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Abstract. This paper investigates bipolar fuzzy quasi-ideals in the context of I'-semirings, offering new insights into
their structural properties. Our results reveal that bipolar fuzzy quasi-ideals serve as a generalization of bipolar fuzzy
ideals, while bipolar fuzzy bi-ideals extend this framework further. We also establish that in regular I'-semirings, the
two concepts coincide, leading to a unified interpretation. Notably, the intersection of a bipolar fuzzy right ideal and a
bipolar fuzzy left ideal forms a bipolar fuzzy quasi-ideal, highlighting key properties that deepen our understanding

of ideal structures in I'-semirings.

1. INTRODUCTION

The concept of I'-rings, introduced by Nobusawa [10], represents a key generalization of classical
ring theory, marking a significant development in algebraic structures. Semirings, another essential
algebraic framework, were rigorously studied by Vandiver [12], who established foundational
principles for their exploration. Building on these contributions, Rao [9] proposed the concept of
I'-semirings, a more expansive and versatile structure that unifies the characteristics of rings, I'-
rings, and semirings, offering a more comprehensive algebraic model. This progression illustrates

the dynamic evolution of algebraic theory, encouraging further research and broader applications.
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In 1965, Zadeh introduced the concept of fuzzy sets [14], which has since inspired numerous
extensions, including intuitionistic fuzzy sets, interval-valued fuzzy sets, vague sets, and neutro-
sophic sets. Mandal [8] contributed to this area by investigating fuzzy ideals and fuzzy interior
ideals in ordered semirings. Zhang [15], in 1994, introduced bipolar-valued fuzzy sets, extending
the membership degree interval from [0,1] to [-1,1], thus expanding the fuzzy set framework.
Further development of fuzzy concepts within I'-semirings has been pursued by scholars such as
Bhargavi [1] and Eswarlal, who explored fuzzy notions in this extended algebraic context.

Parvatham and colleagues [6,7,11] advanced the study of bipolar fuzzy I'-semirings (BFGSRs),
bipolar fuzzy ideals (BFIs), and bipolar fuzzy bi-ideals (BFBIs). Vijay Kumar et al. [13] introduced
the concepts of bipolar fuzzy quasi-ideals (BFQIs) and bipolar N subgroups in near rings. Bhargavi
et al. [2-5] explored vague bi-ideals, vague quasi-ideals, vague interior ideals, and various hybrid
fuzzy structures in I'-semirings, further enriching the field.

In this paper, we introduce the concept of bipolar fuzzy quasi-ideals (BFQIs) within the frame-
work of I'-semirings and examine their key properties. Our analysis shows that in regular I'-
semirings, the notions of BFQIs and bipolar fuzzy bi-ideals (BFBIs) coincide. Furthermore, we
establish that the intersection of a bipolar fuzzy right ideal (BFRI) and a bipolar fuzzy left ideal
(BFLI) in a I'-semiring always results in a BFQI, reinforcing the structural coherence of these

concepts.

2. PRELIMINARIES

In this section, we revisit key concepts and foundational definitions that are essential for the
subsequent analysis. To provide context, we begin with an overview of I'-semirings, which serve
as an extension of classical ring and semiring structures. These algebraic systems incorporate
the operations of both rings and semirings, offering a more versatile framework for studying
various generalizations. By establishing these preliminary notions, we ensure a comprehensive
understanding of the algebraic foundation necessary for the detailed exploration of bipolar fuzzy

quasi-ideals and bi-ideals in the following sections.

Definition 2.1. [1] Let V and T be two additive commutative semigroups. Then V is called a I'-semiring if
there exists a mapping V XTI X V — V image denoted by cap for ¢, p € V and a € T, satisfying the following
conditions: forall ¢,p,ii € Vand a,f €T,

(i) Ca(p + 1i) = Cap + Caril,

(i) (¢ + p)ail = Caii + paii,

(iii) ¢(a + B)ii = Caii 4 Bl

(iv) Ca(ppit) = (Cap)pil.

Definition 2.2. [3] An element v of a I'-semiring V is said to be regular if v € vI' V T'v. If all the elements

of a I'-semiring V are reqular, then V is known as a regular I'-semiring.

Definition 2.3. [3] An element v of a I'-semiring V is said to be intra-reqular if v € VI'vI'vI'V. If all the

elements of a I'-semiring V are regular, then V is known as an intra-regular T'-semiring.



Int. J. Anal. Appl. (2025), 23:5 3

Definition 2.4. [1] A non-empty subset I of a I'-semiring V is called idempotent if I is an additive
subsemigroup of V and IT] = L.

Definition 2.5. [1] A non-empty subset I of a I'-semiring V is called a quasi-ideal (QI) of V if I is a
I-subsemiring of Vand ITVNVITC L

Definition 2.6. [14] Let V be any non-empty set. A mapping & : vV — [0, 1] is called a fuzzy set of V.

Definition 2.7. [15] Let V be the universe of discourse. A bipolar fuzzy set (BFS) & in V is an object having
the form & := {(6,&(0),ET(0)) : U € V), where £~ : vV — [=1,0] and £T : vV — [0, 1] are mappings.

For the sake of simplicity, we shall use the symbol & = (V; &7, &) for the BFS & := {(9, & (9), £ (9)) -
v e V]

Definition 2.8. [15] Let & = (V;&7,&T) bea BFS and s x t € [-1,0] x [0,1], the sets & = {t € V :
E(0) <sband & = {v € v : EY(¥) > t} are called negative s-cut and positive t-cut, respectively. For
sxte[-1,0] x[0,1], the set Esp =& N éf is called the (s, t)-set of & = (V;E7,&T).

Definition 2.9. [15] Let & = (V;&7,ET) and n = (V;n7,1") be two BFSs in a universe of discourse V.
The intersection of & and 1 is defined as
(& Nn7)(9) = min{E(9),n~(9)} and (ET NnT)(6) = min{&T (), nT(9)}, Vo € V.
The union of & and 1) is defined as
(E~Un7)(9) = max{& (9),n (9)} and (ET UnNT)(0) = max{ET(9),n" (9)}, Yo € V.
A BFS & is contained in another bipolar fuzzy set n, written with & C n if
E(0) =217 (0) and ET(6) <t (9), Yo € V.

Definition 2.10. [6] Let D be a subset of a I'-semiring V. The bipolar fuzzy characteristic function dp of
D is given by

0 otherwise.

lifseD
o) (0) = ¥ . and 6
0 otherwise

() — { ~lifieD

Definition 2.11. [1] A BFS & = (V;&7,&T) in a T-semiring V is called a bipolar fuzzy T-semiring
(BFGSR) of V if it satisfies the following properties: forall ¢,p € Vand y €T,

(i) E (¢ +p) < max{&(¢), E(P)),

(ii) & (éyp) < max{&™(¢), & ()},

(iii) ET (¢ + p) = min{&(¢), £ (p)},

(iv) £¥(¢yp) = min{&7(¢), £ (p)}.

Definition 2.12. [3] ABFS & = (V;&7,&ET) ina T-semiring V is called a bipolar fuzzy left (resp., right)
ideal (BFL(R)I) of V if it satisfies the following properties: for any é,0 € Vand p €T,

(i) £ (¢ +6) < max{&™ (&), £ (0)},

(ii) £~ (ép0) < E7(0) (resp., < & (€)),

(iii) £+ (¢ + 0) = min{&T (&), £ (0)),
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(iv) ET(80) > ET(0) (resp., = ET(é)).
Also, & is a bipolar fuzzy ideal (BFI) of V if it is both a BFLI and a BFRI of V.

Definition 2.13. [11] A BFS & = (V;&7,&") ina T-semiring V is called a bipolar fuzzy bi-ideal (BFBI)
of V if it satisfies the following properties: for any ¢,p,ii € Vand a,p €T,

(i) £ (¢+p) <max{e™(€), & (p)},

(ii) & (Cappii) < max{&(¢), & (i)},

(iii) £ (64 ) = min{ET(¢), ET(P)),

(iv) EF (Cappii) = min{&T (&), EF (i)}

3. MaIN ResuLts

In this section, we introduce and thoroughly examine the concept of bipolar fuzzy quasi-ideals,
focusing on their unique properties and defining characteristics. Building on this foundation,
we further investigate the impact of replacing the join operation V with a I'-semiring operation,
analyzing how this modification affects the structure and behavior of these quasi-ideals within
the broader algebraic framework. This approach provides deeper insight into the versatility and

adaptability of bipolar fuzzy quasi-ideals in the context of I'-semirings.

Definition 3.1. A BFS & = (V;&7,ET) in V is called a bipolar fuzzy quasi-ideal (BFQI) of V if it satisfies
the following properties: for any é,0 € V,

(i) £ (¢ + ) < max{&™ (&), £ (6)),

(i) (ETOT)U(OTET)DET,

(iii) £+ (¢ + 0) = min{&T (&), £ (0)),

(i0) (£+T5%) N (57 TE") € &,

Example 3.1. Let V be the set of all natural numbers with zero and I be the set of all negative even integers.
Then V and T are additive commutative semigroups. Define a mapping V X I X V by é0d as usual product
ofé,6 € Vand p € T. Then V is a T-semiring. Definea BFS & = (V; &7, &™) in V as follows:

&)= { and £ (¢) = {
Then & isa BFQI of V.

—0.8 if 1 is even or zero 0.8 if Y is even or zero

—0.5 otherwise 0.5 otherwise.

Theorem 3.1. ABFS & = (V;&7,&1) inVisa BFLIof V if and only if for all¢,6 € V,
(i) & (é+06) <max{& (&), & (0)},

(i) o°TE 2&7,

(iii) E7 (¢ + 6) > min{E™ (é), £7(0)},

(iv) 6TTET C &T.

Proof. Suppose ¢ is a BFLI of V. Then (i) and (iii) hold. Let ¢ € V.

Then (67T¢7)(9) = inf{max{6~(é), & (0) : ¥ = épd}} = &7(0) = & (9),s00 TE D&
Also, (617TET)(9) = sup{min{6™ (&), ET(6) : ¥ = épd}} = ET(6) < ET(9), 80 0TTET C &,
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Conversely, suppose that all four conditions hold. Let ¢, € V. Then & (épd) < (67 T&7)(é00) =
inf{max{6~ (&), E7(6)}} = &7(6) and ET(épd) > (0TTET)(Epd) = sup{min{oT(é), ET(6)}} = & (0).
Hence, & is a BFLI of V. O

Theorem 3.2. Any BFI of V is a BFQI of V and any BFQI of V is a BFBI of V.

Proof. Suppose & is a BFL of V. Then forany é,6 € Vand g €T,
(i) & (6+06) <max{&(é),E(0)},
(i) £7(¢00) < £7(0) and &7 (é00) < £7(8),
(iii) £+ (& +6) = min{&T (¢), &1 (6))},
(iv) & (épd) = &1 (0) and ET(pd) > ET (é).
Thus, (ET67)U(OTE) 26 TE 2& and (ETTOT)N(6TTET) C 6TTET C &F. Also, (ET67) U
(0TE)2ETS 2& and (ETTOT)N(6TTET) C ETTOT C . Hence, & is a BFQI of V.
Now, suppose £ isa BFQI of V. Let¢,0,4 € V and g, 7 € I'. Then
(i) £7(¢+0) < max{&™(é), & (0)},
(if) &7 (¢ +0) > min{E ™ (¢), £ (6)}
Also,
& (800) < [(E7T67) U (67TET)](é0)
= max{(£7T67)(é00), (6 TE™)(é00)}
= max{inf{max{&~(¢), 6™ (0)}}, infilmax{6~(¢), & (6)}}}

= max({&"(8), &7 (0)},

£ (e00) 2 [(£7To™) N (67TET)] (é0)
= min{(£7T67)(é0d), (67TET)(¢00))
= min{sup{min{¢* (¢), 67 (6)}}, sup{min{6™ (), £* () }})
= min{&"(¢), £ (0)}.
Therefore, & is a BEGSR of V. Also,

& (eooo) < [(E7T07) U (67TE7)](é0070)
= max{(ET67)(épitv), (6" TE™) (Bpitd))
= max{inf{max{&~ (&), 6~ (679)}}, infimax{6™ (é00), £~ (V) }}}
= max{&™(8), & (0)},

£ (#g9T0) > [(£7T6%) 1 (5TEH)] (éait)
= min{(ETT6T) (épot0), (6TTET) (606T0))
= min{sup{min{&* (¢), 57 (679)}}, sup{min{6™ (¢00), E* (9)}}}
= min{&" (), £ (9)}
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Hence, & is a BFBI of V. O
Theorem 3.3. If V is reqular, then every BFBI of V is a BFQI of V.

Proof. Given V is regular. Suppose ¢ is a BFBI of V. Then forany €,6 € v,
(1) &7 (6+0) <max{&(é),E7(0)},
(ii) ET (¢4 6) = min{ET (&), EF(6)).
We shall show that (ETT6T) N (6TTET) C & and (ETOT)U(OTE) 2&.
Case 1: Suppose (E7T61)(p) < ET(p). Then
(ETT67) N (87TET)(p) = min{(E7TO7) (), (67TET)(p) : p = égvrd)
< (£7T67)(p)
< &P
Case 2: Suppose (ETT6T) () > &1 (p). Then EF () < (ETT6T)(p) = sup{{min{(ET(€),67(0) : p =
gool} = EF(é). Also, (67TET)(P) = sup{{min{(6T(f),EF () : p = fri}} = ET(sir). Since V is
regular, there exist § € V and ¢, n € I' such that jj = jipsnp. Since & is a BFBI of Vv, we have
E°(p) = £ (ppsnp)
= & ((égv)psn(frin))
= & (éo(dpsnf) i)
min{& (&), £ (1))
Ifmin{&™ (€), & (4ir)}) = £ (é), then&T (p) > T (¢) whichisa contradiction. Thus, min{&T(8), EF (1)} =
&7 (), so E(p) = £ (). Now,
[(£7T6T) N (6FTEN)](P) = min{(£7T6T)(p), (67TE)(p)}

< (67TET)(p)

= &7 (1)

< EN(P)-

\%

Hence, (£1To%) N (67TEY) C &
Case 3: Suppose (£T57)(jj) = &(). Then
[(E7T07) L (67TET)](p) = max{(&7T67)(p), (67TE™)(p)}
> (£7T67)(p)
> & (p).
Thus, (£ T67) U (6 T&™) 2 &

Case 4: Suppose (E°T67)(p) < £ (p). Then & (p) > (5‘1‘6‘)(") inf{{max{(&(¢),6~(0) : p =
go6}} = & (8). Also, (6°TE™)(P) = infl{max{(6~(f), & (1) : p = fri}} = £ (41). Since V is regular,
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there exist § € V and ¢, 1 € I' such that jj = jipsnp. Since & is a BFBI of V, we have

& (p) = & (ppsnp)
= & ((200)psn(friir))
= & (éo(opsnf) i)
< max{& (&), & ()}

Ifmax{& (&), & (1)} = & (€), then & () < £ (é) whichisa contradiction. Thus, max{&~ (&), & (71)} =
& (rir), s0 E7(p) = & (1) Now,

[(&7T67) U (6°TET)(p) = max{(£7To7)(p), (6°TE)(H)}
> (07TE7)(p)
= & (1)
= ge&™ (p).
Hence, (& T67) U (6 TET) 2 &. Therefore, & is a BEQI of V. O

Theorem 3.4. The intersection of a BERI and a BFLI of V is a BEQI of V.

Proof. Let & be a BFRI and » be a BFLI of V. Then for any €,0 € V,

Q) (ETNut)(é+06) >min{(ET Nat) (@), (ET Nxt)(0)},

(i) (&~ N 7)) (2 +06) = max{(E~ N (é), (- Nx)(6))

Since & is a BFRI of Vv, we have ETT6"T € T and £ T8~ 2 &. Since x is a BFLI of Vv, we have
OtTIut Cut and 6T~ 2 x~. Now,

[(ETnxD IS N[0 TT(EF nut)] C (ETT61) N (xFT6T)

c&fnat,

[(ENH)TSJUSTE N 2(ETOS)U (T
2& Ux.
Hence, £ N » is a BFQI of V. O

Theorem 3.5. Let « be a nonempty subset of V. Then 0 is a BFQI of V if and only if x is a QI of V.

Proof. Let 6, is a BFQI of V. Then for any ¢,6 € V,

(i) 0y (6 + 06) < max{d, (€),0, (0)} = max{-1,-1} = -1,

(ii) 6 (2 + 0) = min{6; (¢), 6, (6)} = min{1,1} = 1.

Thus, é+ 0 € . Letp € (VI'x) N (xT'V). Then j € VI'x and jj € xT'V. Thus, j = épd and jj = fri for
someé,m €V, 0, fue k,and g, 7 € I'. Also,
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O (F) < [(6,T07) U (87T,))(p)
= max{(6,T'67)(p), (67To, ) (p)}
= max{inf{max{6; (&), 5~ (6)}}, inflmax{6~ (f), 5 (i) }}}
= max{-1, -1}

= -1,

55 (p) = (65T N (67T8,)] ()
= min{(8;T0") (p), (6"T6,) (p))
= min{sup{min{5;} (¢),6" (6)}}, sup{min{6™ (f), 8, (1i1)}}}
= min{1, 1}

=1.

Thus, j € k. Hence, x is a QI of V.

Conversely, suppose that x isa QL of V. Let &,6 € V.

Ifé,0 € x, then é + § € k. Thus, 6;(¢ +0) = -1 = [-1,-1] = max{6, (), (6)} and & (¢ + §) =
1 = [1,1] = min{5;" (&), 6; (9)}.

If 606 ¢ x, then 6.(¢) = 0 = 6.(6) and 6 (¢) = 0 = 6(6). Thus, 6 (6+0d) = 0 <
max{0y (¢), 6, (0)} and 6 (6 + ) = 0 > min{5,} (&), 6 (6)}.

If ¢ ¢ 1,6 € x, then 6,(¢) = 0 = 65 (¢),6¢(6) = -1, and 6{(6) = 1. Thus, 6, (¢ + 0) <
max({6y (¢), 6y (0)} and 6;¢ (¢ + 0) > min{6;f (&), 6 (6)}.

Ifé € x, then 6, (¢) = —1and 6; (¢) = 1. Also, [(6;T67) U (67T6;)](é) = (6:T67) (&) = 6, (¢) = -1
and [(6T6%) N (61T6,)](8) < (6:T61)(é) = 6 (¢) = 1.

Ifé ¢ x, then 6;(¢) = 0,6, (6) = 0,and & ¢ k. Thus, & ¢ (VI'x) N (xI'V). Then the following three
cases arise:
Case 1: Suppose é ¢ VI'kx and ¢ ¢ xT'V. Then ¢ = jigé and ftrit for some j, 71 € V, 6, f ¢ x, and
0,7 € I'. Now,

[(6:T07) U (67T0,)](€) = max{(6,T67)(é), (67To,)(é)}
= max{inf{max{6; (f), 6~ (1i2)}}, inf{max{5~ (§), 6, (6)}}}
= max{0, 0}
=0
= 0,.(2),

[(65T6) N (67T6)](8) = min{(6,.T67) (&), (67 To; ) (&)}
= min{sup{min{5;} (f), 5" (1)}, supfmin{5™ (), 6, (6)}}}
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= min{0, 0}
=0
=6, (é).

Case 2: Suppose é € VI'k and é ¢ xT'V. Then ¢ = jigd and f77i for some j, 71 € V,6 € , f € «, and
0,7 € I'. Now,

[(6,T67) U (67T6,)](€) = max{(6,T67)(é), (67T, ()}
= max{inf{max{5; (f), 6~ (1)}, inf{max{6~ (5), o5 (6)}}}
= max{0, 0}
=0
= 0, (9),

[(6£T67) N (67 To;)](8) = min{(6,T67) (&), (67T ) (€))
= min{sup{min{5;} (f), 5" (1)}, sup{min{5™ (), 6,5 (6)}}}
= min{0, 0}
=0
=67 (8).

Case 3: Suppose € ¢ VI'k and € € kI'V. Then & = jigo and me for some i, 111 € V,0 ¢ «, f'e x, and
0,7 € I'. Now,

[(0,T67) U (67T6;)](8) = max{(6,T07)(é), (67T, ) (é)}
= max{inf{max{6; (f), 5~ (1i1)}}, infimax{5~ (), 6, (6)}}}
= max{0, 0}
=0
= 0,(¢),

[(6,T67) N (67T6,))(¢) = min{(6,,T6") (&), (67T6;) (&)}
= min{sup{min{5; (),6" (11)}}, sup{min{6™ (), 6, (6)}}}
= min{0, 0}
=0
=61 (&).
Hence, in all the above three cases, (6;T67) N (67T6,) C 6 and (6;T67) U (67 T8, ) 2 6. There-
fore, 0, is a BFQI of V. O

Theorem 3.6. Every QI of V is idempotent if and only if every BFQI of V is idempotent.
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Proof. Suppose every QI of V is idempotent. Let & be a BFQI of V. Then ETTET € (E7T0T) N
(6TTEY) € &t and ETE 2 (ET67)U (0°TET) 2 &7 By theorem 4.8 of [2], V is regular and
intra-regular. Let jj € V. Then pj = poriitp and p = éppdpno for some 11,¢,6 € Vand o, 7, ¢, ¢, n €T

Now, jj = poritp = portpority = porit(éppdpns) oty = (portépp)d(pnoonty). Since any BFQI
of V is a BFBI of v, we have
(ETTEN)(P) = (7T ((poritepp)p(pnooritp))
= sup{{min{(¢ " (poritépp), & (pnogrp)}}
> sup{{min{min{& ™ (), £* ()}, min{&* (5), £ (H) I
=& ().
Thus, ETTEY D &, 50 ETTET = &. Also,

(ETET)(p) = (E7TE) ((pariveépp)d(pnogriti))
= inf{{max{ (&~ (pormtépp), & (pnoermtp)}}
< inf{{max{max{&™ (), &~ (p)}, max{&™ (p), £ (F)I
=& (p)-
Thus, ETE CET,s0 ETE™ = &. Hence, every BFQI of V is idempotent.
Conversely, suppose that every BFQI of V is idempotent. Let x be a QI of V. By Theorem 3.5,

we have 6, is a BFQI of V. Thus, 6 = 66" and 6; = 6,T'6". Therefore, xI'x = x. Hence, every
QI of V is idempotent. m]

4. CONCLUSION

This research provides a comprehensive analysis of BFQIs in I'-semirings, highlighting their
generalization of BFIs. We establish that BFBIs extend BFQIs, broadening their applicability
within the I'-semiring structure. In regular I'-semirings, we show that the two concepts coincide,
offering a unified perspective. Additionally, the study identifies that the intersection of a BFRI and
a BFLI always forms a BFQI. These findings contribute significantly to the understanding of fuzzy

ideal theory in I'-semirings.
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