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Abstract. We develop and examine the pre-modular space of null variable exponent-weighted backward generalized
difference gai sequences of fuzzy functions in this paper. These sequences of fuzzy functions are important contributions
to the concept of modular spaces because they have exponent weighting. Using extended s—fuzzy functions as well as
this sequence space of fuzzy functions, it has been possible to accomplish an idealization of the mappings. We have
presented some topological and geometric properties of this new space, as well as the ideal mappings that correspond

to them.

1. INTRODUCTION

The mappings’ ideal theory is well regarded in functional analysis. The closed mappings’ ideals
are certain to play an important function in the principle of Banach lattices. Fixed point theory,
Banach space geometry, normal series theory, approximation theory, ideal transformations, etc.
all use mappings’ ideal. Using s-numbers is an essential technique. Pietsch [1-4] developed and
studied the theory of s-numbers of linear bounded mappings between Banach spaces. He offered

and explained some topological and geometric structures of the quasi ideals of £, type mappings.
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Then, Constantin [5], generalized the class of £, type mappings to the class of ces, type mappings.
Makarov and Faried [6], showed some inclusion relations of £, type mappings. As a generalization
of ¢, type mappings, Stolz mappings and mappings’ ideal were examined by Tita [7,8]. In [9], Maji

and Srivastava studied the class Ar(,s) of s-type ces, mappings using s-number sequence and Cesaro
(s)
PA
with 1 < p < co. In [10], the class of s-type Z(u,v;{,) mappings was defined and some of their

sequence spaces and they introduced a new classA, ; of s-type ces(p, ) mappings by weighted ces),
properties were explained. Yaying et al. [11], defined and studied x;, whose its r-Cesaro matrix
in ¢,, with r € (0,1] and 1 < n < co. They explained the quasi Banach ideal of type x,, with
re (0,1] and 1 < 1 < oo. Pre-quasi mappings’ ideals are more extensive than quasi mappings’
ideals, according to Faried and Bakery [12].

After Zadeh [13] established the concept of fuzzy sets and fuzzy set operations, many researchers
adopted the concept of fuzziness in cybernetics and artificial intelligence as well as in expert
systems and fuzzy control. Javed et al. [14] investigated the Banach contraction in R-fuzzy b-
metric spaces and discussed some related fixed point results to ensure a fixed point’s existence and
uniqueness. A nontrivial example is given to illustrate the feasibility of the proposed methods.
They offered an application to solve the first kind of Fredholm-type integral equation. In [15],
Rehman and Aydi proved some common fixed point theorems for mappings involving generalized
rational-type fuzzy cone-contraction conditions in fuzzy cone metric spaces. They gave a common
solution of two definite Fredholm integral equations. The concept of orthogonal partial b-metric
spaces was pioneered by Javed et al. [16]. They presented a unique fixed point for some orthogonal
contractive mappings with some examples and an application. Humaira et al. [17], discussed the
existence theorem for a unique solution to a coupled system of impulsive fractional differential
equations in complex-valued fuzzy metric spaces and the fuzzy version of some fixed point results
by using the definition and presented some properties of a complex-valued fuzzy metric space
with some applications. In this study, Rome et al. [18] looked into the concept of extended fuzzy
rectangular b-metric space. They explained that some fixed point results in the literature could
be generalized by a-admittance in this space. They used this to show solutions for a group of
integral equations. Many researchers in sequence spaces and summability theory studied fuzzy
sequence spaces and their properties. Different classes of sequences of fuzzy real numbers have
been discussed by Nanda [19], Nuray and Savas [20], Matloka [21], Altinok et al. [22], Colak et
al. [23], Hazarika and Savas [24] and many others. In [20], the Nakano sequences of fuzzy integers
were defined and analyzed. Tripathy and Baruah [25], introduced and examined some properties
of a new type of difference sequence spaces of fuzzy real numbers. Subramanian and Misra [26,27],
defined and studied the generalized double difference of Gai Sequence Spaces and the generalized
semi-normed difference of double gai sequence spaces defined by a modulus function. In [28],
Subramanian et al. introduced and offered some properties of the generalized difference gai
sequences of fuzzy numbers defined by Orlicz functions. Bakery and Mohamed [29], introduced

the certain space of sequences of fuzzy numbers, in short (cssf), under a certain function to be
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pre-quasi (cssf). This space and s— numbers have been used to describe the structure of the ideal
operators. They defined and studied the weighted Nakano sequence spaces of fuzzy functions.
They constructed the ideal generated by extended s—fuzzy functions and the sequence spaces of
fuzzy functions. They presented some topological and geometric structures of this class of ideal and
multiplication mappings acting on this sequence space of fuzzy functions. Moreover, the existence
of Caristi’s fixed point was examined. Many fixed point theorems are effective when applied
to a given space because they either enlarge the self-mapping acting on it or expand the space
itself. In this paper, we have defined and studied the pre-modular space of null variable exponent-
weighted backward generalized difference gai sequences spaces of fuzzy numbers, which are
important extensions of the concept of modular spaces. The Fatou property of various pre-quasi
norms on this new space has been investigated. Extended s—fuzzy functions and this sequence
space of fuzzy functions have been used to create the mappings” ideal. The topological and

geometric characteristics of mappings’ ideal are offered.

2. DEFINITIONS AND PRELIMINARIES:

Remember that Matloka [21], introduced bounded and convergent fuzzy numbers, investi-
gated some of their properties, and demonstrated that any convergent fuzzy number sequence is
bounded. Nanda [19], researched fuzzy number sequences and demonstrated that the set of all
convergent fuzzy number sequences forms a complete metric space. Kumar et al. [30], presented
the concept limit points and cluster points of sequences of fuzzy numbers. If () is the set of all

closed and bounded intervals on the real line R. Assume f = [fi, f»| and g = [g1, g2 in ), let
f<gifandonlyif f; < g and f» < g.

Define a metric p on () by

p(f,8) = max{lfi — g1l 1f> — gl}-

Matloka [21] proved that p is a metric on () and (€}, p) is a complete metric space. The relation <
is a partial order on Q).

Definition 2.1. A fuzzy number f is a fuzzy subset of R i.e., a mapping f : R — [0, 1] that verifies the
four conditions:
@): fis fuzzy convex, i.e., forx,y € Rand a € [0,1], f(ax + (1 —a)y) = min{f(x), f(y)};
(b): f is normal, i.e., there is yo € R such that f(yo) = 1;
(c): f is an upper-semi continuous, i.e., for all « > 0, f~1([0,x + &)) for all x € [0,1] is open in the
usual topology of ‘R;
(d): the closure of fO :={y € R: f(y) > 0} is compact.

The B-level set of a fuzzy real number f, 0 < f < 1, denoted by £, is defined as

ff=lyeR: f(y) 2 p).
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The set of all upper semi-continuous, normal, convex fuzzy number, and f is compact, is marked
by R([0,1]). The set R can be embedded in R ([0, 1]), if we define r € R([0,1]) by

1, t=r
0, t+r.

The additive identity and multiplicative identity in R[0,1] are denoted by 0 and 1, respectively.
Assume f,¢ € R[0,1] and the B-level sets are [f]f = [f’g,fzﬁ], [¢]f = [gﬁ,gg], B € [0,1]. A partial
ordering for any f, ¢ € R[0,1] as follows: f < g if and only if ff < ¢, forall g € [0, 1].
Assume p : R[0,1] x R[0,1] — R+ U {0} is defined by p(f,g) = sup p(f*,¢).

0<p<1

Recall that:

(1) (R[0,1],p) is a complete metric space.

(2 p(f+k g+k)=p(f, g) forall f,g, ke R[0,1].

@) p(f +kg+1)<p(f g +pkD).

(4) p(&f, &) = Elp(f, g), forall & € R.
By co, e and ¢, we denote the space of null, bounded and r-absolutely summable sequences of
real numbers. Let w(F) denote the classes of all sequence spaces of fuzzy real numbers. A sequence
X = (Xk) € w(F) is called analytic sequence of fuzzy numbers if sup, IX(FT < o0, A sequence
X = (Xk) € w(F) is called gai sequence of fuzzy numbers if (k!p(Xk, ()))ﬁ —0,ask — co. Let CN
denote the space of all sequences of complex numbers, where N is the set of non-negative integers.
Tripathy et al. [31], defined and examined the forward and backward generalized difference
sequence spaces: U(A™) = {(wk) eCN: (AMwy) e U} and U(A™) = {(wk) e CN: (Al'wy) € U},

m m

wherem,n e N, U = {«, cor cg, with A,gm)wk = Z(—l)VCT Wiy, and Ajwy = Z(—l)VCT Wi—yn,
v=0 =0
respectively. If n = 1, the generalized difference sequence spaces reduced to U(A™)) defined and

investigated by Et and Colak [32]. If m = 1, the generalized difference sequence spaces reduced
to U(A,) defined and investigated by Tripathy and Esi [33]. While, if n = 1 and m = 1, the

generalized difference sequence spaces reduced to U(A) defined and studied by Kizmaz [34].

Definition 2.2. [35] The backward generalized difference A}' , is said to be an absolute non-decreasing, if

bl < i for all i € N, then A7 1| < |y

We indicate the space of all bounded, finite rank linear mappings from an infinite dimensional
Banach space A into an infinite dimensional Banach space A by £(€Q), A), and &(Q2, A) and when
A = A, we inscribe L(Q) and §(Q)). The space of approximable and compact bounded linear
mappings from Q) into A will be denoted by Y(Q2, A) and L.(Q, A), and if O = A, we mark Y(Q))
and L(Q), respectively.

Definition 2.3. [36] An s-number function isa mapping s : £(Q, A) — RN that givesall V € L£(Q, A)
a (sa(V))3, holds the following conditions:
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@: [Vl =5s0(V) 251(V) 252(V) = ... 20, for every V € L(Q, A\),

(b): s;14-1(V1 4+ V) < 5/(V1) +54(V2), for every V1, Vo € L(Q, A) and 1, d € N,

©: sg(VYW) < [[VIIsa(Y) [IWI|, for every W € L(Ao,A), Y € LIQ,A) and V € L(A, Ay), where
Qo and Ag are arbitrary Banach spaces,

(d): assume Ve L(O,A)and y € R, then s;(yV) = |ylsa(V),

(e): ifrank(V) < d, then s4(V) =0, forall V e L(Q), A),

6): 515,(1) = 0 or s1,(1,) = 1, where 1, indicates the unit mapping on the a-dimensional Hilbert

a
space €.

We give here some examples of s-numbers:
(1): The g-th Kolmogorov number, denoted by d,(X), is marked by
dg(X) = infgim j<4sUP Ifll<1 infeey [IXf - gll.
(2): The g-th approximation number, indicated by a;(X), is marked by
ag(X) =inf{ X -Y]|: Y € L(€, A) and rank(Y) < g}.

Definition 2.4. [3] Let L be the class of all bounded linear operators within any two arbitrary Banach
spaces. A sub class U of L is said to be a mappings’ ideal, if every U(Q), A) = U N L(Q), A) satisfies the
following setups:

(D): Ir € U, where I indicates Banach space of one dimension.

(ii): The space U(QY, A) is linear over R.

Gii): If We L(Ag,A), X e U, A)and Y € L(A, No), then YXW € U(Ao, o).

Notations 2.5. [29]
Ty = {@U(Q,A)}, where Fy(Q, A) = {v € LIOA): (V)2 € U},

Sz {FU(Q,A)}, where Foy(Q, A) = {v e LIOA): (V)2 € U},

iy = {EU(Q,A)}, where Fly(Q, A) = {v € LIOA) : (V)2 € U},

where

1, x=s5i(V)
si(V)(x) =
0, x#s;(V).
Definition 2.6. [12] A function H € [0, 00)¥ is said to be a pre-quasi norm on the ideal U if the following
conditions hold:
(1): AssumeV e U(Q),A), H(V) 20and H(V) = 0, ifand only if, V = 0,
(2): one has Q = 1 with H(aV) < Dla|H(V), forall V .€ U(Q), A) and o € R,
(3): thereare P > 1 such that H(V1 + V,) < P[H(V1) + H(V2)], forall V1, V2 € U(Q), A),
(4): there are 0 > 1 so that if V. € L(Ag,A), X € U(Q,A) and Y € L(A, Ng) then H(YXV) <
o [IYIIH(X) [IVII.

Theorem 2.1. [12] H is a pre-quasi norm on the ideal U, whenever H is a quasi norm on the ideal U.
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Lemma 2.1. [37] If 1, > 0 and v, t, € R, for all a € N, then [v, + to|% < 2K ([v|% + |t,|%), where

K = max{1,sup, 74}.

3. SOME CHARACTERISTICS OF )(S(A;”H, T,1)

We have offered in this section sufficient conditions of the space of null variable exponent-

weighted generalized difference gai sequences of fuzzy numbers, )(O( n.1,T,1), equipped with

definite function / to be pre-quasi Banach (cssf). We have examined some algebraic and topological
properties like completeness, solidness, symmetry, convergence-free etc. The Fatou property of
various pre-quasi norms & on x, (AZ1 ' 1,7, 1) has been presented.

Ift = (1,),n=(m) € R+Y, where R+ is the space of positive reals. The space of null variable

exponent-weighted generalized difference gai sequences of fuzzy numbers is defined as:

K8, ) = {vz(va)ew(F)rlirg[P( (@] o

=0fora<0, Aﬁﬂlval = A" Ho,| - A"~

L \#
)”“ )] =0, for some p > O}, where

Nog—1l and A%, = v,, foralla,n,m e N.

n+1 n+1

Theorem 3.1. If (7,) € {w, then

Ta

Aam ) = {v = (v;) € @(F) : lim [ﬁ(na (at A, )+ 6)]_ =0, forany u > 0}.

a—0o0

Proof.

Ta

XE(AT ) = {v — (04) € w(F) : 11m[ ( (at A )T 6)}_ — 0, for some y > o}

1 \¥
= {v = (vq) € w(F) : lim |y|a+1 hm [p( ( |A ) o O)] =0, for some u > O}

a—oo
o 6)]‘ o)

YA
)”“ )] :0,foranyy>0}.

= {v = (va) € w(F) » lim [P( ( A7 ol

a—oo

= {z; = (v;) € w(F) : lim [ (T?u (a' A" |y

It is clear to see that if (7,) € {w, then

ENE
)m 0)]K :Oz;.ali_)n;[ (T?a (|An+1|v,1|

= lim [ (10 [

=g

)a+l _)] =0

0)]* =o.

For X = (X), a given sequence S(X) denotes the set of all permutation of the elements of (Xj),
thatis S(X) = {(Xn(k))}.

Definition 3.1. (1): A sequence space of fuzzy numbers U is said to be symmetric, if S(X) € U, for
all X € U.

lim [p( (at |7, fod
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(2): A sequence space of fuzzy numbers U is said to be convergence free if (Yy) € U whenever (X;) € U
and Xy = 0 implies Yy = 0.

Theorem 3.2. If (1,) € lw, then the space (XS(A, T, r]))h is symmetric.
Proof. 1t is easy, so omitted. ]

Theorem 3.3. If (7,) € oo, then the space ()(0 (Amjlz, , 17)) , is not symmetric.

Proof. Consider the sequence (Xi) = (0,1,2,3,4,5,6,---). Then (Xi) € ()(g(AZ, T,T]))h. Now if (Yy)

is the rearrangement of (Xj) defined by (Yx) = (0,6,2,1,4,3,5,---). Then (Yj) ¢ ()(g(Az, T,T[))h.
Therefore, the space ( )(g (A%, 17)) i is not symmetric. O

Theorem 3.4. If (t,) € {w, then the space (Xo (Aﬁrll, , n))h is not convergence free.

Proof. Consider the sequence (Xi) = (1,1,:--). Then (Xy) € ()(g(AZ, T,T]))h. Again if (Yy) = (k2).

Clearly, (Yy) ¢ ()(g (A%, 17)) - Hence the space ()(0 (AZT%, 1])) , is not convergence free. ]

Let us mark the space of all functions & : U — [0, ) by [0, o0)V.

Definition 3.2. [38] If U is a vector space. A function h € [0,00]Y is said to be modular if the following
conditions hold:

(@): AssumeY €U, Y =9 & h(Y) = 0 with h(Y) > 0, where 9 = (0,0,0,...),

(b): h(nZ) = h(Z) verifies, for every Z € U and || = 1,

(0): the inequality h(aY + (1 —a)Z) < h(Y) + h(Z) holds, for every Y,Z € Uand a € [0,1].

Definition 3.3. [29] The linear space U is called a certain space of sequences of fuzzy numbers (cssf), when
D: {Eq}qu C U, where b, = (0,0,..,,1,0,0,---), while 1 displays at the q" place,
(2): Uissolidie., if Y = (Yy) € w(F), Z = (Z;) € Uand |Yy| < |Zy, for every q € N, then Y € U,
3): (Y 4 )q "o € U, where (1] denotes the integral part of 1, if (Y. ) €U

Definition 3.4. [29] A subclass Uy, of U is said to be a pre-modular (cssf), if there is h € [0,00)Y satisfies
the following conditions:

(): Assume Y €U, Y =9 & h(Y) = 0 with h(Y) > 0, where 9 = (0,0,0,...),

(ii): one has Q > 1, the inequality h(aY) < Qlalh(Y) holds, for all Y € U and a € R,

(iii): one has P > 1, the inequality h(Y + Z) < P(h(Y) 4+ h(Z)) verifies, forall Y,Z € U,

(iv): suppose |Y,| < |Zy|, forall g € N, then h((Y,)) < h((Z,)),

(v): the inequality, h((Y,)) < h((Y[%])) < Poh((Yy)) verifies, for some Py > 1,

(vi): if E is the space of finite sequences of fuzzy numbers, then the closure of E = Uy,

(vii): one has o > 0 with h(&,ﬁ, 0,0, o) > alalh(i 0,0,0, ...), where
1, y=a

a(y) =
0, v+#a.
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Note that the notion of pre-modular vector spaces is more general than modular vector spaces.
Some examples of pre-modular vector spaces but not modular vector spaces.
g4

1\ |3+4
Example 3.5. The function h(Z) = sup [ ( (|A3|Zq||)'7+1 ,0)] " sa pre-modular (not a modular)

on the vector space x, ( ( ) ( (g+1)” )711))
AsforeveryZ,Ye;(o( > ( ) (q+1 )Tl)) one has

h(Z+Y 2 )m,ﬁ} q <8(h(Z) + h(Y)).

—— | =sup
)=

29+3
q+4

is a pre-modular (not a modular)

Example 3.6. The function h(Z) = sup [E(Z—

+
femm—
e
N
=

s
o
e

)
on the vector space x§ (A (%ﬁf) ((q +1)(g+2)7 (g )T))
As for every Z,Y € x}) (A (qujf) ((q +1)(g+2)7 (g") 7T ), one has

Zs+ Yy
2

1
)24

g+2

sup |p
q

)m ,6]] < 2(h(Z) +h(Y)).

An example of pre-modular vector space and modular vector space.

2943

q+1 _ m
) ,0 < 1}isa pre-modular

(modular) on the vector space Xg (A (2::23) ((q +1)(g+2)7 (g! )q+1 ))

1
Example 3.7. The function h(Y) = inf {oz >0: sup D ;H' (‘ |—|

Definition 3.8. [29] If U is a (cssf). The function h € [0,00)V is said to be a pre-quasi norm on U, if it
verifies the following settings:

(D): Suppose Y € U, Y = 9 & h(Y) = 0 with h(Y) > 0, where § = (0,0,0,...),

(ii): we have Q > 1, the inequality h(aY) < Qlalh(Y) holds, for all Y € U and a € R,

(iii): one has P > 1, the inequality h(Y + Z) < P(h(Y) + h(Z)) verifies, forall Y, Z € U.

Theorem 3.5. [29] Suppose U is a pre-modular (cssf), then it is pre-quasi normed (cssf).
Theorem 3.6. [29] U is a pre-quasi normed (cssf), if it is quasi-normed (cssf).

Definition 3.9. (@): The function hon x} (A |, t,1) is named h-convex, if

h(aY +(1-a)Z) <ah(Y)+ (1-a)h(2),
forevery aw € [0,1) and Y, Z € x[ (A" |, T,7).
(): {Ylgen S ()(0( T n)) is h-convergenttoY € (Xo(Aan' 7,1 ))h, ifand only if, limy e h(Y, —
Y) = 0. When the h-limit exists, then it is unique.
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(©: [Vylgen € (Xg (AZ:_l,T,T]))h is h-Cauchy, if limy ;oo h(Y, = Y,) = 0.
d: T c ()(0( 1 T 17)) is h-closed, when for all h-converges {Y },eny CT to Y, then Y € T,
(e:Tc ()(0( T 17)) is h-bounded, if 6,(T') = sup {h(Y—Z) 2 Y, Ze F} < o0

(f): The h-ball of radius € > 0 and center Y, for every Y € ()(g Ay 4.7, n))h, is described as:

By(Y, ) = {z e ()(O(An+1,T,1]))h h(Y-2) < g}.

(g): A pre-quasi norm h on )(O(AZH,T n) holds the Fatou property, if for every sequence {Z9} C

()(F( "T n))h under limy_,oo h(Z9~Z) = Oandall Y € ()(O(Anﬂ, T,n))h, onehash(Y - Z) <
sup, infys, h(Y - Z17).

Recall that the Fatou property gives the h-closedness of the h-balls. We will denote the space of
all increasing and decreasing sequences of real numbers by I and D, respectively.

T

\1X
Theorem 3.7. ( (AZﬂrl,T 17)) , where h(Y) = sup[ (nq (q |An+1|y ||)'4+1 )] , for every
h
Y € x5 (AL, ,T,1), is a pre-modular (cssf), if the following conditions are satisfied:

a.: (7q)gen € Lo NTwith 19 > 0,

b.: A:’: 1 is an absolute non-decreasing,

(o]

c.: (nq(q!)q%) eDor, (nq(q )ﬂil) € IN{w and there is C > 1 so that 1zq41((29 + 1)!)2'1% <
q=0 q=0

1
Cng(q!) 7.

Proof. (i) Clearly, h(Y) > 0and h(Y) =0 & Y = 9.

(1-i) Assume Y, Z € )(O(A?H, 7,1). We have

~|g

h(Y—I—Z)—sup[( (! |An+1|Yq+Zq||)#,6)]

T T(]
K

< sup o ()7 0)] s otz 0)| i ) <

then Y + Z € x{ (A" s To)-
(iii) There are P > 1 with h(Y +Z) < P(h(Y) + h(Z)), for every Y, Z € )(O(AZ1+1, 7,1).
(1-i) If e e Rand Y € x§ (A .1 T,1), one has

T

I . Yq
h(aY)—sup[ (10 ol ™) < sup ol % sup[ (10l al) ™ 9)] < o) < o

SinceaY € x, F( AT 7,1), hence from parts (1-i) and (1-ii), we have Xo (Af T 7,1) is linear. Also b €

1q

)q_ﬁ)] = sup(nq(q )Ll)%q <

X810, forevery p € N asi(s,) = sup {1, (17118
q

Q.
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(ii) One has Q = max {1,supq Ial(ﬁq)K_l} > 1 with h(aY) < Qlalh(Y), for every Y € )(O(Afﬂ, 7,1)
and o € R.

(2) If Yyl < 1Z,l, for every g € N and Z € )(O(Am

T 7,1). We obtain

T T

4 =sup o o |An+1m||)ﬁ6)]% < sup 7 (2o ) T)| =iz <o

then Y € )(g(A;”H, 7,1).
(iv) Evidently, from (2).

(3) Assume (Y;) € )(O(A;”H, 7,1), (nq(q )%) € IN{w and one has C > 1 such that 12;41((29 +
q=0

1! )ZW < Cny(q! )W one can see

=~

g

< sup [p (772q (25/ |An+1|Y‘1||)2q+1 0
q

h((Y[g])) = sup [ﬁ(nq(

Yl
q

n+1

24 2g+1

+ sup [p (n2q+1 ((Zq +1)! |An+1|Yq||)z"% ,6)] ’

=~

— 1 _
< sup [p (772q (291]A, 1Y, ||)2"+1 +sup [p (772q+1((2q+1 IAnHIYqII)Z”Z,O)]
q

supg g

<207 sup[ (nq(q a7, v, )]_—25“*’“%(%)),

then (Y[%}) € )(O(Afﬂ, n). (v) From (3), one has Py = 2% >1.
(vi) Clearly, the closure of E = )(g (Aar T n).

M
(vii) One gets 0 < 0 < sup, || (a+DK 1, fora #0oro > 0, for a = 0 with
h(a,0,0,0,...) = olalk(1,0,0,0,...).
O

Theorem 3.8. If the conditions of theorem 3.7 are satisfied, then ()(0 Ay 1, r[)) is a pre-quasi Banach
h

T

9
%
(cssf), where h(Y) = sup[ (r]q (q |An+1|y ||)'7+1 )]  forall Y € xF (AT, 1, T,1).
q

Proof. According to Theorem 3.7 and Theorem 3.5, the space ( Xo F(am w1 T 17)) is a pre-quasi normed

(cssf). If Y/ = (Yﬁi);’io is a Cauchy sequence in ()(0 Ay 7, 17)) ,hence forall € € (0,1), thenly e N
- h

such that for every I, m > Iy, we have

19

h(Yl—Ym)—&;p[( ( |amIy! - Ym||)+ 6)] <e.
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L
7+

Therefore, p((|A 1|Yl Ym||) 0) < e. Since (R[0,1],p) is a complete metric space. So (Y7')
is a Cauchy sequence in R[0,1], for fixed 4 € N. This gives limy e Y = Yg, for fixed g € N.
Then h(Y! = Y%) < ¢, forall I > Iy. As h(Y?) = h(Y? =Y +Y!) < h(Y' = Y?) 4+ h(Y") < co. Then

Y EXO( i1 T o

=S

L
Theorem 3.9. The function h(Y) = sup[ (qu (q |An 1Yy ||) ok 0)] holds the Fatou property, when
q

the conditions of theorem 3.7 are satisfied.

Proof. Let {Z"} C ()(O(AnH,T,r]))h such that lim, . h(Z" - Z) = 0. Since (XO(An—i-l’ T,n))h is a pre-

quasi closed space, we have Z € ()(O(Aﬁl, ,n))h. For every Y € ()(O(Afﬂ, n))h, then

T

1 _\]x
h(Y —Z) = sup [ﬁ(nq (q! A 1Y, - zq||)q+1 ,0)]
q

=S

—l—sup[( ( |am 1z - Z||)+ ﬁ)rq

<sup[ (nq(q iy, -z 6)]

< sup infh(Y-2").

rzm

O

\T1%
Theorem 3.10. The function h(Y) = sup [ (17,1 (q ’An +1|Yq||)'”1 )] does not hold the Fatou property,

forallY € x, (An-i-l’ 7,1), if the condztzons of theorem 3.7 are satisfied with tg > 1.

Proof. Assume {Z'} C ()(F( T 17)) such that lim, . h(Z" = Z) = 0. As ()(O(ATH, ,17)) is a
h

pre-quasi closed space, we have Z € ()(0 (AZ’ T n))h. Forall Z € ()(g (An’” T n))h, then

h(Y—Z)—Sup[ (ﬂq(q - 2 _)]

_\1% I L
< 2Py ! [sup[ (ﬂq(q A, - 2 )] +Sup[ (nq(q |An+1|ZZ—Zq||)”H'O)] )

< 25UPg T sup infh(Y-2").

r>m

Yy

n+1 a

O
1 Tq
g+ _
p[nq(q' ) OJ] sl}
3q+2

L _\|39+3
Example 3.11. The function h(Y) = sup [ (’?q (q |An 1Yy ||) ok 0)] is a pre-quasi norm (not a norm)

3042 oo
on XO(A1T+1’( qq+1 )qzo)'n)'

Example 3.10. For (7,) € [1,00)N, the function h(Y) = inf {a >0:sup
q

is a norm on Xo(Aanf T,1).
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3q+2
q+1

L
Example 3.12. The function h(Y) = sup [ (qu (q |An 1Yy ||) ok )] is a pre-quasi norm (not a quasi

39+2\ 0o
norm) on )(O(A:fﬂ,( qq+1 )qzo),n)'

Example 3.13. The function h(Y) = sup 9 (’Yq (q |An+1|Y ||) ) is a pre-quasi norm, quasi norm and

not a norm on xf (A, (d),n), for 0 < d <1

4. STRUCTURE OF MAPPINGS  IDEAL

7‘7
The structure of the mappings’ ideal by ()(g (A, n))h, whereh(g) = sup [ (Uq (q |am ngqID”+1 0)] ,
forall g € )(g (A, 7, 1), and extended s—fuzzy functions have been explamed. We study enough

setups on ( )(g Ay, Tm) )h such that the class " ( ) is complete. We investigate conditions

o (A5 Tn) ;

setups (not necessary) on ()(g VAV 1])) such that the closure of ¥ = @( ) - This gives
h

XO(A11+1 7]) A
a negative answer of Rhoades [39] open problem about the linearity of s— type ()(g (A7 T, n))h

spaces. We explain enough setups on (Xg(AZZ +1,T,17))h such that i( ) is strictly con-

Ko )

tained for different powers, weights and backward generalized differences, the class 2
dotaon)
h

is simple, and the space of every bounded linear mappings which sequence of eigenvalues in

F(Am K7
()( (A ,T,T])) equals " .
R (se0am)

Theorem 4.1. [29] If U is a (cssf), then Ty isa mappings’ ideal.
In view of Theorem 3.7 and Theorem 4.1, one has the following theorem.

Theorem 4.2. If the conditions of theorem 3.7 are satisfied, then E( ) is a mappings’ ideal.

(AZI-H M)
h
Theorem 4.3. If the conditions of theorem 3.7 are satisfied, then the function H is a pre-quasi norm on

— 1 \1% .
oY A lsg(Z2)] )q+1 ,0)] , forevery Z € >I<(

),withH(Z) = sup [ﬁ(nq( !

h

) (Q,A).

( (AZ’H M) (AZIH M)

h

i
K

) (00 HO) = e A

X (A1 T) ’

Proof. (1): Suppose X € i(

=~

+1

4 _— —_
0 and H(X) = sup [ﬁ (nq (q! A Isg(X)] )q ,6)] = 0, if and only if, 5,(X) = 0, for all
q
ge N,ifand only if, X = 0,
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i
K

)_1 6)] < QlalH(X), for all

Is (aX)

(2): one has Q > 1 with H(aX) = sup [ﬁ (’Yq (q el
q

Xeg( )(Q,A)andaeiR,

Xo (A ,,Tm)
h

(3): there are PPy > 1 so that for X, X5 € i( ) (Q, A), we have

XO (AnJrl T T])
h

T

)m,a)r SP( (519 (X)) + (53 (X ));o:o)
h(sq(xl));o:o + h(sq(XZ));ozo) ,

(4): thereare p>1,if X € L(Ap,A), Y € >I<(

A" 150(X1 + X))

A
-
I
o
—_

(Q,A) and Z € L(A, Ao), then
(AZ'H ”))h

1q

)™ 6)] S HOINIZI )0 < o IXIH(Y) 7]

w118 (ZYX)]

H(ZYX) = sup [F (nq (v/

O

In the next theorems, we will use the notation (*I* (
xo (

)) ,H), where H(V) = h((sq(V));":O),

m
An+1 A

forall V e "4 .
( o (AT ’7))}

Xo (80

Theorem 4.4. Assume the conditions of theorem 3.7 are satisfied, then (i( ,H ) is a pre-quasi
)

Banach mappings’ ideal.

Proof.

Let (V;)aen be a Cauchy sequence in E( ) (Q, A). Since L(Q,A) 2 S( (Q,A),

XO(AH+1 1) (AZL ’7))
h

h

then

T

) ,O > h(SO(Vr - Va), 0,0,0, ...) > T]OK ”Vr_ Va” K ,

q

this implies (V,)sen is a Cauchy sequence in L(Q, A). Since L(Q), A) is a Banach space, one has
V e L£L(Q,A) such that uh_)r{}o IVa—V || = 0and as (sq(Vu));":O € ()(F( T 77)) for everya e N
and ( )(0( T r))) is a pre-modular (cssf). Then we have

h

[o¢]

H(V) = H{(5V))520) < H{ (5 (V= Vi)

_ sup, 7q
< (V= VD)o ) + 20 % H{ (54 (Va) )52 < &,

q=0
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for some C > 1, hence one has (sq(V))q ()(O(AnH, n))h/ hence V e §( ) (QA). O

(AZ’+1 1)

h
Definition 4.1. A pre-quasi norm H on the ideal @Uh holds the Fatou property if for all {Tglsen C
", (Q, A) such that limy oo H(T; = T) = 0and M € Ty, (Q, A), then

HM~T) < supinfH(M - Tj).
q 129

Theorem 4.5. If the conditions of theorem 3.7 are satisfied, then |V ,H | does not hold the
(XS(A;”HJ/W)h
Fatou property.
Proof. Let {Tylgen < $2 (Q, A) with lim;, H(T; = T) = 0. Since $ is a
(XO n+1 ) ( (AZ;I T}))}
pre-quasi closed ideal, then T € 52 (Q), A), hence for all M € 52 (Q,A), we
(e (secermn)
have
17
— — |\ =
O =1) = sup 31 ot o2 ST 1)) )|
q
P -
—_ YN = —_ . 1\ =
< sup |p (nq (v/! AL sy (M =T) ) 0)] + sup [p (nq (q! |AZ@15[;](TI-—T) ) 0)]
q q
EENNT <
<20 F su infsu ( '|A st (M —=T;) ) "o
P P T |Bnt2%13) ‘
O
Theorem 4.6. 4* (O, A) = the closure of &(Q, A), if the conditions of theorem 3.7 are
o o)
h

satisfied. But the converse is not necessarily true.

Proof. Asb, € ()(O(A;”H, 17)) for all x € N and (XO(An—i-l’T’T])) is a linear space. If Z € F(Q), A),
[/

one has (ax(Z))3

o € E. Then the closure of F(Q,A) C %a(

(), A). Suppose Z €
)

%“(

(Q), A), one has (a5(2))™ ( E(Am ”))h‘ Since h(ay(2))™., < o, if p € (0,1),
XA e 77))
h

one has xop € N — {0} so that h((ax(Z))52,,) < £ As (ax(Z));, is decreasing, one gets
1 \1%
2xo _ x+1 = 2x9 —
sup [p (TTx (x' ) , O)] < sup [p (Tlx (x
x=xp+1 x=xp+1

1 e
00 — x+1 = p
<sup [p (r]x (x! ) , 0)] < 1
X=Xq

Tx

— ner A\IX
o )

An-i—lazxﬂ (Z)
(4.1)

AL, ax(?)
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Then one has Y € 2y, (2, A) such that rank(Y) < 2xp and

X

)’(+1 _)]K < sup | (nx(x' |A™ IZ =Y

x=xo+1

& AE e
) ,o)] <y @2

3
sup | (nx(x'|A LZ=Y
x=2x0+1

as (74)qen € oo NTwith 79 > 0, take

=2

sup|( o (! |An+1IIZ—Y||)ﬁ,6)] <§. (4.3)

x=0

According to inequalities 4.1-4.3, then

d(Z,Y) = sup [p(qx (x! A
x=0

<368 [p s (0 2 27"
1 \F
) 0)] +

Sup [P (T]X-I-Zxo ((x + 2X0 |A +1%x+2x0 (Z Y)

X=Xq

<82P[ ( (a7, 1Z =Y

X
Tx+2xq

o
e

aE D
)A+1 )] + sup |:ﬁ (nx (x! |AZ1+104X (Z)

X=Xo

) sl

) (Q), A) C the closure of F(Q, A). Contrarily, one has a counter exam-
h

~g

3xo

<sup[p( (x| iz =Y

Tx

-

% \]X
n+10‘X(Z)') /0)] <p-

<3su [ ( x'|An+1||Z Y|
This implies s (

Xo (AR Tm)
(Q, A), but 79 > 0 is not satisfied. O
)

Ple as [ € " (Xg(A,(O,OrLl"" ,((X+1)—1(x!)%))

Theorem 4.7. Assume the conditions of theorem 3.7 are satisfied with T,((l) < TJ(CZ) and r],(f) < r],(cl), for every

x €N, then

>I<( (A:?+2( (1)),(11561))) X (Am+1 (,[(2))’(711(Y

0\ "n+1”

(O8) &% ) (@A) S L0, A)

h

(O, A), then (5:(Z)) € (x5 (A, , (i), (1)), . We have

h

Proof. Suppose Z € >I<( B (x <1>),(n£1)))

a1\ a1\
)x+1 /6)] < sup [5 (’b(cl) (xl An+25x(Z) )"*1 ,6)] < oo,

X

_{ 1o
sup [p (ni : (x! |Ar15,(Z)
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then Z € i( o

A ol ) (Q,A). Next, if we take (5:(Z))% with (A7, ,5,(2)) = (1,1,---),
hence (Am+1 x(Z))

D)
(1,0,0,---), one has Z € £(Q, A) so that

=

1 1%x
lim [ﬁ(nil) (x' AY 2sx(Z) )x+ ,5) #0,

X—00

and

L Tx
lim [ﬁ (1],((2) (x! |Az1illsx(Z) ) o 6) =0.

X—00

Therefore, Z ¢ >I<( ) (Q,A)and Z € >I<(

(Am-H (z! (2 ))'(09(52)

X (At (@) w1

O]
)
(O, A) C L(Q, A). After, if we choose (s¢(Z)), so that

Evidently, "X
viden y ( (A:Tll( )’( )

(Am+1 (Z)) (1,1,---). One has Z € £(Q, A) such that Z ¢ g(

n+1 (Q, A) O

h

X7 (), 0f)

Lemma 4.1. [3] Suppose B € L(Q,A) and B ¢ Y(Q,A), then D € L(Q) and M € L(A) with
MBDey, = e, withb e N.

Theorem 4.8. [3] In general, one has
5(Q) & Y(Q) & L(D) & L(Q).

Theorem 4.9. If the conditions of theorem 3.7 are satisfied with Tg(cl) < TJ(CZ) and 173((2) < r],(cl), forallx e N,
then

B Y('E(xom;":f (), (0

(A:ljll (Q, A)) and

PT’OOf. Let X € L( ( ) Q A) %(XS(A'” ; (1(1)) (T] ))
nt2\tx A )
X ¢ Y(%(XS(Ale/(T:(cZ))/('Iiz)))h( ) >I<( L ( )(c))/(rh(cl)))] (Q, A)) In view of Lemma 4.1, one has

Y e .L(*I*( ))h(ﬂ A)) and Z € L(%( (Q A)) so that ZXYIb =1, then

abam (2,

with b € N, we have

A ), ).

)

(Q,A)

A= A ysi(ly)

=sup|p 17(1) x!
1 ) (Q.A) . *

@ e i),

< ||ZXY||||Ib”>1< el (2, (2)
XO(AM-H A )y ))h

o

< sup [p( (x' |A’”+1 (Ip)
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This contradicts Theorem 4.7. As X € Y(@
(e earst @), ;)

Corollary 4.1. Suppose the conditions of theorem 3.7 are satisfied with Tf(l) < T,(f)

every x € N, then

% O, A), % 0,4))
L( (xbean, (19),(77,&2’))( ) (xg(Azgz,ui”),(ni”))( )

h
= L |
L ( (xbarsie i2>>,(n§2>>)h(

Proof. Obviously, since Y C L. ]

Definition 4.2. [3] A Banach space Q) is said to be simple, if there is only one non-trivial closed ideal in

L(O).

Theorem 4.10. Assume the conditions of theorem 3.7 are verified, then i( is simple.
()
h

Proof. Let X € Lc(a( (Q,A))and X ¢ Y(a( (), A)). From Lemma 4.1, there

(AZIH 77)) (AZIH 77))

h h

existY,Z € LK (Q, A)) with ZXYI, = I,
( Xo (AT 77))}
This implies I a) € LK (Q,A)). Then L(H (Q,A)) =
XF(AWI ) (’YO(AH+1TU)) (Xo( ,,+1 ,7]))
0\ n4+1" I h h
L (K (Q,A)), then K is simple Banach space. m]
( (AZIH ’7))] ( (AZ’H '7))}
Notations 4.3.

(@U)A = {(%U) (O, A); Aand A are Banach Spaces} where
(Fo)' (Q,A) = {X € L(O,A) : (A:(X))2y € U and IX — B(A(X),0)l| is not invertible, with x € N}.

Theorem 4.11. If the conditions of theorem 3.7 are satisfied, then
A

(Q,A) :E( '

s
(s
h

) (Q,A).

)
I

Proof.
A

Let X € (Q), A), then (A,(X))™, € (Xg (ATH,T,n))h and [[X - 5(1+(X),0)1l| = 0,

(s

X (AT 77))
h

7‘7
L _
for all x € N. Therefore, hm [ ( ( |An+1|/\q ||) o O)] = 0. One has X = p(A+(X),0)I, for

every x € N, so

p(sx(X),0) = p(sx(p(Ax(X),0)1),0) = p(A+(X),0),
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for every x € N. Hence (s:(X))2, € (Xg(AfH,T,n))h, then X e g(

) (Q,A). After,

Xo (A, Tm)
h

assume X € >I<( Y

(Q, A). Hence (s¢(X))2 ;€ ()(g(Am T,T]))h. We have
)
h

X (B 1

n

R
finp o500 3] <o

As A, is continuous, then limy_,« p(s:(X),0) = 0. Suppose [|X — p(sx(X),0)I||"! exists, with

A 4154 (X))

x € N. Hence ||X—ﬁ(sx(X),6)I||‘1 exists and bounded, for every x € N. As limy_, || X -
ﬁ(sx(X),ﬁ)IH‘l = |IX|I! exists and bounded. As (E( ,H) is a pre-quasi Mappings’
)

Xo (AT

ideal, one gets

I=XX"1er (Q,A) = (5:(1) € X5 (A" |, 1,m) = lim p(s«(I),0) = 0.
(Xg(AZlny’Y))} e
We have a contradiction, since limy—,e p(s¢(I),0) = 1. Then ||X — p(s¢(X),0)I|| = 0, with x € N.
A
Which proves that X € | (Q,A). ]
(XE (Aiﬁmn))h

Theorem 4.12. For s— type Uy, := {f = (s¢(X)) e w(F) : Xe L(O,A) and h(f) < 00}. If Ry, is a

mappings’ ideal, then the following conditions are verified:

1. E Cs—type Uy

2. Assume (M)ZO € s— type Uy and (SV(X2)):10
Uy

3. IfA € Rand (m)io € s— type Uy, then |A| (m)io € s— type Uy,

4. The sequence space Uy, is solid. i.e., if (m)io € s— type Uy, and m < W, forallr e N

and X, Y € L(Q, \), then (sr(X)):O € s— type Uy,

€ s— type Uy, then (sr(Xl + Xz)) € s— type

(o]
r

=0

Proof. If §Uh is a mappings’ ideal.
(i): We have (O, A) C @Uh(Q,A). Hence for all X € (Q), A), we have (sr(X))OO_O € E. This

gives (sr(X)):O € s —type Uy. Hence E C s— type Uy,

(ii): The space @Uk (Q), A) is linear over R. Hence for each A € R and X3, X, € ;Uh (Q,A), we
have X1 + X, € @Uh(ﬂ, A)and AX; € Euh (Q), A). This implies

(S’(X1>)r:o € s — type Uy and (Sr(X2>)r:0 es—type U, = (sr(Xl + Xz))r:@ € s —type Uy

and

A eRand (sr(X1)):io e s—type U, = |A| (Sr(X1>):10 € s — type Uj,.
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(iii): If A € £(Q,Q), B € "y, (O, A) and D € L(A, Ap), then DBA € "y, (Qo, Ag), where
() and Ay are arbitrary Banach spaces. Therefore, since (Sf(B)):io € s —type Uy, then

(Sr(DBA)):O:O € s —type Uy. Since s,(DBA) < |IDlls;(B) |lAll. By using condition 3, if

( DI lAlls, (B )) € Uy, we have (sr(DBA)) _, € 5—type Uj,. This means s — type Uy, is
0 r—

solid.

O

In view of Theorem 4.2 and Theorem 4.12, we conclude the following properties of the s —

type()(g( T 17)) space.

Theorem 4.13. If s — type (Xo(Anm+1'T r]))h = {f = (5;(X)) ew(F): Xe LO,A)and h(f) < oo},
then the following conditions are verified:
1. E Cs— type (XS(AZ1+1,T,17))h.
2. Assume (@)ZO € s— type ()(g( T r])) and (sr(Xz)):iO €s—type ()(0( 1 ,n))h, then
(s,(}(l—+)(2)):0 e s—type (X (A7, T, 1),
3. IfA e ‘Rand(m): €s— type()(o( T ) then |A| (sr(X )Z €s— type()(g(ATTH,r,n))h.
4. The sequence space ()(O(Afﬂ, n)) is solid. i.e., zf(sr( )):o € s— type (XO(A?:H'T n)) and
sr(X) <s,(Y), forallr € Nand X,Y € L(Q), A), then (sr(X)):iO € s— type ()(0( T 17))

Theorem 4.14. The space "X (o) is not mappings’ ideal, if the conditions (a) and (c) of theorem
n+1’ h
3.7 are satisfied

Proof. If we choosem =1, n =1, wy = 1, vy = wi fork = 3s or vy = 0, otherwise, for all s,k € N.
We have |vg] < |wy|, forall k € N, w € ()(S(A%, T,n))h and v ¢ ()(S(Ai, T,T]))h. Hence, the space
()(F( T n)) is not solid. m|

5. CoNCLUSION

In this paper, we have explained sufficient settings of the space x5 (A™ .17, 1) equipped with

definite function & to be pre-quasi Banach (cssf). The Fatou property of various pre-quasi norms

h on )(O(A?H,’c n) has been investigated. The structure of the mappings’ ideal by this space

and extended s—fuzzy functions have been explained. We study enough setups on it such that

( Al

n

the class E( ) is simple Banach and the closure of § = »&* (

. We explain
(ATH ")h 11T ’7))

enough setups on it such that 2 is strictly contained for different powers, weights
Xo (A Tm)

and backward generalized differences and the space of every bounded linear mappings which

sequence of eigenvalues in ()(g(Aﬁ T 17)) equals 2 . The existence results may be
h X (A )
n+1’
h
established under a wide range of flexible conditions. When it comes to the variable exponent

in the above-mentioned space. Since many fixed point theorems in a particular space work by
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either expanding the self-mapping acting on it or expanding the space itself, as future work we
can enlarge this space by g—analogue or discuss the fixed points of any contraction self-mapping
acting on it and try to find the solutions for a class of non-linear summable and matrix equations

of fuzzy functions in this space.
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