]

) + 11 (A 11, ny2)) + 2T (I y 2, o 13)) + 2703 (P13, i 4) ) (3.6)
| o 2 (KT, Fint)) + 2 (S, i)

( (hWZ/ Xm+1
4

)
+ 2[4 i)
)
n)

T((:I hm; Xm+1

+ 4[ ( I’l’l-‘r4/

x

= . % " (:I(Fli, Fll‘+1)) + %n—m—l (:I<hn—11 hn))

Since 7 and x are non-decreasing functions so that the compositions »* " (4(f;,f;11)) and

"= "=1 (4(h,—1,hy,)) are also non-decreasing. Using inequality (3.4) in (3.6), we obtain

=
N

At ) <Y 27 (K (Ro, 1)) ) 4 27 (K (g, Py )) (3.7)

i

Il
3

Taking the limit as m, n tends to infinity in (3.7), and utilizing condition 3.2, we obtain

Hm (T, 1) = 0. (3.8)

n,Mm— 00

Therefore, the sequence {11,,} is Cauchy in O. Since U is a complete double composed partial metric

space, the sequence {f1,} converges to some point s € O, that is,

lim 4(f,,s) = d(s, s). (3.9)

n—0o0

O

Theorem 3.1. Let (O, d) be a complete double composed partial metric space with non-decreasing control
functions i, x : [0,00) — [0, 00) and the continuous mapping F : O — O satisfying all the conditions of
Lemma 3.1. Furthermore, let {h,} be the convergent sequence in O as in Lemma 3.1 which converges to

s € O, assume the following holds:

7t(d(s,s)) + #(kd(s,s)) < 4(s,s), (3.10)
and
7t(d(Fs, Fs)) + «(kd(Fs, Fs)) < 4(Fs, Fs). (3.11)
Then, F has a unique fixed point.
Proof. In Lemma 3.1 we proved the sequence {fi,} converges to s, i.e. nll_r)Iolo A(fy,8) = 4(s,5).
Next, we prove that s is a fixed point of F, that is, Fs = s. Thus we need to show that

d(s,Fs) = d(s,s) = d(Fs,Fs). To establish this, it is enough to show d(s,Fs) < d(s,s) and
(s, Fs) < 4(Fs, Fs).

By the triangle inequality, and using condition 3.1, we have
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A(s, Fs) < (s, fin)) + # (3P, Fs))
t(d(s, tn)) + % ((Fly-1, Fs)) (3.12)
1(3(s,in)) + #(k(Ptn-1,5))
Since 7 and x are continuous, taking the limit as n tends to infinity and utilizing condition 3.10,
we obtain
4(s,Fs) < lim [n(:l(s,hn)) + %(kﬂ(hn_l,s))]
= 7(lim 4(s,hy)) + }t(hm kd(hy-1,5)) (3.13)

= n(d(s,s)) + x(kd(s,s)) < 4(s,s)
Next, we establish 4(s, Fs) < 4(Fs, Fs), note that
(i Efi) < 703, F)) + 5 (AP EPy))
T0((Fhp-1, Flin-1)) + #(3(Fhy-1, Fin)) (3.14)
1(4(Fhy—1, Fiiy—1)) + #(kd(Fhy—, Fhiy—1))

—

Continuity of F implies lim 4(f,, Fii,) = 4(s, Fs), thus taking the limit as n tends to infinity in
n—oo

3.14 and utilizing condition 3.11 and the fact 7, and x are continuous, we obtain
A(s, Fs) < mt(4(Fs, Fs)) + »(kd(Fs, Fs)) < 4(Fs, Fs) (3.15)

Thus we have established d(s, Fs) = 4(s,s) = 4(Fs, Fs) and this implies that Fs = s.

Finally, we prove that F has a unique fixed point. Suppose there are two fixed points s,t € G,
such that s # t. We have 4(s,t) = d(Fs, Ft) < kd(s,t) which implies 4(s,t) = 0 since k € (0,1).
As d(s,s) < 4(s,t) = 0, this gives 4(s,s) = 0. Similarly one can show 1(t,t) = 0. Thus, 4(s,t) =
d(s,s) = 4(t,t) = 0, which further implies that s = ¢.

O

The subsequent Theorem bears resemblance to the Kannan type fixed point theorem. However,
before delving into its statement, we present a lemma crucial for the subsequent proof of the

Theorem.

Lemma 3.2. Let (O,d) be a complete double composed partial metric space with non-decreasing control

functions 1, x : [0,00) — [0, 00). Let F : O — O be a continuous mapping satisfying:

A(Fo, Fy) < k[H(¢, Fo) +4(y, Fy)l, (3.16)

forall o,y € Oand k € (0, %). For hy € O, define a sequence {1} by i, = F'hg. Suppose that the following

conditions are satisfied

n—
lim [

m,n— o0

N

17 (Ko, 1)) ) ) + 2 (k4 (o, hl))] =0, (3.17)

T
3
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where r = &, and %i‘m(n (kiﬂ(ho, hl)))) and »"m-1 (k”‘lﬂ(ho,hl)) denote the composite functions.
Then the sequence {h,} is convergent.

Proof. Let iy € O and define a sequence {1,} in O inductively by taking #, = Fh,_1,n > 1. Set
4, = 4(hy, Biy11),then we have,

4y = 3 (Fp, frur1) = 3 (Flty_y, Fhy) .

< K| H(fur, Fityo) + (i, Fhy ) .
(3.18)
= K[, ) + 3, T 1)
<K+ ]
Which implies,
4, <rdyq, (3.19)
where r = %( <laske(0,1).
Thus we have,
d (hn/ hn-i—l) =4 <rdq < 723'11—2 <.<r'"d (hO/ Fll) . (320)
Similar to inequality (3.6) in Theorem 3.1, for all n > m, we have
(T, i) < Z (M (7 (i, hii1))) ) + 2 (Ao, ) (3.21)
Using inequality (3.20) in (3.21), we obtain
n-2
3P, 1) < Z 17 (K (ho, 7)) ) ) + 2 (K A (o, 1)) (3.22)
i=m
Letting m, n tends to infinity in (3.22), and by equation 3.17, we obtain
n,m—> 00

Therefore, the sequence {71,,} is Cauchy in O. Since U is a complete double composed partial metric

space, the sequence {f1,,} converges to a point s € G, that is,

lim (7, s) = 0. (3.24)

n—00

O

Theorem 3.2. Let (O, d) be a complete double composed partial metric space with continuous and non-
decreasing control functions 1, % : [0,00) — [0,00). Let F : O — O be a continuous mapping satisfying
all the conditions of Lemma 3.2 and let {h,} be the convergent sequence which converges to s € O. Assume

these conditions hold:

7t(d(s,s)) + #(d(s,s)) < 4(s,s), (3.25)
and
7t(4(Fs, Fs)) + »(d(Fs, Fs)) < 4(Fs, Fs). (3.26)
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Then, F has a unique fixed point.

Proof. In Lemma 3.2 we proved the sequence {fi,} converges to s, i.e.

lim 4(f,,s) = d(s, s).

n—-oo
Next, we prove that s is a fixed point of F, that is, Fs = s. Thus we need to show that 4(s, Fs) =
(s, s) = d(Fs, Fs). To establish this, it is enough to show d(s, Fs) < 4(s,s) and (s, Fs) < 4(Fs, Fs).
First we establish d(s, Fs) < 4(s, s). By the triangle inequality, we have

(i, Fhi) < 72(3(Fin, Fins2)) + (3, Fi)).

< n(ﬂ(hn/ hn+2)) + %(:I(hn+2/ thrl))-
Continuity of F implies lim 4(f,, Fh,) = (s, Fs). Thus taking the limit as  tends to infinity in 3.27
n—oo

(3.27)

and utilizing condition 3.25 and the fact 7, % are continuous, we obtain

A(s,Fs) < m(d(s,s)) + #(4(s,s)) < (s, s). (3.28)
Next, we establish 4(s, Fs) < 4(Fs, Fs). Observe
A1y, Fhy) < 1(d(hn, Bin)) + 2 ((hy, Fhiy)).
(3.29)
= ﬂ(:l(th_l,th_l)> -+ %(:I(th_l,l:hn)).

Continuity of F implies lim 4(Fh,, Fh,) = d4(Fs, Fs), thus taking the limit as # tends to infinity in
n—oo

3.29 and utilizing condition 3.26 and the fact 7, and x are continuous, we obtain

d(s,Fs) < m(d(Fs, Fs)) + »#(d(Fs, Fs)) < 4(Fs, Fs). (3.30)

Thus, we have established d(s, Fs) = 4(s,s) = d(Fs, Fs) and this implies that Fs = s, i.e. s is the
tixed point of F. O

4. ArrLicaTION TO INTEGRAL EQuAaTIONS IN DOUBLE COMPOSED PARTIAL METRIC SPACES

Example 4.1. Consider the space of all continuous real valued functions O = C[0,1], with 4: OX U —
[0, +c0) be defined as

i(r,h) = sup [r(t) —h(7)] (4.1)
7€[0,1]

Define the functions 7, % : [0, +00) — [0, +00) by
ni(x) = x(x) = 2x. (4.2)
Then (O, d) is a complete double composed partial metric space.

Proof. Note that the equation (4.1) does not define a metric in the usual sense on C[0, 1]. To prove

that (O, d) is a double composed partial metric space, we need to establish the triangle inequality
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of Definition (2.5). The other conditions are trivial.
Note that the following inequality hold true for all o, € R,

la+BP<2al +2|BP (4.3)

For allr,h, j € C[0, 1], using inequality 4.3 we obtain
| 7(7) =h(7) P =l r(t) = j(1) + j(t) = h(7) P

' ' (4.4)
<2|r(t)—j(t) P +21j(t) = h(z) [?
Taking supremum on both sides, we get
sup |7(t)—h(t) P <2 sup |r(t)-j(t) > +2 sup | j(t)—h(7) [ (4.5)

7€[0,1] 7€[0,1] 7€[0,1]
that is,
A(r, k) <7 (4(r, ) + % (40, 1)) -

This proves the triangle inequality. It is not difficult to show that (O, 4) is a complete space. O

Theorem 4.1. Let (O = CJ0,1],d) be a complete double composed partial metric space as defined in
Example 4.1. Consider the following Fredholm integral equation, where L : O — O is given by

1
L) =2(0) + [ e, r(e)ay, ®6)

where I(T,y,r(7)) : [0,1] X [0,1] — R is a given continuous function satisfying the following condition
forallr,h,z € O,and t, € [0,1] :

(7, ¢, 7()) = KT, ¢, (7))l < [ Za(7)
where
Zy(t) <k[4(r(7),Lr(t)) +4(h(7),Lh(7))], with 0 <k< %
Then the integral equation (4.6) has a unique solution.

Proof. Let L : C[0,1] — C[0, 1] be defined by L(r(t)) = z(t) + fol (7,9, r(t))dy then

i(Lr(7),Lh(7)) = sup |Lr(t) — Lh(t).

7€[0,1]

1 1
= sup lZ(T)+j; l(T,gb,r(T))dt,b—z(T)—f (7, ¢, h(7))dyP.

7€[0,1]

< I( -1 h(t))2d

i‘iﬁf' 7,1, 7)) - 1, ¥, h(7))Pdy. 47)
< Z1( Zd

. e

< Z d

o 4o
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< sup Zi(7).
7€[0,1] (4.8)
< k[4(r(7),Lr(7)) + 4(h(t), Lh(T))].
Our goal is to apply Theorem (3.2) to the operator L, for which we need to establish the condition
(3.17) of the Lemma (3.2). Let fip = fip(7) € C[0, 1] and define a sequence of continuous functions
{h, = hy(7)}in O inductively by taking f, = Lh,_1,n > 1.

Since t(x) = #(x) = 2x, we observe that the composition x’(x) = 2ix. Therefore, we have

(7 (K d(ho, 1)) ) = 277 i (o, T ), (4.9)
and
1= (k1 (o, By )) = 2" (g, ). (4.10)
Using the equations (4.9) and (4.10), we have
n-2
i | 3 (3 1)) 50 (5000 h) |
n-2 ' '

= ml%r_r)l [Z 2l_m+1kl:|(h0, hl) + 2n_m_1kn_l:|(h0, hl)] (4.11)

m,n—oo

n-2
= (7o, 71) lim [Zz“ﬂ“ki + 2”"”‘1k”‘1].

1=m

Note the following summation,

n-mijn—1 m
Zzl ey 2T 2 2K7 kk 12" : (4.12)

Using equation (4.12) in (4.11), we obtain
n-2
lim [ Pl Ao, 1)) ) + 2" (k"1 (h, hl))]
' i=m (4.13)

= d(f, 1) lim

m,n— oo

[Zn—mkn—l — oK

2n—m—1 n=1( _ )
e ] 0

Therefore the condition (3.17) of the Lemma (3.2) is satisfied, and therefore the sequence fig = fip(7)
converges to continuous function, say, s € C[0,1]. Note that such a function s is unique, suppose

there are two functions s, t € U, then the following condition of Proposition (2.1) holds,
n(d(s,s)) + #(d(t, 1)) = 24(s,s) + 24(¢, t).

=2 sup Is(7) —s(7)I* +2 sup [t(1) — (7). (4.14)
7€[0,1] 7€[0,1]

=0.
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Finally, as 4(s,s) = SUPef01] Is(t) —s(7)]> = 0 and 4(Ls,Ls) = SUP [0 1] ILs(t) — Ls(7)> = 0, we

note that the conditions (3.25) and (3.26) of Theorem (3.2) are satisfied. Therefore L has a unique
fixed point, which further implies that the integral equation (4.6) has a unique solution.

5. CoNCLUSION

In conclusion, this paper introduces the concept of a double composed partial metric space,
expanding the scope of mathematical spaces with potential practical applications. By providing
illustrative examples and establishing key fixed point theorems, including Banach and Kannan
types, the study lays a solid theoretical foundation for future research. This work opens new

avenues for exploration and a deeper understanding of mathematical analysis.
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