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Abstract. Let H be a finite-dimentional complex Hilbert space and 1?(H) is the space of square summable sequences in
H. We will give a new characterization of a frame for H, we give our definition of a frame for the Hilbert space I>(H),
we also define and give the properties of the frame operator. We equally show that our definition is equivalent to the
definition of a frame for the Hilbert space H. Finally, we give a way to construct frames for I>(H") from frames for

I2(HP) such that p < n via fusion frame theory.

1. INTRODUCTION

One of the important concepts in the study of vector spaces is the concept of a basis for the
vector space, which allows every vector to be uniquely represented as a linear combination of the
basis elements. However, the linear independence property for a basis is restrictive; sometimes
it is impossible to find vectors which both fulfill the basis requirements and also satisfy external
conditions demanded by applied problems. For such purposes, we need to look for more flexible
types of spanning sets. Frames provide these alternatives. They not only have great variety for
use in applications, but also have a rich theory from a pure analysis point of view. A frame is
a set of vectors in a Hilbert space that can be used to reconstruct each vector in the space from
its inner products with the frame vectors. These inner products are generally called the frame
coeficients of the vector. But unlike an orthonormal basis each vector may have infinitely many
diferent representations in terms of its frame coeficients.

Frames is a notion that was introduced in 1952 by Duffin and Shaeffer [7] to study some deep
problems in nonharmonic Fourier series.This idea seemed to have been unnoticed outside this area
until Daubechies, Grossmann and Meyer [6] brought it into light in 1986. The latters” showed that

Dutffin and Schaeffer’s definition was an abstraction of the concept introduced by Gabor [8] in 1946
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for doing signal analysis. Recently, the frames that have been introduced by Gabor are referred to
as Gabor frames or Weyl-Heisenberg frames, and they play a vital role in signal analysis

Nowadays, frames have received great attention due to their wide range of applications in both
pure and applied mathematics, specially that it has been extensively used in many fields such as
filter bank theory, signal and image processing, coding and communication [10] and other areas.
We refer to [1,4,5,9] for an introduction to frame theory and its applications.

Frames in finite dimensional spaces, (finite frames), are a very important class of frames due to
their significant relevance in applications. It makes the basic idea more transparent. It also gives
the right feeling about the infinite-dimensional setting. Moreover, every real application of frames
has to be performed in a finite-dimensional vector space. The book [3] is the first comprehensive
introduction to both the theory and applications of finite frames. For the above reasons, we are
motivated to contribute to this area.

This paper falls into 4 sections: Section 2 will be devoted to giving sufficient conditions for a
family (finite or infinite) of elements in H to be a frame for H. This will be illustrated by providing
many examples and counterexamples. In section 3, we define frames for >(H) and we define and
give the properties of the frame operator. We equally show that they are also frames for the Hilbert
space H . Section 4 will tackle the construction of frames for /*(H) from smaller spaces. This of
course is owing to fusion frame theory introduced in [2] and [3]

Formally, a frame in a separable Hilbert space H is a sequence {x;};c; for which there exist positive

constants A, B > 0 such that:
Allx|? < Yier [{x, x:)[> < B||x|[?, for all x € H. The constants A, B are called lower and upper bounds,
respectively. If A = B, it is called a tight frame and it is said to be a normalized tight or Parseval
frame if A = B = 1. The collection {x;};e; C H is called Bessel if the above second inequality holds.
In this case, B is called the Bessel bound.

The largest number A > 0 and smallest number B > 0 satisfying the frame inequalities for all
x € H are called the optimal frame bounds and they are noted A,, and By.

Throughout this paper, we will also adopt the following notations: H is a complex p-dimensional
Hilbert space with the inner product on H: (x,y) = Zf;l xi? (every x € H is denoted: x =
(x!, 2, ..., xP).

P(C) = (A = (A)new; Y, Wl < o0}
neN
with inner product: (A, p)p(c) = YneN Antln and the norm ||A]| = VA, AY;

Bo(C) = (Mumbumensi Y, Wul < o0}
(n,m)eIN2

P(H) = {u = (ttn)nen; o € H; )l < o0}
nelN
with inner product:

1
(U, V)pmy = Ynen{Un, Un)H and the corresponding norm: el 7y = (ZneN ||un||%{)2.
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Remark 1.1. It is easy to verify that I*(H) endowed with the inner product defined above is a Hilbert space.

2. A CHARACTERIZATION OF FRAME FOR H”

We begin with the following remarks:

The most important question in frames theory is: when is the lower frame bound condition
achived?.

As we are working with elements from the space I>(H) in which the upper frame bound is
always satisfied We will try to discus the lower frame condition.

I?(H) is the space of Bessel sequences in H.

We can see the space H as a subspace of I>(H) of sequences that has only the first term nonzero.

If u = {uy}nen has only finite nonzero terms, then u is a finite sequence (u = {un}le). In this
case, if N < p, {u,}Y
If N > p, then {uu}fil
operator is surjective iff {u,} | spans H. for more details about finite frame theory, we refer to [2]
and [5](chapter 1).

can’t be a frame, because N vectors can at most span N-dimensional space.

is a frame for H iff its associated analysis operator is injective iff its synthesis

Definition 2.1. Let H be a complex finite-dimentional Hilbert space (dimH = p). A sequence u € I>(H) is
called a (finite or infinite) frame for H if there exists A; B > 0 such that:
Allxl < Z [, 2)I* < BllxII?, ¥x € H.
nelN

In the following Theorem, we will give sufficient condition for a family in I*(H) to be a frame
for H.

Theorem 2.1. Let u € I?(H), with

N = ==
NN =N

=
NTE T

If
j=p o
min(|u'|?, ..., |WPII?) > Z |, w);

1=i<j
then u is a frame for H.
Proof. It is easy to see that the right hand side of the inequality holds, by Cauchy-Schwartz
inequality and the fact that u is in I?(H).
For a fixed n € N and h € H: (u,, h) = Zle ul hi.,

Then;
P 4

K, P =Y b =) b b,

ij=1 ij=1
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So:
P - —
Y K = YN i
neN nelN i,j=1
P s i
= Z [Z u;u,ﬂ]h]hi
i,j=1\neN
P o —
= Z (ul,u])lz(c)h]hl
ij=1
= Y IAPIE +2Re Y Gul, e )BT
i=1 1=i<j
= Y PR —2Re Y (~ut, e ) )
i=1 1=i<j
> min(|[ul|l, ..., |[?)?) [Z |hl|2] —2Re Z (=Gt Yy o) )W
i=1 1=i<j
j=k _
= min(Ju'|, .., lu”IP) P = 2Re " (=o', YWl
1=i<j
And for each i, j (i < j), we have:
2IRe(=(u, Y o) W] < 20(=Cul, uyp o) W] < 260, )y oI (2.1)
Then:
_ o ’ ‘ o P
2IRe(~(ut', Yz o) WHI| < [l D)0 + IWP) < K, )| [Z |hk|2]
k=1
So:
2ARe(~(ut', uyp o) )| < Kt 1l oI (2.2)
It follows that:

j=p
Y K, P > | min (1P, I 1P) = Y K uf>lz(Q|]||h||2

nelN 1=i<j
So, the left hand side of the inequality holds because:

j=p
: 12 2 i ]
min(|?, ., I 1P) = Y K, uee)l > 0
1=i<j

Example 2.1. let f := {fy}uen € 2(C).
We set:

u = (fl,O,...,O)
Uy = (O,fz,o,...,O)
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= (0,...,0,f,)

lxlp+1 = (fp+1, 0, vey 0)

lep == (0, ceey 0, pr)

In other words:

u;;pﬂ fkarlandukpﬂ 0(Vi#j)

Note that: u € [>(CP) and (u',u/y = 0 for all i # j, moreover:
1P =Y Vg2, Vi€ (1,2, p).
k=0

If min << (Z,‘f’:o |fkp+]~|2) >0, then u = (u',u?, ..., uP) is a frame for CP.

We will give an example in [?(C?) in which Z [(ut, u eyl #0

11<

7

N2
- 1
Example 2.2. Let u = (u},u?),>1 = (( ) —) € I2(C?).
/1

n
We have
<M1 u2> <_Z)n
nelN* 2
B (_i)Zk N (—i)2k+1
e (27 R (2Kt 1)2
(-DF (1)
= —1 s ———
keIN* (Zk)z keN (Zk + 1)2
Then
1 2
K, u?)| = [ +( )
keZ]N:* 2k I;:\I Zk—l—l

[1
<4 =+1
< 16+

2
2 2 22 _ T
[Kut, u?)| < [t l* = || =<

It follows that

This means that u is frame.

We will see in the counterexample below that the condition of Theorem 2.1 is not satisfied and
hence it is not a frame.
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Counterexample 2.1. Let H = C? and u = (u',u?) = {(5— m)}neN € I2(H). We have

1 2
2 212 _ 4 _©
Wi =P =} — =,
neN
and
1 n
it i =1), —l=
nelN
So
: 12 (15,2112 us
min(Ju I, 1P =
and

Z K, uh)] = ', 12| =

1=i<j
We notice that the condition of Theorem 2.1 is not satisfied.
Forx = (z,z) € C?
Y Ko, 0l = Pl + 2Pz + 2Reu?, u?)2z

neN
= n_(2|2|2) n—zzZ
6 6
2
T
= 2 (=R - 12P) = 0.

This implies that u is not a frame.

3. FRAMES FOR [2 (H)

Definition 3.1. Let H be a complex p-dimentional Hilbert space. A sequence u € I>(H) is called a frame
for I(H) if there exists A; B > 0 such that:

Alloll < Z K, 0m)* < Blll?, Yo € P (H)

(n,m)eeN?

The following theorem tells us that frames for >(H) are frames for H.

Theorem 3.1. Let u € I(H).
u is a frame for H iff A, B > 0 such that:

AllP < )" K, o) < BlolP, Vo € P(H)
n,melN

Proof. (=): Suppose that },,cn [(tiy, x)I* > 0, ¥x € H\{0}. Then

Y Kol =Y Z|<un,vm>|2],
neN

n,melN melN

AY Toully < Y Kin, o) <B Y lowll,

melN n,melN melN

SO
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hence
ARy < Y, K, 0P < Bl
n,melN
(<): Suppose that Y, e [(itn, vm)*> > 0, Yo € I2(H)\{0}.
For every x € H, letv € lz(H) such that U;. = x5, jr (0 is the chroniker symbol), ie Vi € {1,...,p},
o' = (x,0,0,0,...).
Then:
Y Kty o) =Y K, 0P > 0.
n,melN nelN
O
Proposition 3.1. The operator T : I*(H) — I2 ,(C) defined by
T{vm}meN = {<unr Z)111>}(n,m)e]1\12
is linear and bounded.
Proof. 1t is clear that T is linear.
ITOmbmenll = Y, Kitn, 0m)iil
n,melN
< Y Nl lonlt
n,melN
<Y [nunné Y ||vm||§]
nelN meN
2 {10112
< Y (Bt )
nelN
<l 101
O

Definition 3.2. The operator T defined as follows:
T:P*(H) — I2,(C)
{Ombmen — {ttn, Om)} (1 m)enz
is the analysis operator
Corollary 3.1. The adjoint of T is
T :B,(C) — P(H)

{Aﬂ,m}n,me]NZ — {Z A mUn}meN
nelN
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Proof.
<T*{/\n,m}(n,m)e]NZ/ {vm}m€N>ll( =({A nm} (n,m)eN2s T{vm}me]N>IZ (©)

= W) gumyene, (€t 0 myen 2 )

= Z An,m(”mz un)H
(n,m)€IN?

= Z <Z /\n,mun/ Um)H-

meN nelN
Hence

T {/\nm n,melN2 = Z /\n mUntmeN-
nelN

The operator S = T*T : [>(H) — [>(H) defined by

S({Um}melN) = {Z (Un, Om)UntmeN

nelN

is the frame operator of u.

We have
So,0)= ), Kunow)l, YoeP(H).
(n,m)eN?
Then
Al < S <BI

This means that S is a bounded, positive and invertible operator.
We state here a lemma which we use in the following theorem.

Lemma 3.1. [5](Lemma?2.5.1)
Let H, K be Hilbert spaces, and suppose that U : K — H is a bounded operator with closed range Ry.
Then there exists a bounded operator Ut : H —> K for which

UUtx = x,¥x € Ry. (3.1)
The operator U is called the pseudo-inverse of U.
Proposition 3.2. u is a frame for 1*(H) if and only if
T : B,(C) — P(H)
is a well defined bounded and surjective operator.

Proof. If u is a frame, then S is inversible, so T* is surjective.

Convesely, suppose T* be well defined, bounded and onto. We have

T(U) = {(up, vm)}(n,m)e]NZ, Yo € ZZ(H),
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then
IT@)IF =Y Kunou? <Blol?, Vo e R(H).
(n,m)eN?
T is onto, then there exists an operator (T*)" : ?(H) — ZHZ\IZ(C) (the pseudo inverse of T*), such
that T*(T*)'v = v, Vo e ’(H),(Rr = H),
then T*(T")*v =v, Yove€l?(H). Thus, T'To =0, Yove€l?(H). It follows that

lol? < ITYP2ITol?, Yo e 2(H),

SO
1

T2

I < Y Ky oudP < Blol?, Vo e P(H).
(n,m)€eIN?
O

Proposition 3.3. If u € [>(H) is a frame for 1*(H) with lower and upper bounds A and B respectively, such
that (u',uly = 0; Vi # j, then Agy = miny<i<plltt’||* and Boy = maxy<i<pllu'||*

Proof. By an analogous proof of theorem (2.2), we have

p

Y K o) =Y whe ey (@), e

(n,m)eN? ,j=1

j=r
. 12 2 j i 2
> | min( |, .. 1) = Y [t ) (Ilol.

1=i<j
Since (u!, uly = 0; Vi # j, we have:
VoeB(H), Y Ky ou)P 2 (min(l 12, .., 1u”1)) o],
(n,m)eIN?
let [[u®|> = min(|[ut|?, ..., |uP|[?), then Y (nm)eN? ttn, v )* > (][0l
with: v = (g, ...,0,9,0, ...,0) we obtain; Z(n,m)eNz [y, 0% = || |[0]I?,

S0 Agp = [[10]|?, and we can get that: By, = max15i§p||ui||2 in the same way. m|

Corollary 3.2. Let {uy},en € 12(H) a frame for I?(H), such that (u',uy = 0; Vi # jand |[u'|| = |||, Vi, ] €
{1,2,...,p}, then u is a tight frame.
If furthermore luill = 1,Vie{1,2, ..., p}, then u is a normalized tight frame.

Proof. 1f (u',ul) = 0; Vi # j, then:

p
Y, Kol =Y WIPIIR, Yo € P(H)
i=1

(n,m)eIN?
SO:
p
2 12 (12 12 2
Y Ko = 1P| Y P | =l 1P ol
(n,m)eN? i=1

then, u is a tight frame , with A = B = [lut]?. O



10 Int. ]. Anal. Appl. (2024), 22:206

Example 3.1. Let z € C such that |z| = 1.
Let u € I(C®) defined as follows:

1 z z z z )
u = /0/0/ /0/0/ /OIOI /O/'"
(lez V2 x3 3x4 4x5

u3:(0,0, 0,0, ,0,0,—=—,0,0, ——,0, )
1x2 2X%X3 3x4 4%x5
ie
T— and uy, . =0(Vi#j)

We have (u',uly = 0; Vi # jand for every i € {1,2,3}:

e _ v z 2 _ . 1
[l _;l — ;WH)

then u is a normalized tight frame.

4. CONSTRUCTION OF FRAMES FOR [2(H)

Let us recall the essential facts about fusion frames. Our references are: [2] and [3]

Definition 4.1. (Def 3.1 in [2]) Let H be a Hilbert space and I be some index set, let {v;}icr a family of
weights, i.e, v; > 0 for all i € I and {W}ier be a family of closed subspaces of H. {(W;, v;)}ier is said to be
a fusion frame or a frame of subspaces with respect to {v;};es for H if there exist constants 0 < A < B < o0
such that
Allxl? < Z Vlimw, (¥)I? < Bl Yx e H
i€l

where Py, denotes the orthogonal projection onto W, for each i € 1. The fusion frame W = {(W;, v;)}ier
is called tight if A = B and Parseval if A = B = 1. If v; = v for all i € I, then W is called v-uniform.
Moreover, W is called an orthonormal fusion basis for H if H = @;e;H; . If W = {(W;, v;)}ie possesses an
upper fusion frame bound but not necessarily a lower bound, we call it a Bessel fusion sequence with Bessel
fusion bound B. The normalized version of W is obtained when we choose v; = 1 for all i € .

Theorem 4.1. (Thm 3.2 in [2]) For each i € I let v; > 0 and let {f;;} e}, be a frame sequence in H with
frame bounds A; and B;. Define W; = spanje{fij} for all i € I and choose an orthonormal basis {e;;}ej,
for each subspace W;. Suppose that 0 < A = inficiA; < B = supjeiB; < oo. The following conditions are
equivalent.
() {vifijliesjej; is a frame for H.
(i) {vieijlierjej; is a frame for H.
(iii) {Wiliei is a frame of subspaces with respect to {v;}ier for H .

In the following lemma, we will give an orthonormal basis of 12 (H).
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Lemma 4.1. Let {a;}o<i<p-1 be an orthonormal basis of H. The family {e,}neN defined by:
foreachn € N such that n = kp +i (forsomek e Nand 0 <i<p-1);

en = €, = {Okjai}jen
is an orthonormal basis of I*(H).

Proof. Letn = jp+iand w = kp+1,if n # n then (i,j) # (k,1) so {en, en) = (e?,e;‘) = 0? This
implies that {e,},eN is an orthonormal family.
Letu € I(H)

p-1
Y K enen P = Kt € o) P
neN keN i=0
p-1
_ i
= e
keN i=0
=) el
kelN
2
=l 5
so {en}nen satisfy Parseval’s identity, it is then an orthonormal basis of ?(H). |

Theorem 4.2. Let H be a complex finite-dimentional Hilbert space (dimH = p).
Then, there exist {W;}icr a family of closed subspaces in ?(H) and {v;}ier a family of weights, i.e, v; > 0 for
all i € 1 such that, {(W;j, v;)}ier is a fusion frame for H.

Proof. Let {eilie(1,...p) be an orthonormal basis of H, we set V; = span{e;} and let W; = 2(V)), (we
can identify I?(V;) with I2(C)).
Let {v}ic; be a family of weights., the set I in this caseis I = {1, ..., p}.

Let u € I>(H), then
p

2 2 2 2
Y Al =) vl

iel i=1
Then
,,,,, iel
Hence, {(W;, vi)}ies is a fusion frame with fusion frame bounds A := minie{llm,p}(viz) and B :=

MAXie(1,...p) (Uzz) D

Remark 4.1. Ifv; = v forall i € {1, ..., p} then {(W;, v)}ies is a v-tight fusion frame.
Ifvi=1foralli€{l,..,p} then
Y V2l ul = .
iel

{(Wi, 1) }ier is a Parseval fusion frame, it is also an orthonormal fusion basis because ’(H) = Bie(1,...p) Wi-
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Theorem 4.3. Let {W;}icr a family of closed subspaces in ?(H) and {vj}ic; a family of weights, i.e, v; > 0
for all i € I such that {(W;, v;)}ier is a fusion frame for H. If {uijjej; is a frame for W; for each i € I, then

{vittij}ier jej, is frame for 2(H).

Proof. This follows immediately from Theorem 4.2 above and Theorem 3.2 in [2].

O

Example 4.1. Let {a;}o<i<p-1 be an orthonormal basis of H, and V; = span{a;}. by lemma 4.1 {e } jeN s an

orthonormal basis of W; = I?(V;), let {vilicq,..p-1) be any family of wights.
{v;et }le 0,...p-1},neN IS a frame for I?(H). Indeed, we set (vgél, ...., vp_lefl_l) = vey,.

p-1
Y, KvewfuP= ). Z|<vie:;,f,;>|2

Let f € I’(H)
(n,m)eeN? (n,m )ee]N2l

= v% Y e fidP

Then
AllfIP < Z Kven, fu)* < BIIfII”
(n,m)€eN?

with A := minjen

..........

Example 4.2. Let f = ( fl, 12, £3) be the sequence in I>(C?) defined by:

glamn pifmn - Siynn

(fnlfnlfn) nelN — {( ’ "y )}nelN

n

such that a + B # 2k and B +y # 2k for every k € Z.
Let {ei}1<i<3 be the standard orthonormal basis of C3. We set Vi = spaniey, ez}, Vo
W; = lz(Vl‘),i e {1,2}

2
AP = 1P = PP = -
£, f2>I—IZ “*P’"|<Z = IFIP = IFIP
ne]N n€]N
Kf? f3>|—|Z—e M"|<Z = IR = IIFIP
nelN neIN

by Theorem 2.1 {(f}, f)}ne is frame for Wy and {(fZ, £3)}neN is a frame for W,.
Let v1,v7 be two weights (we assume that v1 < vy). Let g € 12(C3)

v1llmew, 8117 + vallmw, glP = v (I PP + 1E21P) + va (1182117 + 113 117)
= v1lIg'I? + (v1 + )P + vallg® I

= spaniey, ez}, let
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Then
2
villgl < Y villmwgl? < (v + va) gl
i=1

This means that (W, v;)i=12 is a fusion frame for I>(C3).
Lel fi = {finknen = {(fi, f2)new and fo = {fonlnew := {(fZ, f2)}nen, if A1, By are frame bounds of fi
and Ay, By are frame bounds of f,. We set A = min(A1, Ay) and B = max(By,By). For ¢ = (¢%,¢%,¢°) €
2(C3)

Y K0rfin g+ Y Ko fow ) =03 Y i gudP+ 03 Y K fon gl

n,melN n,melN n,melN n,melN

As each element h € Wy can be writen in the form h = (h',h?,0) as an element of I*(C?) and if h € W, it
can be writen h = (0,h?,h3) and the fact that each f; is a frame for W;, i € {1,2}, we get

AQIS P+ 122) < )" K funs gnd? < B(ISHIR +11%1P)

n,melN
and
AP +IR) < Y Kfan gd < BUISAR +1ISIP).
n,meN
Thus
2
AV3IZIR < AvRIISHE + A(v? + IR + AL < Y Y K fin, o)l
i=1 n,melN
and
2
Y ) K 8P < BOAIIGE + B(v? + v3)lI2IP + Bu3g?I? < B(v? + vd)lIgl
i=1 n,melN

This means that {v; fiu}ic(1 2) ne is a frame for [>(C3)
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