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Abstract. This article proves a new common fixed point theorems in bipolar orthogonal metric space in the context of
the Meir-Keeler contraction type. We have given some suitable examples based on our obtain theorems. Finally, we

provide an application to the integral equation and an application to the production-consumption equilibrium problem.

1. INTRODUCTION

The fixed point theorems have significant applications in the mathematics field. =~ The most
important and essential contribution to fixed point theory was provided by Banach in 1922 [1].
This concept is known as the Banach contraction principle. The majority of the authors in the fixed
point theory generalized it. Using the Banach contraction theorem Mutlu et al. [2] generalized a
metric space, also known as a bipolar metric space. Gunaseelan et al. [3] proved a unique fixed
point theorem in fuzzy bipolar metric space. Srinuvasa et al. [4] proved a common fixed point

theorems in bipolar metric space. Karapinar and Cvetkovié [5] have proposed bipolar metric space
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and proved a fixed point theorems. Soni [6] has established a common fixed point theorems in
bipolar metric space. Ahmad et al. [7] have proved a fixed point theorem in graphical bipolar
b-metric space. Murthy et al. [8] have proposed a common fixed point theorems in bipolar metric
space. Meir and Keeler [9] have proposed a fixed point theorems by using a weakly contraction
in complete metric spaces.

Sezen [10] has proved a fixed point theorems in orthogonal fuzzy bipolar metric space. Authors
[11] investigated new common fixed point theorems in the context of bipolar fuzzy b-metric space.
Javed etal. [12] have generalized orthogonal fuzzy metric space and proved a fixed point theorems.
Gnanaprakasam et al. [13] have proved a fixed point theorems in orthogonal b-metric space.
Janardhanan et al. [14] have proved a common fixed point theorem in orthogonal neutrosophic
2-metric space. Mani et al. [15] have proved orthogonal coupled fixed point theorems. Mani et
al. [16] proved a common FPT in orthogonal Branciari metric spaces. Touail and Moutawakila [17]
have proposed orthogonal complete metric space and proved a fixed point theorems. Murthy et
al. [18] have proved a common fixed point theorems in bipolar metric space using Meir-Keeler
contraction type. Kishore et al. [19] have proved common fixed point theorem in bipolar metric
space. Nazama et al. [21] has proved fixed point theorem on orthogonal interpolative contraction.
Mustafa Mudhesh et al. [22] has proved fixed point theorem in multi valued mappings. Hussain et
al. [23] has proved fixed point theorem on interpolative convex contraction. Sharma et al. [24] has
proposed orthogonal F-contraction mappings. Sharma et al. [25] has proved fixed point theorem
on orthogonal F-metric space. Chandok et al. [26] has given fixed point theorem on orthogonal
(7, F) contraction mappings. Sharma et al. [27] has proved fixed point theorem on F-metric space.
Okeke et al. [28] has proved common fixed point theorem on modular metric space. Okeke et
al. [29] has proved fixed point theorem in Meir-Keeler contraction in modular extended b-metric
space. Thirthar et al. [30] has investigated dynamical behavior of a fractional-order epidemic
model in two fear effect function. Muthuvel et al. [31] has presented )-Caputo fractional delay
control system. Nisar [32] has given numerical approach to solve the fractional equation.

The article’s motivation, from [18], is to extend this work to bipolar orthogonal metric space and

prove a new common fixed point theorems.

2. BrroLaR O- METRIC SPACES
This part recalls some basic definitions as follows:

Definition 2.1. [2] Let Q and F be two non-empty sets and ¢ : Q X F — [0, +00) be a function. Let
(Q F,¢) is known to be as bipolar metric space and ¢ is said to be a bipolar metric on (Q,F ) then the
conditions as follows:
i) p(x, ) = 0iff x = @ where (x,p) € AXF,
@) If x, € ANF then 9(x, ) = (¢, X),
(iii) (x1,92) < 9(x1,91) + 9 (X2, 91) + 9 (X2, 92) for all x1,x2 € Qand ¢1,¢2 € F.

Now we define the notion of bipolar O-metric space:
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Definition 2.2. Let Q and F be two non-empty sets and ¢ : QX F — [0,+00) be a function. Let
(Q,F, 9, L) is said to be a bipolar O-metric space and ¢ is said to be a bipolar metric on (Q, F) and define

a binary relation L on (Q, F) then the conditions as follows:

i) p(x,9) = 0iff x = @ where (x, ) € AXF, such that x L ¢,
(ii) If x, € QRNF then p(x,¢) = (@, x), such that x L ¢,
(iii) p(x1,92) < p(x1,91) + 9(x2, 1) + 9(x2,@2) for all x1,x2 € Q and @1, 92 € F, such that
X1 Lo, x2Loiand xo L @

Definition 2.3. [2] Let (Q,F, 9, L) is said to be bipolar O-metric space. Elements of Q,F and QN F
are said to be left, right and central points respectively. The sequences Q and F are said to be left and right
sequences respectively.

A sequence {ny} is called convergent at point t iff {nx} is called left sequence, at right point n and
NETOO 9(nx, 1) = 0 (or) {nx} is called right sequence, at left point n and NETw p(n,nx) = 0.

A sequence {(xx, px)} in Q X F is said to be a bisequence on (Q,F ). And the sequence is denoted by
(X, @x)- Both sequences {xx} and {py} are converges, then the bisequence (xx, px) is called convergent.
Both sequences {xx} and {@py} are converges at a point v € QNF then (xx, @x) is said to be biconvergent.

The bisequence (xx, px) is called a Cauchy bisequence, if Nil_{r}r N ©(xx, ¢n) = 0. In every convergent
Cauchy bisequence is called a biconvergent.

If every Cauchy bisequence is convergent, then it is biconvergent, in bipolar metric space is complete.

Every complete bipolar metric space is a complete bipolar O-metric space and converse need

not be a true.

Example 2.1. Let Q = [0, 1] U {% :NeNband F = [0,2] U{Z (2N +1) : 8 € N} and the distance
9 : QxF — R with Euclidean metric such that o L ¢ forall p € Qand ¢ € F,

eloe Spss

(or) 0=0,90=0

Then (Q,F, L) is an O-set.
Clearly, Q and ¥ with Euclidean metric are not complete bipolar metric space, but it is complete bipolar
O-metric space. For this, {ox} and {¢y} are an arbitrary Cauchy L-bisequence in Q and ¥ . Then there exists
a bisubsequence {gx,} of {ox} and {py} of {@x} implies o, = 0, pr, = 0, ¥ X > 1 or there exists a monotone
bisubsequence {0y} of {or} and {@y.} of {@k} for which g, < %and Py < %, ¥V R > 1. Then {0y} and {¢px}
biconverges to a point o € [0,%] € Qand ¢ € [0, 1] C F. On the other hand, we know that every Cauchy
bisequence with a biconvergent bisubsequence is biconvergent. Then {g} and {¢y}is biconvergent.

Definition 2.4. [2] Let Q1, 71, Q2 and T, be four sets. A function A : QU F1 — QU F, is said to
be a covariant map if A(Q1) € Qo and A(F1) C Fo and is denoted as A : (Q1,F1) 2 (o, F2). In
particular, if (Q1,F1,91,L) and (Qa, F2, 92, L) are two bipolar O-metric space then we use the notaion
A (@, F1, 91, L) 3 (Qa, Fa, 92, L) for covariant map A.
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Definition 2.5. Consider (Qy,F1,91,L) and (Qa, F2,92, L) to be two bipolar O-metric spaces. An
operator A : (Q1,F1) 3 (Qp, F2) is said to be L-continuous at a point xo € Qq, at given € > 0, we can
find x > 0 such that ¢ € F1 and 91(xo, @) < k implies that p2(A(xo), A(@)) < €. It is L-continuous at a
point @o € F7 if for any given & > 0, there exists k > 0 such that x € Q) and 91(x, o) < x implies that
92(A(x), A po)) < e. If Ais L-continuous at each point x € QU F1, then it is said to be L-continuous.

A covariant map A : (Q1, F1) 3 (@, F2) is continuous if and only if {nx} converges to non (Q1, F1, 91)
implies {/\(nx)} converges to A(n) on (Qz, F2,92).

Definition 2.6. [20] Let T be non-empty set and LC Y X Y be a binary relation such that
JooeV: VoeY, 0L ) (or) (VoeT,00 L o),
then it is called an orthogonal set (briefly O-set). We denote this O-set by (Y, L).

Definition 2.7. [20] Let (Y, L) be an O-set. A sequence {ox} is called an orthogonal sequence (briefly,
O-sequence) if

(VNeN,ox Loxe1) (or) (VNeN,oxi1 L ox)-
Definition 2.8. [20] Let (Y, L) be an O-set. Amap ¢ : Y XYV — Y is known to be L-preserving if
9(0,¢) L (@, 0) whenever o L @ and ¢ L p.

Definition 2.9. Let (Q,F, ¢, L) be a bipolar O-metric space and let O, : (Q,F) = (Q,F) be two
covariant maps then (©,T) is called L-compatible iff p(I'Oxy, OT'px) — 0 and o(OI xx, [O¢px) — 0,
whenever (xx, Px) is a sequence in @ X F such that imy_, , o Oxx = Imy_ 100 [Xx = My 1 00 Opx =
limg 1o ['px = p for some p € QN F .

Definition 2.10. The © and I' is said to be L-weakly compatible, if © and I are its coincidence points .

Definition 2.11. Let (Q,F, ¢, L) be a bipolar O-metric space and let ¥,0,G,T : (Q,F) =3 (Q, F) be
four covariant maps then (F,0,G,I') are called L-compatible iff 9(I'F xx, FLpx) and 9(GOxx, OGPx)
converges to zero, then the sequence (xx, Px) in Q X F such that

li = lim Oyx = li = lim I'px = p,
Jim, T = Jim O = fim Gy = Jim Tps = p

for some p e QN F.

3. MaiIN Resurts

Let us begin with some propositions as follows:

Proposition 3.1. Consider (Q,F, ¢, L) to be a bipolar O-metric space(bipolar O — MS), and A, Q,0,T :
(QF,9) 2 (QF, ) be four covariant maps satisfies the axioms as follows:
Given v > 0 we can find x > 0 such that

v<p(Op,T'p) <v+x implies p(Ag, Qp) <v (3.1)
and Op =TIT¢ implies Ap = Qgp;0 L ¢, (3.2)
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then

PN, Q@) <p(Bp,I'p), if Op#Tp, oL¢e and (3.3)

PN, Qo) <9(Op,I'p), oL forall peQ peF. (34)

Proof. Let Op # I'¢p then 9(®p,I'p) = v for some v > 0 and from condition (4.4) we have
9(Ap, Q@) < v and so (4.4) holds. From (4.4) and (4.4) we get (4.2). m|

Remark 3.1. If we take Q = ¥, then we get the following result:

Corollary 3.1. Consider (Q, 9, L) to be a O-metric space, and A, Q,0,T : Q — Q be four maps satisfies
the axioms as follows:

Given v > 0 we can find k > 0 such that
v<9(0p,I'p) <v+x implies p(Ag, Qp) <v
and Op =T¢ implies Ap= Qp;o0 L ¢,
then
9(Ae, Qp) <p(Bo,T'p), if Og#Tp, ¢L¢ and
p(Ag, Q) <p(Op,I'p), 0L forall g, cQ.

Proposition 3.2. Consider (Q, F, ¢, L) to be a bipolar O — MS, and O,T : (Q, F,9,L) 3 (Q,F,9, L)
be two covariant maps satisfying the condition:

p(To,Tp) <p(Bp,Op) forall, p Lo, peQoecTF. (3.5)
If ® be an L-continuous function, then I is also L-continuous function.

Proof. Assume a sequence {yx} converges to a right point ¢ € ¥, then p(Oxx, Op) tending to
zero as © is an L-continuous, and from equation (3.5) ¢(I'xx, 'p) tending to zero, that is {I'xx}
converges to I'p. Likewise, we find that if right sequence {¢x} converges to left point x € 7, then

{I'px} converges to I'y. Thus I'is also L-continuous. ]
Remark 3.2. If we take Q = ¥, then we get the following result:

Corollary 3.2. Consider (Q, ¢, L) to be a O-metric space, and A, Q,0,T : Q — Q be four maps satisfies
the axioms as follows:
Given v > 0 we can find x > 0 such that

v < 9(0g,TI'p) <v+« implies p(Ao, Qp) <v
and Op =TIT¢p implies Ap = Qg@;0 L ¢,
then

9(Ag, Qp) < p(Og,I'p), if Go#Tp, oLg and
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p(Ag, Q) < 9(Bp,IT'p), oL@ forall g, ¢ cQ.

Proposition 3.3. Let (Q,F, ¢, L) be a bipolar O — MS and let O,T : (Q,F,9,1) 3 (QF,9, L) be
two covariant maps which are L-compatible. If p is a coincidence point of ® and I' (i.e., [p = Op) then

I'®Gp = OI'p. Then L-compatible map is L-weakly compatible.
Proof. Taking xx = @x = p, from the Definition 2.9 gives this clearly proved. m|
Remark 3.3. If we take Q = ¥, then we get the following result:

Corollary 3.3. Consider (Q, 9, L) to be a O-metric space, and A, Q,0,T : Q — Q be four maps satisfies
the axioms as follows:
Given v > 0 we can find x > 0 such that

v< (0o TI'p) <v+x implies p(Ag, Qp) <v
and Op =T¢ implies Ap = Q¢;0 L @,

then

PN, Q@) <p(Bp,T'p), if Op#Tp, oL ¢ and

p(Ag, Q@) < 9(Bp,T'p), oL@ forall g, cQ.

Proposition 3.4. Let (Q, 7, 9, L) be a bipolar O — MS and let A, Q,0,I : (Q,F,9,L) B (QF,9, L)
be four covariant maps such that (A, ©,Q,T) be an L-compatible. If p is a fixed point, then TAp = AI'p
and QOp = OQp.

Remark 3.4. If we take Q = F, then we get the following result:

Corollary 3.4. Consider (Q, ¢, L) to be a O-metric space, and A, Q,0,T : Q — Q be four maps satisfies
the axioms as follows:

Given v > 0 we can find x > 0 such that

v<9(0p,I'p) <v+x implies p(Ag, Qp) <v
and Op =T¢ implies Ao = Qp;o0 L ¢,

then
9(Ag, Qp) < p(Og,I'p), if Gp#Tp, oL¢ and

p(Ag, Q) <9(Op,I'p), oL@ forall g,¢cQ.

Below lemma is usefull for our findings in main theorems.
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Lemma 3.1. Consider (Q, F, 9, L) to be a complete bipolar O — MS, and Q X F, (wy, Ox ) is a bisequence
satisfies the condition as follows:
Given v > 0 we can find k > 0 and wg L Oy such that

v < p(wy, 0r) <v+x implies p(wxi1,Ont1) <V, (3.6)

and wy = 0, implies wxi1 = Ont1, (3.7)
then a sequence {wy, Oy} is Cauchy L-bisequence.

Proof. Let ay = p(wy, Ox) and By = ¢(wy, Ox+1) then {ayx} and {Bx} both are bounded below

sequences. Thus,

ax — vT forall v>0. (3.8)

If v > 0, then v we can find k¥ > 0 such that (3.6) satisfied.
Form equation (3.8) there exists, 8g € IN such that 8 > Ny

IA

v ag <v+x

v

IA

go(a)x, GN) <V+K.

This implies from (3.6) that

P(wxt1,0841) <V

a?<+1 <v,
which is contradiction of equation (3.8). Hence, v = 0 and
ax — 07 as N — +oo. (3.9)

Likewise

Bx — 07 as N — +o0. (3.10)

To find (wy, Ox) be a Cauchy. Assume additionally, there exists v > 0 such that

limsup 9 (wy, Or) > 2v. (3.11)

N, 1—>+00

For any v we can find « > 0 from equation (3.6) satified.

Let ¥ = min(x,v). As we have,
v< p(wg, ) <v+« implies ¢(wxi1,Ori1) < V. (3.12)
From equations (3.9), (3.10) and (3.11) there exists 7, N, M such that,

T,8> M, ap = p(om O0pm) < %’ and By = p(wpm, Opma1) < % (3.13)

P(wr, 0x) >2v > v+« (3.14)
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Now, we considar two cases
If N > 7, then for o € [1, ] NN, we have by (B3)

P(wr,05) < 9(wn,0511) + 9(Wo, 0511) + 9w, 05)
K')(wrc/ 60) - 80(0)7-:/ 60+1) @(war 60+1) + Kv)(wm 60) = ﬁa + ag.

IA

Using (3.13) and (3.14), the above inequality implies

w| A,

K')(C‘)Tc/ 60) - 80(0)71/ 60+1) <

Similarly, we can prove that

@(C‘)nr 80+1) - S/J(a)n/ 9(7) <

w| A

So that, we obtain
K

3 (3.15)

This implies, since 9 (wr, Ox) < v, and p(wy, Ox) > v+ x, that there exists o € [t, N] "IN such that

’

2 /
v+7K <p(wn,B5) <v+x. (3.16)

|5/‘)(C‘)7Tr 05) — 9(wn, 90+1)| <

This implies by (3.12) that

XO(CUT(-H/ 6o—&-l) <.

Now,
P(wn, 05) < 9(wr, Ong1) + (W1, Ons1) + @(Wrs1, Oot1) + 9(Wo, O511)
+ 80(0—)(7/ 60‘)
c KRB
6 6 6 6 37
which is contradiction of equation (3.16). This is the contradiction if ¥ < m. Hence, (wy, Ox) is
Cauchy. m]

Remark 3.5. If we take Q = ¥, then we get the following result:

Corollary 3.5. Consider (Q, 9, L) to be a O-metric space, and A, Q,0,T : Q — Q be four maps satisfies
the axioms as follows:

Given v > 0 we can find k > 0 such that
v < 9(0g,I'p) <v+« implies p(Ag, Qp) <v
and Op =TIT¢ implies Ap = Qp;0 L @,
then
p(Ao, Qo) < p(Og,I'p), if Gp#Ip, oL¢ and
p(Ag, Q) <9(Bp,I'p), oL@ forall g,¢cQ.

Next, we prove our first result as follows:
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Theorem 3.1. Consider (Q,F,¢, L) to be a complete bipolar O — MS, and O,I : (Q, F,p, L) =

(Q,F, 9, L) be two covariant maps satisfies the conditions as follows:
(i) © and I are L-compatible mappings.
(ii) © and I are L-continuous and L-preserving.
(iii) T(QUF) CO(QUF).
(iv) For any given v > 0 we can find x > 0 such that
v < p(0Ox,0p) <v+x implies p(I'x,[p) <v (3.17)
and Oy = O¢ implies I'y =TI, (3.18)

where x € Q, @ € F,and x L ¢.
Then, the mappings © and I have UCTF P.

Proof. Let xo € Q, o € ¥ and choose 1 € Q and ¢; € ¥ such that ['xo = Ox1 = w; and
I'pg = O@ = 0. Since'(QUF ) CO(QUF).

Xo L Xx1 Po L @1
I'xo LTx1 I'pg L I'pq
Ox1 L Ox2 Op1 L B¢
O 0y L 67 1Ox, 0 l0p; L ©7'0¢,
X1 L x2 1L @2
An-1 L Xx Px-1 L Ox.

In general, we can choose (xx, ¢x) € @ X F such that ['yx_1 = Oxx = wx and I'px_1 = Opx =
Ox forall X € IN.
Now, if Oxx = wx = O0r = Oy for some N, € IN, then by condition that wxy1 = I'xx =
I'xr = Op1 and if v < p(wy, On) = 9(Oxx, Opr) < v+ k, which implies from equation (3.17) that
9(wx11, Ont1) <v. By Lemma 3.1, (ay, Bx) is a Cauchy L-bisequence, and (Q, 7, 9, L) is complete
(wy, Ox) converges and biconverges to p € QN F. Thus,

Nl_i)rfm Oxx = xl—iffoo s = NETDO Opx = NETDO Tos =p.
Since © and I are L-compatible, hence
9(IOxx,Olpyx) — 0 and p(Olxx, [Opy) — 0.
From Proposition 3.2, both the functions ® and I" are L-continuous , we obtain
I'xx — p implies OI'xx — Op and
Opx — p implies I'Opyx — I'p.
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By L-compatibility of © and I', we have
9(Op,Ip) = lim o(Olxx, [Opx) =0
and this implies ®p =Ip,
this implies I'Gp = Or'p.

Let ©®p =I'p = w, then © and ['is a C¥ P of w.
Let Ow # w, then

p(lw,w) = p(Gp,Ip)<p(©6p,Op)
= 9(Ow,w) = p(Blp,Op)
= p(6p,0p) =p(lw,w),
which is a contradiction. So Ow = w,
ie. @0p =0OI'p =0Op =Tp =I0Op implies [w = w.
Then, ® and I'is a CF P of w.

Uniqueness: Consider that w and 6 be another CF® of © and I'.
wo L w(or) wg L 6.
Since I' and © are L-preserving,

(Two L Tw and Owy L Bw),
(Two L TO and Owy L OO).
If Bw # OO0, then
p(lTw,IO) < p(Ow,O0)
= pw0) < p(w0).
This contradicts. So Ow = @0, which implies w = 0. O

The following corollary results from using © as an identity mapping in the above theorem.

Corollary 3.6. Let (Q,F, ¢, L) be a complete bipolar O — MS and let T : (Q,F,9,L) 3 (Q F,9, L)
be a covariant map satisfies the condition as follows:
Given v > 0 we can find x > 0 such that

v<p(x, @) <v+x« implies p(I'x,I'p) <v,
then the map I' has a Unique fixed point.
Note that if we apply Q = F to the above corollary, we obtain Meir and Keeler [9].

Our next outcome, we does not shows the L-continuity of ® and instead of L-compatible maps

we use weakly compatible maps.
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Theorem 3.2. Let (Q,F, 9, L) be a bipolar O — MS and let ©,T : (Q,F,9,L) =3 (Q,F, 9, L) be two

covariant maps satisfies the conditions as follows:

(i) © and I are L-weakly compatible maps,
(i) O(QU F) is L-complete,
(iii) © and I are L-continuous and L-preserving,
(iv) O is injective,
(v) I(QUF) COQUTF),

(vi) For any given v > 0 we can find « > 0 such that

v < 9(Ox,0¢) <v+x implies p(Ix,[p) <v (3.19)
and Oy = O¢ implies I'y =TI, (3.20)

where x € Qand ¢ € F. Then, the functions © and I have UCF P.

Proof. The proof continues from theorem (3.1),

Xo L x1 Po L @1
I'xo L T'x1 I'pg L I'pq
Ox1 L Ox2 Op1 L O,
070y L 67 'Ox, 07 '0p; L 67'0¢,
X1 L x2 P11 @2
AN-1 L X8 Px-1 L Px.

Then, from theorem (3.1) the O-bisequence (wy, Ox) is a Cauchy O-bisequence and hence bicon-
verges to a point n € O(Q)NO(F) = O(QNF). Hence, p = Ow for some w € ANF. So

lim Oyx = lim Tyx= lim Opx = lim Tpx = p = Ow. 3.21
Nopeo AN TGN T IR TN T IR T P TR (32D

Now, by using Proposition 3.1, we have
1. 7 < 1. @ 7 @ — 0-
im p(Txx, [w) im p(Oxx, Ow)

So,

Iim Tyx =Tw. (3.22)
N—+4o00

By (3.21) and (3.22), we have

Ow=Tw = p, (3.23)
implies Ol'w =T0Ow (by L —weakly compatibility of @ and I'). (3.24)
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Again from (3.23) we have Ol w = Op and Ow = I'p. So Op = I'p. Thus w and p are two fixed
points of ® and I'. Next we prove that p = w. We take contradiction. Then ®p # Ow and we get

o(I'p,Tw) < p(Op, Bw)

p(IpTw) <p(lp,Tw),
which is contradiction. So p = w and hence Ow =Tw = w.
Thus, ® and I' is a C¥ P of w. Likewise, the UCF P can be proved from Theorem (3.1). O
Remark 3.6. If we take Q = ¥, then we get the following result:

Corollary 3.7. Consider (Q, 9, L) to be a O-metric space, and A, Q,0,I : Q — Q be four maps satisfies
the axioms as follows:
Given v > 0 we can find x > 0 such that

v<9(0p,I'p) <v+x implies p(Ap, Qp) <v
and Op =T¢ implies Ao = Qp;0 L ¢,
then
p(Ao, Qo) < p(Og,I'p), if Gp#Ip, oL¢ and
(Ao, Qp) < (B, Tp), oL ¢ forall g, € Q.
Now, we will see the CF P for four mappings.

Theorem 3.3. Let (Q,F,¢,L) be a complete bipolar O — MS and let O,I,A,Q : (QF,p, L) 3
(Q F, 9, L) be four covariant maps satisfies the conditions as follows:

(i) The map (A, ©,Q,I')is L-compatible,
(ii) ©,I', A, Q are L-continuous and L-preserving,
(iii) AQUF) COQUF)and QQRAUF) CT'(QUT),
(iv) For any given v > 0 we can find x > 0 such that
v< 9(Ox,I'p) <v+« implies p(Ax, Qp) <v (3.25)
and Ox =TI'e implies Ay = Qg, (3.26)
where x € Qand ¢ € F. Then the functions ©,I', A and Q have UCF P.

Proof. Let xo € Q, @9 € ¥ and choose ;1 € Q and ¢; € ¥ such that Axyp = Ox1 = wp and
Qq@o = I'p; = 6p. This can be done since A(QUF ) CO(QUF) and Q(QUF) CT(QUF).

Xo L X1 Po L @1
Axo L Ax1 Q@o L Q¢
Ox1 L Ox2 I'pr LT'pr

@_1@)(1 L @_1@)(2 F‘lfgol 1 F‘lfgoz
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X1 L xe P1 L @2

x8-1 L AN Px-1 L ¢x.

In general, we can choose (xx, Px) € @ X F such that Ayxy = Oxxi1 = wx and Qg = T'pxy1 =
Ox forall X € IN U {0}.

Letv>0and v < p(wy, Ox) = 9(Oxx+1, [Pri1) < v+ k. Then by condition (iv) of the theorem
we have, p(wx11,0n11) = 9(Axx11, Qpri1) < vand if p(wx, Ox) = 9(Oox11,['Pri1) = 0, then
again by condition (iv) of the theorem, we have p(wxi1,0r+1) = 9(Aoxi1, Q@ri1) = 0.

Using Lemma 3.1, the sequence (wy, Ox) is a Cauchy O-bisequence. Since (Q, 7, ¢) is com-
plete, hence (wy, Ox) biconverges to some point p € QNF. So Axx, Oxx, Qex and I'px con-
verge to p. Since the quadruple (A, ©,Q,I') is L-compatible, we have p(I'Axx, AT'px) — 0, and
p(QOxx, ©Qpyx) — 0. As all the four mapping A, Q,® and I' are L-continuous, which im-
plies 9(I'p, Ap) = 0 and ¢(Qp,Op) = 0. Thus, I'p = Ap and Qp = Op. Let Op # I'p then
9(Ap, Qp) < p(Op,I'p) = 9(Qp, Ap) = 9(Ap, Qp). This is a contradiction. So,

Ip=0p=Fp=Qp=w (say).
By L-compatibility, this implies '/Ap = AI'p and Q@p = OQp thatis, [w = Aw and Qw = Ow. If
Ow # T'w then p(A, Qw) < p(Ow,Tw) = p(Qw, Aw) = p(Aw, Qw), which is contradiction. So
Ow =Tw = Nw = Qu.

Now, let Ow # w, thatis OT'p # I'p then p(Aw,w) = p(Al'p,Qp) < p(OI'p,I'p) = p(Ow,w) =
9(Quw,w) = p(Aw, w), which is contradiction. So, Ow = w = I'w = Aw = Qw. Thus, A, Q,© and
I'isa CF P of w.

Uniqueness: Consider that @ and 0 be two fixed points of /4, 2, ® and I', we have
wo L w(or) wg L 6.
Since I' and © are L-preserving,

(Two L T'w and Bwy L Ow)

(Ta)o 1 T9 and Bwy L @9)

If Ow # I'6 such that with w # 6. Then p(Aw, Q0) < p(Ow, '6). This implies p(w, ) < p(w, ), a
contradiction. So ®w = I'6, thatisw = 6. m]

Remark 3.7. In above theorem, taking ©® = I' and A = (2, Theorem 3.3 follows as a corollary.

Example 3.1. Let Q = [0, ] U{E : N e N} and F = [0,1] U{Z(28 + 1) : N € N} and the distance
9 : QXF — R" isdefined by p(x,p) = |)(—(p| such that x L ¢ forall x €e Qand ¢ € T,

X1lp < x,¢>0.
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Then (Q,F, 9, L) is a complete bipolar O — MS. Assume thatT,0 : (Q,F,9, L) = (Q F, ¢, L) defined

by: Tx = 37)(, Ox = %,for all x € [0,%], and T(3}) = ﬁ, o) =3 rEe8+1) =
0, O(F(28+1)) = (2N +1) for all X € N. Additionally, we can see that
1 3N
and
3 3N 3

So,[(QUF ) COQUT), ©andT are L-continuous functions and L-preserving.

Next we prove the L-compatibility of © and I'.
Let (xx,®x) be a bisequence in Q X F such that img_, 1 o Oxx = limg, 100 [y = limg 100 Opx =
limy_, o0 [px = p for some p € QNF = [0, 3].
Without loss of generality, we can assume that xx, px € [0, %]
So, Oxx = SXT" and I'yx = 3)(7“‘ Both ©xy and I xy biconverge to p, so p = 0.
Now, limg_, 1 o 9(T'Oxx, OT'px) = limy—, oo 9(I'p, Op) = 0. Similarly, we have, limy_, , oo 9 (O xx, OTpx) =
0. Thus © and I' are compatible.

Next, to show that © and I satisfies the condition (iv) of Theorem 3.1.

Given v > 0. Then the maximum value of « is defined by

Z, if ve(0,3] V[, 5]U[L
K= %—v, zfve(%,%),
%—v, ifve(%,%).

Let us verify the above condition for v € (0, %] For this v, we take x = &

=
Let v < p(Ox, Op) < v+ «. This implies v < p(Ox, Op) < 2.

This is possible only if x, ¢ € [0, 1] so that 3 |)( - g0| <z

It gives 2 |)( - g0| < v and hence p(I'x,T'p) < v. Similarly, other value of v can be verified easily. All the
axioms of Theorem 3.1 are verified and zero is the UCT P of © and I'.

Example 3.2. Let (Q, F, 9, L) be bipolar O— MS. And Q = [0,1] U{® : 8 e N} and ¥ = [0,1]U
{Z(2N+1): 8 € N}. and the distance p : QX F — R is defined by p(x, @) = |)( — q)| suchthat y L ¢
forall x € Qand ¢ € F,

X1lp < x,¢=0.

Let us assume covariant maps A, Q,© and I' : (Q,F, 9, L) =3 (Q,F, 9, L) defined by 'y = %, Ox =
%X, Ax =% and Qx = & forall y € [0, 2] and

3x 3x 3x 3x 3x, _ 3x
I(z)=0(%)= 011 (F)=0ez)==%
A5 (2x+1) = 0= (21 +1))
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F(f—O(Z)(—i— 1)) = @(13—0(2)(+ 1)) = 13—0(2;(+ 1) forall N € N.

Clearly, A, Q,© and I are self-mapping with A(QUF) € O(QUF) and QQUF) C T(QUF) and
A, Q,0, I are L-continuous functions and 1-preserving.

Next we prove the L-compatibility of A, Q,© and I’
Let (xx, @x) be a bisequence in @ X F such that img_, 1 o Axx = Img 100 Qxx = Img 100 Oxx =
My o0 Ly = My 00 Opx = imy, oo [px = p for some p € QNF = [0, ).
Without loss of generality, we can assume that xx, px € [0, %]
So, Txy =%, Oxx =%, Axx = &35 and Qxx. Then Txx, Oxx, Axx and Qyxy biconverge to p, so
p=0.
Now, imy—, 1 o 9 (FAXR, AL py) = limg, 100 9(Ip, Ap) = 0. Similarly, we have, limy_, . o 9(OQxx, QOPy) =
limg 100 9(Op, Qp) = 0. Thus A, Q, O and I are L-compatible.

Next, to show that A, Q,© and I satisfies the condition (iv) of Theorem 3.3. Given v > 0. Then the

maximum value of « is defined by

¥ Fre@dulh Ul
K= 13—0—1/, ifve(%,%),
%—V, ifve(%,%).

Let us verify the above condition for v € (0, 1]. For this v, we take x = %. Let v < 9(Ox,[p) < v +«.

This implies v < p(Ox,T'p) < Z. This is possible only if x,¢ € [0, 1] so that |3 - £| < 2. It gives
|37X - 52—(f < vand hence 9(Ax, Q@) < v. Similarly, other value of v can be verified easily. All the axioms

of Theorem 3.3 are verified and zero is the UCF P of A, Q2,O and I

4. APPLICATIONS

4.1. Solution of Integral Equation. ~ Asan application of Corollary 3.6, we examine the existence

and uniqueness solution of an integral equation in this section.

Theorem 4.1. Assume that the integral equation

x(0) =0(o) + G0, ¢, x(§))dp, o€ £1UL,
£1UEy
where £1 U £ is a Lebesgue measurable set. Let us assume
(T1) G : (E2U£2) x[0,00) — [0,00) and h € L (£1) U L™ (£2),
(T2) A continuous function exists, 0 : £5 U £5 — [0, o) such that

1G(0, ¢, x(§)) =G0, P, (D)l < %IB(@, )X (@) —p(P)l,
foro, ¢ € E% U E%,

(T3) N [, e, 0(0, P)dPlloo <1, ie SUP e i, Jr e, 160, Pl < 1.
Then, the integral equation has a unique solution in L (£1) U L®(£3).
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Proof. Let two normed linear spaces be Q = L*(£1) and ¥ = L*(£2) , where £1, £, are Lebesgue
measurable sets and m(£; U £;) < oo.
Consider p : QxF — R to be defined by 9(x,¢) = llx — ¢llw for all (x,¢) € @ X F. Define
a binary relation L on @ X F by x L @ iff x L ¢ > 0. Then (Q ¥, 9, L) be a complete bipolar
O-metric space. Let the covariant mapping be I' : L2(£1) U L% (£2) — L% (£1) U L®(£2) by
I(x(e)) = ble) + e G0 x(P))dp, o€ £ UL
For any given v > 0 we can find ¥ = 5 > 0 such that
v<p(x, @) <v+ L é1/.
3 3
Now, we have

(o)l

_F(P
b(o) +

ICx (o)

G(o, ¢, x(¢))dp - (b(@) + G(o, qb,(f)(qb))dqb)‘

£1Ufy

G(o, ¢, x(¢))dd —G(o, ¢/(P(¢))d¢’

£1U£y

< f
£1U£y

sgwu@—¢@m[f 0(0,6)ldo.

£1U£,
Taking supremum on both sides,
o(Ix, T'p) < %(II){-@IIOO) sup f 10(0, $)ld¢p
0€£1 UL, JE UE
< -l
— 3
< Loix ®)
<300
1.4
<3(3v)
<.

From Corollary 3.6, all the hypothesis are fulfilled and satisfied. Hence the integral equation has

a unique solution in @ X 7.

Remark 4.1. If we take Q = ¥, then we get the following result:

Corollary 4.1. Consider (Q, 9, L) to be a complete O-metric space, and A, Q, 0, : Q — Q be four maps
satisfies the axioms as follows:
Given v > 0 we can find x > 0 such that

v<p(Op,T'p) <v+x implies p(Ag, Qp) <v
and Op =TIT¢ implies Ap = Qgp;0 L ¢,
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then
PN, Q) <p(Bp,I'p), if Op#Tp, oL¢e and
p(Ag, Q) <p(Op,I'p), 0L forall g,¢cQ.

4.2. Production-Consumption Equilibrium. For production g, and consumption g,, daily
price patterns, and prices show a significant influence on markets, regardless of whether prices

are rising or falling. As a result, x(¢) is interesting to the economist at this time. Assume that

dx(9) | dx(¢)

oy =01+ mx(P) + o i +1 e
2
0p = 0y + P2x () +Q2d);é§b) +r2d;;§;b),

initially x(0) = 0, %(0) = 0, where o1, 0y, P1, P2, 01, G2, 1 and r; are constants. A state of dynamic
economic equilibrium occurs when market forces are in balance, meaning that the current gap

between production and consumption stabilities, that is, g, = 0,.Thus,

2 2
o1 + P1x(¢) + a1 ax(9) + rld x(9) =0y + Px(¢P) + QZdX(qb) + rzd x(9)

dg[) d¢2 d(P d(Pz ’
2
(01 =02) + (1= P2)x () + (a1 = qz)d);égb) + (11 - rZ)d;qéj)) -0,
d? d
T ;qg;b) +q );(q;b) +vx(¢p) = —o,
Px(P) | adx(9)  » 0
dg? T do + ;X((P) =5
where 0 = 01 — 02, p = P1 — P2, = q1 — g2, = 11 — 12. Our initial problem is now represented as
X'(9)+ 3 (@) + Zx(¢) = =, with x(0)=0 and x(0)=0. (4.1)

Studying the production and consumption duration time T yields the following problem (4.1) as

follows:

T
X(¢) = f 6(6, 0K (0,6, x(9))d0, 42)

where the Green function G(¢, 0) is given as follows:

G(p,0) = {

and K: [0,T] X @ X F — R is a continuous function.

Now, let us assume an operator I': @ X ¥ — R™ be described as

T
I() = f 6(6, 0K (0,6, x(9))do. 43)
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At this moment, a fixed point of I is the solution to the dynamic market equilibrium issue, which
is represented by (4.1). Equation (4.1) controls the current price x(¢). Let represents the family of
real continuous functions of C[0,I'] on [0, T], and assume Q X ¥ = C[0, T].

Next, let us define a distance function p: @ X F — R as p(x, @) = llx — ¢lleo, X, ¢ € X F and
¢ € 10,T]. Then (Q,F, 9, L) is a complete bipolar O — MS.

Theorem 4.2. Let us assume the map I': Q X F — R is a complete bipolar O-metric space (Q,F, 9, L),
such that

(1) there exist ¢ € [0,T] and x, ¢ € QX F such that |K (o, ¢, x(¢)) — K(o, ¢, ¢(d))| < |x(¢) —
P(¢)l,

(2) a continuous function G: @ X ¥ — R such that

T
o ["storaios .

oe[0T]

Then, there exists a unique solution to the dynamic market equilibrium problem (4.1).

Proof. For any given v > 0, we can find x > 0 such that

v <o )<v—|—1—/—%v
—KJX/(P 3_3

Then, one has

T T
IFx(qb)—Ffp(qb)I:UO Q(cb,@)?((@qﬁrx(qb))dqb—fo Q(¢,@)W(@,¢,(p(¢))d¢l
T
<),
T
<),

T
< fO G, 0)I(K (0,6, X(0)) = K (0,6, () o>

G(¢,0)K (0, ¢, x(¢))ddp —G(P, 0)K (o, ¢/€0(¢))d¢’

G(d,0)(K(o, ¢ x(9) —K(o ¢,<p(¢)))d¢l

T
< f G, 0)lx(¢) — p()ldep.
0

Taking supremum on both sides, we have

1
p(I'x, T'p) < gp(x,(p)

Thus, the mapping I' has a UF P. From Corollary 3.6, the equation (4.1) has a unique solution. O

Remark 4.2. If we take Q = ¥, then we get the following result:
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Corollary 4.2. Consider (Q, 9, L) to be a complete O-metric space, and A, Q,O,T : Q — Q be four maps
satisfies the axioms as follows:

Given v > 0 we can find x > 0 such that
v<p(Op,Tp) <v+x implies p(Ag, Qp) <v
and Op =TIT'¢p implies Ap = Qg@;0 L ¢,
then
9(Ao, Qp) <9(Og, Tp), if Oo#Tp, ¢L¢ and
p(Ag, Q@) < 9(Bp,T'p), oL@ forall g, cQ.
5. CoNcLusION

Throughout this article, we have introduced some new CF# theorems by using the Meir-
Keeler contraction type in the concept of bipolar orthogonal metric spaces. Based on our outcomes
we have given some examples to strengthen our results. Also, we have given strong applications to
an integral equation and economic problem. It is an interseting open problem to prove from [28]

generalized modular metric space to generalized O-modular bipolar metric space.
Authors Contributions: Every author contributed equally to each part of the paper.

Funding: “La derivada fraccional generalizada, nuevos resultados y aplicaciones a desigualdades
integrales” Cod UIO-077-2024.

Acknowledgment: This study is supported via funding from Prince Sattam bin Abdulaziz Uni-
versity project number (PSAU/2025/R/1446).

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.

REFERENCES

[1] S. Banach, Sur les Opérations dans les Ensembles Abstraits et leur Application aux Equations Intégrales, Fundam.
Math. 3 (1922), 133-181. https://doi.org/10.4064/fm-3-1-133-181.

[2] A. Mutlu, U. Giirdal, Bipolar Metric Spaces and Some Fixed Point Theorems, J. Nonlinear Sci. Appl. 09 (2016),
5362-5373. https://doi.org/10.22436/jnsa.009.09.05.

[3] G. Mani, A.J. Gnanaprakasam, K. Javed, E. Ameer, S. Mansour, H. Aydi, W. Kallel, On a Fuzzy Bipolar Metric
Setting with a Triangular Property and an Application on Integral Equations, AIMS Math. 8 (2023), 12696-12707.
https://doi.org/10.3934/math.2023639.

[4] B. Srinuvasa Rao, G. N.V.Kishore, Common Fixed Point Theorems in Bipolar Metric Spaces with Applications to
Integral Equations, Int. J. Eng. Technol. 7 (2018), 1022-1026. https://doi.org/10.14419/ijet.v7i4.10.26662.

[5] E. Karapmar, M. Cvetkovi¢, An Inevitable Note on Bipolar Metric Spaces, AIMS Math. 9 (2024), 3320-3331.
https://doi.org/10.3934/math.2024162.

[6] Sunita Soni, Common Fixed Point Theorems in Bipolar Metric Spaces, Int. J. Sci. Res. Arch. 9 (2023), 741-746.
https://doi.org/10.30574/ijsra.2023.9.1.0713.


https://doi.org/10.4064/fm-3-1-133-181
https://doi.org/10.22436/jnsa.009.09.05
https://doi.org/10.3934/math.2023639
https://doi.org/10.14419/ijet.v7i4.10.26662
https://doi.org/10.3934/math.2024162
https://doi.org/10.30574/ijsra.2023.9.1.0713

20 Int. J. Anal. Appl. (2025), 23:52

[7] H. Ahmad, M. Younis, A.A.N. Abdou, Bipolar B-Metric Spaces in Graph Setting and Related Fixed Points, Sym-
metry 15 (2023), 1227. https://doi.org/10.3390/sym15061227.

[8] PP. Murthy, Z. Mitrovic, C.P. Dhuri, S. Radenovic, The Common Fixed Points in a Bipolar Metric Space, Gulf .
Math. 12 (2022), 31-38. https://doi.org/10.56947/gjom.v12i2.741.

[9] A. Meir, E. Keeler, A Theorem on Contraction Mappings, ]. Math. Anal. Appl. 28 (1969), 326-329. https://doi.org/
10.1016/0022-247X(69)90031-6.

[10] M.S. Sezen, Some Special Functions in Orthogonal Fuzzy Bipolar Metric Spaces and Their Fixed Point Applications,
Numer. Methods Partial Differ. Equ. 38 (2022), 794-802. https://doi.org/10.1002/num.22701.

[11] J.U. Maheswari, K. Dillibabu, G. Mani, S.T.M. Thabet, I. Kedim, M. Vivas-Cortez, On New Common Fixed Point
Theorems via Bipolar Fuzzy b-Metric Space with Their Applications, PLOS ONE 19 (2024), e0305316. https:
//doi.org/10.1371/journal.pone.0305316.

[12] K.Javed, A. Asif, E. Savas, A Note on Orthogonal Fuzzy Metric Space, Its Properties, and Fixed Point Theorems,
J. Funct. Spaces 2022 (2022), 5863328. https://doi.org/10.1155/2022/5863328.

[13] AJ. Gnanaprakasam, G. Mani, O. Ege, A. Aloqaily, N. Mlaiki, New Fixed Point Results in Orthogonal b-Metric
Spaces with Related Applications, Mathematics 11 (2023), 677. https://doi.org/10.3390/math11030677.

[14] G.Janardhanan, G.Mani, O. Ege, V. Varadharajan, R. George, Orthogonal Neutrosophic 2-Metric Spaces, J. Inequal.
Appl. 2023 (2023), 112. https://doi.org/10.1186/s13660-023-03024-x.

[15] G.Mani, A.J. Gnanaprakasam, K. Javed, S. Kumar, On Orthogonal Coupled Fixed Point Results with an Application,
J. Funct. Spaces 2022 (2022), 5044181. https://doi.org/10.1155/2022/504418]1.

[16] G. Mani, S.K. Prakasam, A.]. Gnanaprakasam, R. Ramaswamy, O.A.A. Abdelnaby, K.H. Khan, S. Radenovig,
Common Fixed Point Theorems on Orthogonal Branciari Metric Spaces with an Application, Symmetry 14 (2022),
2420. https://doi.org/10.3390/sym14112420.

[17] Y. Touail, D. E1 Moutawakil, Fixed Point Theorems on Orthogonal Complete Metric Spaces with an Application,
Int. J. Nonlinear Anal. Appl. 12 (2021), 1801-1809. https://doi.org/10.22075/ijnaa.2021.23033.2464.

[18] PP. Murthy, C.P. Dhuri, S. Kumar, R. Ramaswamy, M.A.S. Alaskar, S. Radenovi’c, Common Fixed Point for
Meir-Keeler Type Contraction in Bipolar Metric Space, Fractal Fract. 6 (2022), 649. https://doi.org/10.3390/
fractalfract6110649.

[19] G.N.V.Kishore, R.P. Agarwal, B. Srinuvasa Rao, R.V.N. Srinivasa Rao, Caristi Type Cyclic Contraction and Common
Fixed Point Theorems in Bipolar Metric Spaces with Applications, Fixed Point Theory Appl. 2018 (2018), 21.
https://doi.org/10.1186/s13663-018-0646-z.

[20] M.E. Gordji, M. Rameani, M. de la Sen, Y.J. Cho, On Orthogonal Sets and Banach Fixed Point Theorem, Fixed Point
Theory 18 (2017), 569-578. https://doi.org/10.24193/fpt-1r0.2017.2.45.

[21] M. Nazam, H. Aydi, A. Hussain, Existence Theorems for (¥, ®)-Orthogonal Interpolative Contractions and an Ap-
plication to Fractional Differential Equations, Optimization 72 (2023), 1899-1929. https://doi.org/10.1080/02331934.
2022.2043858.

[22] M. Mudhesh, A. Hussain, M. Arshad, H. Alsulami, A Contemporary Approach of Integral Khan-Type Multivalued
Contractions with Generalized Dynamic Process and an Application, Mathematics 11 (2023), 4318. https://doi.org/
10.3390/math11204318.

[23] A. Hussain, Fractional Differential Boundary Value Equation Utilizing the Convex Interpolation for Symmetry of
Variables, Symmetry 15 (2023), 1189. https://doi.org/10.3390/sym15061189.

[24] R.K.Sharma, S. Chandok, Multivalued Problems, Orthogonal Mappings, and Fractional Integro-Differential Equa-
tion, J. Math. 2020 (2020), 6615478. https://doi.org/10.1155/2020/6615478.

[25] R. K. Sharma, S. Chandok, Existence, Stability and Well-Posedness of Fixed Point Problem With Application to
Integral Equation, U.P.B. Sci. Bull., Ser. A 83 (2021), 59-68.


https://doi.org/10.3390/sym15061227
https://doi.org/10.56947/gjom.v12i2.741
https://doi.org/10.1016/0022-247X(69)90031-6
https://doi.org/10.1016/0022-247X(69)90031-6
https://doi.org/10.1002/num.22701
https://doi.org/10.1371/journal.pone.0305316
https://doi.org/10.1371/journal.pone.0305316
https://doi.org/10.1155/2022/5863328
https://doi.org/10.3390/math11030677
https://doi.org/10.1186/s13660-023-03024-x
https://doi.org/10.1155/2022/5044181
https://doi.org/10.3390/sym14112420
https://doi.org/10.22075/ijnaa.2021.23033.2464
https://doi.org/10.3390/fractalfract6110649
https://doi.org/10.3390/fractalfract6110649
https://doi.org/10.1186/s13663-018-0646-z
https://doi.org/10.24193/fpt-ro.2017.2.45
https://doi.org/10.1080/02331934.2022.2043858
https://doi.org/10.1080/02331934.2022.2043858
https://doi.org/10.3390/math11204318
https://doi.org/10.3390/math11204318
https://doi.org/10.3390/sym15061189
https://doi.org/10.1155/2020/6615478

Int. J. Anal. Appl. (2025), 23:52 21

[26] S. Chandok, R.K. Sharma, S. Radenovi¢, Multivalued Problems via Orthogonal Contraction Mappings with Ap-
plication to Fractional Differential Equation, J. Fixed Point Theory Appl. 23 (2021), 14. https://doi.org/10.1007/
s11784-021-00850-8.

[27] R. Sharma, S. Chandok, Well-Posedness and Ulam’s Stability of Functional Equations in F-Metric Space with an
Application, Filomat 36 (2022), 5573-5589. https://doi.org/10.2298/FIL2216573S.

[28] Godwin Amechi O, G.A. Okeke, D. Francis, Some Common Fixed Point Theorems in Generalized Modular Metric
Spaces with Applications, Sci. Afr. 23 (2024), e02018. https://doi.org/10.1016/j.sciaf.2023.02018.

[29] G.A. Okeke, D. Francis, A. Gibali, On Fixed Point Theorems for a Class of a-0-Meir-Keeler-Type Contrac-
tion Mapping in Modular Extended b-Metric Spaces, J. Anal. 30 (2022), 1257-1282. https://doi.org/10.1007/
541478-022-00403-3.

[30] A.A. Thirthar, H. Abboubakar, A.L. Alaoui, K.S. Nisar, Dynamical Behavior of a Fractional-Order Epidemic Model
for Investigating Two Fear Effect Functions, Results Control Optim. 16 (2024), 100474. https://doi.org/10.1016/j.rico.
2024.100474.

[31] K. Muthuvel, K. Kaliraj, K.S. Nisar, V. Vijayakumar, Relative Controllability for ip-Caputo Fractional Delay Control
System, Results Control Optim. 16 (2024), 100475. https://doi.org/10.1016/j.rico.2024.100475.

[32] K.S. Nisar, A Constructive Numerical Approach to Solve the Fractional Modified Camassa—Holm Equation, Alex.
Eng.J. 106 (2024), 19-24. https://doi.org/10.1016/j.aej.2024.06.076.


https://doi.org/10.1007/s11784-021-00850-8
https://doi.org/10.1007/s11784-021-00850-8
https://doi.org/10.2298/FIL2216573S
https://doi.org/10.1016/j.sciaf.2023.e02018
https://doi.org/10.1007/s41478-022-00403-3
https://doi.org/10.1007/s41478-022-00403-3
https://doi.org/10.1016/j.rico.2024.100474
https://doi.org/10.1016/j.rico.2024.100474
https://doi.org/10.1016/j.rico.2024.100475
https://doi.org/10.1016/j.aej.2024.06.076

	1. Introduction
	2. Bipolar O- Metric Spaces
	3. Main Results
	4. Applications
	4.1. Solution of Integral Equation
	4.2. Production-Consumption Equilibrium

	5. Conclusion
	Authors Contributions:
	Funding:
	Acknowledgment:
	 Conflicts of Interest:

	References

