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Abstract. In this paper, we examine the existence and uniqueness of solutions to a system of four-point non-separated
Hadamard fractional differential equations. Applying Leray-Schauder’s alternative yields the existence of solutions; Ba-
nach’s contraction principle establishes the uniqueness of the solution. Lastly, we provide two examples to demonstrate

our results.

1. INTRODUCTION

The use of fractional differential equations in many different areas, including physics, mechanics,
chemistry, engineering, etc., has led to their increased significance. Significant advancements
in the field of partial and ordinary differential equations with fractional derivatives have been
made in recent years, see the monographs of Kilbas et al. [18], Das [13], Miller and Ross [20],
Podlubny [22] and Sabatier et al. [27]. It is evident that the majority of Caputo-type and Riemann-
Liouville fractional differential are the focus of this work [2-8,12,15,17,23,26]. A large number
of academics have recently examined the existence and uniqueness results for a novel class of
fractional differential equation with nonlocal, non-separated boundary conditions. Alsulami [3],

studied the existence and uniqueness results for a non-separated boundary conditions of FDE
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where ¢D% ¢ DF denote the Caputo derivatives of fractional order a and p respectively and A;, ;,i =
1,2 are real constants with A;u; # 1,i = 1,2.
In [26] Rao etc. explored the existence and uniqueness results of FDE with nonlocal boundary

conditions
‘D u(w) = fw,u(w),v(w)), 0<w <1,
D v(w) = 8(w, u(w),v(w)), 0<w <1,
u(0) = Ayo(1), “D u(1) = A2 °D). v(&),
0(0) = pu(1), ‘DY, 0(1) = p2 DY, u(&),

where o, B € (1,2], & € (0,1), and A;, yj, i = 1,2 real constants with p1A; # 1 and yzi\zéz(]'y) # 1.
As is well known, Hadamard invented a different type of fractional derivative in 1892, and
examples of it may be found in the literature [16]. Recently, a few studies on Hadamard fractional
BVP have been published. see [11,19,21,25,28,30]. Ahmad and Ntouyas [9,10] and Ardjouni [1]
discussed existence and uniqueness of Hadamard FDE by applying Schauder and Banach fixed
point theorem. Recently, Zhai etc [32] establish the existence and uniqueness of solutions for the

new Hadamard FDE with four-point boundary conditions dependent on two constants I, I,

f(c,o(c)) =k ce(Le),
a(c,u(c)) =1y, c€(Le),

u<1’>(1 = (>(1) =0,0<i<Kk-2,

&), v(e) =du(n), n,& € (Le),

where c,d are two parameters with 0 < cd(Inn)°~}(In&)P~! < 1,0,p € (x —1,%] are two real
numbers and x > 3, I, l; are constants.

Inspired by the above stated works, the author discusses existence and uniqueness of the
following Hadamard FDE

— D (9, (D]1B())) = (<, B(c), @(c)), ¢ € (1),

(1.1)
— D ($ay (D)2 (<)) = 5(c, B(c), @(c)), ¢ € (1,e),
satisfies with four-point boundary conditions
R(1) = B'(1) = (1) = 0, 2] 8(e) = i D (n), DNR(T) =
(1.2)

o(1) = @'(1) = @”(1) = 0, 12D} @(e) = wDR2B(E), DPa(1) =0,

where 0;, pi, 7,0 € R, 0; € (3,4],pi € (0,1], ZDU’ and Df’“i = 1,2 are the Hadamard fractional
derivatives of fractional order ¢; and p; respectlvely. n,&€ (1e), y1,010 € [1,2],y2 € [1,01],02 €
[0,91], A1, Ag, pl,yz are real positive constants and f,g € (i([l,e] X R+2,R). ar,ap > 1,0, (x) =
IK[%2, 5 = CPﬁ;« + ﬁk =1,k=1,2
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We use the following notations for our convenience:

¢ dx
p1(pr-1) 28
( p1+1) flgl(e,K)(mc) -

p-1 ¢ dx

— Z(ﬁZ_l)_
Va ( Pz +1) ) f Ha(e,x)(InC)? K’
dK

= 2 ﬁZ

Va ( I'(p2+1) ) f&gek J(InC)F K’
1 dx
= 1(ﬁ1_1)_
Vi (F(m +1) fl Bale,)(In0)" K

Throughout the paper, we assume the following specific assumptions:

(Ag) The functions f,g : [1,€] X R+’ — R* are continuous, where R* is the set of positive real
numbers,

_ MAT(01)T(02) 1T (01)T (07 o o
(QI) V= r(él—zw)ll(az—?sl) - ?;5262)1(02 =3 (logg) 1—=02-1 (10g77) 2-2-1 5 .

The rest of the paper is organized as follows. In Section 2, we build the Green’s functions

and estimate the bounds for the corresponding linear Hadamard fractional order boundary value.
In Section 3, Using Banach’s contraction principle, Leray-Schauder’s alternative, we proved the
existence and uniqueness of Hadamard FDE (1.1)-(1.2). At the end, we provide an example to

show that our theoretical result is feasible.

2. PRELIMINARIES

We include certain Hadamard type fractional calculus notions for the reader’s convenience in

order to make the system analysis process easier (1.1)-(1.2).

Definition 2.1. [18] For a function f : [1,00) — R, the Hadamard fractional integrals of order O is

HI‘Sf(T):ﬁfj(logK)b e )d 6>0,

Definition 2.2. [18] For a function f : [1,00) — R, the Hadamard fractional derivative of fractional order

ois
1 d \m T T m—06—1 (K)
HG * _ -
Df(’[)_r( —6)(Td’c) ﬁ(logK) ” dx, m—1<6<m,m=[0]+1,

[0] where denotes the integral part of the real number 6 and log(-) = log,(-).

provided the integral exists.

In this section, we construct the Green functions for the homogeneous BVP corresponding to
(1.1)-(1.2) and estimate the bounds for the Green functions which are needed to establish the main
results.

-D]iB(c) =0; -Da(c) =0, c € (Le), (2.1)

(1) = &7(1) = 0, 1, D] 8(e) = D} 0(n),

g’
; S (2.2)
@(1) =@'(1) =@”(1) =0, 12DL@(e) = 1D 2B(E) n,& € (Le),
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Lemma 2.1. [24] Let x,y € C[1, ¢] be given functions and V # 0. Then the system of Hadamard FDE

DIB(c) +x(c) =0, 1<c<e,

(2.3)
Do) +y(c) =0, 1<c<e
satisfying the boundary conditions (2.2), has a unique solution
= [T 91(c, 0)x(1) L + [ 92(c,1)y(x) %,
(2.4)
= [ 93(c, 1) y(x) L + [7 Dalc,1)x(x)L,
where
_ (In )7 gy ol (02) (In ) 727727
D1(c, k) =h(cx) + VI (02 = 2) h2(&, %)
_ (Ing) Aol (02)
(e, 1) = V(2 —01) b(1, %)
B (In¢)?2 A1 AT (1) (In &) 17271
53(@/ K) - b4(GI K) + Vl—v(o_l _ 7/2) 53(77/ K)
(In¢)7 " uaAiT' (o)
D, k) = &), Ve xellel
(o) = P (e ), Y e e [Ld
and
01—1
1 [ (Ing)'(1-Inx)n 71— (Ing)", 1<x<c<e
b1 (g, ) L ‘
I'(o1) (Inc) 1 (1-Inx)177 1, 1<c<k<e,
bl ) 1 (Inc)r2=1(1 ~ i) - ()", 1<k <c<e,
' ['(01-02) | (Ing)r 21 (1-Ink)r 717l 1<c<xk<e,
o (2.5)
1 (Inc) 72 (1-Ini)eo-l - (€)™ 77 1< <c <e,
b3<gl K) = K
I(o2=72) | (Ing)2 72" 1(1-Ink)2 %71, 1<c<k<e,
ba(c, ) 1 (Ing)>"1(1 - Ink)o2~%-1 - (ln %)02_1, 1<kx<c<e
' I'(02) (Inc)2 1 (1-Inx)2 "1, 1<c<xk<e,
Lemma 2.2. Let 3 <0; <4,0<p; <1fori=1,2andh,k € €[1,e|. Then the unique solution of
D (ay (DIL8(c))) +h(c) =0, c € (Le),
Dpz 2 (¢ (D @(<))) + k() =0, c € (Le), 26)
B(1) = B(1) = 8(1) =0, ML) = (), T8 =
o(1) = /(1) = 0" (1) = 0, 12 0(¢) = 1227 B(E), D o(1) =,
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is

B(c) = fle 51(9K>¢ﬁ1(r(:}1) flK(ln %)pl_lh(T)ﬂ—T)df
€ K n—1
+ Jf 9206, %) (g i (I ) k(o) ),

(2.7)
= ff Sa(6 )i (10 2) k(0 )2
+£ $alc,x ( fl (n5)" (o) do)es,

Proof. Let ¢ = D\B,w = ¢y (¢) and P = D@, 9 = Pa, (). Then the solution of initial value
problem,

D aw(t) + (c)=0 € (Le)
bpz 9(c)+k(c) =0, ce(1,e) (2.8)
( ) =0.9(1) =0.

And 0 < p1, p2 £ 1. An equivalent integral equation for (2.8) is given by

w(t) = cr(Inc) ' = 1" h(c), c € (1,e)
S(¢) =di(In g)p2_1 —Iijik(g), ce(1,e).

From the relation w(1) = 9(1) = 0, we get c; = 0,d; = 0 and consequently
w(c) =-1"h(c), ce (Le), 8(c) = -I7k(c), c € (1,e). (2.9)

Noting that D18 = ¢, ¢ = ¢! (v) and D20 = ¢, ¥ = ¢, (9) we have from (2.9) that the

solution of (2.8) satisfies

DILB = g, (-I1ih(c)), c € (Le)
Do =y (= Ipzk(c)) ce(Le)
B(1) = 8'(1) = 8"(1) =0, 1, D}'8(e) = D2 (1),
o(1) ='(1) = 2"(1) =0, Azﬁ‘fi @(e) = uzbbz B().

(2.10)

By Lemma 2.1, the solution of equation (2.10) can be written as

f 81 (6, 1005 (<17 i f Sa(c, )95 (1) 2, < e (1,0
fsss (6, )7 (~I7( ——f»:u (05 (L) %, c e (1,0)
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since (k) > 0,k(x) > 0,x € [1,¢], we have ¢! (- IP1 h(x)) = —gbﬁl(lpl (x)),
Pal (—Ip2 (k) = —Pp, (Ip k(x)), x € [1,e] which 1mpl1es that the solution of equation (2.8) is

) = [ sutemon(r [ (5 o T
IR Y ST

o) = [ saten(gi [ () ko )
+fs54(g,x)q>ﬁ1(r(;)flx(lng)pl‘lhu)d{)df,ge(l,e).

O

Lemma 2.3. [24] Suppose that condition (U2) satisfied. Then the Green’s functions (¢, «),1 =1,2,3,4
defined respectively by (2.5) have the following properties:

(Cg) 9 € ([1.3] x [L.e], [0,00)]) and $(c, k) > 0forc,x € (1,e)
(€) 9i(c,x) <9i(ex),1=1,2,3,4forall (c,x) € [1,e]x[1e],

By using the Green'’s functions (¢, k) forI = 1,2, 3,4 an equivalent way to phrase our problem
(1.1)-(1.2) is as the following nonlinear system of integral equations

fbl (e, %), fl r11)(111g)pl_lf(qﬁ(r)@(f))dg)df
+ [ a0 [ 2(1n§)Pz‘1g<ns<r>,w<r>>d{)df, (10),
fﬁa (¢ % qbﬁz(fl s (lnf)pz_lg(nﬁ(r),@(f))df)df
fﬁu (c,x <1>ﬁ1(f1 0 (lnf)pl_lf(f,B(T),@(T))df)df e (1,e)

3. ExisTENCE & UNIQUENESS OF SOLUTIONS

We consider the Banach space ¥ = €[1, ¢] with the norm || - || and the Banach space 9 = X x X
with the norm [|(8, @)lly = max{lI8]|, l@ll}, Bl = max.e| ¢ B(c)l, lloll = max (1, l@(c)l-
We define the operators Q;,Q, : 9 - Xand Q:9 — 9 by

Q(B,0) = (Q(B,0), (B, @),

where

(8 o) = fle gl(g,K)¢5l(ﬁK %pl)(ln g)pl_lf(f,ﬁ(f),m(f))d%)d%

L | K\p2-1 dt\dx
+ f 55z(cm<)q>/sz( fl r(pz)(ln;) 9<T/B(f>,w(r)>7);,ce(l,e),
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T/ K

(8 0) = fle gg(g,K)%z(flK l“(lpz)(ln g)pz_lg(T,B(T),cD(T))d_T)d_K

A | K\p1-1 dt\dx
+f54(g,1<)q>ﬁl(fl r(pl)(h‘E) f(f,@(T),@(m?)?ge(1,e).

Lemma 3.1. Leray-Schader’s alternative [14]: Let § : € — € be a completely continuous operator (i.e., a

map restricted to any bounded set in € is compact). Let
e(F) = {x €eC€:X=A%(x) forsome0 < A < 1}.
Then either the set (&) is unbounded or § has at least one fixed point.

Theorem 3.1. Assume that:
(1) f,g:[1,¢e] x R — R are continuous functions and there exist real constant a;, b; > 0,i = 1,2 and
ag, bg > 0 such that Ya;, b; € R,i = 1,2, we have

F(c, B1, B2)| < Pa, (a0 + a1181] + a2182]),
la(c, B1,82)| < Pa, (bo + b11B1] + b2|Ba]).

If(V1 + V4)El1 + (Vz + Vg)bl < 1and (Vl + V4)a2 + (Vz + V3)b2 < 1, then the BVP (1.1)-(1.2) has at
least one positive solution.

Proof. Firstly, we demonstrate the operator Q : 9 — 9 is completely continuous. Clearly, the
operator Q is continuous. Let () C ?) be bounded. Then there exist k; and k, are two positive
constants such that

[i(c, 8(c), @(c))l < Pay (K1), 1a(c, B(c), @(c))| < Pay (k2), ¥(B, @) € Q.

Then, for any (8, ®) € (), we have

180 [ 100 [ ros(ink) i b(e), (o) S

I(p1) 7 ')k
+ fl e 552(3,K)¢’ﬁ2( fl ) r(;z)(ln g)pz‘ﬂg@,@(f),@(m%)df
= kl(m)ﬁ]_l flesil(e,x)(lnx)m(ﬁl-l)df
+kz(m)ﬁz_lf@z(e,K)(an)pz(ﬁz—l)d%
=kV1 +k Vs

which implies that
||Q1 (B, CD)H < k1V1 + szz.
Similarly, we get

||QZ(B, (D)H < k)V3 +k1Vy.
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Consequently, the operator Q is uniformly bounded as a result of the aforementioned inequalities

We then demonstrate that Q is equicontinuous. Let ¢, ¢ € [1,¢] with ¢1 < ¢p. Then we have

1D (B(c2), @(c2)) = ,@(c1))l

<k1|f H1(c2, k) — HD1(c1, |¢m(f (;ﬂ(lng)pl_lﬂ)

T

+k2|f 552 (c2,x) = 9H2(c1, % |¢52(f L

p2-1dt )
In — )
I'(p2) ( T)
Analogously, we can obtain

T

1R (B(c2), @(c2)) = Q2 (B(c1), @(c1))l

<k2‘f 352 (c2,x) = Da2(c1, % dK"Pq(f ;2)(ln g)pz_ldf)

+k1'f H1(c2,x) = H1(c1, x |¢q(f p1)(ln§)p]_1d_T

T )
Therefore, the operator Q(B, @) is equicontinuous, and thus operator Q(8, ®) is completely con-
tinuous.

Finally, it will be verified that the set ¢ = {(8,®) € 9|(B,®) = AQ(B,®),0 < A < 1} is bounded
Let (B,®) € ¢, then (8,®) = AQ(B, ®). For any ¢ € [1, ¢], we have

B(c) = A (B, @)(c), @(c) = AR (B, @)(c)-

From (&1), we have
IB(c)l = A1 (8, @) ()] < 1Qu (B, @) (<)l

f $1(e, x)Pg, ﬁ (Pl)(ln E)pl_lﬁ(fc,B(T),ca(T))dT )dK

T

1 K\p2-1 dt \dx
—|—f$§2(€,1€)¢[;2 f; r(pZ)(ln;) |9(T/E(T)I(D(T)) )

T

1 ﬁ‘l d
< (w-+olsl+alol) pgs ) St

K

1 52 d
(b0+b1|ﬁ|+b2|®|)( T +1 fgz (e, %) (Inx)P2(f-D) =2 K

K
= Vlﬂo + Ell|fg| + El2|(D|) + Vz(bo + b1|8| + bzl(Dl)

= Viag + Vaby + (Vltll + V2b1)|ﬁ| + (V1a2 + V2b2)|@|
and
lo(c)l = INQa(B, @) ()] < D

Sfe$j3(e,1<)(f)52 fs
ool

B8,@)(c)l

(1 )(ln g)pz_ﬂg(’(,ﬁ(’[),@(’[))dT|)dK

oy (1 5" e (o), o) 1)
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1 p2-1 d
< (bo + by + bzl@l)(r—) f 93 (e, ) (Inx)P2(F2~1) aK
1

(p2+1) K
LY (-1 2K
+ (ﬂo + 8] + ﬂz|®|)(m) fl D4 (e, 1) (In )PP -

= V3(bo + b1lBl + baldl) + Va(ao + a1 8] + azla0])
= V3bo + Vaag + (Vaby + Vaaq)I8| + (Vabz + Vyaz)|@l.
Hence we have
IB()II < Viag + Vabo + (Viar + Vaby)I8] + (Viaz + Vabs)|@],
ll@(c)Il < Vsbo + Vaag + (Vaby + Vaar)IB| + (Vaba + Vaaz)l@l,
which imply that
81l + ll@ll < (V1 + Va)ao + (V2 + V3)bo + [(Vl + Va)ar + (V2 + V3)171]”@“
+[(V1+ Va)az + (V2 + Va)bo ][0

Consequently,

(V1 4+ Va)ag + (V2 + V3)bo
(B, @)l < o ,

where 9t = min{l — (V1 + V4)a1 + (Vz + Vg)b1, 1- (Vl -+ V4)L12 -+ (Vz + V3)b2}, for any ¢ € [1,6],
which proves that ¢ is bounded. Thus, by Lemma 3.1, the operator Q has at least one fixed point.

Hence, the boundary value problem (1.1)-(1.2) has at least one solution. O

In the second result, we use Banach’s contraction principle to demonstrate the existence and
uniqueness of solutions to the BVP (1.1)-(1.2).

Theorem 3.2. Assume that:

(32) 1,9 [1,e] X R? — R are continuous functions and there exist constants my and my such that, for all
¢e[l,eland B, ®; € R,i = 1,2, we have

[7(c, B1,82) — T, @1, @2)| < oy [m1181 — 1] + M2l — @2,

a(c, 81, B2) = 8(c, @1, @2)| < o [11181 — @11 + 12l — @3]
If (V1 + Va)(my + ma) + (V2 + V3)(n1 + n2) < 1, then the BVP (1.1)-(1.2) has a unique solution.

Proof. Define sup f(¢,0,0) = ¢,(M;) < coand sup g(¢,0,0) = ¢,(Mz) < oo such that
celle celle]

(V14 V)M + (V2 + V3)M,
1- [(Vl + Vi) (my +mp) + (Vo + V3) (n1 + 712)]'

We show that Q(%B,) c B,, where 8, = {(8,®) €9 : [|(8,®@)|| < r}. For (B,®) € B,,¢ € [1,¢], we
have

r >

li(c, B(c), @(c))l < Ii(c, 8(c), @(c)) —(c,0,0) +[i(c,0,0)]
< o [m118(S) | + 12l ()] + ha (M)
< o [mlIBIl + mallol] + My |
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and
18(c, B(), @(C))] < Pan | mlIBll + malldl] + Ny |,
which leads to

|>:;1(1g,@)|gf@l(e,x)%(fﬁ(mg)m‘lw(@B(T),@(T))%)df
f 552 e K ¢,52 L\ (pz)(l ;)Pz— | (T,B(T),(D(T))d—Tl)d_K

T K
pi-1 e
< (m|I8|| + ma||ol| —i—iUEl)(; 1 f H1 (e,K)(an)Pl(ﬁl‘l)d—K
T(p1+ K
1 ’32 dx
m )(1 p2(f2—1) 22
T (mlIRll + mllaf] + 2>(1r<p +1 f £a(e, ) (In )2 D

= Vi(m|IB8]l + mall@|l + N1) + Va(m|IB]] + nalloll + My)
= (Vimy + Vom)|IB|l + (Vimz + Vamp)ll@ll + V10 + VoD
< [Vi(my +ma) + Va(ny + no)|r + V10 + Vo,
Hence
121 (B, @)l < [Vi(mq +my) + Va(ng + no)|r + ViIty + Vodi,.
In the same way, we obtain

192(8, @)I| < [Va(n1 + mp) + Va(my + ma) |r + V3 + V4.

Consequently,
Q(B, @) < [Vi(my +mz) + Va(ny + n2)|r + Vi + 0290

+ [V3(n1 +15) + Va(my + mz)]r -V My + V0
<r.

Now for (82, @2), (81, @1) € Y and for any ¢ € [1, ¢], we get

1Q1 (82, @2) (¢) — Q1 (B1, @1)(c)l

f H1(e, x)Pp, f (P1)(ln g)pl_lh(n Br(7), @2(7)) — (7,81 (1), @1 (7)) dg)df
= [ sateon( [ (105 oo (o), 02(0)) -t (o) () [ J
ﬁz . (pz) T 7 ’ 7 7 T K
< Va(mliB2 = Bl + mallz = @1ll) + Va1 182 = B1ll + nalloz — @l
= (Vimy 4+ Vom)|I82 = 11l + (Vamz + Vons) ||z — @il
and consequently we obtain
191 (B2, @2) = Q1 (Br, @)l < (V1(m1 + m2) + Va(n1 +n2)) (1182 = &1l + loz — @n l)- (G.1)

Similarly

192(B2, @2) — Qo (By, @1)Il < (V3(n1 + n2) + Va(my + mz))(llfgz —B4]l + llo2 — (D1||)- (3.2)
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It follows from (3.1) and (3.2)
I1Q(B2, @2) — Q(By, 1)l < [(Vl + Vy)(my +ma) + (Vo + V3) (1 + ”2))](”@2 — 34| + [l@2 — 601||)-

Since (Vy + Va4)(m1 4+ ma) + (Va2 4+ V3)(n1 + n2) < 1, therefore, Q is a contraction operator. Thus,
the operator Q has a unique fixed point according to Banach’s fixed point theorem, which is the
unique solution of BVP (1.1)-(1.2). ]

ExamrLE

In this section, we’ll provide an example to demonstrate the main results.

Consider the following coupled system of Hadamard FBVP
— Doy (DI?R(2))) = T(c, B(c), @(<)), < € (1),
= D}P(¢ax (DY @(c))) = a(c, B(e), @(<)), < € (Le),
B(1) =R'(1) =8”(1) =0, D;7B(e) = D@ (1.6), DIR(1) =0,
@(1) = @'(1) = @”(1) =0, 0.33 D7 @(e) = 0.5 D1 #B(1.75), DIFw(1) = 0.
Here 01 = 35,00 = 3.7,p1 = 05,p2 = 033,71 = 1.5,6; = 1.67,72 = 1.5,6, = 14, = 1.6, =

1.75,A1 = 1,A = 0.33, 11 = 1, pup = 0.5,a1 = ap = 2.
We obtain V ~ 3.25 > 0, and the assumptions (&1) and (S2) are satisfied. In addition, we

(3.3)

(3.4)

deduce
(. ) 1 (log ¢)>®(1 -log ) — (log%)z'S, 1<x<c<e
’ I'(3.5) | (logc)*5(1-logx), 1<c<xk<e,
1101 o\
ba(c, &) = 1 (logc)(1-logx) — (log C) 1<k<c<e
[(21) | (logc)'(1-logx), 1<c<x<e,
ar—yr—1 _ 12 _ < 1.3
b (c, 1) = 1 (logc)*77271(1 —log x) (logf{) ,1<x<c<e,
['(2.2) | (logc)e 72 1(1-logk)!2, 1<c<«k<e,
27(1 _ 1.03 _ <\
ba(c, ) = 1 (logc)*(1-logx) (log }‘i) ,1<x<c¢c<e
I'(3.7) | (logc)*’(1-logx)t®, 1<c<xk<e,
B (log ¢)?°(0.5)T(3.7) (log 1.75)1
~ (log¢)**(0.33)I(3.7)
M(c, k) = (3.25)T(2.03) b3(1.75, %)
B (log ¢)?7(0.33)I'(3.5)(log 1.6)
93¢, %) = ba(c, k) + (325)7(20) b3(1.75, ¥)
(log¢)?7(0.5)T(3.5)

H4(c, k) = (325)1(20) h2(1.6,x),¥Y ¢,k €[l,e],

We also deduce V; = 1.394,V; = 0.1743, V3, = 0.2512, V4 = 0.06375
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Example 4.1: Let two nonlinear functions f,g : [1,¢] X R X R — R be given by

e3¢ B2 cos? ¢ @[* sin® ¢
i(c, 8 ) = oF sin"c |
2 32(1+18])  42(1+ @?) (3.5)
4 sinf3 tan"' @ .
a(c, B, @) =

212 10(ct4) 2@+
Note that
1 1 1
(<, 8,0)1 < 9 (5 + 35181+ 511}
(¢, 8,0)1 < b3 + 1Bl + 5la).
We get a; = 3%,612 = 5,b = 51—0,b2 = 4l8. By simple calculation, we have (Vi + Vi)a; + (V2 +
V3)b1 =~ 0.05406 < 1 and (Vi + Va)az + (V2 + V3)ba = 0.0437 < 1 By Theorem 3.1, the coupled

boundary value problem (3.3) -(3.5) has at least one positive solution on [1,e].

Example 4.2: Let two nonlinear functions f,g : [1,¢] X R X R — R be given by

1 |f3] .2 1
,B8,0) = @ -, c€(1,e),
i 8 o) 3112 1+8(Q) 30122 () +3 cele)
o(c8,0) = ~sin(anB(e) + 2N L e 1) ©
G, 5, = —= SINn(4Tt « ;G ,€),
2 s0+0f iy
Note that . .
— < — - —_ —
(6, B1,B2) = §(6, @1, @2)] < by (7 81 = 8ol + 55101 — 2l
1 1
(6, B1,82) = 8(c, @1, @2)| < G 75181 — Bal + 55101 - @2l
We get m; = %,mZ = 31—2,711 =L n = % By simple calculation, we have (Vi + V4)(1/16 +

12/
1/32) + (V2 + V3)(1/12+1/32) ~ 0.185419 < 1. Thus all the conditions of Theorem 3.2 are

satisfied. Problem (3.3)-(3.5) has a unique solution on [1,e].
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