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Abstract. In this paper, we examine the existence and uniqueness of solutions to a system of four-point non-separated

Hadamard fractional differential equations. Applying Leray-Schauder’s alternative yields the existence of solutions; Ba-

nach’s contraction principle establishes the uniqueness of the solution. Lastly, we provide two examples to demonstrate

our results.

1. Introduction

The use of fractional differential equations in many different areas, including physics, mechanics,

chemistry, engineering, etc., has led to their increased significance. Significant advancements

in the field of partial and ordinary differential equations with fractional derivatives have been

made in recent years, see the monographs of Kilbas et al. [18], Das [13], Miller and Ross [20],

Podlubny [22] and Sabatier et al. [27]. It is evident that the majority of Caputo-type and Riemann-

Liouville fractional differential are the focus of this work [2–8, 12, 15, 17, 23, 26]. A large number

of academics have recently examined the existence and uniqueness results for a novel class of

fractional differential equation with nonlocal, non-separated boundary conditions. Alsulami [3],

studied the existence and uniqueness results for a non-separated boundary conditions of FDE
cDαx(κ) = f(κ, x(κ), y(κ)), κ ∈ [0,T], 1 < α ≤ 2
cDβy(κ) = g(κ, x(κ), y(κ)), κ ∈ [0,T], 1 < β ≤ 2,

x(0) = λ1y(T), x′(0) = λ2y′(T),
y(0) = µ1x(T), y′(0) = µ2x′(T),

Received: Oct. 24, 2024.

2020 Mathematics Subject Classification. 26A33, 34A08, 34A12, 34B27.

Key words and phrases. Hadamard fractional derivative; Green’s function; existence; uniqueness; fixed point theorems.

https://doi.org/10.28924/2291-8639-22-2024-228
ISSN: 2291-8639

© 2024 the author(s).

https://doi.org/10.28924/2291-8639-22-2024-228


2 Int. J. Anal. Appl. (2024), 22:228

where cDα,cDβ denote the Caputo derivatives of fractional order α and β respectively and λi,µi, i =
1, 2 are real constants with λiµi , 1, i = 1, 2.

In [26] Rao etc. explored the existence and uniqueness results of FDE with nonlocal boundary

conditions 
cDα0+u(ω) = f(ω, u(ω), v(ω)), 0 < ω < 1,
cD

β
0+v(ω) = g(ω, u(ω), v(ω)), 0 < ω < 1,

u(0) = λ1v(1), cD
γ
0+u(1) = λ2

cD
γ
0+v(ξ),

v(0) = µ1u(1), cD
γ
0+v(1) = µ2

cD
γ
0+u(ξ),

where α, β ∈ (1, 2], ξ ∈ (0, 1), and λi,µi, i = 1, 2 real constants with µ1λ1 , 1 and µ2λ2ξ2(1−γ) , 1.

As is well known, Hadamard invented a different type of fractional derivative in 1892, and

examples of it may be found in the literature [16]. Recently, a few studies on Hadamard fractional

BVP have been published. see [11, 19, 21, 25, 28, 30]. Ahmad and Ntouyas [9, 10] and Ardjouni [1]

discussed existence and uniqueness of Hadamard FDE by applying Schauder and Banach fixed

point theorem. Recently, Zhai etc [32] establish the existence and uniqueness of solutions for the

new Hadamard FDE with four-point boundary conditions dependent on two constants l f , lg


HDσu(ς) + f(ς, v(ς)) = lf, ς ∈ (1, e),
HDρv(ς) + g(ς, u(ς)) = lg, ς ∈ (1, e),
u(i)(1) = v(i)(1) = 0, 0 ≤ i ≤ κ− 2,

u(e) = cv(ξ), v(e) = du(η), η, ξ ∈ (1, e),

where c, d are two parameters with 0 < cd(ln η)σ−1(ln ξ)ρ−1 < 1, σ,ρ ∈ (κ − 1,κ] are two real

numbers and κ ≥ 3, l f , lg are constants.

Inspired by the above stated works, the author discusses existence and uniqueness of the

following Hadamard FDE

−D
ρ1

1+

(
φα1(D

σ1
1+ß(ς))

)
= f(ς, ß(ς),$(ς)), ς ∈ (1, e),

−D
ρ2

1+

(
φα2(D

σ2
1+$(ς))

)
= g(ς, ß(ς),$(ς)), ς ∈ (1, e),

(1.1)

satisfies with four-point boundary conditions

ß(1) = ß′(1) = ß′′(1) = 0, λ1D
γ1

1+ß(e) = µ1D
γ2

1+$(η), D
σ1
1+ß(1) = 0,

$(1) = $′(1) = $′′(1) = 0, λ2D
δ1
1+$(e) = µ2D

δ2
1+ß(ξ), Dσ2

1+$(1) = 0,
(1.2)

where σi,ρi,γi, δi ∈ R, σi ∈ (3, 4],ρi ∈ (0, 1], Dσi
1+ and D

ρi

1+ , i = 1, 2 are the Hadamard fractional

derivatives of fractional order σi and ρi respectively. η, ξ ∈ (1, e), γ1, δ1 ∈ [1, 2],γ2 ∈ [1, δ1], δ2 ∈

[0,γ1], λ1,λ2,µ1,µ2 are real positive constants and f, g ∈ C
(
[1, e] × R+2

, R
)
. α1,α2 > 1,φαk(κ) =

|κ|αk−2,φ−1
αk

= φβk ,
1
αk

+ 1
βk

= 1, k = 1, 2.
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We use the following notations for our convenience:

∇1 =
( 1

Γ(ρ1 + 1)

)β1−1 ∫ e

1
H1(e,κ)(ln ζ)ρ1(β1−1) dκ

κ
,

∇2 =
( 1

Γ(ρ2 + 1)

)β2−1 ∫ e

1
H2(e,κ)(ln ζ)ρ2(β2−1) dκ

κ
,

∇3 =
( 1

Γ(ρ2 + 1)

)β2−1 ∫ e

1
H3(e,κ)(ln ζ)ρ2(β2−1) dκ

κ
,

∇4 =
( 1

Γ(ρ1 + 1)

)β1−1 ∫ e

1
H4(e,κ)(ln ζ)ρ1(β1−1) dκ

κ
.

Throughout the paper, we assume the following specific assumptions:

(A1) The functions f, g : [1, e] × R+2
→ R+ are continuous, where R+ is the set of positive real

numbers,

(A) ∇ =
λ1λ2Γ(σ1)Γ(σ2)

Γ(σ1−γ1)Γ(σ2−δ1)
−

µ1µ2Γ(σ1)Γ(σ2)

Γ(σ1−δ2)Γ(σ2−γ2)
(log ξ)σ1−δ2−1(log η)σ2−γ2−1 > 0.

The rest of the paper is organized as follows. In Section 2, we build the Green’s functions

and estimate the bounds for the corresponding linear Hadamard fractional order boundary value.

In Section 3, Using Banach’s contraction principle, Leray-Schauder’s alternative, we proved the

existence and uniqueness of Hadamard FDE (1.1)-(1.2). At the end, we provide an example to

show that our theoretical result is feasible.

2. Preliminaries

We include certain Hadamard type fractional calculus notions for the reader’s convenience in

order to make the system analysis process easier (1.1)-(1.2).

Definition 2.1. [18] For a function f : [1,∞)→ R, the Hadamard fractional integrals of order δ is

HIδ f (τ) =
1

Γ(δ)

∫ τ

1

(
log

τ
κ

)δ−1 f (κ)
κ

dκ, δ > 0,

provided the integral exists.

Definition 2.2. [18] For a function f : [1,∞)→ R, the Hadamard fractional derivative of fractional order
δ is

HDδ f (τ) =
1

Γ(m− δ)

(
τ

d
dτ

)m ∫ τ

1

(
log

τ
κ

)m−δ−1 f (κ)
κ

dκ, m− 1 < δ < m, m = dδe+ 1,

dδe where denotes the integral part of the real number δ and log(·) = loge(·).

In this section, we construct the Green functions for the homogeneous BVP corresponding to

(1.1)-(1.2) and estimate the bounds for the Green functions which are needed to establish the main

results.

−D
σ1
1+ß(ς) = 0; −Dσ2

1+$(ς) = 0, ς ∈ (1, e), (2.1)

ß(1) = ß′(1) = ß′′(1) = 0, λ1D
γ1

1+ß(e) = µ1D
γ2

1+$(η),

$(1) = $′(1) = $′′(1) = 0, λ2D
δ1
1+$(e) = µ2D

δ2
1+ß(ξ) η, ξ ∈ (1, e),

(2.2)
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Lemma 2.1. [24] Let x, y ∈ C[1, e] be given functions and ∇ , 0. Then the system of Hadamard FDE

D
σ1
1+ß(ς) + x(ς) = 0, 1 < ς < e,

D
σ2
1+$(ς) + y(ς) = 0, 1 < ς < e,

(2.3)

satisfying the boundary conditions (2.2), has a unique solution


ß(ς) =

∫ e
1 H1(ς,κ)x(κ) dκ

κ +
∫ e

1 H2(ς,κ)y(κ) dκ
κ ,

$(ς) =
∫ e

1 H3(ς,κ)y(κ) dκ
κ +

∫ e
1 H4(ς,κ)x(κ) dκ

κ ,

(2.4)

where

H1(ς,κ) = h1(ς,κ) +
(ln ς)σ1−1µ1µ2Γ(σ2)(ln η)σ2−γ2−1

∇Γ(σ2 − γ2)
h2(ξ,κ)

H2(ς,κ) =
(ln ς)σ1−1µ1λ2Γ(σ2)

∇Γ(σ2 − δ1)
h3(η,κ)

H3(ς,κ) = h4(ς,κ) +
(ln ς)σ2−1λ1λ2Γ(σ1)(ln ξ)σ1−γ2−1

∇Γ(σ1 − γ2)
h3(η,κ)

H4(ς,κ) =
(ln ς)σ2−1µ2λ1Γ(σ1)

∇Γ(σ1 − γ1)
h2(ξ,κ),∀ ς,κ ∈ [1, e],

and

h1(ς,κ) =
1

Γ(σ1)

 (ln ς)σ1−1(1− lnκ)σ1−γ1−1
−

(
ln ς

κ

)σ1−1
, 1 ≤ κ ≤ ς ≤ e,

(ln ς)σ1−1(1− lnκ)σ1−γ1−1, 1 ≤ ς ≤ κ ≤ e,

h2(ς,κ) =
1

Γ(σ1 − δ2)

 (ln ς)σ1−δ2−1(1− lnκ)σ1−γ1−1
−

(
ln ς

κ

)σ1−δ2−1
, 1 ≤ κ ≤ ς ≤ e,

(ln ς)σ1−δ2−1(1− lnκ)σ1−γ1−1, 1 ≤ ς ≤ κ ≤ e,

h3(ς,κ) =
1

Γ(σ2 − γ2)

 (ln ς)σ2−γ2−1(1− lnκ)σ2−δ1−1
−

(
ln ς

κ

)σ2−γ2−1
, 1 ≤ κ ≤ ς ≤ e,

(ln ς)σ2−γ2−1(1− lnκ)σ2−δ1−1, 1 ≤ ς ≤ κ ≤ e,

h4(ς,κ) =
1

Γ(σ2)

 (ln ς)σ2−1(1− lnκ)σ2−δ1−1
−

(
ln ς

κ

)σ2−1
, 1 ≤ κ ≤ ς ≤ e,

(ln ς)σ2−1(1− lnκ)σ2−δ1−1, 1 ≤ ς ≤ κ ≤ e,

(2.5)

Lemma 2.2. Let 3 < σi ≤ 4, 0 < ρi ≤ 1 for i = 1, 2 and h, k ∈ C[1, e]. Then the unique solution of


D
ρ1

1+

(
φα1(D

σ1
1+ß(ς))

)
+ h(ς) = 0, ς ∈ (1, e),

D
ρ2

1+

(
φα2(D

σ2
1+$(ς))

)
+ k(ς) = 0, ς ∈ (1, e),

ß(1) = ß′(1) = ß′′(1) = 0, λ1D
γ1

1+ß(e) = µ1D
γ2

1+$(η), D
σ1
1+ß(1) = 0,

$(1) = $′(1) = $′′(1) = 0, λ2D
δ1
1+$(e) = µ2D

δ2
1+ß(ξ), Dσ2

1+$(1) = 0,

(2.6)
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is 

ß(ς) =
∫ e

1 H1(ς,κ)φβ1

(
1

Γ(ρ1)

∫ κ
1

(
ln κ

τ

)ρ1−1
h(τ) dτ

τ

)
dκ
κ

+
∫ e

1 H2(ς,κ)φβ2

(
1

Γ(ρ2)

∫ κ
1

(
ln κ

τ

)ρ2−1
k(τ) dτ

τ

)
dκ
κ ,

$(ς) =
∫ e

1 H3(ς,κ)φβ2

(
1

Γ(ρ2)

∫ κ
1

(
ln κ

τ

)ρ2−1
k(τ) dτ

τ

)
dκ
κ

+
∫ e

1 H4(ς,κ)φβ1

(
1

Γ(ρ1)

∫ κ
1

(
ln κ

τ

)ρ1−1
h(τ) dτ

τ

)
dκ
κ .

(2.7)

Proof. Let φ = D
σ1
1+ß,ω = φα1(φ) and ψ = D

σ2
1+$,ϑ = φα2(ψ). Then the solution of initial value

problem,


D
ρ1

1+ω(t) + h(ς) = 0, ς ∈ (1, e)
D
ρ2

1+ϑ(ς) + k(ς) = 0, ς ∈ (1, e)
ω(1) = 0. ϑ(1) = 0.

(2.8)

And 0 < ρ1,ρ2 ≤ 1. An equivalent integral equation for (2.8) is given by

ω(t) = c1(ln ς)ρ1−1
− Iρ1

1+h(ς), ς ∈ (1, e)

ϑ(ς) = d1(ln ς)ρ2−1
− Iρ2

1+k(ς), ς ∈ (1, e).

From the relation ω(1) = ϑ(1) = 0, we get c1 = 0, d1 = 0 and consequently

ω(ς) = −Iρ1

1+h(ς), ς ∈ (1, e), ϑ(ς) = −Iρ2

1+k(ς), ς ∈ (1, e). (2.9)

Noting that Dσ1
1+ß = φ, φ = φ−1

α1
(ω) and D

σ2
1+$ = ψ, ψ = φ−1

α2
(ϑ) we have from (2.9) that the

solution of (2.8) satisfies


D
σ1
1+ß = φ−1

α1
(−Iρ1

1+h(ς)), ς ∈ (1, e)
D
σ2
1+$ = φ−1

α2
(−Iρ2

1+k(ς)), ς ∈ (1, e)
ß(1) = ß′(1) = ß′′(1) = 0, λ1D

γ1

1+ß(e) = µ1D
γ2

1+$(η),

$(1) = $′(1) = $′′(1) = 0, λ2D
δ1
1+$(e) = µ2D

δ2
1+ß(ξ).

(2.10)

By Lemma 2.1, the solution of equation (2.10) can be written as

ß(ς) = −
∫ e

1
H1(ς,κ)φ−1

α1
(−Iρ1

1+h(κ))
dκ
κ
−

∫ e

1
H2(ς,κ)φ−1

α2
(−Iρ2

1+k(κ))
dκ
κ

, ς ∈ (1, e)

$(ς) = −

∫ e

1
H3(ς,κ)φ−1

α2
(−Iρ2

1+k(κ))
dκ
κ
−

∫ e

1
H4(ς,κ)φ−1

α1
(−Iρ1

1+h(κ))
dκ
κ

, ς ∈ (1, e)
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since h(κ) ≥ 0, k(κ) ≥ 0,κ ∈ [1, e], we have φ−1
α1
(−Iρ1

1+h(κ)) = −φβ1(I
ρ1

1+h(κ)),
φ−1
α2
(−Iρ2

1+k(κ)) = −φβ2(I
ρ2

1+k(κ)),κ ∈ [1, e] which implies that the solution of equation (2.8) is

ß(ς) =
∫ e

1
H1(ς,κ)φβ1

( 1
Γ(ρ1)

∫ κ

1

(
ln
κ
τ

)ρ1−1
h(τ)

dτ
τ

)dκ
κ

+

∫ e

1
H2(ς,κ)φβ2

( 1
Γ(ρ2)

∫ κ

1

(
ln
κ
τ

)ρ2−1
k(τ)

dτ
τ

)dκ
κ

, ς ∈ (1, e)

$(ς) =

∫ e

1
H3(ς,κ)φβ2

( 1
Γ(ρ2)

∫ κ

1

(
ln
κ
τ

)ρ2−1
k(τ)

dτ
τ

)dκ
κ

+

∫ e

1
H4(ς,κ)φβ1

( 1
Γ(ρ1)

∫ κ

1

(
ln
κ
τ

)ρ1−1
h(τ)

dτ
τ

)dκ
κ

, ς ∈ (1, e).

�

Lemma 2.3. [24] Suppose that condition (A2) satisfied. Then the Green’s functions Hl(ς,κ), l = 1, 2, 3, 4

defined respectively by (2.5) have the following properties:

(C1) Hl ∈
(
[1.e] × [1.e], [0,∞)]

)
and Hl(ς,κ) > 0 for ς,κ ∈ (1, e)

(C) Hl(ς,κ) ≤ Hl(e,κ), l = 1, 2, 3, 4 for all (ς,κ) ∈ [1, e] × [1, e],

By using the Green’s functions Hl(ς,κ) for l = 1, 2, 3, 4 an equivalent way to phrase our problem

(1.1)-(1.2) is as the following nonlinear system of integral equations

ß(ς) =
∫ e

1
H1(ς,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
f(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ

+

∫ e

1
H2(ς,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
g(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ

, ς ∈ (1, e),

$(ς) =

∫ e

1
H3(ς,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
g(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ

+

∫ e

1
H4(ς,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
f(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ
ς ∈ (1, e).

3. Existence & Uniqueness of Solutions

We consider the Banach space X = C[1, e] with the norm ‖ · ‖ and the Banach space Y = X × X

with the norm ‖(ß,$)‖Y = max{‖ß‖, ‖$‖}, ‖ß‖ = maxς∈[1,e] |ß(ς)|, ‖$‖ = maxς∈[1,e] |$(ς)|.

We define the operators Q1,Q2 : Y→ X and Q : Y→ Y by

Q(ß,$) =
(
Q1(ß,$),Q2(ß,$)

)
,

where

Q1(ß,$) =
∫ e

1
H1(ς,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
f(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ

+

∫ e

1
H2(ς,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
g(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ

, ς ∈ (1, e),



Int. J. Anal. Appl. (2024), 22:228 7

Q2(ß,$) =
∫ e

1
H3(ς,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
g(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ

+

∫ e

1
H4(ς,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
f(τ, ß(τ),$(τ))

dτ
τ

)dκ
κ
ς ∈ (1, e).

Lemma 3.1. Leray-Schader’s alternative [14]: Let F : E → E be a completely continuous operator (i.e., a
map restricted to any bounded set in E is compact). Let

ε(F) =
{
x ∈ E : X = λF(x) for some 0 < λ < 1

}
.

Then either the set ε(F) is unbounded or F has at least one fixed point.

Theorem 3.1. Assume that:
(S1) f, g : [1, e] ×R+2

→ R+ are continuous functions and there exist real constant ai, bi ≥ 0, i = 1, 2 and
a0, b0 > 0 such that ∀ai, bi ∈ R, i = 1, 2, we have

|f(ς, ß1, ß2)| ≤ φα1(a0 + a1|ß1|+ a2|ß2|),

|g(ς, ß1, ß2)| ≤ φα2(b0 + b1|ß1|+ b2|ß2|).

If (∇1 + ∇4)a1 + (∇2 + ∇3)b1 < 1 and (∇1 + ∇4)a2 + (∇2 + ∇3)b2 < 1, then the BVP (1.1)-(1.2) has at
least one positive solution.

Proof. Firstly, we demonstrate the operator Q : Y → Y is completely continuous. Clearly, the

operator Q is continuous. Let Ω ⊂ Y be bounded. Then there exist k1 and k2 are two positive

constants such that

|f(ς, ß(ς),$(ς))| ≤ φα1(k1), |g(ς, ß(ς),$(ς))| ≤ φα2(k2), ∀(ß,$) ∈ Ω.

Then, for any (ß,$) ∈ Ω, we have

|Q1(ß,$)| ≤
∫ e

1
H1(e,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
|f(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ

+

∫ e

1
H2(e,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
|g(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ

≤ k1

( 1
Γ(ρ1 + 1)

)β1−1 ∫ e

1
H1(e,κ)(lnκ)ρ1(β1−1) dκ

κ

+ k2

( 1
Γ(ρ2 + 1)

)β2−1 ∫ e

1
H2(e,κ)(lnκ)ρ2(β2−1) dκ

κ

= k1∇1 + k2∇2

which implies that

‖Q1(ß,$)‖ ≤ k1∇1 + k2∇2.

Similarly, we get

‖Q2(ß,$)‖ ≤ k2∇3 + k1∇4.



8 Int. J. Anal. Appl. (2024), 22:228

Consequently, the operatorQ is uniformly bounded as a result of the aforementioned inequalities.

We then demonstrate that Q is equicontinuous. Let ς1, ς2 ∈ [1, e] with ς1 ≤ ς2. Then we have

|Q1(ß(ς2),$(ς2)) −Q1(ß(ς1),$(ς1))|

≤ k1

∣∣∣∣ ∫ e

1

(
H1(ς2,κ) −H1(ς1,κ)

)dκ
κ

∣∣∣∣φq1

( ∫ e

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1 dτ
τ

)
+ k2

∣∣∣∣ ∫ e

1

(
H2(ς2,κ) −H2(ς1,κ)

)dκ
κ

∣∣∣∣φβ2

( ∫ e

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1 dτ
τ

)
.

Analogously, we can obtain

|Q2(ß(ς2),$(ς2)) −Q2(ß(ς1),$(ς1))|

≤ k2

∣∣∣∣ ∫ e

1

(
H2(ς2,κ) −H2(ς1,κ)

)dκ
κ

∣∣∣∣φq

( ∫ e

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1 dτ
τ

)
+ k1

∣∣∣∣ ∫ e

1

(
H1(ς2,κ) −H1(ς1,κ)

)dκ
κ

∣∣∣∣φq

( ∫ e

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1 dτ
τ

)
.

Therefore, the operator Q(ß,$) is equicontinuous, and thus operator Q(ß,$) is completely con-

tinuous.

Finally, it will be verified that the set ε = {(ß,$) ∈ Y|(ß,$) = λQ(ß,$), 0 ≤ λ ≤ 1} is bounded.

Let (ß,$) ∈ ε, then (ß,$) = λQ(ß,$). For any ς ∈ [1, e], we have

ß(ς) = λQ1(ß,$)(ς), $(ς) = λQ2(ß,$)(ς).

From (S1), we have

|ß(ς)| = |λQ1(ß,$)(ς)| ≤ |Q1(ß,$)(ς)|

≤

∫ e

1
H1(e,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
|f(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ

+

∫ e

1
H2(e,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
|g(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ

≤

(
a0 + a1|ß|+ a2|$|

)( 1
Γ(ρ1 + 1)

)β1−1 ∫ e

1
H1(e,κ)(lnκ)ρ1(β1−1) dκ

κ

+
(
b0 + b1|ß|+ b2|$|

)( 1
Γ(ρ2 + 1)

)β2−1 ∫ e

1
H2(e,κ)(lnκ)ρ2(β2−1) dκ

κ

= ∇1a0 + a1|ß|+ a2|$|) + ∇2(b0 + b1|ß|+ b2|$|)

= ∇1a0 +∇2b0 + (∇1a1 +∇2b1)|ß|+ (∇1a2 +∇2b2)|$|

and
|$(ς)| = |λQ2(ß,$)(ς)| ≤ |Q2(ß,$)(ς)|

≤

∫ e

1
H3(e,κ)φβ2

( ∫ s

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
|g(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ

+

∫ e

1
H4(e,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
|f(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ
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≤

(
b0 + b1|ß|+ b2|$|

)( 1
Γ(ρ2 + 1)

)β2−1 ∫ e

1
H3(e,κ)(lnκ)ρ2(β2−1) dκ

κ

+
(
a0 + a1|ß|+ a2|$|

)( 1
Γ(ρ1 + 1)

)β1−1 ∫ e

1
H4(e,κ)(lnκ)ρ1(β1−1) dκ

κ

= ∇3

(
b0 + b1|ß|+ b2|$|

)
+∇4

(
a0 + a1|ß|+ a2|$|

)
= ∇3b0 +∇4a0 + (∇3b1 +∇4a1)|ß|+ (∇3b2 +∇4a2)|$|.

Hence we have

‖ß(ς)‖ ≤ ∇1a0 +∇2b0 + (∇1a1 +∇2b1)|ß|+ (∇1a2 +∇2b2)|$|,

‖$(ς)‖ ≤ ∇3b0 +∇4a0 + (∇3b1 +∇4a1)|ß|+ (∇3b2 +∇4a2)|$|,

which imply that

‖ß‖+ ‖$‖ ≤ (∇1 +∇4)a0 + (∇2 +∇3)b0 +
[
(∇1 +∇4)a1 + (∇2 +∇3)b1

]
‖ß‖

+
[
(∇1 +∇4)a2 + (∇2 +∇3)b2

]
‖$‖.

Consequently,

‖(ß,$)‖ ≤
(∇1 +∇4)a0 + (∇2 +∇3)b0

M
,

where M = min{1 − (∇1 + ∇4)a1 + (∇2 + ∇3)b1, 1 − (∇1 + ∇4)a2 + (∇2 + ∇3)b2}, for any ς ∈ [1, e],
which proves that ε is bounded. Thus, by Lemma 3.1, the operator Q has at least one fixed point.

Hence, the boundary value problem (1.1)-(1.2) has at least one solution. �

In the second result, we use Banach’s contraction principle to demonstrate the existence and

uniqueness of solutions to the BVP (1.1)-(1.2).

Theorem 3.2. Assume that:
(S2) f, g : [1, e] ×R2

→ R are continuous functions and there exist constants m1 and m2 such that, for all
ς ∈ [1, e] and ßi,$i ∈ R, i = 1, 2, we have

|f(ς, ß1, ß2) − f(ς,$1,$2)| ≤ φα1

[
m1|ß1 −$1|+ m2|ß2 −$2|

]
,

|g(ς, ß1, ß2) − g(ς,$1,$2)| ≤ φα2

[
n1|ß1 −$1|+ n2|ß2 −$2|

]
.

If (∇1 +∇4)(m1 + m2) + (∇2 +∇3)(n1 + n2) < 1, then the BVP (1.1)-(1.2) has a unique solution.

Proof. Define sup
ς∈[1,e]

f(ς, 0, 0) = φp(M1) < ∞ and sup
ς∈[1,e]

g(ς, 0, 0) = φp(M2) < ∞ such that

r ≥
(∇1 +∇4)M1 + (∇2 +∇3)M2

1−
[
(∇1 +∇4)(m1 + m2) + (∇2 +∇3)(n1 + n2)

] .

We show that Q(Br) ⊂ Br, where Br = {(ß,$) ∈ Y : ‖(ß,$)‖ ≤ r}. For (ß,$) ∈ Br, ς ∈ [1, e], we

have
|f(ς, ß(ς),$(ς))| ≤ |f(ς, ß(ς),$(ς)) − f(ς, 0, 0)|+ |f(ς, 0, 0)|

≤ φα1

[
m1|ß(ς)|+ m2|$(ς)|

]
+ φα1(M1)

≤ φα1

[
m1‖ß‖+ m2‖$‖+M1

]
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and

|g(ς, ß(ς),$(ς))| ≤ φα2

[
n1‖ß‖+ n2‖$‖+M2

]
,

which leads to

|Q1(ß,$)| ≤
∫ e

1
H1(e,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1
|f(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ

+

∫ e

1
H2(e,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1
|g(τ, ß(τ),$(τ))

dτ
τ
|

)dκ
κ

≤ (m1‖ß‖+ m2‖$‖+M1)
( 1

Γ(ρ1 + 1)

)β1−1 ∫ e

1
H1(e,κ)(lnκ)ρ1(β1−1) dκ

κ

+ (n1‖ß‖+ n2‖$‖+M2)
( 1

Γ(ρ2 + 1)

)β2−1 ∫ e

1
H2(e,κ)(lnκ)ρ2(β2−1) dκ

κ

= ∇1(m1‖ß‖+ m2‖$‖+M1) + ∇2(n1‖ß‖+ n2‖$‖+M2)

= (∇1m1 +∇2n1)‖ß‖+ (∇1m2 +∇2n2)‖$‖+∇1M1 +∇2M2

≤ [∇1(m1 + m2) + ∇2(n1 + n2)]r +∇1M1 +∇2M2

Hence

‖Q1(ß,$)‖ ≤ [∇1(m1 + m2) + ∇2(n1 + n2)]r +∇1M1 +∇2M2.

In the same way, we obtain

‖Q2(ß,$)‖ ≤
[
∇3(n1 + n2) + ∇4(m1 + m2)

]
r +∇3M2 +∇4M1.

Consequently,
Q(ß,$) ≤ [∇1(m1 + m2) + ∇2(n1 + n2)]r +∇1M1 + σ2M2

+
[
∇3(n1 + n2) + ∇4(m1 + m2)

]
r +∇3M2 +∇4M1

≤ r.

Now for (ß2,$2), (ß1,$1) ∈ Y and for any ς ∈ [1, e], we get

|Q1(ß2,$2)(ς) −Q1(ß1,$1)(ς)|

≤

∫ e

1
H1(e,κ)φβ1

( ∫ κ

1

1
Γ(ρ1)

(
ln
κ
τ

)ρ1−1∣∣∣f(τ, ß2(τ),$2(τ)) − f(τ, ß1(τ),$1(τ))
∣∣∣dτ
τ

)dκ
κ

+

∫ e

1
H2(e,κ)φβ2

( ∫ κ

1

1
Γ(ρ2)

(
ln
κ
τ

)ρ2−1∣∣∣g(τ, ß2(τ),$2(τ)) − g(τ, ß1(τ),$1(τ))
∣∣∣dτ
τ

)dκ
κ

≤ ∇1

(
m1‖ß2 − ß1‖+ m2‖$2 −$1‖

)
+∇2

(
n1‖ß2 − ß1‖+ n2‖$2 −$1‖

)
= (∇1m1 +∇2n1)‖ß2 − ß1‖+ (∇1m2 +∇2n2)‖$2 −$1‖

and consequently we obtain

‖Q1(ß2,$2) −Q1(ß1,$1)‖ ≤ (∇1(m1 + m2) + ∇2(n1 + n2))
(
‖ß2 − ß1‖+ ‖$2 −$1‖

)
. (3.1)

Similarly

‖Q2(ß2,$2) −Q2(ß1,$1)‖ ≤ (∇3(n1 + n2) + ∇4(m1 + m2))
(
‖ß2 − ß1‖+ ‖$2 −$1‖

)
. (3.2)
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It follows from (3.1) and (3.2)

‖Q(ß2,$2) −Q(ß1,$1)‖ ≤
[
(∇1 +∇4)(m1 + m2) + (∇2 +∇3)(n1 + n2))

](
‖ß2 − ß1‖+ ‖$2 −$1‖

)
.

Since (∇1 + ∇4)(m1 + m2) + (∇2 + ∇3)(n1 + n2) < 1, therefore, Q is a contraction operator. Thus,

the operator Q has a unique fixed point according to Banach’s fixed point theorem, which is the

unique solution of BVP (1.1)-(1.2). �

Example

In this section, we’ll provide an example to demonstrate the main results.

Consider the following coupled system of Hadamard FBVP

−D0.5
1+

(
φα1(D

3.5
1+ ß(ς))

)
= f(ς, ß(ς),$(ς)), ς ∈ (1, e),

−D0.33
1+

(
φα2(D

3.7
1+$(ς))

)
= g(ς, ß(ς),$(ς)), ς ∈ (1, e),

(3.3)

ß(1) = ß′(1) = ß′′(1) = 0, D1.5
1+ ß(e) = D1.5

1+$(1.6), D0.5
1+ ß(1) = 0,

$(1) = $′(1) = $′′(1) = 0, 0.33 D1.67
1+ $(e) = 0.5 D1.4

1+ ß(1.75), D0.33
1+ $(1) = 0.

(3.4)

Here σ1 = 3.5, σ2 = 3.7,ρ1 = 0.5,ρ2 = 0.33,γ1 = 1.5, δ1 = 1.67,γ2 = 1.5, δ2 = 1.4, ξ = 1.6, η =

1.75,λ1 = 1,λ2 = 0.33,µ1 = 1,µ2 = 0.5,α1 = α2 = 2.

We obtain ∇ ≈ 3.25 > 0, and the assumptions (S1) and (S2) are satisfied. In addition, we

deduce

h1(ς,κ) =
1

Γ(3.5)

 (log ς)2.5(1− logκ) −
(

log ς
κ

)2.5
, 1 ≤ κ ≤ ς ≤ e,

(log ς)2.5(1− logκ), 1 ≤ ς ≤ κ ≤ e,

h2(ς,κ) =
1

Γ(2.1)

 (log ς)1.1(1− logκ) −
(

log ς
κ

)1.1
, 1 ≤ κ ≤ ς ≤ e,

(log ς)1.1(1− logκ), 1 ≤ ς ≤ κ ≤ e,

h3(ς,κ) =
1

Γ(2.2)

 (log ς)α2−γ2−1(1− logκ)1.2
−

(
log ς

κ

)1.3
, 1 ≤ κ ≤ ς ≤ e,

(log ς)α2−γ2−1(1− logκ)1.2, 1 ≤ ς ≤ κ ≤ e,

h4(ς,κ) =
1

Γ(3.7)

 (log ς)2.7(1− logκ)1.03
−

(
log ς

κ

)2.7
, 1 ≤ κ ≤ ς ≤ e,

(log ς)2.7(1− logκ)1.03, 1 ≤ ς ≤ κ ≤ e,

H1(ς,κ) = h1(ς,κ) +
(log ς)2.5(0.5)Γ(3.7)(log 1.75)1.2

(3.25)Γ(2.2)
h2(1.6,κ)

H2(ς,κ) =
(log ς)2.5(0.33)Γ(3.7)

(3.25)Γ(2.03)
h3(1.75,κ)

H3(ς,κ) = h4(ς,κ) +
(log ς)2.7(0.33)Γ(3.5)(log 1.6)

(3.25)Γ(2.0)
h3(1.75,κ)

H4(ς,κ) =
(log ς)2.7(0.5)Γ(3.5)

(3.25)Γ(2.0)
h2(1.6,κ),∀ ς,κ ∈ [1, e],

We also deduce ∇1 ≈ 1.394,∇2 ≈ 0.1743,∇3,≈ 0.2512,∇4 ≈ 0.06375
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Example 4.1: Let two nonlinear functions f, g : [1, e] ×R×R→ R be given by

f(ς, ß,$) =
e−3ς

2
+

ß2 cos2 ς

32(1 + |ß|)
+
|$|4 sin2 ς

42(1 +$3)
,

g(ς, ß,$) =
4

ς2 + 2
+

sin ß
10(ς+ 4)

+
tan−1$

12(3 + ς2)
.

(3.5)

Note that
|f(ς, ß,$)| ≤ φα1

(1
2
+

1
32
|ß|+

1
42
|$|

)
,

|g(ς, ß,$)| ≤ φα2

(4
3
+

1
50
|ß|+

1
48
|$|

)
.

We get a1 = 1
32 , a2 = 1

42 , b1 = 1
50 , b2 = 1

48 . By simple calculation, we have (∇1 + ∇4)a1 + (∇2 +

∇3)b1 ≈ 0.05406 < 1 and (∇1 + ∇4)a2 + (∇2 + ∇3)b2 ≈ 0.0437 < 1 By Theorem 3.1, the coupled

boundary value problem (3.3) -(3.5) has at least one positive solution on [1,e].

Example 4.2: Let two nonlinear functions f, g : [1, e] ×R×R→ R be given by

f(ς, ß,$) =
1

4(1 + ς)2
|ß|

1 + |ß(ς)|
+

1
30 + 2ς2 sin2$(ς) +

1
2

, ς ∈ (1, e),

g(ς, ß,$) =
1
12

sin(4πß(ς)) +
|$(ς)|

8(1 + ς)2 +
1√

1 + ς2
, ς ∈ (1, e),

(3.6)

Note that
|f(ς, ß1, ß2) − f(ς,$1,$2)| ≤ φα1

( 1
16
|ß1 − ß2|+

1
32
|$1 −$2|

)
,

|g(ς, ß1, ß2) − g(ς,$1,$2)| ≤ φα2

( 1
12
|ß1 − ß2|+

1
32
|$1 −$2|

)
.

We get m1 = 1
16 , m2 = 1

32 , n1 = 1
12 , n2 = 1

32 . By simple calculation, we have (∇1 + ∇4)(1/16 +

1/32) + (∇2 + ∇3)(1/12 + 1/32) ≈ 0.185419 < 1. Thus all the conditions of Theorem 3.2 are

satisfied. Problem (3.3)-(3.5) has a unique solution on [1, e].
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