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Abstract. In this paper, we introduce the concept of an intuitionistic fuzzy n-controlled metric space (IFnCMS) by

using 1 non-comparable functions a; : £ XX — [1,00) (1 <i < n) in the inequalities having the form F (g‘i, z;fl 417 L({ +
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examples and prove several fixed point results by utilizing an intuitionistic fuzzy version of Banach contraction and

0

generalized a — ¢—intuitionistic fuzzy contractive mapping in the setting of [IFnCMS. Furthermore, we present some of
its consequences to illustrate the significance of our results. Ultimately, we apply fractional differential equations used

in economics to support the main result.

1. INTRODUCTION

Intuitionistic fuzzy metric spaces (IFMSs) enhance classical metrics by integrating membership
and non-membership degrees, resulting in a more complete representation of uncertainty. This
framework has a wide range of applications in several fields. It improves data classification
and feature selection in pattern recognition and machine learning by handling uncertainty more
effectively. Itimproves risk assessment and decision-making models by accounting for complicated
preferences and uncertainties in decision-making and multi-criteria analysis. It supports control
systems and robots in the design of controllers and the navigation of unpredictable environments.

Itimproves classification and segmentation accuracy in image processing by dealing with imperfect
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visual information. In healthcare, it aids in disease diagnosis and patient monitoring in the face
of unknowns. It also improves forecasting and portfolio management in economic and financial
modelling by addressing missing data. Finally, it assists linguistic and cognitive modelling by
imitating human-like reasoning and allowing for more flexible representation of language factors.

Schweizer and Sklar [1] presented the notion of triangular norms. Zadeh [2] presented the
notion of fuzzy sets (FSs). Several authors in [3]- [19] worked on fuzzy metric spaces (FMSs),
its topological properties and fixed point results. Nadaban [20] introduced the concept of fuzzy
b-metric spaces (fuzzy b-MSs) and discussed its some properties. Mehmood et al. [21] introduced
the concept of extended fuzzy b-MSs. They used a function in the triangular inequality of fuzzy
b-MSs instead of b > 1. Sezen [22] introduced the concept of controlled FMS by modifying the
triangular inequality of fuzzy b-MSs. After that, Saleem et al. [23,24] generalized the concept of
controlled FMSs by introducing fuzzy double controlled and fuzzy triple controlled MSs. Zubair
et al. [25] introduced the concept of fuzzy extended hexagonal b-MSs and proved several fixed
point results. Hussain et al. [26] introduced the concept of pentagonal controlled FMSs as a
generalization of fuzzy double controlled, fuzzy triple controlled and fuzzy extended hexagonal
b-MSs. Recently, Furgan et al. [27] introduced the concept of fuzzy n-controlled metric spaces
(FnCMSs) as a generalization of fuzzy pentagonal controlled MSs. Further, they proved several
tixed point results for contraction mappings in the setting of FnCMSs.

In 2004, Park [28] presented the concept of IFMS as a generalization of FMSs. In FMSs only
membership function have used, however, Park used membership and non-memebrship functions
to introduce IFMSs. Further, he discussed several topological properties of IFMSs. After that, Alca
etal. [29] extend the fuzzy version of Banach fixed point theorem in the setting of IFMSs and proved
tixed point theorems. Konwar [30] introduced the concept of an intuitionistic fuzzy b-MSs (IFbMSs)
as a generalization of IFMSs and proved several fixed point results. Kattan et al. [31] presented
the concept of intuitionistic fuzzy rectangular extended b-MSs and extend Banach contraction
principle in this setting. In 2022, Farheen et al. [32] presented the concept of intuitionistic fuzzy
double controlled MSs (IFDCMSs) and proved several fixed point results in this new setting.

The main objectives of this study are as follows:

e To present the concept of IFnNCMSs.

e To extend the Banach fixed point theorem in the context of IFnCMS.

¢ To present fixed point results via intuitionistic fuzzy Banach contraction principle and
generalized a — ¢—intuitionistic fuzzy contractive mappings.

¢ To find the existence and uniqueness of a solution of fractional differential equations by

utilizing main result.

This paper contains five sections. In second section, we review some definitions from existing
literature for the support of main study. In third section, we discuss IFnCMS, fixed point results

via intuitionistic fuzzy Banach contraction principle and generalized a — ¢—intuitionistic fuzzy
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contractive mappings with examples. In fourth part, we find the existence and uniqueness of

fractional differential equations by applying main result. In fifth part, we provide conclusion.

2. PRELIMINARIES

In this part, we go over the definition of CTN, CTCN, fuzzy b-MSs, extended FMSs, controlled
FMSs, double controlled FMSs, triple controlled FMSs, fuzzy hexagonal extended b-MSs, pentag-
onal controlled FMSs, fuzzy n-controlled MSs, IFMSs, IFbMSs and IFDCMSs.

Definition 2.1. [1] A mapping 1° : [0,1] X [0,1] — [0, 1] is said to be a continuous t-norm (CTN) if its
satisfied the below conditions:

(): Commutativity: 1°(c°,#°)=1°(#°,¢°);

(ii): Assosiativity: 1°(c°, 1°(7°,2)) = 1°(:°(¢%, 1°), 2);

(iii): Monotonicity °(c° 1°) < 1°(w, z) whenever ¢° < w and h° < z;

(iv): The number 1 act as an identity element 1°(c°,1) = ¢°;

(v):  is continuous.

Definition 2.2. [1] A mapping o : [0,1] X [0,1] — [0, 1] is said to be a continuous t- conorm (CTCN) if
fulfill the below assertions:

(): Commutativity: o(¢®,h°)=o0(#°,¢%);

(ii): Assosiativity: o(¢?, o(f° z)) = o(o(c% 1°),2);

(iii): Monotonicity (c° #°) < o(w,z) whenever ¢° < w and #° < z;

(iv): o(c% 1) =1;

(v): o is continuous.

Definition 2.3. [8] A fuzzy b-MS is an order triple (®, F,*) where © is an arbitrary set,» is CTN, and F
is FS on ® X © X (0, co) verifies the assertions listed below for all ¢°,1°,z € ® and 1°,c° > 0 :

(F1) (¢ 1%,1%) > 0;

(F2) F(¢°, 1, ¢ ) = lifand only if ¢° = #°;

(F3) F(c% h°,1°) = F(h°,¢%,1°);

(F4) F(¢%, z, b(t +7)) = F(c%h°,°) «F(°,z,1); where b > 1;

(F5) F(c%1°,.) : (0,00) — [0, 1] is left continuous.

Then F is called a fuzzy b-metric on ©.

Example 2.1. Let (©,d, c°) be a b-MS. Define F : @ x © X (0,00) — [0,1] by

0
1°+ d(go/ ho) .
Also consider that 1° » 1 = min{i°, 1}. Then (O, F, *) is fuzzy b-MS with constant 1 = ¢°.
J ] Y ]

F(¢%n,°%) =

Definition 2.4. [22] A controlled FMS is a four tuple (®, M, *, &) where © is an arbitrary set, a : @ X © —
[1,00) % is CTN, and M is FS in © X © X (0, o) that verifies the below axioms:
(GVl) vco’hoeg vla>0 {M(Co, ho, LO> = 0},
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(GV2) Voo e (VosolM(c%,1°,1°) =1} & ¢ =1°);

(GV3) Voo joee Ywoso IM(c, H0.1°) = M(H°,¢°,1%));

(GV4) Yoo poze@ Voo >0 {M(c%z,°+7) = M(c, 1, (fu h0)> M(#°,z, @)};
(GV5) M(c° 1°,.) : (0,00) — [0,1] is continuous, for all ¢°,1° € ©.

Then M is named a controlled fuzzy metric on ©.

Example 2.2. Assume® = AUBwhere A = [0,1]and C = IN\{0, 1}. DefineM : @ x© x [0, c0) — [0, 1]

as
1, if1° =c,
ifi’cAandceC

1
M(,¢c, %) = Lntc
o+1

ifi® € AandceC

5 +1 if otherwise

with the CTN = such that 1+ ] = (°.] Definea : @ X ©® — [1, ) as
lifio,ceA

a(a,c) =
max{t’, c} if otherwise.

Then (®, M, ) is a controlled FMS.

Definition 2.5. [23] Consider a nonempty set © and two non-comparable functions a,f : @ X © — [1,0).
Let  be a CTN. A fuzzy double controlled metric on © is a FS and M defined on ® X © X (0, co) that fulfills
the below assertions for any ¢°,h°,z € © :

M1) Vo poee (M(c%,1°,1°) > 0};

(M2) Vo poco [VisoM(c%, 1, 0) = 1) & ¢ = 1);

(M3) Voo poep Yioso {M(c,10.0°) = M(#°,¢%,1°)};

(M4) vg“,h“,ze@ vt",]>0 {M(C Z, 1+ ]) e M( 0 ho (thu) ) M(ﬁ”l Z, W)

(M5) M(c%#°,.) : (0,00) — [0,1] is continuous.
Then (©, M, =) is called a fuzzy double controlled MS.

Definition 2.6. [24] Suppose f,g,h : FXF — [1,00) are three noncomparable functions, * is a CTN, and
mq is a FS on F X F x (0, 00). Then, my is said to be a fuzzy triple controlled metric if for any @, c° € F and
all distinct €,1 € F\ {®, ¢°}, that fulfills the below assertions:

(mg1) my(@,c°,1°) >0;

(mg2) my(@,c°%1°) = 1forall > 0iff @ = ¢%

(mg3) mg(@,c%,1°) = my(c, @,1°);

(mgd) mg(@,c% 1 +c° +w) > mg(@,&,1°/ f(@,€)) »mg(e,m,c°/8(e,n)) »mg(n, <, w/h(n,c°)), for
all °,¢% w > 0;

(mg5) mg(@,c°,-) : (0,00) — [0,1] is continuous.

Then, (F,mg, ) is named a fuzzy triple controlled MS.
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Definition 2.7. [25] Suppose © be a nonempty set. A 4-tuple (®,L,*) is a fuzzy extended hexagonal
b-MS, if xisa CTCN, Lis a FS on © X © X [0,00), and Q : © X ©® — [1, o0) verifies the below assertions
forallc®, e, f,8,k€®, " e e+ f, f#g g#k k#h, anda,p, o’ 0], w=0;

(F1) L(c°,1°,0) = 0;

(F2) L(c% 7%, a) = 1 implies ¢° = h°;

(F3) L(¢%#° a) = L(K°,¢°%, a);

(F4) L(c% 1, Q(c% i) (a+ B+ 0+ 0] +w)) 2 L(c’ e, a) xL(e, f,B) * L(f,8,0°) * L(g, k, 09)

+L(k, 1%, w);
(F5) L(c%#°,-) : [0,00) — [0,1] is left continuous.

Definition 2.8. [26] Suppose © # ¢. A 4-tuple (®,H,+, Q) is a fuzzy controlled hexagonal MS if + is
aCTCN, Hisa FSon ©x© X [0,0), and Q : ® X ©® — [1,00) that verifies the below axioms for all
¢’ e f,gke®, e et f, f#g g+kk+h, anda,B, 0% 0], w=0;

(T1) H(¢% #°,0) =0;

(T2) H(¢% 1%, a) = 1 implies ¢° = #°;

(T3) H(¢% %, a) = H(H°, &% a);

(T4) H(c" 1, a4+ B+ 0° +0f +w) 2 H(c’ e,a/Q(c" ¢)) »He, f,p/Qle, ) *H(f, 8,0°/Q(f.8))

+H(g,k,07/Q(8 k) H(k, 1°,w/Q(k, 1°));
(T5) H(c% h°,+) : [0,00) — [0,1] is left continuous and lim,—,. H(c%, %, a) = 1.

Example 2.3. Let © = {1,2,3,4,5,6}. Define H: ® x® x [0,00) — [0,1] as

‘,o_ho‘Z -

1
H(c 1, a) = [es a ] forall a >0

with the CTN = such that aq * ay = aia. Then, (©,H,*, Q) is a fuzzy controlled hexagonal MS with
control functions Q(c° h°) =14 ¢° + A°.

Definition 2.9. [26] Let ® # ¢. A triplet (®, M, *) is a pentagonal controlled FMS if + isa CTCN, M is a
FSon ®x0® x[0,00),and Q,W,E,R,E : © X ©® — [1, o) are five noncomparable functions that verifies
the below axioms for all ¢°,1%,e, f, g, k€ ®,c’ £e,e# f, f #g, ¢+ k k# 1, and a,B,0°, 0], w > 0:

(A1) M(c%,7,0) = 0;

(A2) M(c% 1, a) = 1 implies ¢° = 1°;

(A3) M(c” 7%, a) = M7, ¢°, a);

(Ad) M(c% 7%, a+B+0° +0f +w) = M(c, e, a/Q(c’ e)) «Mle, f, B/ W(e, f)) *M(f, &, 0°/E(f,8))

*M(g,k,00/R(g,k)) * M(k, 1°,w/E(k,1°));
(A5) M(c% #°,-) : [0,00) — [0,1] is left continuous and limy—,eo M(c°, 7%, a) = 1.

Example 2.4. Let © = {1,2,3,4,5,6}. Define M : @ X © X [0,00) — [0,1] as

M( 1, a) = a : forall a >0,

atle =T
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with the CTN = such that aq *ap = ajap. Then, (®,M,*) is a pentagonal controlled FMS with
non-comparable control functions Q(c%h°) = 1+ ¢° +#°, W(c% %) = 1+ <+ hOZ,E(g", n°) =
L 5 R(€ ) =14 5, T(e0, 1) = 14 7 41

Definition 2.10. [27] Assume ¥. # ¢ and a; : L XX — [1,00) where i € IN be the non-comparable
functions n. A FS M5, on £ x X x (0, 00), together with a CTN =, is said to be a fuzzy n-controlled metric,

if M, fulfills:

(M1) M, (c§,¢5,1°) >
(M2) Mﬁl(g‘i,gz, ) = for all © > 0, if and only if ¢ = ¢5;
(M3) M5, (9, ¢5,1°) = M, (c;z, c1,1%);

© I
MOV, €0, 8 15+ 15) 2 M, (3,63, b= )+ M5 (3,8, i)

- M (gn, Cri1r (C—Cm)for all 1§, > 0;
(M5) M;,(¢9,¢5,7) : (0,00) — [0, 1] is continuous;

for all distinct ¢,¢5,¢3,..., gZH € X. The quadruple (¥, M5, ay,*) is called a FnCMS.

Remark 2.1. (i) If we take the following g‘{, Cor gg, gZ, gg, gg distinct elements, then a (FnCMS) reduces to
a fuzzy pentagonal controlled MS with controlled functions a;, 1 <i < 5.

(ii) If we take the following ¢1,65,6%,Chs distinct elements, then a FnCMS reduces to a fuzzy triple controlled
MS with controlled functions a;, 1 <i < 3.

(iii) If we take the following ¢3,65,6%, distinct elements, then a (FnCMS) reduces to the definition with

controlled functions a;, 1 <i < 2.

Remark 2.2. Pentagonal, hexagonal, triple controlled, double controlled, b-rectangular, b-extended and
controlled rectangular, and several other FMSs are also not Hausdorff.

Represent ®, the collection of all functions ¢ : [0, 00) — [0, 00) which are nondecreasing and having the
assertions:
(i) p(1°) < 1°,
(ii) limy 00 9" (1°) = 0,
forall (° > 0, where Q" represents the n-th iteration of ¢.

Example 2.5. Assume ¥. = [0, c0), define a : £.X % X [0, ) by

© gU

e 2 £ -0 0 -0

a(go 0 LU) _ ) g7 lfgl 2 S #0
17 =2/ - .

0, ifci<g)

and Ec® = 5¢°. Then clearly E is a-admissible.

Definition 2.11. [28] An IFMS is a five tuple (©,M, N, *, o) where © is an arbitrary set,x is CTN, o is
CTCN and M, N are FSs on © X © X (0, o) verifies the below assertions:

(IF1) Yeomeo {M(c, 1°,1°) + N(c% 1°,1°) < 1};

(IF2) V.o e {M(c%, 1°,1°) > 0};

(IF3) Yeomeo {(YwsolM(c?, 71°,1°) = 1} & ¢ = 1°;
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(IF4) Voo poeo Yoo IM(c%, R°.0°) = M(R°, 0, 10));
(IF5) Yoo ze@ Vo150 {M(c%, 2,1 + 1) 2 M(c, 1, %) « M(H°, 2, 1) };
(IF6) M(c° 1°,.) : [0,00) — [0, 1] is continuous for all °,#° € ©;
(IF7) V.o poee IN(c%, 1%,1°) > 0};
(IF8) Vo oc {Vios0IN(c?, 1,17) = 0} & ¢ = 1°};
(IF9) Vo peo Yoo IN(c?, 10.°) = N(1°,¢%,1°));
(IF10) Yoo ze@ Yio,150 IN(6% 2,1° + 1) < N(¢% 1°,1°) oN(11°, 2, 1)};
(IF11) N(c°#h°,.) : [0,00) — [0, 1] is continuous for all c°,#° € ©.
The pair (M, N) is referred to as an IFM on ©. The functions M(c°,1°,1°) and N(c°, #°,1°) represent the
degree of closeness and the level of non-nearness between c° and h° with regard to (°, respectively.

Definition 2.12. [30] An is a six tuple (®, M, N, *,0,b) where © is an arbitrary non-empty set, * is a
CTN, o isa CTCN and M, N are FSs on © X © X (0, ) if ¥ ¢°,1° > 0 and a given number b > 1 fulfills
the below assertions:

(IF1) Yo pee {M(c%,1°,1°) + N(c%,1°,1°) < 1);

(IFZ) vco,hOEQ {M(go, ho, Lo) > 0};

(IF3) Veopoeo {YiosolM(c®, 10,1°) = 1} & ¢ = °);

(IF4) Vo poee Yoo {M(c, H0.1°) = M(H°, ¢, 1%)};

(IFS) vg”,h”,ze@ vlo,]>0 {M(COI ZI Lo + ]) Z M(Col hol %) *M(hol Z/ %)}/

(IF6) M(c% 1°,.) : [0,00) — [0, 1] is continuous for all °,#° € ©;

(IF7) Yoo meo IN(<, 1,10) > O);

(IF8) Vo oeo {Vis0IN(c%, 1%,1°) =0} © ¢ = y};

(IF9) Vo oee Yws0 {N(cO, 1°.°) = N(K°,¢%,1)};
(IFlO) vg“,h”,ze@ vl”,]>0 {N(CO/ Z/ LD + ]) S N(COI hol %) o N(hol Z/ %)}/
(IF11) N(c° h°,.) : [0,00) — [0, 1] is continuous for all ¢°,#° € ©.
Then (M, N) is called an intuitionistic fuzzy b-metric on ©.

10— 10—

Example 2.6. [30] Consider that M(c°,1°,1°) = e T and N(c% 7% 1°) =1—e" @  wherep > 1is
a real number. Then (©, M, N, *,0,b) is become an IFbMS with b = 2r-1,

Definition 2.13. [32] An IFDCMS is a six tuple (®, M, N, =, 0,b) where © is an arbitrary non-empty set,
+isa CTN, o isa CTCN and M, N are FSs on @ X @ X (0,00) if ¥ ¢%,1° > 0and ay,a; : @ X O — [1,00)
be two non-comparable functions satisfies the following conditions:

(IF1) Voo peafM(c% h°,1°) + N(c%,1°,1°) < 1};

(IF2) Vo e {M(c%,1°,1°) > 0};

(IF3) Yeome (YsolM(c%, °,10) = 1} & ¢ = 1°);
(IF4) Voo poeo YwsolM(c, 70.1°) = M(H°,¢%,1°)};
(IF5) Ve, 1%,z € @Yy 0 {M(gO,z, o4 > M(go, o, m)M(ﬁz m(g—))}
(IF6) M(c% 1°,.) : [0,00) — [0, 1] is continuous for all °,#° € ©;
(IF7) Yo ocolN(c%, 1, 12) > O);
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(IF8) Yo poeaiVis0fN(c’, 1%,1°) = 0} & ¢ = 1°};

(IF9) Voo poce Va0 (N (<0, H0.10) = N(I°, c°, 10));
(IF10) Vc?, 1%, 2 € @V 0 o {N(g 2,0+ ) <N(g h",FZhD))oN(h",z,m)}
(IF11) N(¢° h°,.) : [0,00) — [0, 1] is continuous for all ¢°,#° € ©.

Then (M, N) is called an intuitionistic fuzzy double controlled metric on ©.

3. MaIN Resurts

In this section, we introduce the concept of IFnCMS as a generalization of IFDCMSs [32],
FbMSs [30], FnCMS [27] and several other generalized spaces. Further, we prove some generalized
fixed point results in the setting of IFnCMSs.

Definition 3.1. Suppose . # ¢ and a; : EX L — [1,00) (1 < i < n) be n non-comparable functions. Let
+ and o show the CTN and CTCN, respectively. The six tuple (¥, F,N, ay,*,0) is called an IFnCMS when
the below axioms are hold for all distinct ¢G5 eXandt>0:
IF1) F(gg,gg, °)>0;
IF2) F(gl,gz, °) =1V >0, ifand only if ¢l =c5
IF3) F(c§,¢5,1%) = F(c3, gﬁ, °);
I 9

IF4) F(gll n+1ll +L +- +L )>F(C1{1CZIWM)*F(C%€§/W§’C§))

* ..*F(gn,gn_s_l,ﬁ) Vl > O
(IF5 F(gi,gg,.) :(0,00) > [0 1] is continuous;

0
4 gn+1

(
(
(
(

(IF6) N(c§,c5,1°) > 0;
(IF7) N(c§,¢5,1°) =1V 1° >0, ifand only if ¢§ = ¢5;
(IF8) N(cf,¢5,1°) = N(c9,¢9,1%);
[0 LD
(IF9) N<g‘i’gfz+]’L(]) + lg +---+ "0) < N(C({/Cg/ W%’gg)) ON(Cg/ggl nggg))
Q- ON(g%,giH_l,W) VL > 0
(IF10 N(¢{,¢5,-) : (0,00) — [0, 1] is continuous;

(IF11) F(<5, 5, 10) + N(c, 3, 1%) < 1.
Then, (X,F,N) is called intuitionsitics n-controlled fuzzy metric. The function F (gg,gg, (°) and
N (g‘{, Gor 1°) represents the degree of nearness and the degree of non-nearness between ¢f and ¢

with respect to 1°, respectively.
We have the below remarks from the preceding definition:

Remark 3.1. (i) If we take n = 5, i, G1/Gos e Gy, SIX distinct elements, then IFnCMS reduces to
intuitionsitic fuzzy pentagonal controlled MS with controlled functions a;,1 <i <5,

(ii) If we take n = 2, i.e, ci,¢5, ¢35, three distinct elements, then IFnCMS reduces to IFDCMS [32] with
controlled functions a;,1 <i < 2.

(iii) Every FnCMS [27] is an IFnCMS of the form (X,F,1—F,ay,*,0) such that = and o are associated as
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ot =1-((1-¢°)=*(1-h°)) forall °,1° € O.

(iv) If we take Ca=Gy=""= CZ_H, l‘{/ =13 +1°3 + -+ + 13, then [FnCMS reduces to IFMS [28].

From the above remark, we can deduce intuitionistic fuzzy rectangular extended b-MS [31],
IFbMS [30], fuzzy pentagonal controlled MS [26], fuzzy hexagonal extended b-MS [25], fuzzy triple
controlled MS [24], fuzzy double controlled MS [23], fuzzy controlled MS [22], fuzzy extended
b-MS [21], fuzzy b-MS [20] and FMS [19].

Example 3.1. Let @ = {1,2,3,---,7}and a; : O X O — [1,0)(1 < i < 6) be defined as a1 =
1+ +gam=1+g+ga3=1+ci+tcau=1+¢c +cgas=1+c2+cj,a6=1+¢c+c7.
Define F,N : @ X © % (0,0) — [0,1] by
min{c], ¢} + 1
F(e},¢5,0) = ———
pcic], oot + 1

and
min{cf, ¢} + (°

N(ci,¢5,1°) =1- .
Qe max{c{, ¢} + 1°

Define CTN 7 +” by gy =10 and CTCN " o” by i o1y = max{(], 15}. Then (®,F,N, ag,*,0) is an
IFnCMS.

Proof. Here, we prove (IF4) and (IF8) as other all are obvious.
(IF4): Let g‘i = 1l and ¢7 =7, then left hand side

min{c?, o} + 1§ + 15+ -+ 10
F(c$,69, 0 + 1§+ +12) = voz 1 2 6

max{c], ot + 1§ + 5+ +1g
min{l, 7} + 1§ + ¢ + -+ 1f
- max{L7}+ i+ G4+ 18
:1—|—L‘1’+Lg—l—---+tg
7H0E+0G 4+

Now, right hand side
s L(i _min{1,2}+#iz)_1+§_3+q
, ’041(1,2))_ max{l,2}+#§2) a 2—1—% a 6+Lg
plps 8 ):min{213}+ﬁ%3):2+%:10+g
" aa(2,3) max{2,3}+#%/3) 3—|—% 15+4
lhg 8 ):min{3,4}+ﬁ§4):3+§:z1+lg
DG maxia 4+ i 4+s BES
les ):min{4,5}+ﬁ%/5):4+§:36+12
" ay(4,5) max{4,5}+i 5_|_ﬁ 45 + 1

0(4(4,5)



10 Int. ]. Anal. Appl. (2024), 22:225
. © o
F(5 6, )_ mini5 61+ 355 _5+5 _ 55+4
7Y - 0 - 0 0
as(5,6) max}5, 6} + a5(L&53,6) 6+ % 66+ ls
. © o
F(6 7,16 )_ min6 7}t aen _ 6+ _ 7814
74 - 0 - o o’
a6(6,7) max{6,7} + %(12,7) 7+ % N+
which implies
> i3
F(c9,c%,08 +& --- >F F|2,3, «F|3,4,
Crep Gty 2 ( e ) ( az<z,3>) ( a3<3,4>)
Z tg g
F15,6, Fle6,7, . 3.1
( ) ( a5<5,6>)* ( a6<6,7>) )
Since L‘{ 1 = L‘i 13, we can write
1+4+g+--+¢ . 3+ ‘ 10+LS‘21+L(§
70+ ++g T 64+1] 15+ 28+
.36+LZ.55+LE . 78+ 17
4541 66+12 91+’
which satisfies for all (¢ i, 2, Lg > 0. Other cases can be obtain similarly.
Now, we can get
min{cy,co} + 1§ + 15+ -+ 1
N o, o’ 0 0 . 0y — 1 _ 1777 1 2 7
(c§, o, i+ +-+13) max{c, co} + 1 + 1 + -+ 19
min{l, 7} + 1] + 1§+ + 1
max{1,7} + 1 + 1§+ + 1
o 1+4+5+-+0
7+ +g++ 0
=1 _F(Cglgg/ L({ + "g + 'CO + lg)
Similarly, we can get
4 4 3+4
Nl1,2, =1-F|1,2, =1-—7,
a1(1,2) a1(1,2) 6+ 1]
9 I 10 + 48
N(2,3, —2—]|=1-F|2,3,—2 ) =1- 2,
a(2,3) (2,3) 15+
I I 21 + 18
N(3,4, ——|=1-F|3,4 — =1- 3
a3(3,4) 043(3f4)) 28 415
ay g 36+ 1§
N14,5, =1-F|4,5, =1- ,
064(4, 5) 0(4(5, 6)) 45 + LZ
1 I 55 4+ 12
N|56,———|=1-F(5,6, — =1- >
as(5,6) a5(5,6) 66 + 12
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N(6,7 ' 1-F|6,7 ' 1 78tk
" a(6,7)] " a6(6,7) 91+

° i I
N(1L,7,04+ & -+ 18 sN(l,z, 1 )oN(Z,B, 2 )oN(3,4, 3 )
( 105+ 7) a1(1,2) az(2,3) a3(3,4)
[A

1
4 g lg
N|4,5,———|oN|5,6,———|oN|6,7, ———|.
’ ( a4(4,5>)° ( a5<5,6>)° ( a6(6,7>)
Since a o b = max{a, b}, we can write
1+ +8+-+0 3+ 10 + 1§ 2144
o 5 <max{(1- =), (1= =—=2), (1= 557=),
A R e e R o 6+ 15+ 28+ 13
36 + 19 55+ 12 78 4+ ¢
(1_ 4)1 1_ 5/1_ 6}/
45 + 1 66 + 2 91+ ¢}

which satisfies for all (f, ¢, ... 7 > 0. Similarly, we can prove other cases.

Hence, (%, F,N, ay, #, 0) is an IFNCMS. On the same lines, we can prove for higher value of n. Below

Figure 1, shows the graphical behaviour of this example.

3D surface plot of F{<1°, 6, %) 3D surface plot of F{dl’, 7, 4%
1 i
09 0.9
e 1
0.8
08 08
o7 L [
5 08
s "
v “ o4 *
0.5
05 0z
10 0
8 0.4 / 8 0.4
5 é 5 € 03
5 4 03 e Il
o 0o z o 0o i
i S i
3D surface plot of H(t.'?, 6, %) 3D surface plot of N(q‘:, 7, 4%
or
08 08
08 05
2
2 04 04
g
Z 02 03
1] 0.2
10
,./f“"ﬁ ] 0.1
5 _/4 [
2 [i]
] 0 0

Ficure 1. Depicts the graphical behaviour of F and N in the above example.

Now, we introduce generalized intuitionistic fuzzy contraction mappings and prove several
tixed point results by using such contractions. Also, we provide an example to show the validity

of main result.
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Theorem 3.1. Suppose a,, : XX — [1,00) and (X, M, NG, ay,*,0) is a complete IFnCMS equipped
with

lim M, (cy,¢5,¢7) = Land lim Ny (cy,¢3,¢°) = 0. (3.-15)
Also, assume Z be a self-mapping on L. verifying:
My, (B¢, Bcs, K1) > My, (], ¢, 1°) and Ny, (Ec], Ec5, Ki?) < N; (¢, 63, 1) (3.-14)
forall ¢5, c5 € E. Then the mapping E has a unique fixed point in .

Proof:
Suppose ¢j € X and the sequence E"¢j = ¢ ,. We have

My (ch Sy, t7) = My (Ec)_y, Ecp, 1)

n

lO

> M; (X, e )

[0

> My (o ¢t 1)

and

Ny (ch Sni1s ) = Ny(Zcy 4, 2¢p, 1)
LO

n-1’

LO

< Ny(co, €1 1 )-

We get
LO
Mi(ch Shaa ) 2 Mo ¢4 1) (3.-13)
o

l
N;C,l(g%, gz+1/ Lo) < NZ(C(O)/ gli/ ﬁ) (3-12)
Assume the sequence {c;} in X, then

Case 1. Whenp = 29 + 1 (odd), we take 1° = (2;;;11)[0 = qujrl + Zq‘il +...+ qu%, we have

c( .0 _0 0
M (S Spiaginr )
0 lO
2g+1 29+1
¢/ .0 _0 c(-0 0
ZMn(CVl’gnJrl’a ( 0 -0 ))*M”(gnJrl’Cn—&-Z’a ( 0 0 )
1(Cns Cn+1 2 gnJrl’gn-‘rZ

L

)

© 0
2g+1 29+1
¢ (-0 0 c (-0 0
*Mn(gn+2’ gn+3, a3(g0 gO )) *~~~*Mn(gn+2q/ Cn+2q+1r Oln(go ga ))
n+2’ >n+3 n+2q” n+2g+1
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and
N;, (Qn/ n+2q+1’ 0)
[ £
2041 29+1
€ NS 1 ) oM (6818 )
AR Tntls ai(ch, ciq) Sl S @2(C) 11/ Sp40)
° e
—2q+1 2g+1
NG (€123 ) 00 NS (€0 ) ;
n\Sp42sSn13s a3<gz+2’ CZ+3) n\=n+2q’ n+2q+1/ an(gg+2q, gfl+2q+1)

Using (3.-2) and (3.-1), we have

M;(chs ginH, %)
[O [(7
29+1 2g+1
> Mc gol gol T 4 0 N *MC gol gol
n[ YTV (e, e K YT (e 6 oK
[ [
29+1 29+1
*Mc CO/QOI MC ( /g )
n( o as(cy y CZ+3)Kn+2 2 21 “”(glr)z+2q’ g2+2q+1)Kn+2q
and
C O
Ny (<<, Cnt2g+17t )
° ©
2g+1 29+1
<SNulco ¢l == |°o Ny | <o <1/
n( ERECICHSINIS T aalep K
0 0
29+1 29+1
ONC golgol ONC ( /g ) °
n[ v 3(gn+2'¢2+3)K’1+2 T LG g2+2q+1)K”+2q

Applying limit n — oo, we have

hmMc(gn, n+2q+1’ 0) >1*1*1---x1=1

and
th “(co,c n+2q+1,L ?)<00000---00=0.
Case 2.
g 0 0 0
Wh :2 k 0: = — .o _
en p = 2q (even), we take ¢ 2 2q+2q+ +2q,
we have
M (cp, 600 t’) = My | oy ch ,—q *MS [, 0, —————
n( ns =n+2q ) [n n+1 (gn/gn+1) nl=n+1’ =n+2 a,z(gngl/ggH_z)

Lﬂ
2q c| o 0 i
*M n+2’ gn+3’ ﬁ *oex My gn+2q—1’ Cn+2g ( )
A3 Ch2Cnta &n Cn-s—Zq 1/ gn+2q
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© £
N¢(c2, ¢ Coragr °) <N, [CWC”H'(g—g) oNj, HH,CHJFZIW
n=n+1
©
C
ON ( n+2’gn+3’

n+17 Sn+2
[0
2q c 2
"o Ny, ) Corsoar
a (gZ+Z’CZ+3)) ( n+2q 1 n+2q (C )
Using (3.-2) and (3.-1), we have

0 0
n+2q-1’ Cn+2q)

c(-0 0 0

Mn (gnl Cn+2q/ )

L L
2g 2q
>MZ 0 o « MC |0, o
= 07517 n|=07>1’
[ S PR ERNEN
L L
M| 0 29 Mc 0
n|=0s>=1/ : 2g-17 "n+2g’
and

2q ]
29-1
n+2q 1’gn+2q)K g

N;, <gﬂ’ 71+2L]’ 0>

[(7
% 2
<N¢lco o, oN¢ |0, o,
n(go 1 al(C%zCZH)K”] n|Cor 61 N

0

0 n+1
& gn-i—l’ gn+2)K
L()
%
oNj, {68, =

L
...oNj, c®
29-17 “n+2q
as( ey g;’1+3)K”+2) [ S Sk 2 an(c;
applying limit n — oo, we have

2q ]
29-1
n+2q— 1’Cn+2q)K 1

hmM(gn, Chygr O)>1#1x1%---x1=1
and

nh_r)IolON (¢0,¢ n+2q,t)§000000- 00 =0.
Thus in both cases, we have

lim M (cy, ¢ 1) =1
and
7}1_1}r010 Nﬁ(gz,ngp, °) = 0.
Showing {c;} is Cauchy in X and converges in %, so
lim M, (c9,¢%°) = 1.
n—oo
and

: C (0] o ,0 _
7}l_r){}oNn(cn,c ,1°) =0.

Further, to examine that ¢° is the fixed point of Z. Again, two cases occurred as previous
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Case1l. Whenn = 2q + 1 (odd), we take 1 = (231;11)10 = quil + 2qlil +...+ zq‘%, we have
M; (", 26, )
c| 0o o0 1 ¢
> M; (< ¢, ) * M, Go g
! ( (294 1)a1(c0,¢Y) MY (2g 4+ Daa(ch, <0 )

[0

* My, ,C0 ., e
( e (29 +Das(c; n+1'g2+2)]

[°
* M| €01, EC, =
n [ 2q+1 (zq + 1)an(ggq+1, QCO)J

LO

[0
* M | Ecy, By y )
29+ 1aa(c?, C%)) ! [ M (2q + Daz(cy,1/Sp10)

> M, (c”, Cos
LO

*MC|ECO ., 80 ., ..
n[ T (29 + Das (<), 5 g)

LO
+ M | EcS , Bc?, =
n[ 2 (2q+1)an(ggq+1,ag0)]
LO

M V4 V4
<2q+1>al<go,gz>) (C” 1 g ¥ D@

LO

> M, (c;”, Cos ]
Cnt1” cria)K

LO

" o N
n[ St Cn2 (29 +1)as(c? n+2’gn+3)K]

LO
* M, | ¢, 6%, =
" [ 2 (29 + 1)an(ggq+1, ag”)K)
—1x1+1=1,
asn — oo,
Also, we have
Ny (¢, B, 1)

LO

R P—
(29 +1)ai(c,cy) LY (29 + Daz(ch, <o, q)

<N; (c;", Co
[0

ONC , , O--
[HH i (29 + Das(c, n+1'g2+2)]

tO
o Ny | 3y41, EC?, =
[ 2q+1 2q+1) (ggq+1’dgo)}

I,O
< NS (e, ¢y, ) o Ny | Ecy, Ecp 1y,
( " 2q+1)a1(g“,c%) T (2 4+ Dao(c n+1’g2+2)

LO
ONC ug i , O.--
( S 2y )a <n+2,cz+3>]
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LO
o Ny | Ec., Ec, —
n [ 2 (29 + 1)an(ggq+1,ago)

0 [

L [A
oN; ¢y, ,
(29 + 1)a1(g0,<;2)) [ v e (29 + Daa(cy 4, ¢5 5K

<N; (c”, Cos

LO

ONC ,g P O---
[ n+1 n+2 (2q+1)a3( n+2’g2+3)K]

0
o Ny, [ggq’ < (29 + 1)an(ggq+1, EgO)K)
—00000=0,
asn — oo.
Case 2.
When n = 2q (even), we take (* = (22[0 = ZL_; + % 4ot %,

we have

M;,(c°, 2, 1)

[0

[0
AN o\ M nrs 7
<zq>a1<co,cz>) (g 1 (e, cm]

> M, (go, Cos

LD
>(']\4C ’ g P oo
[t )

LO
* Mj, 65, B, =
( 2 (2g)an(<y,, ac”))

0

LO
oy | M | B By )
207)@1(@”@%)) [ M (2g)an (P ,M,GM)]

LO
*MC ECO ,Ego , oo
' ( YT (2g)as (e CZ+3>]

> M;, (CO, Cor

LO
* M | Bc),, B, =
n( 2 (Zq)an(ggqﬂ,a@)]

> M, (g", Cos

LO

LO
AN o o\ *MC gn/ 7
(2q)ar(c°, c%)) ( = (2q)az(cy GZH)KJ

LO
*MC , g , $oeee
( S S (2q)as(c; ., CZ+3)K]

lO
* M, | 524, ¢°, =
"( ! (Zq)an(cgq,dco)K]

—)1*1*1:1,
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as n — o0,

Ny, (c?,8¢%,1%)

LO

[0
AN . 7 5 o NC Cn/ 7
(2q)ax(c?, CZ)) [ i (29)az(cy, CZH))

©
o NC , g , O.--
( 11+1 " (2(])6(3( n+1’gn+2)]

<N, (co, Cos

LO
o M |¢5,, 2, —
”[ 27 (20)an (¢, Be)

° . L
<N, (CO, Cor —) o Ny, (.:,gfl, Cied

Y
v (29)a2(c5 4, QZ+2)J

2q)a1 (¢, cp)

LU
oNy,[Ec? 1, B, RER
n( T (2g)as (<50 )

LO
o Ny, | Bco,, Ec, -
”( 2 (29)an(c5, 1, Bc?)

<N, (co, Cos

LO

(0
v |°Nu| w1
(2q)a1(golgn)) [ " (29)a(c n+1/€n+2)1<]

[0
o NC 0 P 0 , O:+--
! (CHH 2 (29)as(c5 o, CZ+3)K]

(°
o N¢| , o’
n (GZq ¢ (zq)an(ggql ECO)K]

—00000=0,
as n — co. Hence in either cases, ¢ is the fixed point of =.

Uniqueness. Assume 20 = ¢ for any other ¢ €Y, then

MZ(COI CO,/ LO) M, (E HQO’ ) 2 Mc (C ¢ ,/ ;<)/

NE(%,¢%,1%) = NS(Ec®, B¢, 1°) < N§ (c ¢° ;—<)

which is a contradiction. Which shows the uniqueness of ¢°.

Definition 3.2. Let (X, MS, N, ay, *,0) be an IFnCMS. Then the mapping E : £ — X is said to be a
generalized o — @-intuitionistic fuzzy contractive mapping if for two functions ¢ € ® and a : L X L X
(0,00) — [0, 00), we obtain

1 1
a(cy, ¢ ( - 1) < (— - 1) 3.-11
( =2 ) MC (‘—‘glr ‘—‘gzl Lo) (P M;(C({/ Cg, LO) ( )
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and
a(cy, c5, 1°)NG(Ec), Bes, %) < p(N5(c5,¢5,1%)) (3.-10)
for all ¢l,cs €L and 1° > 0.

Theorem 3.2. Let (¥, M5, ay, %, 0) be a complete [FnCMS with o, : £ X X — [1, 00) be n non-comparable
functions and 5 : 3. — . be generalized o — p—intuitionistic fuzzy contractive mapping fulfilling:

(i) B is a-admissible,

(ii) for all 1° > O, there exists ¢§ € X. fulfilling a(cf, Zcj, 1°) 2 1,

(iii) & is continuous.

Then, B has a fixed point.

Proof. Suppose ¢® € ¥ is an arbitrary element and let for all n € N, the sequence ¢? in ¥ by the
Pp 0 y q n y
formula is given by ¢¢ = E¢® .. Letforalln € N, ¢ # ¢ .. Therefore, & is a-admissible and
g Y Cn n—1 n n—1
a(gg, ¢l 10) = a(gg,Egg, 1°) = 1, so for any (° > 0, we deduce a(gg,gg, °) = a(Ec), B¢y, 1 %) > 1.
Ultimately, a(gl"q_l, ¢9,1°) =2 1. Now using 3.-11 and 3.-10, we can write

! 1= ! -1
M (e cpq0t) M5 (Ec)_, Ecp, 10)
1
< 0 00 -1 -
= a(gn—l Cusl ) (M%(ECZ_Y EC%, lo) ) (3 9)

<(P(MC( 1 < )_1)
—1 et
and
N (chs oy ) = Nu(Bey 1, Ecyy, 1)
<a(ch_y,c0,00) (NS (B, By, 1)) (3.-8)
< @ (Ni(epop i)

Now, as ¢(1°) < 1°, we have

1 1 1
1<l -l < -1 (3.-7)
M5 (<o, 10) g”(Mﬁ( D) ) ME(c_, 5,10
and
NC (gﬂ’ n+1’ ) @(NC( n 1’C1’l’ )) <NC( n 1’C1’l’ )‘ (3'-6)

Hence, F"(gn,gnﬂ,t“) > M (¢ 1,¢0,1°)) and N{(cy, ¢ n+1"0) < N;(¢0_1,¢n, %) So, the se-

quence {M5(c9,c? Chns 1°)} is strictly increasing and the sequence {Nc(gn,gn Y (°)} is strictly de-
creasing in [0,1], for all 1> > 0. Let for all * > 0, S(1°) = limy—e0 Mj (7, c) 4,1°) and L(1°) =
limy—e0 Ny, (c7, €54, 1°). We claim that S(1°) = 1and L(:°) = 0. On the contrary, assume S*(j) <1

and L*(13) > 0, for some ¢} > 0. Taking the limit on both sides of 3.-7 and 3.-6, we have
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1 1 1
-1< -1]< -1
5*(to) g”(s (1) ) 5(13)
and
L() < @ (L () < L (),
which are the contradictions. Thus, we have
hm M, (ch, c° Cot1r )=1, >0 (3.-5)
and
nh_r}zlo N (co, ¢? Cri1rl °)y=0, >0. (3.-4)

To prove the Cauchyness of {c}}, consider the cases as follows:

Case 1. Whenp = 29+ 1 (odd), we take (° = (2g+1)¢°

29+1

LO

2g+1

MC (Cnl n+2q+1/ ) > MC [Cn/ gl/l-‘rl’ (—

G q

[

L
2g+1
c 0
*M n+2’ gn+3’ a ( 0 0
3\Ch 427 Cnta
and
[D
2g+1
c c
N (gn/ 1’l+2q+1’ ) N (gn/gn+1/TgH
n
L()
29+1
c 0 c
(] N n+2/ Cn+3/ a (CO Co )' N
3 n+2’ 7n+3

Now, applying limit n — oo, we have

_ L 0 h
—2q+1+2q+1+...+m,we ave

29+1
MC v C 7 - - 5
)] [ Tt o2 Olz(CZH,CZH))

0
2q+1
c
¥ M n+2q’ Cn+2q+l 0 0
) R (gn+2q’ gn+2q+1 )

e
NC 7 g v -, 5 N
)) ( Tl o2 0‘2(52+1'CZ+2)]

0
2q+1
2 .G .
n+ q’ wn+2q+1/ a”(CZJqu’CZ-Q-Zq-H)

B M (€8 €1 ) > 1101 =
and
th A (e Cpy2g1rL °) <00000=0.
Case 2.
(Zq)Lo LO © 0
When p = 2q (even), we take (* = =—4—4- -+ —
p== 2q 2!7 2q 29’
we have

LO

2q
M;(CZ/ CZ+2q’ Lo) > M [Cl’l’ Ci’l+1’ (—

S Coq)

2q

s
29
*My|chi1/C)
+17 >n+2/ 0 0
) ( a2(cy 1/ Sp0)

LD
%
—_—_—m “ e C O O
*M n+2’ gn+3' o < ) * *MV! gn+2q_1, gn+2q’ a ( )
3 Cn+2’ gn+3 " g”+2‘1 1'g”+2‘7
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and

LO

LO
C 0 0 o C 0 0 Zi C E
N3y (s Sy ') S Ny [CWCMW °N, n+1f6n+zrm
ns=p41 n+1’ > n+2

LO
2q 2
C C 0 0
o Ny n+2’ gn+3’ (— o---oN gn+2q—1’ Cn+2g ) :
as gn+2/ Cn+3) an<gi’l+2q 17 gn+2q

By taking the limit n — oo, we get

lim M (ch, Cpypgt?) 2 1#1x1+1 =1

n—oo

and

thC( <0000000=0.

gn/ 1”l+2l/]’ )

Hence in either cases, lim, o M (c%,¢%, ,1°) = 1 and lim,_,c N§(c5,¢% ., ,1°) = 0, showing

n+p’
Cauchyness of {c}} and convergence to s € X, so

n+p’

lim M, (¢5,¢% %) =1

n—00

and

lim N, (¢9,¢% %) = 0.

n—00

Now as 2 is continuous, we get Ec9 — Ec? for all 1° > 0. Now, we have

lim M; (¢, 1, B¢, () = lim My (8¢, Ec, ") =1

n—oo n—oo
and
lim Ny (¢ 1, Bc®, °) = lim Ny (Ec;, 2c®, °) = 0,

for all «° > 0, that is ¢ — ZE¢°. The uniqueness of the limit implies that Z¢® = ¢, i.e., ¢ is the fixed
point of E. m]

Theorem 3.3. Let a, : ZX X — [1,00) and (X, M5, NS, oy, *, 0) be a complete IFnCMS with
L}iif)r(}oMfl(g‘{,gg, )y =1and [1171_{{)10 N;(¢f,65,1°) = 0. (3.-3)

Also, let 2 be a self-mapping on X satisfying:

1 1
1| < K|———————-1 3.-2
el M e k] o
and
N} (Ec], 8¢y, 1°) < KNy (¢, ¢5,1%) (3.-1)
forall ¢§,c5 € E. Then the mapping & has a unique fixed point in .

Proof. 1t is easy to show on the lines of Theorems 3.1 and 3.2. m]
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Example 3.2. Suppose

5 = {Z :p=0,1,3,9,..., and g = 1,4,...,3k+1,...},

S, — {g p=1,39,..., andq:2,5,...,3k+2,...},

Y3 ={2k:ke NN},

and ¥ = Xy UXp UXg. Let 1 #1] = ({15 and (§ o 1] = max{], ]} forall 1,15 € [0,1] and

o 0 — o

MC golgo, LU — and NC gUIGO, lo —
n(c1, 2 ) 10+ |c§ = ol w(er ez ) ©+lef =il

forall ¢, ¢ € Zwithay : EXX — [1,00) and (° > 0. Define & : & — X by

T, <P €y,
B¢’ = %, ey,
2¢°, " eX;
Ifg‘l’,gg € X, then
: 3 3"
11 11
M5(2cS, EcS, 10) ) R

and
3¢9 B 3¢5 n
T~ T
N a0 = — T
A T iy
g
- n
(3) ¢ +leg -
|gl{ B C; C 0 o ,0
K )
1~ %2
Ifg‘{, c5 € Xo, then
g() gU
1 N EEL (1)"M
M, (Egg, Ec), ) 10 8 °

- K( C 01 0 - 1)
M3 (S, ¢5,°)
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and

"“O"“O)

N} (Ec], Ec),

= KN (¢, 65, 1%).

Ifg‘{, ¢y € Xa, then (3.-2) and (3.-1) similarly holds. Now, zfg‘l’ € ¥y and ¢ € ¥, then

|ﬁ — ﬁ . 0 11 o|"
L) E sy let ~ sl
M¢ (ugl,._J(,'Z, ) 10 11 °
SO #Cl > (;2/ then
n
1 4 :(3) o5 - sl (g)”|€?—€3|
M,(E¢S, Bc), 1°) 11 10 1 10
< ( - 1)/
Cll Cz/
and zfgi < %gg, then
n
1 1 (3) |24g2 g1| (i)" |5 -]
M (E¢S, Bc), 1°) 11 o Tl 10
1
<K -1].
( n(cg,¢5,10) )
We see that
1 1
( c(=m -0 = -0 ,0 _1)SK( C 0 0 ,0 _1)
M (B¢, B¢, 1°) Mg (cf,¢5,1%)
and
3 _ gl
8
N7 (Ec], Be5, 1) =
3] ¢
e+ |ﬁ B
11c° n
¢l 222
- 1 0 11.;0 n
(?) ° 4+
M

<K + = KNy (¢f,¢5,1%)

rli-df
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for all ¢l,c5 € X1 U o, So, we get

1 1
-1 <K[———-1
(Mg(agg,agg,W) ) (MZ(Ci,CZ,t“) )

and
N} (Ec], 8¢, 1°) < KNy (¢, ¢5,1%)

forall ¢§,c5 € X. That is, all conditions of Theorem 3.3 fulfilled. Hence, 0 is a unique fixed point of E.

4. ArprricaTiON TO FrRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we provide an application to fractional differential equations. We apply main
result to find the existence and uniqueness of the fractional differential equation.

Scientific research has significantly improved through the use of fractional calculus. It works
with the variable derivative, which increases accuracy and facilitates the development of mathe-
matical problem models. However, because it works with derivatives of integer order, a regular
derivative was not as useful in this context. Typically, fractional derivatives and integrals are
connected to Liouville. However, derivatives of fractional order have already been examined by
mathematicians. Leibnitz’s research focused on fractional calculus. Euler also contributed to it
later on. The contributions of Liouville, Reimann, Abel, Litnikov, Hadamard, Weyl, and a number
of other mathematicians from the past and present have made great progress in the study of frac-
tional calculus, which is today a basic problem in mathematics. This section’s goal is to show that
the following fractional differential equation, which involves the Caputo fractional derivative, has

a unique solution:
Dy +¢°(e) + g(e,°(e)) =0, 0<e<l, (4.1)

where 1 < ¢° < 2, and the boundary conditions ¢°(0) + & (0) = 0 and ¢°(1) + g",(l) =

0 are imposed and g : [0,1] X [0,00) — [0,) is continuous. Describe a complete IFnCMS
(X, M5, NS, an, *,0) on X = C([0,1], R) by:

LO

sup, Ic°(e) —@(e)|"
M;,(¢%, @,1°) = exp (— Pecor) )

[O

SUP (o] |7 (€) —@(e)["
N, (¢’ @,1°) = 1-exp [_ Peeon) ]

0 0
1 1

i oy = min{({, J}. It's noteworthy that ¢ € ¥ solves (4.1) whenever ¢’ € ¥ is the solution of:

forall ¢, @ € £, 1° > 0, where * and o operations between (] and (J are defined as ({ * 15 = (] and

1 1
) = oy |, (1-01" (1= 0)@, @) o+ s [ (1-0)"2(1-e)g(0,7(0)) dd

1 (! Y )
+m£<8—6) '9(8,c°(8)) do.
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Theorem 4.1. Let the mapping H : X — X defined as:

1 1
H(e) :I’(EO) f(; (1-0)""1(1~-¢)g(8,c°(8)) dd +F(001— 0 f(; (1-0)""2(1-¢)g(8,c°(3)) do
" r(i-o) fog(‘? - 0)"g(8,¢°(9)) do.

Suppose the following conditions hold:
(i) Ve, oeX, g:10,1] x[0,00) — [0, c0) verifies that

18(3,¢°(8)) - 8(8,@(0))| < Knlc®(8) - @(0)],

(ii)
1-=¢ 1-¢ e’ "

su + + =n<1,
e0) (T(O" 1) Te)  Tee+1))
Then equation (4.1) has a unique solution.

Proof. Let ¢°, @ € X and consider

1 ' o’= . 0
m,o)fo(l—é) '(1-¢)(8(6,¢°(0)) ~ g(6,@(0))) do

1 " 5)7°2(1 3,°(3 3,@(3)))do
+mfo( —0)7 " (1-¢)(8(5,¢°(0)) - g(8,@(3)))
1
['(0°)

1 (! " , )
S(F(oﬂ fg (1-0)"71 (1~ &)Ig(0,¢°(3)) - 8(8,@(0)) | do

|[H(¢) —Ha(e)|" =

n

+

j:(s - 0)"7(8(8,¢°(0)) — 8(0,@(9))) do

L (12 0)2(1 - )lg(6,<"(8)) - (6, 0(3))] D
+mfo( =0)7 7 (1-¢)Ig(8,¢"(3)) - g(8,@(9))]

n

[ e=0igto.0°00) - g(aco<6>>|d6)

) o
S(r(io) f01(1—6)0"—1(1—e)1<%|g0(6) — 0(8)|d5
+ ﬁ f01(1 _8)72(1 - )KH O (8) — (3)] 6
b [ e- 0 ko) - alo)d0)
—K|c*(5) —@(5)|”(ﬁ folu—a)a"—lu—e))da
T

+

r(};o) fog(g _ é)m_ldé)n
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1-¢ n 1-¢ n e’ "
0°+1) T(c°) T(0°+1)

= K|c°(8) —@(a)|”(r(

1-¢ 1-¢ &’ "
<K|c°(®) —o(d)|" su ( + + )
| | woy\T(@+1) " T(e?) " T(*+1)

= 1n.K|c°(0) —@(0)["
< K|[°(0) —@(0)".

So, we have
|Hc(e) — Hao(e)" < K[c°(0) —@(0)",
ie.,
SUp,.(o,1) [HS(¢) — Ho(e)[" S SUP (g1 <7 (0) —@(O)I"
Ko - (° ’
Sup,.(o,1] IH<" (€) — Ho(e)I" SUp, (1) 1c°(0) — @ (0)|"
exp|— Ko >exp|— .
and

SUp,.(o,1) [HS (¢) — Ho(e)[" SUP .[,1) <" () —@(O)I"
1-exp|— K <l-exp|- .

Thus, we have

LO

F!(Hc(e),Ho(e),Ki®) > FI(c°(¢e), @(€),1%)
and
N!(Hc (e),Ho(e),Ki®) < N7 ((e), @(¢),1°).
All conditions of Theorem 3.1, that is, an equation (4.1) has a unique solution.
5. ConcLusiON
In this study, we extended the concept of FnCMSs and IFMSs by using n non-comparable func-

tions a; : ExX X — [1,00) (1 <i<n) in the inequalities having the form F(g‘{,g‘;ﬂ, g4+ +

0 0 -0 4 0 -0 5 0 -0 b 0 0 -0 0

) > F(gl,gz, al(gglgg))*lj(gz, 3 az(gg,cg))* *F(Cn, Cri1 a"(CZ/Cf’lH)) V 19 >0 and N(gl’CnJrl’ G+
0 0) <« 0 -0 4 0 -0 5 0 -0 W 0 .
G+t < N(Cl,CZI al(ci,gg)) o N(gz, o az(gg,.;g)) 0-+-0 N(gn,gnH, an(;ﬂ,;,“,+1)) ¥ 1§ >0 and pre

sented the notion of IFNCMSs. Further, we presented several fixed point results including an in-
tuitionistic fuzzy version of the Banach contraction principle and generalized a — ¢—intuitionistic
fuzzy contractive mappings. Furthermore, we provided non-trivial examples and an application

to non-linear fractional differential equations to show the validity of the main results.
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