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Abstract. This paper explores the controllability of nonlocal intuitionistic fuzzy integro-differential equations using

intuitionistic fuzzy semigroups and the contraction mapping principle. By establishing a clear theoretical approach, we

show that it is possible to achieve controllability under specific conditions. This study offers new methods and significant

insights into the analysis of fuzzy systems. The results demonstrate that, given the right conditions, controlling systems

with nonlocal features is feasible, addressing important challenges in this area.

1. Introduction

In recent years, intuitionistic fuzzy sets and their applications have become a popular topic in

mathematics and related areas [1–3]. These sets extend traditional fuzzy sets by including levels

of inclusion, exclusion, and hesitation, making them a more flexible way to model uncertainty.

This has led to the development of new mathematical structures and tools, like intuitionistic fuzzy

metric spaces [4] and intuitionistic fuzzy semigroups [5].

The study of differential equations using fuzzy and intuitionistic fuzzy sets has been actively

researched. Kaleva [6] established the basic principles for fuzzy differential equations, and Jeong [7]

expanded this by adding nonlocal conditions, which increased the range of possible applications.

Received: Oct. 27, 2024.

2020 Mathematics Subject Classification. 03E72, 08A72.
Key words and phrases. intuitionistic fuzzy integro-differential equations; intuitionistic fuzzy solution; intuitionistic

fuzzy semigroup; intuitionistic fuzzy number; mean-square analysis.

https://doi.org/10.28924/2291-8639-23-2025-47
ISSN: 2291-8639

© 2025 the author(s).

https://doi.org/10.28924/2291-8639-23-2025-47


2 Int. J. Anal. Appl. (2025), 23:47

The inclusion of random elements in fuzzy systems, as examined by Feng [8], shows how useful

and adaptable fuzzy set theory is for dealing with real-world problems that involve uncertainty.

Distance measures between intuitionistic fuzzy sets are important for many applications. Szmidt

and Kacprzyk [9], Chadli and Melliani [11], and Grzegorzewski [12] have all explored this topic.

These measures help compare and analyze intuitionistic fuzzy sets, which is crucial for creating

strong mathematical models.

Functional analysis offers a key foundation for understanding and solving differential equa-

tions. Brezis [10] has made significant contributions to finding exact solutions for intuitionistic

fuzzy integro-differential equations. This work also covers important concepts such as functional

analysis, Sobolev spaces, and partial differential calculus.

Fuzzy random variable theory, introduced by Puri and Ralescu [13], and the exploration of

intuitionistic fuzzy topological spaces by Saadati and Park [14], demonstrate the wide-ranging

applications and continuous development of fuzzy set theory and its extensions.

Acharya [20] investigated the controllability of fuzzy solutions for neutral impulsive functional

differential equations with nonlocal conditions. Their work, published in Axioms, examines how

controllability can be achieved in these complex systems and provides insights into managing

fuzzy solutions effectively . Narayanamoorthy [21] focused on the existence and controllability of

nonlinear first-order fuzzy neutral integrodifferential equations with nonlocal conditions. Their

paper, published in the International Journal of Fuzzy Logic and Systems, highlights key results

and methods for ensuring controllability in these types of equations . Murugesan [22] explored con-

trollability results for nonlinear impulsive functional neutral integrodifferential equations within

a fuzzy vector space. Their research, published in Applications and Applied Mathematics: An

International Journal, provides a detailed analysis of controllability in multidimensional fuzzy

systems [22, 27, 28].

Niazi [27] investigated controllability for fuzzy fractional evolution equations in credibility

space. Abuasbeh [28] analyzed controllability of fractional functional random integroevolution

equations with delay. Acharya [20] explored controllability of fuzzy solutions for neutral impul-

sive functional differential equations with nonlocal conditions. Georgieva [29] applied the Double

Fuzzy Sumudu transform to solve partial Volterra fuzzy integro-differential equations. Dhanda-

pani [30] provided numerical solutions for a differential system using pure hybrid fuzzy neutral

delay theory. Gunasekar [31] studied non-linear impulsive neutral fuzzy delay differential equa-

tions with non-local conditions. Chou [32] examined controllability of a fractional-order particle

swarm optimizer for heart disease classification. Ahmed [33] focused on existence solutions and

controllability of Sobolev type delay nonlinear fractional integro-differential systems. Chalishajar

and Kumar [34] investigated total controllability of second-order semi-linear differential equations

with infinite delay and non-instantaneous impulses.

T. Gunasekar [23] have recently made significant advances in our knowledge of impulsive

neutral functional integrodifferential systems with indefinite delay. Gunasekar [24] concentrated
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on these systems’ presence and controllability outcomes. Damped second-order neutral integral

equations with impulses were studied [25]. Controllability results for impulsive neutral stochastic

functional integrodifferential inclusions were presented [26]. Also they investigated impulsive

partial neutral functional integro-differential systems’ controllability.

Johansyah [35] explored solutions to Riccati fractional differential equations in economic models.

Telli [36] studied variable-order fractional equations with delays. Tunc [37]investigated integral

equations with multiple delays. Ahmad et al. [38] examined fractional equations with non-

conjugate boundary conditions, focusing on stability. Djaouti [39] analyzed fractional neutral

stochastic equations using the Ψ-Caputo derivative, and Algahtani [40] studied Ulam stability in

fractional hybrid equations.

This paper aims to contribute to this growing body of knowledge by proving the uniqueness

and existence of solutions to fuzzy integro-differential equations with nonlocal IF solutions. The

approach utilizes IF semigroups and the contraction mapping principle, offering a new perspective

on solving such equations under specific conditions.

This paper investigates the existence and uniqueness of solutions to fuzzy integro-differential

equations with IF nonlocal conditions, which are defined as follows:

ϕ̇(ζ) = Λϕ(ζ) + ϑ(ζ,ϕ(ζ)) +
∫ ζ

0
η(ζ, ι,ϕ(ι))dι+ βρ(ζ), ζ ∈ I = [0, a],

ϕ(0) = ϕ0 +${ζ1, ζ2, . . . , ζp;ϕ(·), (1.1)

∆ϕ(ζk) = Ik(ϕ(ζ
−

k )), k = 1, 2, ..., m,

where Λ generates an IF strongly continuous semigroup (T(ζ))ζ≥0 on IF1, ϕ0 ∈ IF1, and ϑ and $

are predefined functions.

ω, Ik are predefined,

∆ϕ(ζk) = ϕ(ζ+k ) −ϕ(ζ
−

k ),

ϕ(ζ+k ) = lim
h→0+

ϕ(ζk + h), and

ϕ(ζ−k ) = lim
h→0−

ϕ(ζk − h)

represent the left limit and right limit of ϕ(ζk) atδ = ζk, respectively k = 1, 2, ..., m.

Here, the notation $(ζ1, ζ2, . . . , ζp,ϕ(·)) implies a substitution, wherein only elements from the set

{ζ1, ζ2, . . . , ζp} are considered. For instance, $(ζ1, ζ2, . . . , ζp,ϕ(·)) can be expressed as

$(ζ1, ζ2, . . . , ζp,ϕ(·)) = c1ϕ(t1) + c2ϕ(t2) + . . .+ cpϕ(tp)

where ci (for i = 1, 2, . . . , p) are specified constants.

2. Preliminaries

Definition 2.1. Consider an arbitrary non-empty set X, and let IF(X) denote the collection of

intuitionistic fuzzy subsets of X, defined as



4 Int. J. Anal. Appl. (2025), 23:47

IF(X) = {(ρ, σ) ∈ IX
× IX : 0 ≤ ρ(ϕ) + σ(ϕ) ≤ 1, for all ϕ ∈ X}.

A function d : IF(X)× IF(X)→ R is an IF metric on IF(X) if it adheres to the following properties:

(1) d(〈ρ1, σ1〉, 〈ρ2, σ2〉) ≥ 0, for every pair 〈ρ1, σ1〉, 〈ρ2, σ2〉 ∈ IF(X).

(2) d(〈ρ1, σ1〉, 〈ρ2, σ2〉) = 0 if and only if 〈ρ1, σ1〉 = 〈ρ2, σ2〉.

(3) d(〈ρ1, σ1〉, 〈ρ2, σ2〉) = d(〈ρ2, σ2〉, 〈ρ1, σ1〉), for all 〈ρ1, σ1〉, 〈ρ2, σ2〉 ∈ IF(X).

(4) d(〈ρ1, σ1〉, 〈ρ3, σ3〉) ≤ d(〈ρ1, σ1〉, 〈ρ2, σ2〉) + d(〈ρ2, σ2〉, 〈ρ3, σ3〉),

for all 〈ρ1, σ1〉, 〈ρ2, σ2〉, 〈ρ3, σ3〉 ∈ IF(X).

The structure (IF(X), d) is termed an IF metric space.

Definition 2.2. The IF zero is an IF set defined by:

0(1,0)(ϕ) =

(1, 0) if ϕ = 0

(0, 1) if ϕ , 0

3. Controllability of Intuitionistic Fuzzy Impulsive Integro-Differential Equations

Here, we make the following assumptions:

(H1): The operator Λ : D(Λ) ⊆ F1 → F1 produces a strongly continuous semigroup (T(ζ))ζ≥0.

There exist constants M and ω ∈ R∗+ such that for ζ ≥ 0 and ϕ, υ ∈ L2 ∩D(Λ), the following

inequality is satisfied:

ℵ(T(ζ)ϕ, T(ζ)υ) ≤Meωζℵ(ϕ, υ) .

(H2): The mapping ϑ : I × L2 → L2 Is the mean square constant in relation to ζ, and fulfills a

generalized Lipschitz constraint. . This implies the existence of a constant K1 such that

ℵ(ϑ(ζ, ϕ), ϑ(ζ, υ)) ≤ K1ℵ(ϕ, υ) .

(H3): The mapping $ : Ip
× L2 → L2 fulfills a generalized Lipschitz constraint. . For all ζ ∈ I,

ϕ, υ ∈ L2, and ϕ0 ∈ L2, there exists a constant K2 such that

ℵ($(ζ1, ζ2, . . . , ζp, ϕ), $(ζ1, ζ2, . . . , ζp, υ)) ≤ K2ℵ(ϕ, υ) .

(H4): The mapping η : I × L2 → L2 is continuous in the mean square sense with respect to ζ and

satisfies a generalized Lipschitz constraint. There exists a constant Lη such that

ℵ

( ∫ ι

0
η(ζ, ι,ϕ(ι))dt,

∫ ι

0
η(ζ, ι, υ(ι))dt

)
≤ Lηℵ(ϕ, υ)

(H5): There exist a non-negative constant dk such that

N(Ik(ϕ(ζ
−

k ))), Ik(ν(ζ
−

k )) ≤ dkN(ϕ, ν),

for k = 1, 2, ..., m, for each ϕ, ν ∈ L2 and N(T(ζ)) ≤ E, δ ∈ J

(H6): The linear operator W : L2(J, υ)→ ϕ is defined by

Wϕ =∈ ζ0Tϕ(T, h;µ)βϕ(h)dh
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has an inverse operator W(
− 1), which takes values in L2(J, υ)/KerW and there exists a

positive constatnt D0 such that ℵ(βW−1) ≤ D0 for every µ ∈ βr

Definition 3.1. The relationship ϕ : I→ L2 is known as a mild solution of (2), if

ϕ(ζ) = T(ζ)
[
ϕ0 +$(ζ1, ζ2, . . . , ζp, ϕ(·))

]
+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι,ρ,ϕ(ρ)) dρ, dι

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ

0
T(ζ− ι)βu(ι) dι

for 0 ≤ ζ ≤ a.

Theorem 3.1. Assuming that conditions (H1) through (H6) are satisfied, Equation (2)allows unique mild
solution throughout the interval [0, ξ], where

ξ = min

a,
D0

ω
log

 b− ε+ N1M
ω

MN2 +
N1M
ω

D0

,
D0

ω
log

 1 + K1M
ω

K2M + K1M
ω

D0


subject to the conditions

ℵ(ϑ(ζ, ϕ), 0(1,0)) ≤ N1, ℵ($(ζ1, ζ2, . . . , ζp, ϕ, 0(1,0)) ≤ N2.

proof: Let B = {ϕ ∈ L2|H(ϕ, ϕ0) ≤ b} denote the space of mean square continuous IF mappings„ where

H(ϕ, υ) = sup
0≤ζ≤ξ

ℵ(ϕ(ζ), υ(ζ))

and b is a non-negative number. We describe a mapping P : B→ B as:
Using (H6) for an arbitary function ρ(.) define the control

ρ(ζ) =W−1[ρ1 − T(ζ)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(.))]

−

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

−

∫ ζ

0
T(ζ− ι)

(∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

−

∑
0<ζk<δ

T(ζ− ζk)Ik(ϕ(ζk−))]
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where

F(η,ρ) =BW−1[ρ21− T(ζ)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(.))]

+

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

−

∫ ζ

0
T(ζ− ι)

(∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

−

∑
0<ζk<δ

T(ζ− ζk)Ik(ϕ(ζk−))]

Pϕ(ζ) = T(ζ)[ϕ0 +$(ζ1, ζ2, . . . , ζp, ϕ(.))]

+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι))dι+

∫ ζ

0
T(ζ− ι)

(∫ ι

0
η(ι, δ,ϕ(δ))dδ

)
dι

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ

0
T(ζ− ι)F(η,ϕ)dι

Firstly, We show that P fulfills and is mean square continuous. H(Px, ϕ0) ≤ b. Since ϑ is the continuous
mean square , we have

ℵ(Pϕ(ζ+ h), Pϕ(ζ)) = ℵ(T(ζ+ h)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(·))]

+

∫ ζ+h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι

+

∫ ζ+h

0
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι

+
∑

0<(ζ+h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ+h

0
T(ζ+ h− ι)F(η,ρ)dι

+ T(ζ)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(·))]

+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι)

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ

0
T(ζ− ι)F(η,ρ)dι

≤ ℵ(T(ζ+ h)ϕ0, T(ζ)ϕ0) + ℵ(T(ζ+ h)$(ζ1, ζ2, . . . , ζp, ϕ(·)), T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)))

+ ℵ

∫ ζ+h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι


+ ℵ

∫ ζ+h

0
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι
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+ ℵ

 ∑
0<(ζ+h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

∫ ζ+h

0
T(ζ+ h− ι)F(η,ρ)dι,

∫ ζ

0
T(ζ− ι)F(η,ρ)dι


≤ ℵ(T(ζ+ h)ϕ0, T(ζ)ϕ0) + ℵ(T(ζ+ h)$(ζ1, ζ2, . . . , ζp, ϕ(.)), T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(.)))

+ ℵ

∫ h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι, 0(1,0)


+ ℵ

∫ ζ+h

h
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι


+ ℵ

∫ h

0
T(ζ+ h− ι)

∫ ι

0
η(δ, ι, ϕ(ι)) dδdι, 0(1,0)


+ ℵ

∫ ζ+h

h
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι


+ ℵ

 ∑
0<(h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )), 0(1,0)


+ ℵ

 ∑
h<(ζ+h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

∫ h

0
T(ζ+ h− ι)F(η,ϕ)dι, 0(1,0)


+ ℵ

∫ ζ+h

h
T(ζ+ h− ι)F(η,ϕ)dι,

∫ t

0
T(ζ− ι)F(η,ϕ)dι


≤Meωζ[ℵ(T(h)ϕ0, ϕ0) + ℵ(T(h)$(ζ1, ζ2, . . . , ζp,ϕ(·)), T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)))

+ ℵ

∫ h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι, 0(1,0)


+

∫ ζ

0
Meω(ζ−ι)ℵ(ϑ(ι+ h, ϕ(ι+ h)),ϑ(ι, ϕ(ι))) dι]

+ ℵ

∫ h

0
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι, 0(1,0)


+

∫ ζ

0
Meω(ζ−ι)ℵ

(∫ ι

0
η(ι, δ+ h,ϕ(δ+ h)) dδ,

∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

+ ℵ

∫ h

0
T(ζ+ h− ι)F(η,ρ)dι, 0(1,0)

+ ∫ ζ

0
Meω(ζ−ι)ℵ (F(η,ϕ), F(η, υ)) dι

+ ℵ(Ik(ϕ(ζ
−

k ))), Ik(ν(ζ
−

k ))

It is obvious that ℵ(T(h)ϕ0, ϕ0)→ 0,ℵ(T(h)$(ζ1, ζ2, . . . , ζp,ϕ(.) , $(ζ1, ζ2, . . . , ζp,ϕ(.)→ 0
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and

ℵ(

∫ h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι))dι, 0(1,0)))→ 0

as h→ 0.

ℵ(Ik(ϕ(ζ
−

k ))), Ik(ν(ζ
−

k ))→ 0

And according to the theorem of dominated convergence:∫ ζ

0
Meω(ζ−ι)ℵ(ϑ(ι+ h, ϕ(ι+ h)), ϑ(ι, ϕ(ι)))dι→ 0

ℵ (F(η,ϕ), F(η, υ))→ 0

The mapping P exhibits m.s continuity over I. Moreover,

ℵ(Pϕ(ζ), ϕ0) = ℵ
(
T(ζ)

[
ϕ0 +$(ζ1, ζ2, . . . , ζp, ϕ(·))

]
+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

∫ ζ

ι
η(δ, ι,ϕ(ι)) dδ dι, ϕ0

)
+

∑
0<ζk<ζ

T(ζ− ζk)Ik(ϕ(ζ
−

k )),ϕ0

+

∫ ζ

0
T(ζ− ι)F(η,ϕ) dι

≤ ℵ(T(ζ)ϕ0, ϕ0) + ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)), 0(1,0))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι, 0(1,0)

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ζ

ι
η(ι, δ,ϕ(δ)) dδ dι, 0(1,0)

)

+ ℵ

 ∑
0<ζk<ζ

T(ζ− ζk)Ik(ϕ(ζ
−

k )),ϕ0

+ ℵ
(∫ ζ

0
T(ζ− ι)F(η,ϕ)dι

)
≤ ε+ N2Meωζ +

N1M
ω

(eωζ − 1) +
N3M
ω

(eωζ − 1) + E.dk

+ D0

[
N2Meωζ +

N1M
ω

(eωζ − 1) +
N3M
ω

(eωζ − 1)
]

and so

H(Px, ϕ0) = sup
0≤ζ≤ξ

ℵ(Pϕ(ζ), ϕ0)

≤ b.

In C([0, ξ], L2), denoted by C([0, ξ], L2) = ϕ : [0, ξ]→ L2 | ϕ(ζ) is the continuous mean square,
completeness holds. We now demonstrate that B constitutes a closed subset of C([0, ξ], L2). Suppose ϕn is
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a sequence in B such that ϕn → ϕ ∈ C([0, ξ], L2) as n→∞. Then,

ℵ(ϕ(ζ), ϕ0) ≤ ℵ(ϕ(ζ), ϕn(ζ)) + ℵ(ϕn(ζ), ϕ0)

H(ϕ, ϕ0) = sup
0≤ζ≤ξ

ℵ(ϕ(ζ), ϕ0)

≤ H(ϕ, ϕn) + H(ϕn, ϕ0)

≤ ε+ b

For adequately large n and for any ε > 0,ϕ ∈ B. Consequently, B emerges as a closed subset of C([0, ξ], L2).
Hence, B constitutes a complete metric space.Next, we will demonstrate the contraction property of P. Given
ϕ, υ ∈ B,

ℵ(Pϕ(ζ), Py(ζ)) ≤ ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)), T(ζ)$(ζ1, ζ2, . . . ζp, υ(·))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, υ(ι)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ, υ(δ)) dδ dι

)

+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(υ(ζ
−

k ))


+ ℵ

(∫ ζ

0
T(ζ− ι)F(z,ϕ)dι,

∫ ζ

0
T(ζ− ι)F(z, υ)dι

)
≤ K2Meωζℵ(ϕ, υ) + K1M

∫ ζ

0
eω(ζ−ι)ℵ(ϑ(ι, ϕ(ι)), ϑ(ι, υ(ι))) dι

+ L2M
∫ ζ

0
eω(ζ−ι)ℵ(

∫ ι

0
η(η(ι, δ,ϕ(δ))dδ,

∫ ι

0
η(ι, δ, υ(δ))dδ)dι

+ ℵ (F(z,ϕ), F(z, υ)) + ℵ(Ik(ϕ(ζ
−

k ))), Ik(ν(ζ
−

k ))

Thus, we obtain

≤ (K2Meωξ +
K1M
ω

[eωξ − 1] +
L2M
ω

[eωξ − 1] + E.dk)H(ϕ, υ)

+D0

[
K2Meωζ + K1M[eωξ − 1] +

L2M
ω

[eωξ − 1]
]

Due to the inequality
(K2Meωξ+ K1M

ω [eωξ − 1] + L2M
ω [eωξ − 1] +E.dk +D0

[
K2Meωζ + K1M[eωξ − 1] + L2M

ω [eωξ − 1]
]
) < 1, the

mapping P qualifies as a contraction map. Hence, P possesses a unique fixed point.

ϕ(ζ) = T(ζ)
[
ϕ0 +$(ζ1, ζ2, . . . , ζp, ϕ(·))

]
+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι,ρ,ϕ(ρ)) dρ, dι
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+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ

0
T(ζ− ι)βu(ι) dι

This completes the proof. �

Theorem 3.2. Suppose ϑ and $ are as described in Theorem 3.1. Let ϕ(ζ, ϕ0) and υ(ζ, υ0) represent
solutions of Equation (4) for initial values ϕ0 and υ0, respectively. Consequently, there exist constants c1

and c2 such that
1. H(ϕ(., ϕ0), υ (., υ0))) ≤ c1ℵ(ϕ0, υ0) for any ϕ0, υ0 ∈ L2

2. H(ϕ(., ϕ0), 0(1,0)) ≤ c2(ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5) where

ℵ($(ζ1, ζ2, . . . , ζp, ϕ(.) , 0(1,0)) ≤ N1 ,
∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) ≤ N3, and∫ ζ

0 e−ωιℵ
(∫ ι

0 η(ι, ζ, 0(1,0)), 0(1,0)

)
dζ, dι ≤ N4,

∫ ζ
0 e−ωιℵ

(
F(η, 0(1,0))

)
≤ N5

Proof: For any ζ ∈ [0, ξ] we have

ℵ(ϕ(ζ,ϕ0), υ(ζ, υ0))

≤ ℵ(T(ζ)ϕ0, T(ζ)υ0)

+ ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·,ϕ0)), T(ζ)$(ζ1, ζ2, . . . , ζp, υ(·, υ0)))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι,ϕ0)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, υ(ι, υ0)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ, υ(δ, υ0)) dδ dι

)

+ ℵ

 ∑
0<(ζ+h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

(∫ ζ

0
T(ζ− ι)F(η,ϕ0) dι,

∫ ζ

0
T(ζ− ι)F(η, υ0) dι

)
≤Meωζ[ℵ(ϕ0, υ0) + ℵ($(ζ1, ζ2, . . . , ζp, ϕ(·,ϕ0))), $(ζ1, ζ2, . . . , ζp, υ(·, υ0))]

+ Meωζ
∫ ζ

0
e−ωιℵ(ϑ(ι, ϕ(ι,ϕ0)) , ϑ(ι, υ(ι, υ0))) dι

+ Meωζ
∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ ,

∫ ι

0
η(ι, δ, υ(δ, υ0) dδ )dι

)
+ Meωζ

∫ ζ

0
e−ωιℵ (F(η,ϕ0), F(η, υ0)) dι

+ ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))]

+ Meωξ[K1

∫ ζ

0
e−ωιℵ(ϕ(ι, ϕ0), υ(ι, υ0)) dι

+ Lz

∫ ζ

0
e−ωιℵ(ϕ(ι, ϕ0), υ(ι, υ0)) ]dι
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+ ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))

+ Meωζ
∫ ζ

0
e−ωιℵ (F(η,ϕ0), F(η, υ0)) dι

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))]

+
[
Meωξe−ωι

] ∫ ζ

0
(K1ℵ(ϕ(ι, ϕ0), υ(ι, υ0)) + Lηℵ(ϕ(ι, ϕ0), υ(ι, υ0)) + F[(η,ϕ0), (η, υ0)])dι

+ ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))

Gronwall’s inequality provides us with

ℵ(ϕ(ζ, ϕ0), υ(ζ, υ0))

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))] exp((K1 + Lη+ E.dk)Meωξ
∫ ζ

0
e−ωςdς)

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))] exp((K1 + Lη+ E.dk)Meωξ
1− e−ωζ

ω
)

Thus we have

H(ϕ(., ϕ0), υ(., υ0)) ≤Meωξ[ℵ(ϕ0, υ0) + K2H(ϕ(., ϕ0), υ(., υ0))] exp([K1 + Lz + E.dk]M
eωξ − 1
ω

)

i.e,

(1−K2MeωζE.dk exp
(
K1M

eωξ − 1
ω

)
)H(ϕ(., ϕ0), υ(., υ0))

≤Meωξ exp
(
[K1 + Lη + E.dk]M

eωξ − 1
ω

)
ℵ(ϕ0, υ0)

Consequently, we obtain

H(ϕ(., ϕ0), υ(., υ0) ) ≤
Meωξ exp([K1 + Lz + E.dk]M eωξ−1

ω )

(1−K2Meωξ exp([K1 + Lz + E.dk]M eωξ−1
ω ))

ℵ(ϕ0, υ0)

Taking c1 =
Meωξ exp([K1 + Lz + E.dk]M eωξ−1

ω )

(1−K2Meωξ exp([K1 + Lz + E.dk]M eωξ−1
ω ))

we obtain H(ϕ(., ϕ0), υ(., υ0) ) ≤ c1ℵ(ϕ0, υ0)

2. For any ζ ∈ [0, ξ] we have

ℵ(ϕ(ζ,ϕ0), 0(1,0))

≤ ℵ(T(ζ)ϕ0, 0(1,0))

+ ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·,ϕ0), 0(1,0)))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι,ϕ0)) dι, 0(1,0)

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ dι, 0(1,0)

)
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+ ℵ

 ∑
0<ζk<ζ

T(ζ− ζk)Ik(ϕ(ζ
−

k )), 0(1,0)

+ ℵ
(∫ ζ

0
T(ζ− ι)F(η,ϕ0)dι, 0(1,0)

)
≤Meωζ[ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))]

+ Meωζ
[∫ ζ

0
e−ωιℵ(ϑ(ι,ϕ(ι,ϕ0)), 0(1,0)) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ, 0(1,0)

)
dι+

∫ ζ

0
e−ωιℵ(F(η,ϕ0), 0(1,0))

]
+ Meωζ

∑
0<ζk<ζ

ℵ

(
T(ζ− ζk)Ik(ϕ(ζ

−

k )), 0(1,0))
]

≤Meωξ[ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp, ϕ(·,ϕ0)), 0(1,0)))]

+ Meωξ[
∫ ζ

0
e−ωιℵ(ϑ(ι,ϕ(ι,ϕ0)),ϑ(ι, 0(1,0))) dι

+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) ]dι

+ Meωξ[
∫ ζ

0
e−ωιℵ(

∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)),

∫ ι

0
η(ι, δ, 0(1,0)))dδ, dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ, 0(1,0)

)
dι

+ Meωξ
(∫ ζ

0
e−ωιℵ(F(η,ϕ0), 0(1,0)dι) +

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0)dι)

)
+

∑
0<ζk<ζ

Meωιℵ
(
T(ζ− ζk)Ik(ϕ(ζ

−

k )), 0(1,0)

)
≤Meωξ

[
ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))

]
+ Meωξ

[
K1

∫ ζ

0
e−ωιℵ(ϕ(ι,ϕ0), 0(1,0)) dι+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) dι

]
+ Meωξ

[
Lz

∫ ζ

0
e−ωιℵ(ϕ(ι,ϕ0), 0(1,0)) dι+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ, 0(1,0)) dδ, 0(1,0)

)
dι

]
+ Meωξ

(∫ ζ

0
e−ωιℵ(F(η,ϕ0), 0(1,0)dι) +

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0)dι)

)
+ Meως

∑
0<ζk<ζ

ℵ

(
T(ζ− ζk)Ik(ϕ(ζ

−

k )), 0(1,0)

)

From Gronwall’s inequality, we get

ℵ(ϕ(ζ,ϕ0), 0(1,0)) ≤Meωξ
[
ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))

+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) dι
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+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ, 0(1,0)), 0(1,0)

)
dδ, dι

+

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0)))dι

ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))

]
ℵ(ϕ(ζ,ϕ0), 0(1,0)) ≤Meωξ

[
ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))

+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ, 0(1,0))0(1,0)

)
dδ, dι+

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0)))dι

]
exp([K1 + Lη + E.dk]Meωξ

∫ ζ

0
e−ωιdι)

≤ Meωξ[ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5] exp([K1 + Lη + E.dk]M
eωξ − 1
ω

)

Taking c2 = Meωξ exp([K1 + Lη + E.dk]M
eωξ − 1
ω

) , we get

H(ϕ(., ϕ0), 0(1,0)) = sup
0≤ζ≤ξ

ℵ(ϕ(ζ, ϕ0), 0(1,0))

≤ c2[ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5]

This completes the proof. �

We investigate the following IF integro-differential equations with nonlocal conditions:

ϕ(ζ) = T(ζ)
[
ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(·))

]
+

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδdι

+

∫ ζ

0
T(ζ− ι)F(η,ϕ) dι

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) (3)

ϕn(ζ) = T(ζ)
[
ϕn,0 + gn(ζ1, ζ2, . . . , ζp,ϕn(·))

]
+

∫ ζ

0
T(ζ− ι)ϑn(ι,ϕn(ι)) dι

+

∫ ζ

0
T(ζ− ι)

(∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ

)
dι, n ≥ 1.
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+

∫ ζ

0
T(ζ− ι)Fn(η,ϕn) dι

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k )) (4)

Theorem 3.3. Assume that ϑ,$ are the same as in Thorem 3.1. If

ℵ(ϕn,0,ϕ0)→ 0,

ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))→ 0,

ℵ

(∫ ι

0
ηn(ζ, ι,ϕ(ι)) dt,

∫ ι

0
η(ζ, ι,ϕ(ι)) dt

)
→ 0,

ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))→ 0,ℵ
(∫ ζ

0
Fn(η,ϕn)dι,

∫ ζ

0
F(η,ϕ)dι

)
→ 0

and

sup
0≤ζ≤ξ

ℵ(ϑn(ζ, υ),ϑ(ζ, υ))→ 0 as n→∞ for each υ ∈ L2,

then

sup
0≤ζ≤ξ

ℵ(ϕn(ζ),ϕ(ζ))→ 0 as n→∞.

proof: For any ζ ∈ [0, ξ] we have

ℵ(ϕn(ζ), ϕ(ζ))

≤ ℵ(T(ζ)ϕn,0, T(ζ)ϕ0)

+ ℵ(T(ζ)gn(ζ1, ζ2, . . . , ζp, ϕ(·)), T(ζ)$(ζ1, ζ2, . . . ζp, ϕ(·)))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑn(ι, ϕn(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι

)

+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

(∫ ζ

0
T(ζ− ι)Fn(η,ϕn) dι,

∫ ζ

0
T(ζ− ι)F(η,ϕ) dι

)
≤ ℵ(T(ζ)ϕn,0, T(ζ)ϕ0)

+ ℵ(T(ζ)gn(ζ1, ζ2, . . . , ζp,ϕ(·)), T(ζ)$(ζ1, ζ2, . . . ζp,ϕ(·)))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑn(ι,ϕn(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑn(ι,ϕ(ι)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)ϑn(ι,ϕn(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

)
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+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι

)

+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k ))


+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

(∫ ζ

0
T(ζ− ι)Fn(η,ϕn) dι,

∫ ζ

0
T(ζ− ι)Fn(η,ϕ) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)Fn(η,ϕn) dι,

∫ ζ

0
T(ζ− ι)F(η,ϕ) dι

)

ℵ(ϕn(ζ),ϕ(ζ)) ≤Meωξ
[
ℵ(ϕn,0,ϕ0) + ℵ($(ζ1, ζ2, . . . , ζp,ϕn(·)), gn(ζ1, ζ2, . . . , ζp,ϕ(·)))

+ ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))
]

+

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ,

∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

+ Meωξ
[ ∫ ζ

0
e−ωιℵ(ϑn(ι,ϕn(ι)),ϑn(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ,

∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ

)
dι

+

∫ ζ

0
e−ωιℵ (Fn(η,ϕn) dι, Fn(η,ϕ) dι)

]
+ ℵ(Ik(ϕ(ζ

−

k )), Ik(υ(ζ
−

k )))

≤Meωξ[ℵ(ϕn,0, ϕ0) + K2ℵ(ϕn(·),ϕ(.))]

+ ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))

+

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ,

∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

]
+

∫ ζ

0
e−ωιℵ (Fn(η,ϕn) dι, F(η,ϕ) dι)

+ [K1 + Lη]Meωξ
∫ ζ

0
e−ωιℵ(ϕn(ι)ϕι)) ]dι+ E.dk
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From Gronwall’s inequality, we get

ℵ(ϕn(ζ),ϕ(ζ)) ≤Meωξ
[
ℵ(ϕn,0,ϕ0) + K2ℵ(ϕn(·),ϕ(·)) + ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))

+

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(δ, ι,ϕ(δ)) dδ,

∫ ι

0
η(δ, ι,ϕ(δ)) dδ

)
dι

+

∫ ζ

0
e−ωιℵ(Fn(η,ϕ)), F(η,ϕ)dι

]
exp

(
(K1 + Lη + E.dk)Meωξ

1− e−ωζ

ω

)
That is,

(1−K2Meωξ exp
(
(K1 + Lη)M

eωξ − 1
ω

)
) sup

0≤ζ≤ξ
ℵ(ϕn(ζ),ϕ(ζ))

≤Meωξ
[
ℵ(ϕn,0,ϕ0) + ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))

+ sup
0≤ζ≤ξ

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+ sup
0≤ζ≤ξ

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(δ, ι,ϕ(δ)) dδ,

∫ ι

0
η(δ, ι,ϕ(δ)) dδ

)
dι

+ sup
0≤ζ≤ξ

∫ ζ

0
e−ωιℵ ((Fn(η,ϕ)), F(η,ϕ)) dι

]
exp

(
(K1 + Lη + E.dk)M

1− e−ωζ

ω

)
(5)

And,

ℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) ≤ ℵ
(∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ ℵ

(∫ ι

0
ηn(ι, δ, 0(1,0)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ ℵ

(∫ ι

0
η(ι, δ, 0(1,0)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ ℵ

(∫ ι

0
Fn(η, 0(1,0)) dι,

∫ ι

0
F(η, 0(1,0)) dι

)

≤ 2Lηℵ(ϕ(ι), 0(1,0)) + sup
0≤ζ≤ξ

ℵ

(∫ ι

0
ηn(ι, δ, 0(1,0)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ sup

0≤ζ≤ξ
ℵ

(∫ ι

0
Fn(η, 0(1,0)) dι,

∫ ι

0
F(η, 0(1,0)) dι

)
≤ 2LηC2

(
ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5

)
+ 1

As soon as n is sufficiently large, utilizing condition 2 of Theorem 3.1. Consequently, by utilizing the
dominated convergence theorem in (5), we derive the theorem’s conclusion. �
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4. Controllability of Intuitionistic Fuzzy ImpulsiveNeutral Integro-Differential Equations

Consider the nonlocal IF neutral integro-differential equation:
d
dt

(
ϕ(ζ) −

∫ ζ
0 η(ζ, ι,ϕ(ι)dι)

)
= Aϕ(ζ) + ϑ(ζ, ϕ(ζ)) +

∫ ζ
0 η(ζ, ι,ϕ(ι)dι) + βρ(ζ), ζ ∈ I = [0, a]

ϕ(0) = ϕ0 +$(ζ1, ζ2, . . . , ζp, ϕ(.))

∆ϕ(ζk) = Ik(ϕ(ζ
−

k )), k = 1, 2, ..., m
where 0 < ζ1 < ζ2 < · · · < ζp ≤ a

Definition 4.1. A function ϕ : I→ L2 is known as a mild solution of (2), if

ϕ(ζ) = T(ζ)
[
ϕ0 +$(ζ1, ζ2, ζp, ϕ(·))

]
+

∫ ζ

0
η(ζ, ι,ϕ(ι)dι)

+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ, dι+

∫ ζ

0
T(ζ− ι)βρ(ι) dι

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))

for 0 ≤ ζ ≤ a.

Theorem 4.1. Assuming that conditions (H1) through (H6) are satisfied, Equation (2) allows a unique
mild solution over the interval [0, ξ], where

ξ = min

a,
D0

ω
log

 b− ε+ N1M
ω

MN2 +
N1M
ω

D0

,
D0

ω
log

 1 + K1M
ω

K2M + K1M
ω

D0


subject to the conditions

ℵ(ϑ(ζ, ϕ), 0(1,0)) ≤ N1, ℵ($(ζ1, ζ2, . . . , ζp, ϕ 0(1,0)) ≤ N2.

proof: Let B = {ϕ ∈ L2|H(ϕ, ϕ0) ≤ b} represent the space of the continuous mean square IF mappings,
where

H(ϕ, υ) = sup
0≤ζ≤ξ

ℵ(ϕ(ζ), υ(ζ))

and b is a non-negative number. We describe a mapping P : B→ B as: Using (H6) for an arbitary function
ρ(.) define the control

ρ(ζ) =W−1[ρ21− T(ζ)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(.))]

+

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

−

∫ ζ

0
T(ζ− ι)

(∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

−

∑
0<ζk<δ

T(ζ− ζk)Ik(ϕ(ζk−))
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where

F(η,ρ) =BW−1[ρ21− T(ζ)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(.))]

+

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

−

∫ ζ

0
T(ζ− ι)

(∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

−

∑
0<ζk<δ

T(ζ− ζk)Ik(ϕ(ζk−))]

Pϕ(ζ) = T(ζ)
[
ϕ0 +$(ζ1, ζ2, . . . , ζp, ϕ(.))

]
+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

(∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ

0
T(ζ− ι)F(η,ϕ)dι

Firstly, we show that P fulfills and is mean square continuous. H(Px, ϕ0) ≤ b. Since ϑ is the continuous
mean square , we have

ℵ(Pϕ(ζ+ h), Pϕ(ζ))

= ℵ(T(ζ+ h)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(·))]

+

∫ ζ+h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι+

∫ ζ+h

0
η(ζ, ι,ϕ(ι)dι)

+

∫ ζ+h

0
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dz dι

+
∑

0<(ζ+h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ+h

0
T(ζ+ h− ι)F(η,ρ)dι

+ T(ζ)[ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(·))]

+

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι+

∫ ζ

0
η(ζ, ι,ϕ(ι)dι)

+

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι)

+
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +

∫ ζ

0
T(ζ− ι)F(η,ρ)dι

≤ ℵ(T(ζ+ h)ϕ0, T(ζ)ϕ0) + ℵ(T(ζ+ h)$(ζ1, ζ2, . . . , ζp,ϕ(·)), T(ζ)$(ζ1, ζ2, . . . , ζp,ϕ(·)))
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+ ℵ

∫ ζ+h

0
T(ζ+ h− ι)ϑ(ι,ϕ(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι


+ ℵ

∫ ζ+h

0
η(ζ, ι,ϕ(ι)) dι,

∫ ζ

0
η(ζ, ι,ϕ(ι)) dι


+ ℵ

∫ ζ+h

0
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι


+ ℵ

∫ ζ+h

0
T(ζ+ h− ι)F(η,ρ) dι,

∫ ζ

0
T(ζ− ι)F(η,ρ) dι


+ ℵ

 ∑
0<ζk<ζ+h

T(ζ+ h− ζk)Ik(ϕ(ζ
−

k )),
∑

0<ζk<ζ

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


≤ ℵ(T(ζ+ h)ϕ0, T(ζ)ϕ0) + ℵ(T(ζ+ h)$(ζ1, ζ2, . . . , ζp, ϕ(.)), T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(.)))

+ ℵ
( ∫ ζ+h

0
η(ζ, ι,ϕ(ι)dι),

∫ ζ

0
η(ζ, ι,ϕ(ι)dι)

)
+ ℵ

∫ h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι, 0(1,0)


+ ℵ

∫ ζ+h

h
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι


+ ℵ

∫ h

0
T(ζ+ h− ι)

∫ ι

0
η(δ, ι, ϕ(δ)) dδdι, 0(1,0)


+ ℵ

∫ ζ+h

h
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι


+ ℵ

 ∑
0<(h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )), 0(1,0)


+ ℵ

 ∑
h<(ζ+h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

∫ h

0
T(ζ+ h− ι)F(η,ϕ)dι, 0(1,0)


+ ℵ

∫ ζ+h

h
T(ζ+ h− ι)F(η,ϕ)dι,

∫ t

0
T(ζ− ι)F(η,ϕ)dι


≤Meωζ[ℵ(T(h)ϕ0, ϕ0) + ℵ(T(h)$(ζ1, ζ2, . . . , ζp,ϕ(·)), T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)))

+ ℵ

∫ h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι)) dι, 0(1,0)

+ ℵ( ∫ ζ+h

0
η(ζ, ι,ϕ(ι)dι),

∫ ζ

0
η(ζ, ι,ϕ(ι)dι)

)
+

∫ ζ

0
Meω(ζ−ι)ℵ(ϑ(ι+ h, ϕ(ι+ h)),ϑ(ι, ϕ(ι))) dι]

+ ℵ

∫ h

0
T(ζ+ h− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι, 0(1,0)
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+

∫ ζ

0
Meω(ζ−ι)ℵ

(∫ ι

0
η(ι, δ+ h,ϕ(δ+ h)) dδ,

∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

+ ℵ

∫ h

0
T(ζ+ h− ι)F(η,ρ)dι, 0(1,0)

+ ∫ ζ

0
Meω(ζ−ι)ℵ (F(η,ϕ), F(η, υ)) dι

+ ℵ(Ik(ϕ(ζ
−

k ))), Ik(ν(ζ
−

k ))

It is obvious that ℵ(T(h)ϕ0, ϕ0) → 0,ℵ(T(h)$(ζ1, ζ2, . . . , ζp,ϕ(.) , $(ζ1, ζ2, . . . , ζp,ϕ(.) → 0, +

ℵ

( ∫ ζ+h
0 η(ζ, ι,ϕ(ι)dι),

∫ ζ
0 η(ζ, ι,ϕ(ι)dι)

)
→ 0

and

ℵ(

∫ h

0
T(ζ+ h− ι)ϑ(ι, ϕ(ι))dι, 0(1,0)))→ 0

as h→ 0.

ℵ(Ik(ϕ(ζ
−

k ))), Ik(ν(ζ
−

k ))→ 0

ℵ (F(η,ϕ), F(η, υ))→ 0

And according to the theorem of dominated convergence :∫ ζ

0
Meω(ζ−ι)ℵ(ϑ(ι+ h, ϕ(ι+ h)), ϑ(ι, ϕ(ι)))dι→ 0

The mapping P exhibits m.s continuity over I. Moreover,

ℵ(Pϕ(ζ),ϕ0) = ℵ

(
T(ζ)

[
ϕ0 +$(ζ1, ζ2, . . . , ζp,ϕ(·))

]
+

∫ ζ

0
η(ζ, ι,ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

+

∫ ζ

0
T(ζ− ι)

∫ ζ

ι
η(δ, ι,ϕ(δ)) dδ dι,ϕ0

)
+

∑
0<ζk<ζ

T(ζ− ζk)Ik(ϕ(ζ
−

k )),ϕ0

+

∫ ζ

0
T(ζ− ι)F(η,ϕ) dι

≤ ℵ(T(ζ)ϕ0, ϕ0) + ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)), 0(1,0)) + ℵ(T(ζ)
∫ ζ

0
η(ζ, ι,ϕ(ι)dι))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι, 0(1,0)

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ζ

ι
η(ι, δ,ϕ(δ)) dδ dι, 0(1,0)

)

+ ℵ

 ∑
0<ζk<ζ

T(ζ− ζk)Ik(ϕ(ζ
−

k )),ϕ0

+ ℵ
(∫ ζ

0
T(ζ− ι)F(η,ϕ)dι

)
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≤ ε+ N2Meωζ +
N1M
ω

(eωζ − 1) +
N3M
ω

(eωζ) + E.dk

+ D0

[
N2Meωζ +

N1M
ω

(eωζ − 1) +
N3M
ω

(eωζ − 1)
]

and so

H(Px, ϕ0) = sup
0≤ζ≤ξ

ℵ(Pϕ(ζ), ϕ0)

≤ b.

In C([0, ξ], L2), denoted by C([0, ξ], L2) = ϕ : [0, ξ]→ L2 | ϕ(ζ) is mean square continuous, complete-
ness holds. We demonstrate that B constitutes a closed subset of C([0, ξ], L2). Suppose ϕn is a sequence in
B such that ϕn → ϕ ∈ C([0, ξ], L2) as n→∞. Then,

ℵ(ϕ(ζ), ϕ0) ≤ ℵ(ϕ(ζ), ϕn(ζ)) + ℵ(ϕn(ζ), ϕ0)

H(ϕ, ϕ0) = sup
0≤ζ≤ξ

ℵ(ϕ(ζ), ϕ0)

≤ H(ϕ, ϕn) + H(ϕn, ϕ0)

≤ ε+ b

For adequately large n and for any ε > 0,ϕ ∈ B. Consequently, B emerges as a closed subset of C([0, ξ], L2).
Hence, B constitutes a complete metric space. Next, we will demonstrate the contraction property of P.
Given ϕ, υ ∈ B,

ℵ(Pϕ(ζ), Pυ(ζ)) ≤ ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)), T(ζ)$(ζ1, ζ2, . . . , ζp, υ(·))

+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, υ(ι)) dι

)
+ ℵ

( ∫ ζ

0
η(ζ, ι,ϕ(ι)dι),

∫ ζ

0
η(ζ, ι, υ(ι)dι)

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ, υ(δ)) dδ dι

)

+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(υ(ζ
−

k ))


+ ℵ

(∫ ζ

0
T(ζ− ι)F(z,ϕ)dι,

∫ ζ

0
T(ζ− ι)F(z, υ)dι

)
≤ K2Meωζℵ(ϕ, υ) + K1M

∫ ζ

0
eω(ζ−ι)ℵ(ϑ(ι, ϕ(ι)), ϑ(ι, υ(ι))) dι

+ L2M
∫ ζ

0
eω(ζ−ι)ℵ(

∫ ι

0
η(η(ι, δ,ϕ(δ))dδ,

∫ ι

0
η(ι, δ, υ(δ))dδ)dι

+ ℵ (F(z,ϕ), F(z, υ)) + ℵ(Ik(ϕ(ζ
−

k ))), Ik(ν(ζ
−

k ))
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Thus, we obtain

≤ (K2Meωξ +
K1M
ω

[eωξ − 1] +
L2M
ω

[eωξ − 1] + Lη)H(ϕ, υ) + E.dk

+D0

[
K2Meωζ + K1M[eωξ − 1] +

L2M
ω

[eωξ − 1]
]

Due to the inequality
(K2Meωξ+ K1M

ω [eωξ − 1] + L2M
ω [eωξ − 1] + Lη+ E.dk + D0

[
K2Meωζ + K1M[eωξ − 1] + L2M

ω [eωξ − 1]
]
) <

1, the mapping P qualifies as a contraction map. Hence, P possesses a unique fixed point. This completes
the proof. �

Theorem 4.2. Suppose ϑ and $ are as described in Theorem 3.1. Let ϕ(ζ, ϕ0) and υ(ζ, υ0) represent
solutions of Equation (2) for initial values ϕ0 and υ0, respectively. Then, there exist constants c1 and c2

such that
1. H(ϕ(., ϕ0), υ0)) ≤ c1ℵ(ϕ0, υ0) for any ϕ0, υ0 ∈ L2

2. H(ϕ(., ϕ0), 0(1,0)) ≤ c2(ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5) where

ℵ($(ζ1, ζ2, ζp, ϕ 0(1,0)) ≤ N1 ,
∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) ≤ N3, and∫ ζ

0 e−ωιℵ
(∫ ι

0 η(ι, ζ, 0(1,0)), 0(1,0)

)
dt, dι

]
≤ N4,

∫ ζ
0 e−ωιℵ

(
F(η, 0(1,0))

)
≤ N5

Proof: For any ζ ∈ [0, ξ] we have

ℵ(ϕ(ζ,ϕ0), υ(ζ, υ0))

≤ ℵ(T(ζ)ϕ0, T(ζ)υ0)

+ ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·,ϕ0)), T(ζ)$(ζ1, ζ2, . . . , ζp, υ(·, υ0)))

+ ℵ
( ∫ ζ

0
η(ζ, ι,ϕ(ι,ϕ0)dι),

∫ ζ

0
η(ζ, ι,ϕ(ι)dι, υ0)

)
+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι,ϕ0)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, υ(ι, υ0)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ, υ(δ, υ0)) dδ dι

)

+ ℵ

 ∑
0<(ζ+h)k<z

T(ζ− ζk)Ik(ϕ(ζ
−

k )) +
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

(∫ ζ

0
T(ζ− ι)F(η,ϕ0) dι,

∫ ζ

0
T(ζ− ι)F(η, υ0) dι

)
≤Meωζ

[
ℵ(ϕ0, υ0) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)),$(ζ1, ζ2, . . . , ζp, υ(·, υ0)))

]
+ ℵ

(∫ ζ

0
η(ζ, ι,ϕ(ι,ϕ0)) dι,

∫ ζ

0
η(ζ, ι,ϕ(ι, υ0)) dι

)
+ Meωζ

∫ ζ

0
e−ωιℵ(ϑ(ι,ϕ(ι,ϕ0)),ϑ(ι, υ(ι, υ0))) dι
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+ Meωζ
∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ,

∫ ι

0
η(ι, δ, υ(δ, υ0)) dδ

)
+ Meωζ

∫ ζ

0
e−ωιℵ (F(η,ϕ0), F(η, υ0)) dι

+ ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))] + Lη

+ Meωξ[K1

∫ ζ

0
e−ωιℵ(ϕ(ι, ϕ0), υ(ι, υ0)) dι

+ Lη

∫ ζ

0
e−ωιℵ(ϕ(ι, ϕ0), υ(ι, υ0)) ]dι

+ ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))

+ Meωζ
∫ ζ

0
e−ωιℵ (F(η,ϕ0), F(η, υ0)) dι

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))]

+

∫ ζ

0

[
Meωξe−ωι

]
(K1ℵ(ϕ(ι, ϕ0), υ(ι, υ0))) + Lη

(
ℵ(ϕ(ι, ϕ0), υ(ι, υ0)) dι+ 1

)
+ F[(η,ϕ0), (η, υ0)])dι+ ℵ(Ik(ϕ(ζ

−

k )), Ik(υ(ζ
−

k )))

Gronwall’s inequality provides us with

ℵ(ϕ(ζ, ϕ0), υ(ζ, υ0))

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))] exp((K1 + Lη+ E.dk)Meωξ
∫ ζ

0
e−ωςdς)

≤Meωξ[ℵ(ϕ0, υ0) + K2ℵ(ϕ(·, ϕ0), υ(·, υ0))] exp((K1 + Lη+ E.dk)Meωξ
1− e−ωζ

ω
)

Thus we have

H(ϕ(., ϕ0), υ(., υ0)) ≤Meωξ[ℵ(ϕ0, υ0) + Lη + K2H(ϕ(., ϕ0), υ(., υ0))] exp([K1 + Lz + E.dk]M
eωξ − 1
ω

)

i.e,

(1−K2MeωζE.dk exp
(
K1M

eωξ − 1
ω

)
)H(ϕ(., ϕ0), υ(., υ0))

≤MeωξE.dk exp
(
[K1 + Lη]M

eωξ − 1
ω

+ Lη

)
ℵ(ϕ0, υ0)

Consequently, we obtain

H(ϕ(., ϕ0), υ(., υ0) ) ≤
Meωξ exp([K1 + Lz + E.dk]M eωξ−1

ω + Lη)

(1−K2Meωξ exp([K1 + Lz + E.dk]M eωξ−1
ω ))

ℵ(ϕ0, υ0)
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Taking c1 =
Meωξ exp([K1 + Lz + E.dk]M eωξ−1

ω )

(1−K2Meωξ exp([K1 + Lz + E.dk]M eωξ−1
ω + Lη))

we obtain H(ϕ(., ϕ0), υ(., υ0) ) ≤ c1ℵ(ϕ0, υ0)

2. For any ζ ∈ [0, ξ] we have

ℵ(ϕ(ζ,ϕ0), 0(1,0))

≤ ℵ(T(ζ)ϕ0, 0(1,0))

+ ℵ(T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·,ϕ0), 0(1,0)))

+ ℵ

(∫ ζ

0
ϑ(ι, ϕ(ι,ϕ0)) dι, 0(1,0)

)
+ ℵ

(∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι,ϕ0)) dι, 0(1,0)

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ dι, 0(1,0)

)

+ ℵ

 ∑
0<ζk<ζ

T(ζ− ζk)Ik(ϕ(ζ
−

k )), 0(1,0)

+ ℵ
(∫ ζ

0
T(ζ− ι)F(η,ϕ0)dι, 0(1,0)

)
≤Meωζ

[
ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))

]
+ Meωζ

[ ∫ ζ

0
e−ωιℵ(ϑ(ι,ϕ(ι,ϕ0)), 0(1,0)) dι

+ ℵ

(∫ ζ

0
ϑ(ι, ϕ(ι,ϕ0)) dι, 0(1,0)

)
+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)) dδ, 0(1,0)

)
dι

+

∫ ζ

0
e−ωιℵ(F(η,ϕ0), 0(1,0)) dι

]
+ Meωζ

∑
0<ζk<ζ

ℵ

(
T(ζ− ζk)Ik(ϕ(ζ

−

k )), 0(1,0)

)
≤Meωξ[ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp, ϕ(·,ϕ0)), 0(1,0)))]

+ Meωξ[
∫ ζ

0
e−ωιℵ(ϑ(ι,ϕ(ι,ϕ0)),ϑ(ι, 0(1,0))) dι

+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) ]dι+ ℵ

(∫ ζ

0
ϑ(ι, ϕ(ι,ϕ0)) dι, 0(1,0)

)
+ Meωξ[

∫ ζ

0
e−ωιℵ(

∫ ι

0
η(ι, δ,ϕ(δ,ϕ0)),

∫ ι

0
η(ι, δ, 0(1,0)))dδ, dι

+

∫ ζ

0
e−ωιℵ(

∫ ι

0
η(ι, δ, 0(1,0))dδ, 0(1,0))) dι]
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+ Meωξ
(∫ ζ

0
e−ωιℵ(F(η,ϕ0), 0(1,0)dι) +

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0)dι)

)
+

∑
0<ζk<ζ

Meωιℵ
(
T(ζ− ζk)Ik(ϕ(ζ

−

k )), 0(1,0)

)
≤Meωξ

[
ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))

]
+ Meωξ

[
K1

∫ ζ

0

(
e−ωιℵ(ϕ(ι,ϕ0), 0(1,0))

)
+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) dι

]
+ ℵ

(∫ ζ

0
ϑ(ι, ϕ(ι,ϕ0)) dι, 0(1,0)

)
+ Meωξ

[
Lz

∫ ζ

0

(
e−ωιℵ(ϕ(ι,ϕ0), 0(1,0))

)
dι+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ, 0(1,0))dδ, 0(1,0)

)
dι

+ Meωξ
(∫ ζ

0
e−ωιℵ(F(η,ϕ0), 0(1,0)dι) +

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0)dι)

)
+ Meως

∑
0<ζk<ζ

ℵ

(
T(ζ− ζk)Ik(ϕ(ζ

−

k )), 0(1,0)

) ]

From Gronwall’s inequality, we get

ℵ(ϕ(ζ,ϕ0), 0(1,0)) ≤Meωξ
[
ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))

+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ, 0(1,0)), 0(1,0)

)
dδ, dι

]
+ ℵ

(∫ ζ

0
ϑ(ι, ϕ(ι,ϕ0)) dι, 0(1,0)

)
+

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0)))dι

+ ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))

]

ℵ(ϕ(ζ,ϕ0), 0(1,0))

≤Meωξ
[
ℵ(ϕ0, 0(1,0)) + ℵ($(ζ1, ζ2, . . . , ζp,ϕ(·,ϕ0)), 0(1,0))

+

∫ ζ

0
e−ωιℵ(ϑ(ι, 0(1,0)), 0(1,0)) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
η(ι, δ, 0(1,0))0(1,0)

)
dδ, dι+

∫ ζ

0
e−ωιℵ(F(η, 0(1,0)), 0(1,0))dι

]
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exp([K1 + Lη + E.dk]Meωξ
∫ ζ

0
e−ωιdι)

]
≤ Lη + Meωξ[ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5] exp([K1 + Lη + E.dk]M

eωξ − 1
ω

)

Taking c2 = Lη + Meωξ exp([K1 + Lη + E.dk]M
eωξ − 1
ω

) , we get

H(ϕ(., ϕ0), 0(1,0)) = sup
0≤ζ≤ξ

ℵ(ϕ(ζ, ϕ0), 0(1,0))

≤ c2[ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5]

This completes the proof. �

Theorem 4.3. Suppose that ϑ,$ are the same as in Thorem 3.1. If

ℵ(ϕn,0,ϕ0)→ 0,

ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))→ 0,

ℵ

(∫ ι

0
ηn(ζ, ι,ϕ(ι)) dt,

∫ ι

0
η(ζ, ι,ϕ(ι)) dt

)
→ 0,

ℵ(Ik(ϕ(ζ
−

k )), Ik(υ(ζ
−

k )))→ 0,ℵ
(∫ ζ

0
Fn(η,ϕn)dι,

∫ ζ

0
F(η,ϕ)dι

)
→ 0

and

sup
0≤ζ≤ξ

ℵ(ϑn(ζ, υ),ϑ(ζ, υ))→ 0 as n→∞ for each υ ∈ L2,

then

sup
0≤ζ≤ξ

ℵ(ϕn(ζ),ϕ(ζ))→ 0 as n→∞.

proof: For any ζ ∈ [0, ξ] we have

ℵ(ϕn(ζ), ϕ(ζ))

≤ ℵ(T(ζ)ϕn,0, T(ζ)ϕ0)

+ ℵ(T(ζ)gn(ζ1, ζ2, . . . , ζp, ϕ(·)), T(ζ)$(ζ1, ζ2, . . . , ζp, ϕ(·)))

+ ℵ

(∫ ζ

0
ηn(ι, δ,ϕn(δ)) dι,

∫ ζ

0
η(ι, δ,ϕ(δ)) , dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)ϑn(ι, ϕn(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι, ϕ(ι)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι

)

+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))
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+ ℵ

(∫ ζ

0
T(ζ− ι)Fn(η,ϕn) dι,

∫ ζ

0
T(ζ− ι)F(η,ϕ) dι

)
≤ ℵ(T(ζ)ϕn,0, T(ζ)ϕ0)

+ ℵ(T(ζ)gn(ζ1, ζ2, . . . , ζp,ϕ(·)), T(ζ)$(ζ1, ζ2, . . . , ζp,ϕ(·)))

+ ℵ

(∫ ζ

0
ηn(ι, δ,ϕn(δ)) dι,

∫ ζ

0
η(ι, δ,ϕ(δ)) , dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)ϑn(ι,ϕn(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑn(ι,ϕ(ι)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)ϑn(ι,ϕn(ι)) dι,

∫ ζ

0
T(ζ− ι)ϑ(ι,ϕ(ι)) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)

∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ dι,

∫ ζ

0
T(ζ− ι)

∫ ι

0
η(ι, δ,ϕ(δ)) dδ dι

)

+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k ))


+ ℵ

 ∑
0<ζk<z

T(ζ− ζk)Ik(ϕn(ζ
−

k )),
∑

0<ζk<z

T(ζ− ζk)Ik(ϕ(ζ
−

k ))


+ ℵ

(∫ ζ

0
T(ζ− ι)Fn(η,ϕn) dι,

∫ ζ

0
T(ζ− ι)Fn(η,ϕ) dι

)
+ ℵ

(∫ ζ

0
T(ζ− ι)Fn(η,ϕn) dι,

∫ ζ

0
T(ζ− ι)F(η,ϕ) dι

)

ℵ(ϕn(ζ),ϕ(ζ)) ≤Meωξ
[
ℵ(ϕn,0,ϕ0) + ℵ($(ζ1, ζ2, . . . , ζp,ϕn(·)), gn(ζ1, ζ2, . . . , ζp,ϕ(·)))

+ ℵ

(∫ ζ

0
ηn(ι, δ,ϕn(δ)) dι,

∫ ζ

0
η(ι, δ,ϕ(δ)) , dι

)
+ ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))

]
+

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ,

∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

+ Meωξ
[ ∫ ζ

0
e−ωιℵ(ϑn(ι,ϕn(ι)),ϑn(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(ι, δ,ϕn(δ)) dδ,

∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ

)
dι
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+

∫ ζ

0
e−ωιℵ (Fn(η,ϕn) dι, Fn(η,ϕ) dι)

]
+ ℵ(Ik(ϕ(ζ

−

k )), Ik(υ(ζ
−

k )))

]
≤Meωξ[ℵ(ϕn,0, ϕ0) + K2ℵ(ϕn(·),ϕ(.))] + Lη

+ ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))

+

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ,

∫ ι

0
η(ι, δ,ϕ(δ)) dδ

)
dι

]
+

∫ ζ

0
e−ωιℵ (Fn(η,ϕn) dι, F(η,ϕ) dι)

+ [K1 + Lη]Meωξ
∫ ζ

0
e−ωιℵ(ϕn(ι)ϕι)) ]dι+ E.dk

From Gronwall’s inequality, we get

ℵ(ϕn(ζ),ϕ(ζ))

≤Meωξ
[
ℵ(ϕn,0,ϕ0) + K2ℵ(ϕn(·),ϕ(·)) + ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))

+

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(δ, ι,ϕ(δ)) dδ,

∫ ι

0
η(δ, ι,ϕ(δ)) dδ

)
dι

]
+

∫ ζ

0
e−ωιℵ(Fn(η,ϕ)), F(η,ϕ)dι

]
exp

(
(K1 + Lη)Meωξ

1− e−ωζ

ω

)
+ E.dk

That is,

(1−K2Meωξ exp
(
(K1 + Lη)M

eωξ − 1
ω

)
) sup

0≤ζ≤ξ
ℵ(ϕn(ζ),ϕ(ζ))

≤Meωξ
[
ℵ(ϕn,0,ϕ0) + ℵ(gn(ζ1, ζ2, . . . , ζp,ϕ(·)),$(ζ1, ζ2, . . . , ζp,ϕ(·)))

+ sup
0≤ζ≤ξ

∫ ζ

0
e−ωιℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι))) dι

+ sup
0≤ζ≤ξ

∫ ζ

0
e−ωιℵ

(∫ ι

0
ηn(δ, ι,ϕ(δ)) dδ,

∫ ι

0
η(δ, ι,ϕ(δ)) dδ

)
dι

]
+ sup

0≤ζ≤ξ

∫ ζ

0
e−ωιℵ ((Fn(η,ϕ)), F(η,ϕ)) dι

]
exp

(
(K1 + Lη)M

1− e−ωζ

ω

)
+ E.dk(5)

And,

ℵ(ϑn(ι,ϕ(ι)),ϑ(ι,ϕ(ι)))
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≤ ℵ

(∫ ι

0
ηn(ι, δ,ϕ(δ)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ ℵ

(∫ ι

0
ηn(ι, δ, 0(1,0)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ ℵ

(∫ ι

0
η(ι, δ, 0(1,0)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ ℵ

(∫ ι

0
Fn(η, 0(1,0)) dι,

∫ ι

0
F(η, 0(1,0)) dι

)
≤ 2Lηℵ(ϕ(ι), 0(1,0)) + sup

0≤ζ≤ξ
ℵ

(∫ ι

0
ηn(ι, δ, 0(1,0)) dδ,

∫ ι

0
η(ι, δ, 0(1,0)) dδ

)
+ sup

0≤ζ≤ξ
ℵ

(∫ ι

0
Fn(η, 0(1,0)) dι,

∫ ι

0
F(η, 0(1,0)) dι

)
≤ 2LηC2

(
ℵ(ϕ0, 0(1,0)) + N1 + N3 + N4 + N5

)
+ 1

As soon as n is sufficiently large, utilizing condition 2 of Theorem 3.1. Consequently, by utilizing the
dominated convergence theorem in (5), we derive the theorem’s conclusion. �

5. Conclusion

This paper examines the controllability of IF integro-differential equations with nonlocal condi-

tions. By using IF semigroups and functional analysis, we identify conditions that allow control

of system states to achieve desired results. Our findings show that intuitionistic fuzzy control

functions can effectively handle uncertainties, ensuring the system can be controlled. This study

advances theoretical knowledge and suggests practical uses in various fields. Future research

might focus on advanced control methods and numerical techniques to improve IF control systems

in complex situations [41–43]. This work sets the stage for further investigation into controllability

in intuitionistic fuzzy systems.
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