
Int. J. Anal. Appl. (2025), 23:37

Analysis of Nonlinear Hadamard Fractional Differential Inclusions via Measure of
Noncompactness

Habib Djourdem1, Mohammed Ali Alghamdi2,∗, Elsayed Mohamed Elsayed2,3

1Department of Mathematics, Faculty of Science and Technology, Laboratory of Analysis and Geometry
and Its Applications (W1421000), Relizane University, Relizane, Algeria

2Mathematics Department, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah, Saudi
Arabia

3Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt

∗Corresponding author: mamalgamdi@kau.edu.sa

Abstract. The goal of this paper is to consider a class of Hadamard fractional differential inclusions with three point

integral boundary conditions. The proof is based on the set-valued analog of Mönch fixed point theorem combined

with the technique of measures of noncompactness in order to establish the existence of at least one solution and an

illustrative example is given to show the applicability of this obtained result. We also investigate some Filippov’s type

results for this problem.

1. Introduction

Fractional differential equations have received considerable attention due to their description of

many physical phenomena in various fields of science and engineering, including viscoelasticity,

physics, mechanics, aerodynamics, control theory, signal and image processing, biology, environ-

mental science, materials, economics, and fluid dynamics (see [1, 14, 18] and their references).

Boundary value problems of fractional differential equations implicit variuos types of fractional

derivatives as Riemann-Liouville-type, Caputo-type, Hadamard-type, Caputo-Hadamard-type

and Hilfer-Hadamard-type fractional derivative with different kinds of boundary conditions have

studied by many researchers ( see [2, 6, 20, 22, 24]).

Integro-differential inclusions arise in the mathematical modeling of various problems in eco-

nomics, optimal control, and stochastic analysis, see for instance ( [15, 19, 25]). Some interesting
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results about initial and boundary value problems of fractional differential inclusions can be found

in [3, 10, 21].

In the works mentioned above, compactness and Lipschitz condition are satisfied, if not these

techniques cannot be used. Hence, there have been many published papers, which are devoted

to the existence of solutions of nonlinear integro-differential equations by using the technique of

a suitable measure of noncompactness in Banach algebras. We refer the readers to [9, 17] and

references therein.

Filippov’s solutions for various classes of integer or fractional order differential inclusions have

been considered in the literature; see for instance [8, 13, 16].

The main goal of this work is to study the following problem of fractional differential inclusion

with nonlocal fractional integro-differential boundary conditions of the form D%ϑ (ξ) ∈ Π (ξ,ϑ (ξ)) , ξ ∈ J = [1,Γ], 2 < % ≤ 3

ϑ (1) = 0, D%−1ϑ (1) = 0, ϑ (Γ) = κ (Izϑ) (`)
(1.1)

where D% denotes the Hadamard fractional derivative of order 2 < % ≤ 3. Iz is the Hadamard

fractional integral of order z > 0, Π : [1, e] ×R −→ P (R) is a multivalued map, P (R) is the

family of all nonempty subsets of R, κ, ` are two real parameters with κ > 0, 1 < ` < Γ and
κΓ(%−1)

Γ(%+z−1) (log `)%+z−2 , 1.

The rest of this paper is divided into two sections. In Section 2, some required concepts are

presented that will be used in the sequel. Our main results is established in Section 3 which is

divided into two susections.

2. Basic results

In this section, we give a collection of auxiliary facts which will be needed in the proof of the

main results. Let C (I, R) be the Banach space of all continuous functions from I into R with the

norm

‖ϑ‖∞ = sup
{∣∣∣ϑ (ξ)∣∣∣ : ξ ∈ I }

L1(J, R) refers to the Banach space of measurable functions χ : J −→ R which are Lebesgue

integrable; it is normed by

‖ϑ‖L1 =

∫ e

1

∣∣∣ϑ (ξ)∣∣∣ dξ
and ACi (J, R) be the space of functions u : [1,Γ] −→ R i-differentiable and whose ith derivative,

ϑ(i) is absolutely continuous.

We begin by defining Hadamard fractional integrals and derivatives, and we introduce some

properties that can be used thereafter.

Definition 2.1. [18] The Hadamard fractional integral of order % ∈ R+ for a function ϕ ∈ C [a, b],
0 ≤ a ≤ ξ ≤ b ≤ ∞, is defined as

I%ϕ (ξ) =
1

Γ (%)

∫ ξ

a

(
log

ξ
ν

)%−1 ϕ (ν)

ν
dν,
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where Γ (.) is the Gamma function and log (.) = logΓ (.)

Definition 2.2. [18] Let 0 < a < b < ∞ and δ = ξ d
dt . The Hadamard derivative of fractional order % ∈ R+

for a function ϕ ∈ Cn−1 ([a, b] , R) is defined as

D%ϕ (ξ) = δn (In−%) (ξ) =
1

Γ (n− %)

(
ξ

d
dt

)n ∫ ξ

a

(
log

ξ
ν

)n−%−1 ϕ (ν)

ν
dν,

where n− 1 < % ≤ n ∈ R+, n = [%] + 1 denotes the integer part of the real number %.

Lemma 2.1. ( [18], Property 2.24) If a, %, ζ > 0, then(
D%

(
log

ξ
a

)ζ−1)
(ξ) =

Γ (ζ)

Γ (ζ− %)

(
log

ξ
a

)ζ−%−1
,

(
I%

(
log

ξ
a

)ζ−1)
(ξ) =

Γ (ζ)

Γ (ζ+ α)

(
log

ξ
a

)ζ+%−1
.

(
D%

(
log

ξ
a

)%− j)
(ξ) = 0, f or j = 1, ..., [%] + 1.

Lemma 2.2. ( [18]) Let % > 0 and ϑ ∈ [1,∞) ∩ L1 [1,∞). Then the solution of Hadamard fractional
differential equation D%ϑ (ξ) = 0 is given by

ϑ (ξ) =
n∑

i=1

ci (log ξ)%−i ,

and the following formula holds:

I%D%ϑ (ξ) = ϑ (ξ) +
n∑

i=1

ci (log ξ)%−i ,

for some ci ∈ R, i = 1, 2, ..., n, where n = [%] + 1.

For a separable Banach space (Υ, ‖.‖), letP (Υ) = {A ∈ Υ : A , ∅},Pb (Υ) =
{
A ∈ P (Υ) : A is bounded

}
,

Pcl (Υ) =
{
A ∈ P (Υ) : A is closed

}
,Pcp (Υ) =

{
A ∈ P (Υ) : A is compact

}
,Pc (Υ) =

{
A ∈ P (Υ) : A is convex

}
and Pcp,cv (Υ) = Pcp (Υ)∩ Pcv (Υ).

Let Φ, Ψ be two sets, ϕ : Φ −→ P (Ψ) a set-valued map, and A ⊂ Ψ. We define

graph (ϕ) =
{
(ϑ, v) : ϑ ∈ Φ, v ∈ Ψ

}
.

Let Λ > 0 and let

B = {ϑ ∈ Υ : |ϑ| ≤ Λ}

and

U =
{
ϑ ∈ C (J,Υ) : ‖ϑ‖ < Λ

}
.

Clearly U = C (J, B).
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Definition 2.3. A multivalued map Π : J ×Υ −→ Pcl (Υ) is said to be measurable if for every χ ∈ Υ the
function

ξ 7−→ d (χ,Π (ξ)) = inf
{
‖χ− z‖ : z ∈ Π (ξ)

}
,

is measurable.

Definition 2.4. A multivalued map ϕ : J ×Υ −→ P (Υ) is called L1-Caratheodory if
(i) ξ 7−→ Π (ξ,ϑ) is measurable for all ϑ ∈ R,
(ii) τ 7−→ Π (ξ,ϑ) is upper semi-continuous for almost all ξ ∈ [1, e], and
(iii) for each ς > 0, there exists fς ∈ L1 (I, R+) such that∥∥∥Π (ξ,ϑ)

∥∥∥ = sup
{
|ω| , ω ∈ Π (ξ,ϑ)

}
≤ fς (ξ) ,

for all |ϑ| ≤ ς and for a.e. ξ ∈ J.
The multivalued map Π is said to be Caratheodory if it satisfies (i) and (ii).

For each ϕ ∈ C(J,Υ) define the set of selections of Π by

SΠ◦ϕ =
{
v ∈ L1 (J) : ϕ (ξ) ∈ Π (ξ,ϑ (ξ)) a.Υ. ξ ∈ J

}
.

Let (Υ, d) be a metric space induced from the normed space (Υ, ‖.‖). The function Hd : P (Υ) ×

P (Υ) −→ R+ ∪ {∞} given by:

Hd (A,B) = max
{

sup
a∈A

d (a,B) , sup
b∈B

d (b,A)
}

,

is referred to as the Hausdorff-Pompeiu metric (see [15]).

Now, recall the definition of the Kuratowski measure of noncompactness, and summarize the

main properties of this measure.

Definition 2.5. [4, 5] Let Γ be a Banach space and let ΩΓ be the family of bounded subsets of Γ. The
Kuratowski measure of noncompactness is the map defined by

α (D) = inf
{
ε > 0 : D ⊂ ∪m

i=1Di diam (Di) ≤ ε
}

where D ∈ ΩΓ.

Properties 2.1. 1) α (D) = 0⇐⇒ D is compact (D is relatively compact ).
2) α (D) = α

(
D
)
.

3)C ⊂ D =⇒ α (C) ≤ α (D).
4)α (C + D) ≤ α (C) + α (D).
5) α (bD) = bα (D) , b ∈ R.
6) α (conv D) = α (D).
Here D and conv(D) denote the closure and the convex hull of the bounded set D, respectively.
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Theorem 2.1. [12]
Let Γ be a Banach space and C ⊂ L1(J,Γ) countable with |ϑ(ξ)| ≤ h(ξ) for a.e. ξ ∈ J, and every ϑ ∈ C

where h ∈ L1(J, R+). Then the function ϕ(ξ) = α(C(ξ)) belongs to L1(J, R+ and satisfies

α

({∫ e

1
ϑ (ν) ν : ϑ ∈ C

})
≤ 2

∫ e

1
α (C (ν)) ν.

Lemma 2.3. ( [11], Theorem 19.7) Let X be a separable metric space and G a multi-valued map with
nonempty closed values. Then, G has a measurable selection.

we put

Ω = 1−
κΓ (% − 1)

Γ (%+ z− 1)
(log `)%+z−2 . (2.1)

Lemma 2.4. For given χ(.) ∈ C(J, R), the unique solution of the problem D%ϑ (ξ) = χ(ξ), 1 < ξ < e, 2 < % ≤ 3

ϑ (1) = 0, D%−1ϑ (1) = 0, ϑ (e) = κ (Izϑ) (`)
(2.2)

is

ϑ (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 χ (ν)

ν
ν

+
(log ξ)%−2

Ω

(
κ

Γ (%+ z)
∈ ξ`1

(
log

`
ν

)p+z−1 χ (ν)

ν
ν

−
1

Γ (%)
∈ ξe

1

(
log

e
ν

)%−1 χ (ν)

ν
ν

) (2.3)

Proof. Let ϑ0 be a solution for equation D%ϑ (ξ) = χ(ξ), for ξ ∈ [1, e] and 2 < % ≤ 3. By virtue of

the lemma 2.2, there exist constants c1, c2, c3 ∈ R provided that

ϑ0 (ξ) =
1

Γ (%)
∈ ξξ1

(
log

ξ
ν

)%−1 h̄ (ν)
ν
ν

+ c1 (log ξ)%−1 + c2 (log ξ)%−2 + c3 (log ξ)%−3 ,
(2.4)

The conditions ϑ (1) = 0, D%−1ϑ(1) = 0 imply that c1 = c3 = 0. For z > 0 and applying the

Hadamard integral operator Iz to (2.4) and using Lemma 2.1, we have

(Izϑ)(ξ) =
1

Γ (%+ z)

∫ ξ

1

(
log

ξ
ν

)%+z−1 h̄ (ν)
ν
ν

+ c2
Γ (% − 1)

Γ (%+ z− 1)
(log ξ)%+z−2 .

By using the condition ϑ(e) = κ (Izϑ) (`), we get

c2 =
1
ω

(
κ

Γ (%+ z)
∈ ξ`1

(
log

`
ν

)%+z−1 h̄ (ν)
ν
ν−

1
Γ (%)

∈ ξe
1

(
log

e
ν

)%−1 h̄ (ν)
ν
ν

)
.
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By inserting the values ci for i = 1, 2, 3 in (2.4), we get

ϑ0 (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 h̄ (ν)
ν
ν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 h̄ (ν)
ν
ν−

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 h̄ (ν)
ν
ν

)
.

This means that ϑ0 is a solution for integral equation (2.3). Conversely, one can easily see that ϑ0

is a solution of problem (2.2) whenever ϑ0 is a solution of the equation (2.3). �

3. Main result

3.1. Existence of solution. Useful Hypotheses will given in the following.

(H1) Π : J ×R −→ Pcp,cv(R) is a Carathéodory multi-valued map.

(H2) For each R > 0 there exists a function p ∈ L1(J, R+) such that∥∥∥Π (ξ,χ)
∥∥∥ = sup

{
|χ| : χ (ξ) ∈ Π (ξ,χ)

}
≤ p (ξ) ,

for each (ξ,χ) ∈ J ×R with |χ| ≤ R, and

lim
z→+∞

inf
ω

∫ e
1 p (ξ) dt

z
= ρ < ∞

where

ω =
1 + |ω|
|ω| Γ (%)

+
κ

|ω| Γ (%+ z)
(log `)%+z .

(H3) There exists a Carathéodory function ψ : J × [0, 2R] −→ R+ such that

α (Π (ξ, M (ξ))) ≤ ψ (ξ,α (M (ξ))) , f or all ξ ∈ J, and each M ⊂ B,

and the unique solution N ∈ C ([0, 2R]) of the inequality

N (ξ) ≤
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ψ (ν,α (M (ν)))

ν
ν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)p+z−1 ψ (ν,α (M (ν)))

ν
ν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 ψ (ν,α (M (ν)))

ν
ν

)
, ξ ∈ J

is N ≡ 0.

The main tools that will be used to establish our results are respectively the set-valued analog of

Monch fixed point theorem and an another Lemma.

Theorem 3.1. [23] Let K be a bounded, closed and convex subset of a Banach space Γ,U a relatively open
subset of K, and F : U −→ Pcv(K). Assume that graph(F) is closed, F maps compact sets into relatively
compact sets, and that for some x0 ∈ U the following two conditions are satisfied: M ⊂ U, M ⊂ conv (x0 ∪F (M))

and M = C with C ⊂M countable
−→M compact, (3.1)
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x < (1− λ) x0 + λF (x) , ∀x ∈ U \U, λ ∈ (0, 1) . (3.2)

Then there exists x ∈ U with x ∈ F (x).

Lemma 3.1. Let J be a compact real interval. Let Π be a multivalued map satisfying (H1) and let Θ be a
linear continuous map from L1(J,Γ) −→ C(J,Γ). Then the operator

Θ ◦ SΠ,χ : C (J,Γ) −→ Pcp,cv (C (J,Γ)) , χ 7−→ (Θ ◦ SΠ,χ) (χ) = Θ (SΠ,χ)

is a closed graph operator in C (J,Γ) ×C (J,Γ).

Theorem 3.2. Assume that κΓ(%−1)
Γ(%+z−1) , 1 that (H1)–(H3) hold. Then problem (1.1) has at least one solution

on C(J, B), provided that
ω
R

∫ e

1
p (ν) ν ≤ 1. (3.3)

Proof. Transform the problem (1.1) into a fixed point problem. Consider the multivalued operator

Q (χ) =


m̃ ∈ C (J, R) , there existsϕ ∈ SΠ,χ such that

m̃ (ξ) =


1

Γ(%)

∫ ξ
1

(
log ξ

ν

)%−1 ϕ(ν)
ν ν

+
(log ξ)%−2

ω

(
κ

Γ(%+z)

∫ `
1

(
log `

ν

)p+z−1 ϕ(ν)
ν ν− 1

Γ(%)

∫ e
1

(
log e

ν

)%−1 ϕ(ν)
ν ν

)
 .

We shall show that % satisfies the assumptions of the set-valued analog of Monch’s fixed point

theorem. We divide the proof in five steps.

Step 1. Q (ϑ) is convex for each χ ∈ C (J, R).

m̃i (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ϕi (ν)

ν
ν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)p+z−1 ϕi (ν)

ν
ν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 ϕi (ν)

ν
ν

)
, i = 1, 2.

Let ζ ∈ [0, 1]. Then, for each ξ ∈ J, we have

[ζm̃1 + (1− ζ) m̃2] (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 [ζϕ1 + (1− ζ)ϕ2] (ν)

ν
ν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)z+%−1 [ζϕ1 + (1− ζ)ϕ2] (ν)

ν
ν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 [ζϕ1 + (1− ζ)ϕ2] (ν)

ν
ν

)
.

Since ϕ has convex values, SΠ,χ is convex, so ζm̃1 + (1− ζ) m̃2 ∈ Q (χ).

Step 2. Q(M) is relatively compact for each compact M ⊂ U.

Let M ⊂ U be a compact set and let {m̃n} be any sequence of elements of Q(M). We show that
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{m̃n} has a convergent subsequence by using the Ascoli-Arzela criterion of compactness in C(J, R).

Since m̃n ∈ Q (M), there exist {χn} ∈M and ϕn ∈ SΠ,χn such that

m̃n (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ϕn (ν)

ν
dν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 ϕn (ν)

ν
dν

−
1

Γ (q)

∫ e

1

(
log

e
ν

)%−1 ϕn (ν)

ν
dν

)
.

Using Theorem 2.1 and the properties of the measure of noncompactness of Kuratowski α, we

have

α (
{
m̃n (ξ)

}
) ≤

1
Γ (%)

∫ ξ

1
α

({(
log

ξ
ν

)%−1 ϕn (ν)

ν

})
dν

+
(log ξ)%−2

|ω|

(
κ

Γ (%+ z)

∫ `

1
α

({(
log

`
ν

)%+z−1 ϕn (ν)

ν

})
dν

+
1

Γ (%)

∫ e

1
α

({(
log

e
ν

)%−1 ϕn (ν)

ν

})
dν

)
.

(3.4)

On the other hand, since M(ν) is compact in C(J, R), the set
{
ϕn (ν) : n ≥ 1

}
is compact.

Consequently, α (
{
ϕn (ν) : n ≥ 1

}
) = 0 for all ν ∈ J. Furthermore,

α
({(

log ξ
ν

)%−1 ϕn(ν)
ν : n ≥ 1

})
= 1

ν

(
log ξ

ν

)%−1
α (

{
ϕn (ν) : n ≥ 1

}
) = 0,

α
({(

log `
ν

)%+z−1 ϕn(ν)
ν : n ≥ 1

})
= 1

ν

(
log `

ν

)%+z−1
α (

{
ϕn (ν) : n ≥ 1

}
) = 0,

α
({(

log e
ν

)%−1 ϕn(ν)
ν : n ≥ 1

})
= 1

ν

(
log e

ν

)%−1
α (

{
ϕn (ν) : n ≥ 1

}
) = 0,

for all ξ, ν ∈ J. Then (3.4) implies that
{
ϕn (ν) : n ≥ 1

}
is relatively compact in C(J, R) for each ξ ∈ J.

In addition, for each ξ1 and t2 from C(J, R) ξ1 < ξ2 we have∣∣∣m̃n (ξ2) − m̃n (ξ1)
∣∣∣ = ∣∣∣∣∣∣ 1

Γ (%)

∫ ξ1

1

[(
log

ξ2

ν

)%−1
−

(
log

ξ1

ν

)%−1] ϕn (ν)

ν
dν

+
1

Γ (%)

∫ ξ2

ξ1

[(
log

ξ2

ν

)%−1] ϕn (ν)

ν
dν

+
(log ξ2)

%−2
− (log ξ1)

%−2

Ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 ϕn (ν)

ν
dν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 ϕn (ν)

ν
dν

)∣∣∣∣∣∣
≤

p (ξ)
Γ (%)

∫ ξ1

1

[(
log

ξ2

ν

)%−1
−

(
log

ξ1

ν

)%−1] 1
ν

dν

+
p (ξ)
Γ (%)

∫ ξ2

ξ1

[(
log

ξ2

ν

)%−1] 1
ν

dν

+
p (ξ)

[
(log ξ2)

%−2
− (log ξ1)

%−2
]

|ω|

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 1
ν

dν
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+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 1
ν

dν
)

≤
p (ξ)

Γ (%+ 1)

{[
(log ξ2)

%
− (log ξ1)

%
]

+

[
(log ξ2)

%−2
− (log ξ1)

%−2
]

|ω|

(
κ

Γ (%+ z + 1)
(log `)%+z + 1

) . (3.5)

The right hand side of the above inequality tends to zero, when ξ1 −→ ξ2, that means {m̃n : n ≥ 1}

is equicontinuous. Then, {m̃n : n ≥ 1} is relatively compact in C(J, R).

Step 3. Q has a closed graph.

Let (χn, m̃n) ∈ graph (Q), n ≥ 1, ‖χn − χ‖ , ‖m̃n − h‖ −→ 0, as n −→ ∞. We must show that

(χ, h) ∈ graph (Q).

(χn, m̃n) ∈ graph (Q) means that m̃n ∈ Q (χn),which means that there exists ϕn ∈ Sϕ,χn , such that

for each ξ ∈ J

m̃n (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ϕn (ν)

ν
dν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 ϕn (ν)

ν
dν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 ϕn (ν)

ν
dν

)
.

Consider the continuous linear operator Θ : L1 (J, R) −→ C (J, R) defined by

ϕ 7−→ Θ (ϕ) (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ϕ (ν)

ν
dν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 ϕ (ν)

ν
dν −

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 ϕ (ν)

ν
dν

)
Clearly

∣∣∣m̃n (ξ) − h (ξ)
∣∣∣ = ∣∣∣∣∣∣ 1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 (ϕn (ν) −ϕ (ν))

ν
dν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 (ϕn (ν) −ϕ (ν))

ν
dν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 (ϕn (ν) −ϕ (ν))

ν
dν

)∣∣∣∣∣∣→ 0 as n→∞.

In view, of Lemma 3.1, we state that Θ ◦ Sϕ is a closed graph operator. Moreover, we have

m̃n ∈ Θ (SΠ,χn) .
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Since χn −→ χ, we get

m̃ (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ϕ (ν)

ν
ν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 ϕ (ν)

ν
dν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 ϕ (ν)

ν
dν

)
for some ϕ ∈ Sϕ,χ.

Step 4. Suppose M ⊂ U, M ⊂ conv ({0} ∪Q (M)), and M = C for some countable set C ⊂M. Using

an estimation of type (3.5), we see that Q(M) is equicontinuous. Then from M ⊂ conv ({0} ∪Q (M)),

we deduce that M is equicontinuous, too. In order to apply the Arzèla-Ascoli theorem, it remains

to show that M(ξ) is relatively compact in C(J, R) for each ξ ∈ J.
Since

C ⊂M ⊂ onv ({0} ∪Q (M)) and C is countable,

We can find a countable set H = {m̃n : n ≥ 1} ⊂ Q (M)withC ⊂ conv ({0} ∪H).

Then there exist χn ∈M and ϕn ∈ Sϕ,χn such that

m̃n (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ϕn (ν)

ν
dν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 ϕn (ν)

ν
dν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 ϕn (ν)

ν
dν

)
.

From, M ⊂ C ⊂ conv ({0} ∪H) and the properties of the measure of noncompactness, we have

α (M (ξ)) ≤ α
(
C (ξ)

)
≤ α (H (ξ)) = α (

{
m̃n (ξ) : n ≥ 1

}
) .

By using Theorem 2.1 and inequality (3.4), we obtain

α (
{
m̃n (ξ)

}
) ≤

1
Γ (%)

∫ ξ

1
α

({(
log

ξ
ν

)%−1 ϕn (ν)

ν

})
dν

+
(log ξ)%−2

|ω|

(
κ

Γ (%+ z)

∫ `

1
α

({(
log

`
ν

)%+z−1 ϕn (ν)

ν

})
dν

+
1

Γ (%)

∫ e

1
α

({(
log

e
ν

)%−1 ϕn (ν)

ν

})
dν

)
.

Since ϕn (ν) ∈ Π (ν,χn (ν)) and χn ∈M, (H3) ensures

α

({(
log

ξ
ν

)%−1 ϕn (ν)

ν

})
≤

1
ν

(
log

ξ
ν

)%−1
α (ϕ (ν, M(ν)))

≤

(
log

ξ
ν

)%−1
ψ (ν,α (M (ν)))
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α

({(
log

`
ν

)%+z−1 ϕn (ν)

ν

})
≤

1
ν

(
log

`
ν

)%+z−1

≤

(
log

`
ν

)%+z−1
ψ (ν, M (ν)) ;

α

({(
log

Γ
ν

)%−1 ϕn (ν)

ν

})
≤

1
ν

(
log

e
ν

)%−1
α (ϕ (ν, M(ν)))

≤

(
log

e
ν

)%−1
ψ (ν, M (ν))

Then

α (M (ξ)) ≤
1

Γ (%)

∫ ξ

1

1
ν

(
log

ξ
ν

)%−1
ψ (ν, M (ν)) dν

+
(log ξ)%−2

|ω|

(
κ

Γ (%+ z)

∫ `

1

1
ν

(
log

`
ν

)%+z−1
ψ (ν, M (ν)) dν

+
1

Γ (%)

∫ e

1

1
ν

(
log

e
ν

)%−1
ψ (ν, M (ν)) dν

)
.

Also, the function ϕ given by ϕ (ξ) = α (M (ξ)) belongs to C(J, [0, 2R]). Consequently, by (H3)

ϕ ≡ 0, that is α (M (ξ)) for all ξ ∈ J.
Then, by the Ascoli-Arzela theorem, M is relatively compact in C(J,Γ).

Step 5. Let h ∈ Q (χ) with χ ∈ U. Since
∣∣∣χ (ν)∣∣∣ ≤ z and (H2) holds, we have Q

(
U

)
⊆ U . If it

was not true, there would exist a function χ ∈ U, but
∥∥∥Q (χ)

∥∥∥
P
> z and

m̃ (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 ϕ (ν)

ν
dν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 ϕ (ν)

ν
ν−

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 ϕ (ν)

ν
dν

)
,

for some ϕ ∈ SΠ,χ. On the other hand we have

Λ <
∥∥∥Q (χ)

∥∥∥
P

<
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1
∣∣∣ϕ (ν)

∣∣∣
ν

dν

+
(log ξ)%−2

|ω|

 κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1
∣∣∣ϕ (ν)

∣∣∣
ν

dν

+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1
∣∣∣ϕ (ν)

∣∣∣
ν

dν


<

1
Γ (%)

(log ξ)%
∫ e

1
p (ν) dν

+
1
|ω|

(
κ

Γ (%+ z)
(log `)%+z

∫ e

1
p (ν) ν+

1
Γ (%)

∫ e

1
p (ν) dν

)
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<
1

Γ (%)
(log ξ)%

∫ e

1
p (ν) dν

+
1
|ω|

(
κ

Γ (%+ z)
(log `)%+z

∫ e

1
p (ν) ν+

1
Γ (%)

∫ e

1
p (ν) dν

)
=

∫ e

1
p (ν) ν

[
1

Γ (%)
(log ξ)%

+
κ

|Ω| Γ (%+ z)
(log `)%+z +

1
|Ω| Γ (%)

]
< ω

∫ e

1
p (ν) dν.

Dividing both sides by Λ and taking the lower limit as Λ −→ ∞, we conclude that

lim
Λ−→∞

inf
ω
Λ

∫ e

1
p (ν) dν > 1

which contradicts (3.3). Hence Q
(
U

)
⊆ U.

As a consequence of Steps 1-5 together with Theorem 3.1, we can conclude thatH has a fixed point

χ ∈ C(J, B) which is a solution of the problem (1.1).

�

Example 3.1. Consider  D%ϑ (ξ) ∈ Π (ξ,ϑ (ξ)) , ξ ∈ [1, e]
ϑ (1) = 0, D%−1ϑ (1) = 0, ϑ (e) = κ (Izϑ) (`)

(3.6)

Here % = 5
2 , κ = 0, 5, R = 1, 5, ` = 1, 5 Π : [1, e] ×R −→ R where Π (ξ,ϑ) =

[
0, te−2t

1+|ϑ(ξ)|

]
. Thus,∥∥∥Π (ξ,ϑ)

∥∥∥ ≤ p (ξ)

with p (ξ) = e−ξ. Hence, the hypothesis (H2) is satisfied with ω ' 1, 72. We can easily show that all
requirements of Theorem 3.2 are verified. Hence, problem (3.6) has at least one solution defined on J.

3.2. Filippov’s Theorem. Now, we present a Filippov’s result for the problem (1.1). Let u ∈
AC1 (J, R) be a solution of the following problem D%ϑ (ξ) = y(ξ), 1 < ξ < e, 2 < % ≤ 3

ϑ (1) = 0, D%−1ϑ (1) = 0, ϑ (e) = κ (Izϑ) (`)
(3.7)

We will consider the following two assumptions:

(C1) The function Π : J ×R −→ Pcl (R) is such that

(C11) for all v ∈ R, the map ξ −→ Π (ξ, v)is measurable,

(C12) the map σ : ξ −→ d (y (ξ) ,Π (ξ, u (ξ))) is integrable.

(C2) There exists a function δ ∈ L∞ (J, R+) such that

Hd

(
Π (ξ,ϑ) ,Π

(
ξ,ϑ

))
≤ δ (ξ)

∣∣∣ϑ (ξ) − ϑ (ξ)∣∣∣ , f or all ξ ∈ [0, 1] .
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Theorem 3.3. Assume that the conditions (C1) and (C2) hold. If

ω ‖δ‖L1 < 1,

then the problem (1.1) has at least one solution v satisfying, for a.e. ξ ∈ [0, 1] the estimates∣∣∣ϑ (ξ) − v (ξ)
∣∣∣ ≤ φ (ξ)

where

φ (ξ) ≤ 2ω (K ‖δ‖L1 + ‖σ‖L1) ,

K =
ω

1−ω ‖δ‖L1
‖σ‖L1 .

Proof. Let y0 = −Dαϑ and v0 = ϑ (ξ) for a.e. ξ ∈ [1, e], i.e. Then, by Lemma 2.4

v0 (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 y0 (ν)

ν
dν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 y0 (ν)

ν
dν−

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 y0 (ν)

ν
dν

)
.

Let U1 : [1, e] −→ P (R) given by U1 (ξ) = Π (ξ, v0 (ξ)) ∩ (y (ξ) , σ). The multi-valued map

U1 (ξ) is measurable (see Proposition III.4 in [7]), so there exists a function ξ −→ y (ξ) which is a

measurable selection forU1.

Let

v1 (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 y1 (dν)
ν

ν

+
(log ξ)%−2

ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 y1 (ν)

ν
dν−

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 y1 (ν)

ν
dν

)
.

Then, we have ∣∣∣v1 (ξ) − v0 (ξ)
∣∣∣ ≤ v1 (ξ) =

1
Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 σ (ν)

ν
dν

+
(log ξ)%−2

|ω|

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 σ (ν)

ν
dν

+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 σ (ν)

ν
dν

)
≤ ω

∫ e

1
σ (ν) dν.

So, we obtain ∥∥∥v1 (ξ) − v0 (ξ)
∥∥∥ ≤ ω ‖σ‖L1 .

In the same way, the multi-valued map U2 (ξ) = Π (ξ, v1 (ξ)) ∩
(
y1 (ξ) , δ (ξ)

∣∣∣v1 (ξ) − v0 (ξ)
∣∣∣) is

measurable with nonempty closed values (see [7,11]). By Lemma 2.3 (Kuratowski–Ryll–Nardzewski

selection theorem), there exists a function y2 which is a mesurable selection ofU2.
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Let the function

v2 (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 y2 (ν)

ν
dν

+
(log ξ)%−2

Ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 y2 (ν)

ν
dν−

1
Γ (%)

∫ e

1

(
log

e
ν

)q−1 y2 (ν)

ν
dν

)
.

Then ∣∣∣v2 (ξ) − v1 (ξ)
∣∣∣ ≤ 1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 p (ν)
∣∣∣v1 (ν) − v0 (ν)

∣∣∣
ν

dν

+
(log ξ)%−2

|Ω|

 κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 δ (ν)
∣∣∣v1 (ν) − v0 (ν)

∣∣∣
ν

dν

+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 δ (ν)
∣∣∣v1 (ν) − v0 (ν)

∣∣∣
ν

dν

 .

Hence ∣∣∣v2 (ξ) − v1 (ξ)
∣∣∣ ≤ 1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 δ (ν)
∥∥∥v1 (ν) − v0 (ν)

∥∥∥
ν

dν

+
(log ξ)%−2

|Ω|

 κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 δ (ν)
∥∥∥v1 (ν) − v0 (ν)

∥∥∥
ν

dν

+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 δ (ν)
∥∥∥v1 (ν) − v0 (ν)

∥∥∥
ν

dν


∣∣∣v2 (ξ) − v1 (ξ)

∣∣∣ ≤ ω2
‖δ‖L1 . ‖σ‖L1 . (3.8)

As above, the multi-valued mapU3 (ξ) = Π (ξ, v2 (ξ)) ∩
(
y2 (ξ) , δ (ξ)

∣∣∣v2 (ξ) − v1 (ξ)
∣∣∣) is measur-

able, so there exists a measurable selection y3 of U3. Consider the function

v3 (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 y3 (ν)

ν
dν

+
(log ξ)%−2

Ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 y3 (ν)

ν
dν−

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 y3 (ν)

ν
dν

)
.

Then ∣∣∣v3 (ξ) − v2 (ξ)
∣∣∣ ≤ 1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 p (ν)
∥∥∥v2 (ν) − v1 (ν)

∥∥∥
ν

dν

+
(log ξ)%−2

|Ω|

 κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 δ (ν)
∥∥∥v2 (ν) − v1 (ν)

∥∥∥
ν

dν

+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 δ (ν)
∥∥∥v2 (ν) − v1 (ν)

∥∥∥
ν

dν


∣∣∣v3 (ξ) − v2 (ξ)

∣∣∣ ≤ ω3
‖δ‖2L1 . ‖σ‖L1 . (3.9)
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Repeating the process for n = 1, 2, 3, ..., we get∣∣∣vn (ξ) − vn−1 (ξ)
∣∣∣ ≤ ω ‖δ‖n−1

L1 . ‖σ‖L1 . (3.10)

By induction, assume that (3.9) holds for some n and check (3.10) for n + 1. The multi-valued map

Un+1 (ξ) = Π (ξ, vn (ξ)) ∩
(
yn (ξ) , δ (ξ)

∣∣∣vn (ξ) − vn−1 (ξ)
∣∣∣). SinceUn+1 is a nonempty measurable

set, there exists a measurable selection yn+1 (ξ) ∈ Un+1 (ξ) which allows us to define for n ∈N

We consider

vn+1 (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 yn+1 (ν)

ν
dν

+
(log ξ)%−2

Ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 yn+1 (ν)

ν
ν−

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 yn+1 (ν)

ν
dν

)
.

Then ∣∣∣vn+1 (ξ) − vn (ξ)
∣∣∣ ≤ 1

Γ (%)
∈ ξξ1

(
log

ξ
ν

)%−1 δ (ν)
∥∥∥vn (ν) − vn−1 (ν)

∥∥∥
ν

ν

+
(log ξ)%−2

|Ω|

 κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 δ (ν)
∥∥∥vn (ν) − vn−1 (ν)

∥∥∥
ν

dν

+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 δ (ν)
∥∥∥vn (ν) − vn−1 (ν)

∥∥∥
ν

dν

∣∣∣vn+1 (ξ) − vn (ξ)
∣∣∣ ≤ ωn

‖δ‖n−1
L1 .

∥∥∥v1 (ν) − v0 (ν)
∥∥∥ .

Since ω ‖δ‖L1 < 1, we deduce that {vn} is a Cauchy sequence in C (J, R) converging uniformly to

some v ∈ C (J, R). From the definition ofUn, n ∈N,∣∣∣yn+1 (ξ) − yn (ξ)
∣∣∣ ≤ δ (ξ) ∣∣∣vn (ξ) − vn−1 (ξ)

∣∣∣ , f or a.e, ξ ∈ [1, e] . (3.11)

Hence, for almost everyξ ∈ [1, e], the sequence
{
yn (ξ) : n ∈N

}
is Cauchy in R, then

{
yn (ξ) : n ∈N

}
converges almost everywhere to a measurable function

{
y (.)

}
in R.

Moreover, since y0 = Dαϑ and by using (3.11), we obtain∣∣∣yn (ξ) − y0 (ξ)
∣∣∣ ≤ ∣∣∣yn (ξ) − yn−1 (ξ)

∣∣∣+ ∣∣∣yn−1 (ξ) − yn−2 (ξ)
∣∣∣+ ...

... +
∣∣∣y1 (ξ) − y0 (ξ)

∣∣∣
≤

n−1∑
k=1

δ (ξ)
∣∣∣vk (ξ) − vk−1 (ξ)

∣∣∣+ ∣∣∣y1 (ξ) − y0 (ξ)
∣∣∣

≤ δ (ξ)
∞∑

k=1

ωk
‖δ‖k−1

L1 ‖σ‖L1 + σ (ξ)

≤
δ (ξ)

1−ω ‖δ‖L1
‖σ‖L1 + σ (ξ)

= Kδ (ξ) + σ (ξ)
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where K = ω
1−ω‖δ‖L1

‖σ‖L1 .

Then, for all n ∈N ∣∣∣yn (ξ) − y0 (ξ)
∣∣∣ ≤ Kδ (ξ) + σ (ξ) . (3.12)

By (3.12), we deduce that yn converges to y ∈ L1([0.1], R). Consequently,

v (ξ) =
1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 y (ν)

ν
dν

+
(log ξ)%−2

Ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 y (ν)

ν
dν−

1
Γ (%)

∫ e

1

(
log

e
ν

)%−1 y (ν)

ν
dν

)
is a solution for the problem (1.1). Then, v ∈ Sϕ,ϑ.

Finally, we prove that the solution v(ξ) verifies the estimate:∣∣∣ϑ (ξ) − v (ξ)
∣∣∣ ≤ Φ (ξ) , ξ ∈ [1, e] .

∣∣∣ϑ (ξ) − v (ξ)
∣∣∣ = ∣∣∣∣∣∣ 1

Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1 (y0 (ν) − y (ν))

ν
dν

+
(log ξ)%−2

Ω

(
κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1 (y0 (ν) − y (ν))

ν
dν

−
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1 (y0 (ν) − y (ν))

ν
dν

)∣∣∣∣∣∣
≤

1
Γ (%)

∫ ξ

1

(
log

ξ
ν

)%−1
∣∣∣y0 (ν) − y (ν)

∣∣∣
ν

dν

+
(log ξ)%−2

|Ω|

 κ

Γ (%+ z)

∫ `

1

(
log

`
ν

)%+z−1
∣∣∣y0 (ν) − y (ν)

∣∣∣
ν

dν

+
1

Γ (%)

∫ e

1

(
log

e
ν

)%−1
∣∣∣y0 (ν) − y (ν)

∣∣∣
ν

dν


≤

1
Γ (%)

(log ξ)%
∫ e

1

(∣∣∣y0 (ν) − yn (ν)
∣∣∣+ ∣∣∣y (ν) − yn (ν)

∣∣∣) dν

+
(log ξ)%−2

|Ω|
(log ξ)%+z

(
κ

Γ (%+ z)

∫ e

1

(∣∣∣y0 (ν) − y (ν)
∣∣∣+ ∣∣∣y (ν) − yn (ν)

∣∣∣) dν

+
1

Γ (%)

∫ e

1

(∣∣∣y0 (ν) − y (ν)
∣∣∣+ ∣∣∣y (ν) − yn (ν)

∣∣∣) dν
)

≤ ω

[∫ e

1

∣∣∣y0 (ν) − yn (ν)
∣∣∣ dν+ ∫ e

1

∣∣∣y (ν) − yn (ν)
∣∣∣ dν]

As n −→ ∞, we conclude that∣∣∣ϑ (ξ) − v (ξ)
∣∣∣ ≤ 2ω

∫ e

1
(Kδ (ν) + σ (ν)) dν.

≤ 2ω∗ (K ‖δ‖L1 + ‖σ‖L1) .

�
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