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Abstract. Our goal in this work is to study the existence of solution of the Distributed state-dependent integral equation

1(x(0))
x(€) = m(f) + fo'” fils, y(s)ds,

with conjugate feedback control

2(y(£))
y(€) = m(0) + fow ! fo(s,x(s))ds.

Then some properties of this solution will be studied like uniqueness, continuous dependence and Hyers-Ulam stability.

1. INTRODUCTION

Self-reference is a concept that involves referring to oneself or one’s own attributes, characteris-
tics, or actions. It can occur in language, logic, mathematics, philosophy, and other fields.

In natural or formal languages, self-reference occurs when a sentence, idea or formula refers
to itself. The reference may be expressed either directly through some intermediate sentence or
formula or by means of some encoding.

In philosophy, self-reference also refers to the ability of a subject to speak of or refer to itself,
that is, to have the kind of thought expressed by the first person nominative singular pronoun "I"

in English.
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In mathematics and computability theory, self-reference (also known as impredicative) is the key
concept in proving limitations of many systems. Gddel’s theorem uses it to show that no formal
consistent system of mathematics can ever contain all possible mathematical truths, because it
cannot prove some truths about its own structure. The halting problem equivalent, in computation
theory, shows that there is always some task that a computer cannot perform, namely reasoning
about itself. These proofs relate to a long tradition of mathematical paradoxes such as Russell’s
paradox and Berry’s paradox, and ultimately to classical philosophical paradoxes.

Self-reference (state-dependent) was studied in many papers foe examples ( [5] and [7]- [15]).

Also, studying the stability of the solution is considered one of the important studies in our
lives. In order to model a physical process, an equation or problem can be used if a small alteration
to it results in a corresponding small alteration in the outcome. When this occurs, the equation or
problem is said to be stable.

Continuous Dependence, another important concept in stability theory, addresses the behavior
of solutions in mathematical problems under varying conditions. It ensures that small changes in
the initial conditions or parameters of a problem result in correspondingly small changes in the
solution.

Hyers-Ulam stability when applied to the problem specifically, evaluates the model’s robustness
to disturbances, while Continuous dependence is applied to the unique solution of a problem to
examine how the solutions are affected when its parameters are changed slightly.

Hyers-Ulam stability was studied im many papers for example [18]- [19].

A system of equations is said to be coupled if knowledge of one variable depends upon knowing
the value of another variable. This kind of problem was studied in many paper for examples ( [1]-
[3], [6], and [16]- [17]).

Here we study the existence of solution of the Distributed state-dependent integral equation

p1(x(£))
x(€) = m(€) + j(; fi(s,y(s))ds, (1.1)

with conjugate feedback control

P2(y(€))
y(l) = m(€) + fo fa(s,x(s))ds. (1.2)

Our paper organized as follows: Section 2 contains main results for our problem (1.1)-(1.2). In
Section 3, the uniqueness of this solution will be proved. In Section 4, continuous dependence of
the solution on 4;(.), @;(.) and f(.,.) will be studied. In section 5, Hyers-Ulam stability will be

studied. Finally, some examples are given in Section 6.

The following theorem will be needed.

Theorem 1.1. (Schauder fixed point Theorem) [4]
Let W be a convex subset of a Banach space X, and T : W — W is compact, continuous map. Then T has at

least one fixed point in .
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2. MaIN ResuLts

Let C = CJ0,T] be the space of continuous functions on I = [0, T], with supremum norm
lullc = supey [u(£)| for any u € C.

Define
E=CxC= {(x(f),y({’)) :(x(€),y(€)) € E and ||(x, y)lle = llxllc + llyllc < r},
and define the operator T by

T(x,y)(£) = (T1y(¢), Tax(£)),

where

p1(x(£))
Tuy() = ar(6) + fo fils, y(s))ds,

2(y(£))
Tox(€) = ax(€) + fO(P ’ fa(s,x(s))ds.

We will prove that the operator T has a fixed point, hence the solution of problem (1.1)-(1.2) exists.

Suppose the following assumptions:

(i) fi:IxR - R,i=1,2such that
(1) for each ¢ €1, fi(¢,.) are continuous,

(2) for each u € R, fi(.,u) are measurable,
@)
Ifi(€,u)] < b(€) + clu(f)], forall (¢,u) € T X R,

where b(.) is bounded, measurable and b = sup,; b({) and ¢ > 0is a constant.
(ii) a; : T — R are continuous functions and a = sup,; la;(¢)], i = 1,2.
(iii) @; : I — I such that

lpi(€) = @i(s)] < |6 = s|, 9;(0) = 0,i=1,2.
(iv) there exists r satisfies the quadratic equation

a+(b—%)r+c72:0.

Theorem 2.1. Assume that the assumptions (i-iv) are satisfied. Then problem (1.1)-(1.2) has at least one
solution (x,y) € E.

Proof. Define the subset &, by

S = {(x(€),y(£)) € E: |I(x, y)llg < 7.
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The set S, is nonempty, closed and convex.

For (x,y) € S,, we have

P2(y(€))
[Tox(€)] = |a2(€) +f(; fa(s,x(s))ds

IA

2(y(€))
la2 (€)1 + f: ’ If2(s, x(s))lds
P2(y(0))
a+ jo‘ (b(s) + c|x(s)|) ds

a+ bpa(y(€) + crea(y(f)),
IToxllc < a + br + cr?,

IA

IA

then the operator T is uniformly bounded on &,.

Similarly; we get
ITiyllc < a+ br+ cr?,

then the operator T is uniformly bounded on &,.

Now,

IT(x, yle = IMTyllc + Maxllc
2(a + br + cr?) =1

IA

Therefore, T is uniformly bounded on &,.

Now, we show that T is a completely continuous operator. Indeed, let £, {> € I, {1 < £, such that

|65 — 1] < 6, we have

©2(y(£2))
[Tox(6) — Tox ()] = |aa(62) ~|—f(; fa(s,x(s))ds

2(y(61))
- am(6) + j:p ’ fa(s, x(s))ds

< Iu2(€2)—a2(51)|+
p2(y(£2))
= laa(l) - aa(6)] + j: L e
p2(y(£2))
< ax(bp) —a(€ b(s clx(s)||ds
< () — oo ”'*fm(m) (o) + et
< aa(62) —a ()l + (b + e n)lp2(y(62)) — p2(y(61))]
< aa(f2) —ax ()l + (b +cr)ly(L2) — y(6)l.

Similarly;

2(y(62)) p2(y(61))
fw fa(s, x(s))ds — f fa(s,x(s))ds
0 0

T1y(62) = Try(61)l < lar(€2) —ar(6)| 4 (b4 c r)lx(62) — x(&1)].
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Then, the operator T(x, i) is an equi-continuous operator. Therefore from Arzela-Ascoli Theorem

we deduce that the operator {T(x, y)} is relatively compact.

LetT: S, — G, for (x,y) € S, = T is a continuous operator:
indeed, let {x,(£), y.(£)} is a sequence in &, converges to (xo(£), yo(¢)) for every £ € I. Then

2(yn(0)) 2(yo(€))
|Tox,(€) — Taxo(€)] = [;P ’ fz(s,xn(s))ds—j:ﬁ ’ fa(s,xo(s))ds

P2 (yn (L)) P2(yo(£))
= f fz(s,xn(s))ds—f fa(s, x,(s))ds
0 0
P2(yo (L)) P2(yo(t))
+ f fz(s,xn(s))ds—f fa(s,xo(s))ds
0 0

02 (yu (L))
f fals, 00(s) s
P

2(10(£))

({)2(]/0({))
+ f

(pz(yn(f))
f (b(s) + clxn(s)l)ds+e o2 (y0 ()]
P2(yo(£))

IA

fa(s,xu(s)) = fa(s, x0(s)) |ds

IA

IA

(b4 c1)lp2(yn(€)) = P2(yo(6))] + € lyo(£)]

< (b+cn)lya() —yo(€)l + e
Similarly;
Ty, (€) = Tiyo(€)] < (b+cr)lx,(€) —=xo(O)| + e 7.
Then,
T(x,y) = (Ty, Tox)
is a continuous operator from E to [E.

Therefore, the conditions of the Schauder fixed point Theorem hold, which implies that T has
a fixed point in &,. Then problem (1.1)-(1.2) has a solution (x, y) € E.

Corollary 2.1. Let the assumptions of Theorem (2.1) be satisfied, if x(£) = y(£),a1(€) = a2(€), 1 = @2
and fi = f» in the Distributed state-dependent integral equation (1.1) with conjugate feedback control (1.2),
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then we deduce that the following equation

has a least one solution x € C(II).

3. UNIQUENESS OF THE SOLUTION

Theorem 3.1. Suppose that the conditions (i-2) and (ii) - (iv) of Theorem 2.1 are satisfied in addition to the
following assumptions:
Ifi(€,u) — fi(€,v)] < klu — ], i=1,2. (3.1)

Then problem (1.1)-(1.2) has a unique solution.

Proof. From assumption (3.1), we get

fi(t,u) = fi(£,0)] < klul,
but since
fi(& )l = 1£i(6,0)l < 1fi(6,u) = fi(6,0) < Klul,
therefore
fi(€w)l < 1fi(6,0)] + kful,
i.e. assumptions (i — 1) and (i — 3) of theorem 2.1 are satisfied. Then from theorem 2.1 the solution
exists.

Now we prove the uniqueness of this solution:
Let (x1,y1) be a solution of problem (1.1)-(1.2), then

P1(x(£))
() - a1 (O = |a(e) + fo fi(s,y(s))ds

1(x1(€))
- wo- [ U s () ds

1(x(L)) 1 (x1(£))
f £i(5, y(s))ds — f £1(5,y(s))ds
0 0

P1(x1(¢)) P1(x1(£))
4 f £i(5,y(s))ds - f £1(5,v1(5))ds
0 0

1(x(£)) @1(x1(€))

< fo fils,y(s))ds - fo fi(s,y(s))ds
1(x1(£)) @1 (x1(€))

[T Avends- [T A n)s
0 0
p1(x(£))

< f fi(s,y(s))lds
©1(x1(0))

fi(s,y(s)) — fis, ya(s))|ds

P1 (ﬁfl (t))
+ f
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< (|f1(5/0)|+kly(f)|)§01(x(f))—901(961(5))‘
+ Ky(6) = y1(O)lp1(x1(£))]

< (| £(6,0)]+ kly(f)l) *(6) - x1(€)l

+ km(Olly(0) -1 (0)]

Then,

Ix—xillc < (d+kr)llx—xllc +krlly - yille,
where d = sup, Ifi(€,0)],i = 1,2.

Similarly,
ly=yillc < @+kn)lly-wllc +krllx—xllc.
Then
(v y) — (xLy)lle = lx = xlle + lly — wnille

< (d4kr)lx—xillc +krlly—wllc
+ (@+kn)lly—wlic +krllx—xllc
< (d42k7)llx—xillc + (d + 2k 7)lly — yillc
< (d+2kr) (le - xllc +1ly - y1||C)
= all(xy) = (x1,1)le,

where

a=d+2kr.
Which implies

I(x,y) = (x1,y1)lle = Othen (x,y) = (x1,y1).

Corollary 3.1. Let the assumptions of Theorem (3.1) be satisfied, if x(£) = y(£),a1(€) = a2(€), 1 = @2
and fi = f» in the Distributed state-dependent integral equation (1.1) with conjugate feedback control (1.2),
then we deduce that there exists a unique continuous solution of the following equation

4. CoNTINUOUS DEPENDENCE OF THE SOLUTION

Firstly, we study the continuous dependence of the solution of problem (1.1)-(1.2) on a;(¢),i =
1,2.

Theorem 4.1. Let the assumptions of Theorem 3.1 be satisfied. Then the solution of problem (1.1)-(1.2)
depends continuously on a;(€),i = 1,2,
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Proof. Let (x(£),y({)) be a solution of:

70 = @) + [ fi(s,7(s))ds,
) 4.1)
7(0) = m(e) + [V f(s,7(s))ds.
1(x(¢))
m@)+‘£¢ fils, y(s))ds
1(x(£))
- aw>—jj fi(s, 7(s))ds
P1(x(£)) 1(x(¢))
[ Aeens- [ Ao
0 0
N L‘Ql(X(f))f1(S,y(s))dS—\Lwl(X(g))fl(S,?(S))ds
P1(x(£)) 1(x(¢))
mﬂa—awn+\£ f«sw>Ms‘£ fils,y(s))ds
1(x(£)) 1(x(¢)) _
[ Ayenas- [T A7)
0 0
1(x(€))
MA@—EM0L+1W~

P1 (’C({))
P1 ('((t))
_I_ f
0

laq (€ I+(|f1 (6,0)| +Kkly(¢t )
+  kly(€) = y(Ol o1 (x(¢
laq (€ |+(|f1 €,0)] +kly(¢) ) (€) =x(¢)]

+ kx(Oly(€) = y(O)l.

() =x(O) =

IA

lar (€) — a1 (6)] +

IA

ds

IA

fi(s,y(s))

ds

fi(s,y(s)) = fuls, y(s))

IA

1(x(0)) —%(35(5))‘

IA

Then,
llx —xlc
lx—xlc <

IA

law — mllc + (d+kr)llx—xllc +krlly—llc,

— L [l - @lle +krlly -7
1-(dt+kn\"m — Ml y-ef

Similarly;

ly-Tle < wz—amc+kuu—ﬂm)

1
1-(d+k r)(
Then,

I y) = @YIe = llx = Fc + lly - Yl
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1 — .
_—r)(llﬂl - mllc +kr||y—yllc)

1 —
i m(”ﬂz - ﬂzllc+krnx—a|c)

ﬁ(llth - mllc + llax — Ezllc) + 7 (llx - Xllc+1lly - ?llc)

= Bl(ar,a2) — (@, @)lle + nli(x,y) — & Y)lE,

where . L
,
= - d = -
P =i ™ = T,
Therefore, if [|(a1,82) — (@, @)l <61 = ll(x,y) = @V <e1 = 1501

Secondly, we show that the solution of problem (1.1)-(1.2) depends continuously on ¢;(¢),i = 1, 2.

Theorem 4.2. Let the assumptions of Theorem 3.1 be satisfied. Then the solution of problem (1.1)-(1.2)
depends continuously on ¢;({),i=1,2,

Proof. Let (x(£),y(¢)) be a solution of:

70 = a(0) + [ fi(s,5(s))ds,
(4.2)
70 = a(0) + [ f(s,7(s))ds.

1(x(6)) P1(x(0))
$(O-FO = (0 + [ s () s~ (0) - [ T s (e

1(x(0)) 1(x(¢))
[ avenas- [ atyn
0 0

01(x(£)) 01 (x(¢))

- " s () - [ T s 7))ds

1(x(0)) P1(x(0))
fw fsvds— [ filso)ds
0 0

o1(x(¢)) 1(x(¢)) .
[ AGuena- [ AT
0 0

p1(x(€)) P1(x(£))
f ds + f
P1(x(0)) 0

(lfl (£,0)1+ kly(f)l) P1(x(6)) = @1 (W’))'
+ Ky() =y(Oler(x(0))]

(Iﬁ (6,0) + k|y<f>|) 21(x(0) ~ 1 () + 91 (7)) ~ 7 <x<f>>]

IA

+

IA

fi(s,y(s)) fi(s,y(s)) = fuls, y(s))|ds

IA

IA
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Then,

Similarly;

Then,

+ kIOl y(6) - y(0)l

< @ik r>(|<ol (x(0)) ~ 1 O + 11 - fm(f(m) k(&) -0

IA

(d+k r)(lx(t’) —x(O)]+ (1 - 51)(5?(5))|) +krly€)—y(0)l

d+kr

h=Fle < — K o G+ —— =7
C S T (drkn) TP T gy W Vi

_ d+kr — kr
- < - 7 - Ik =Ale.
ly-wllc < 1—(d+kr)”902 (P2“C+1—(d+kr) llx = xlic
I, y) = Lyle = lx = Xlc + lly = vl
d+kr — kr
m“@l—(mnc—i—m ly - Ylle
d+kr — kr
+ m”@z—(mnc—f—m“x_ﬂc

where

13 (||§01 - ¢illc + ||§02—§52||c)+17 (llx - Alc+1ly - ﬂlc)
= &lp1,92) — (P, e)lle +nll(x,y) — (X, y)lE,

d+kr

i

&

Therefore, if [|(p1, 92) — (1, 2)llE <62 = (v, y) — (X Y)llE < &2 = 7=02.

1-n

Finally, we show that the solution of problem (1.1)-(1.2) depends continuously on f;(£),i =1, 2.

Theorem 4.3. Let the assumptions of Theorem 3.1 be satisfied. Then the solution of problem (1.1)-(1.2)
depends continuously on f;(€),i =1,2,

Proof. Let (x(¢), y(¢)) be a solution of:

x(6) =x(O) =

76 = am(0) + [ Fils 7(s))ds,
(4.3)

7(0) = a(0) + [P (s, 7(s))ds,

1(x(€))
m(@) + [ " s y(s))ds

p1(x(0)) _
a0 - fo A5, 7(5))ds
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@1 (x(€)) p1(x(£))
f fi(s,y(s))ds - f £1(5,y(s))ds
0 0

P1(x(£)) P1(X(€)) _
n f fils,y(s))ds - f Fils,7(s))ds

1(x(£)) P1(x(£))

< fo fi(s,y(s))ds - fo f1(s,y(s))ds
o (F(0) PEO) _

4 f fi(s,y(s))ds - f 715, 7(s))ds
p1(x(£))

< [ A
p1(x(¢))

fi(s,y(s)) = fls, y(s))ds

(Fl(x(é))
+ f
0

1501+ ko)

qﬁl(x(é))
f
0

(| A(6,0)]+ kly(f)l)IX(f) _x(0)

IA

P1(x(0)) —fpl(f(f))‘

ds

fils,y(s)) = fi(5,9(5)) + fi(s,9(s)) = fils, H(s))

IN

1(x(0)) —
e [T (=T 60 - Rl T s
< (d+kr)llx=xlc + lp1 (55<5))I(klly —yllc +lIfs —Ellc)

< (d+kr)x—Xlc+r (klly—ﬂlc +1lfA —ﬁ||c)o

Then,
r ~ kr
- < —  |fi - _ ly- )
k=Tl < Tl fille + T v~ Pl
Similarly;
— r ~ kr
- < — - _ lx- )
ly=Tle < 7oyl Pl + Tz e
Then,

I(x,y) = oyl = lIx = ¥lc + lly - vllc
r ~ k?’ —~
< m”fl—fl”o:—i—m ly = vllc

r = r
m“fz - folle + T-(@d<kn llxx — xlle

MiA - ﬁllc + ||f2-]§||c)+n(||x - e +1lly = Yl
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= MA ) - (o le+0lxy) - @Dl

where
T

1 - (d+kr)
Therefore, if [|(fi, f2) = (fi, K)llE <85 = (xy) — @Ik < &3 = 1205

A=

Corollary 4.1. Let the assumptions of Theorem (3.1) be satisfied, if x(£) = y(€),a1(€) = a2(£), 1 = @2
and fi = f» in the Distributed state-dependent integral equation (1.1) with conjugate feedback control (1.2),
then we deduce that the solution of the following equation

(x(6))
x(€) = a(t) + fu f(s,x(s))ds.
0
exists and depends continuously on each of a;(.), fi(.,.) and ¢;(.).

5. Hyers-ULAM STABILITY

Theorem 5.1. Consider the Distributed state-dependent integral equation

P1(x(0)
x(0) = a1(€) + fo £1(6,y(0))d6, €1 (5.1)

with conjugate feedback control

P2(y(£))
y(l) = a(€) + ](; 12(6,x(6))deo. (5.2)

Let the solution of (5.1) with (5.2) exists, then this solution is Hyers-Ulam stable if Ye > 0,3 6*(e) > 0
such that any solution (xs(£), ys(€)) of (5.1) with (5.2) satisfies

P1(xs(£))
%w>—mw>—l; £1(6,y:(0))d6] < &,

2(ys (L))

mw—@w—j“ £(6,%:(6))d6| < &,
0

then

”(x/y) - (xs/ys)”]E < €.

Theorem 5.2. Let the assumptions of Theorem 3.1 be satisfied. Then the solution of problem (1.1)-(1.2) is
Hyers-Ulam stable.

Proof. Let (x5(¢), ys(£)) be a solution of:

x%s(0) = ‘f’fpxh f1(6,y5(0))do,
(5.3)

ys() = ax() + [P £(6,x,(0))do.
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P1(x(0))
[x(€) —xs(€)] = |m(€) + j(; f1(6,y(0))do — xs(¢)

1(x(0)) 1(x5(2))
m@ + [ T e, v(0))d6 - [ " e, y(0))ae

P1(xs(£)) P1(xs(£))
4 fo £1(6,4(6))d6 - fo £1(0,:(0))d0

(3 (0))
+ fo(p f1(6,y5(0))d6 ~ x5(¢)

@1(x(L)) P1(xs(£))
f 1£1(6, y(6))1d6 + f
P1(x5(£)) 0

IA

f1(0,y(0)) - £1(6, ys(Q))‘dG

1(x5(£))
a(t) + f fi(6, ys<e>>de—xs<f>‘

IA

(lfl (£,0) + kly(f)l) P1(x(€)) — 1 (xs(f))‘

k1y(6) = ys(O)l 1o (xs())| + 6
(d+kr)lx(6) = x: (O + k7 ly(€) = ys(€)] + &,
(d+kr)lx—xsllc +krlly—yslle + 6"

A

IA

lIx — xllc
Similarly;
ly—vsllc < (@d+kr)lly—ysllc +krllx—xsllc + 6.

Now

I(x,y) — (x5, ys)llE Ix = xsllc + lly = wslle
(d+kr)llx—xdlc +k7lly—ysllc + &
+ (d+kr)lly—ysllec +krlx—xsllc + 6

= (d+2kr)llx—xdlc+ (d+2k7)lly—ysllc +2 0"

IA

alllx = xlle +lly — yslle | +26°

= all(x,y) — (xs,ys)lle +20,

which implies
26

”(x/]/) - (-xs,]/s)”]E < 1—a = €.

Corollary 5.1. Let the assumptions of Theorem (3.1) be satisfied, if x(€) = y(€),a1(€) = a2(€), 1 = @2
and fi = f» in the Distributed state-dependent integral equation (1.1) with conjugate feedback control (1.2),
then we deduce that the solution of the following equation
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exists and this solution is Hyers-Ulam stable.

6. SoME ParrticuLar CASEs

Letting ¢;(1) = niu,u € Cand n; € (0,1),i = 1,2, then we have the Distributed state-dependent

integral equation

n1x(€)
©0 =m0 + [ " s y(e)ds,

with conjugate feedback control

2y(¢)
y(6) = ax(6) + \fony fa(s,x(s))ds.

Note that ¢; (1) = n;u satisfy condition (iii). Then from Theorem (2.1), we obtain that the solution
of this problem exists, from Theorem (3.1), we get that this solution is unique and from section 4,
we get that this solution depends continuously on each of 4;(.), n; and fi(.,.). Also, this solution is
Hyers-Ulam stable.
Now, if

Al y(0) = AEx(0) = (1+20)
(note that each of f; and f, satisfies condition (7)) and if x(€) = y(¢), a1(£) = ax(¢) and 1 = 1.
Then, we obtain the problem

x(0)
x(€) = a(f) +f(:7 [ (1 +2s)°ds,

Now, by simple calculations, we get that the problem:

x(£)
x(€) = a(f)—i—j: (1+2s)%ds

B 1(1 4 25)3™"
= Ot
X 3
— a0+ %(w . %)

has a unique continuous solution which depends continuously on each of a(.) and n. Also, this

solution is Hyers-Ulam stable.
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