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Abstract. This paper explores the controllability of nonlocal intuitionistic fuzzy integro-differential equations using
intuitionistic fuzzy semigroups and the contraction mapping principle. By establishing a clear theoretical approach, we
show thatitis possible to achieve controllability under specific conditions. This study offers new methods and significant
insights into the analysis of fuzzy systems. The results demonstrate that, given the right conditions, controlling systems

with nonlocal features is feasible, addressing important challenges in this area.

1. INTRODUCTION

In recent years, intuitionistic fuzzy sets and their applications have become a popular topic in
mathematics and related areas [1-3]. These sets extend traditional fuzzy sets by including levels
of inclusion, exclusion, and hesitation, making them a more flexible way to model uncertainty.
This has led to the development of new mathematical structures and tools, like intuitionistic fuzzy
metric spaces [4] and intuitionistic fuzzy semigroups [5].

The study of differential equations using fuzzy and intuitionistic fuzzy sets has been actively
researched. Kaleva [6] established the basic principles for fuzzy differential equations, and Jeong [7]
expanded this by adding nonlocal conditions, which increased the range of possible applications.
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The inclusion of random elements in fuzzy systems, as examined by Feng [8], shows how useful
and adaptable fuzzy set theory is for dealing with real-world problems that involve uncertainty.

Distance measures between intuitionistic fuzzy sets are important for many applications. Szmidt
and Kacprzyk [9], Chadli and Melliani [11], and Grzegorzewski [12] have all explored this topic.
These measures help compare and analyze intuitionistic fuzzy sets, which is crucial for creating
strong mathematical models.

Functional analysis offers a key foundation for understanding and solving differential equa-
tions. Brezis [10] has made significant contributions to finding exact solutions for intuitionistic
fuzzy integro-differential equations. This work also covers important concepts such as functional
analysis, Sobolev spaces, and partial differential calculus.

Fuzzy random variable theory, introduced by Puri and Ralescu [13], and the exploration of
intuitionistic fuzzy topological spaces by Saadati and Park [14], demonstrate the wide-ranging
applications and continuous development of fuzzy set theory and its extensions.

Acharya [20] investigated the controllability of fuzzy solutions for neutral impulsive functional
differential equations with nonlocal conditions. Their work, published in Axioms, examines how
controllability can be achieved in these complex systems and provides insights into managing
fuzzy solutions effectively . Narayanamoorthy [21] focused on the existence and controllability of
nonlinear first-order fuzzy neutral integrodifferential equations with nonlocal conditions. Their
paper, published in the International Journal of Fuzzy Logic and Systems, highlights key results
and methods for ensuring controllability in these types of equations . Murugesan [22] explored con-
trollability results for nonlinear impulsive functional neutral integrodifferential equations within
a fuzzy vector space. Their research, published in Applications and Applied Mathematics: An
International Journal, provides a detailed analysis of controllability in multidimensional fuzzy
systems [22,27,28].

Niazi [27] investigated controllability for fuzzy fractional evolution equations in credibility
space. Abuasbeh [28] analyzed controllability of fractional functional random integroevolution
equations with delay. Acharya [20] explored controllability of fuzzy solutions for neutral impul-
sive functional differential equations with nonlocal conditions. Georgieva [29] applied the Double
Fuzzy Sumudu transform to solve partial Volterra fuzzy integro-differential equations. Dhanda-
pani [30] provided numerical solutions for a differential system using pure hybrid fuzzy neutral
delay theory. Gunasekar [31] studied non-linear impulsive neutral fuzzy delay differential equa-
tions with non-local conditions. Chou [32] examined controllability of a fractional-order particle
swarm optimizer for heart disease classification. Ahmed [33] focused on existence solutions and
controllability of Sobolev type delay nonlinear fractional integro-differential systems. Chalishajar
and Kumar [34] investigated total controllability of second-order semi-linear differential equations
with infinite delay and non-instantaneous impulses.

T. Gunasekar [23] have recently made significant advances in our knowledge of impulsive

neutral functional integrodifferential systems with indefinite delay. Gunasekar [24] concentrated
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on these systems’ presence and controllability outcomes. Damped second-order neutral integral
equations with impulses were studied [25]. Controllability results for impulsive neutral stochastic
functional integrodifferential inclusions were presented [26]. Also they investigated impulsive
partial neutral functional integro-differential systems’ controllability.

Johansyah [35] explored solutions to Riccati fractional differential equations in economic models.
Telli [36] studied variable-order fractional equations with delays. Tunc [37]investigated integral
equations with multiple delays. Ahmad et al. [38] examined fractional equations with non-
conjugate boundary conditions, focusing on stability. Djaouti [39] analyzed fractional neutral
stochastic equations using the Y-Caputo derivative, and Algahtani [40] studied Ulam stability in
fractional hybrid equations.

This paper aims to contribute to this growing body of knowledge by proving the uniqueness
and existence of solutions to fuzzy integro-differential equations with nonlocal IF solutions. The
approach utilizes IF semigroups and the contraction mapping principle, offering a new perspective
on solving such equations under specific conditions.

This paper investigates the existence and uniqueness of solutions to fuzzy integro-differential
equations with IF nonlocal conditions, which are defined as follows:

c
P(C) = Ap(C) +3(C, 9(0)) +f0 n(C Le()di+pp(C), Cel=1]0,4a],
©(0) = po +@{C1,C2, ..., Cpy (), (1.1)
Ap(C) = Te(p(C)), k=1,2,...,m,

where A generates an IF strongly continuous semigroup (T(C))c>0 on IFq, ¢ € IFj, and 9 and @
are predefined functions.

w, Iy are predefined,
Ap(G) = (L) — (&),
¢(C;) = lim (e +h), and
¢(C) = lim (G —h)

represent the left limit and right limit of ¢ () atd = , respectively k = 1,2, ..., m.
Here, the notation @(Cy, Ca, . .., Cp, ¢(+)) implies a substitution, wherein only elements from the set

{C1,C2, ..., p} are considered. For instance, @(Cy, Ca, ...,y @(+)) can be expressed as

(D(Cll CZ/- . -/CPI(P(')) = Cl(P(tl) + CZ(P(tZ) + e + CP(P(tP)

where ¢; (fori =1,2,...,p) are specified constants.

2. PRELIMINARIES

Definition 2.1. Consider an arbitrary non-empty set X, and let IF(X) denote the collection of

intuitionistic fuzzy subsets of X, defined as
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A function d : IF(X) X

(1) d({p1,01),{p2,02)
(2) d({p1,01),{p2,02)

IF(X) = {(p,0) e X xIX:0< p(p) +0(p) <1, forall p € X}
X) — Ris an IF metric on IF(X) if it adheres to the following properties:

0, for every pair {p1, 1), {p2, 02) € IF(X).

IF(
) >
) = 0if and only if {p1,01) = {p2, 02)-
) =

(3) d({p1,01),{p2,02)) = d({p2,02),{p1,01)), for all {p1, 01), {p2,02) € IF(X).
4) d({p1,01),{p3,03)) <d({p1,01),{p2,02)) +d({p2,02),{p3,03)),

for all {p1,01),{p2,02),{p3, 03) € IF(X).

The structure (IF(X),d) is termed an IF metric space.

Definition 2.2. The IF zero is an IF set defined by:

(1,0) ife=0
01,0 (p) = '
(0,1) ife+0

3. CoNTROLLABILITY OF INTUITIONISTIC FUZZY IMPULSIVE INTEGRO-DIFFERENTIAL EQUATIONS

Here, we make the following assumptions:

(Hi):

(Hs):

The operator A : D(A) € F; — F; produces a strongly continuous semigroup (T(C))cso-
There exist constants M and @ € R", such that for C > 0 and ¢, v € L, N D(A), the following

inequality is satisfied:

R(T(Q)ep, T(CQ)v) < Me“’CN((p, V).

: The mapping 9 : I X L, — Ly Is the mean square constant in relation to C, and fulfills a

generalized Lipschitz constraint. . This implies the existence of a constant K; such that

RO @), 9(C v) <KiN(g, v) .

: The mapping @ : I X L, — L, fulfills a generalized Lipschitz constraint. . For all C € I,

@,V € Ly, and ¢y € Ly, there exists a constant K; such that

N(@(Cl, Gy onn, Cp/ qo), (D(Cl, G, ., Cp/ l))) < sz((p, l)) .

: The mapping 1 : I X L, — L, is continuous in the mean square sense with respect to C and

satisfies a generalized Lipschitz constraint. There exists a constant L, such that

N( f NG p(0))dt f 1T, 1 0(0))de) < LN (p,v)

There exist a non-negative constant dj such that

N(Ik(p(C))), Ik(v(C,)) < dN(e,v),
fork=1,2,..,m, foreach ¢,veL,and N(T(C)) <E, 6€]

: The linear operator W : L?(],v) — ¢ is defined by

Wo =€ 0" (T, h; p)Be(h)dh
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has an inverse operator W( — 1), which takes values in L2(],v)/KerW and there exists a
positive constatnt Dy such that 8(BW™!) < Dy for every u € B,

Definition 3.1. The relationship ¢ : I — Ly is known as a mild solution of (2), if

= T(0) [po +@(C1, oy -,y ()]
C

+f0 T(C (1)) du
f f (. p.p(p))dp,de

C
+ Y TG + [ TE-opu(od

0<(r<z

for0<C<a.

Theorem 3.1. Assuming that conditions (Hy) through (Hs) are satisfied, Equation (2)allows unique mild
solution throughout the interval [0, &|, where

Dy D
¢ minla D0 b—e+ MM Do, [1+—K;UM ’
=min{a, —log| ———| , 2] ey v

@ MN, + MM W KoM + XM

subject to the conditions

N(S(C, (P)/ 0(1,0)) <Ny, N<@(C1/ G, ey Cp/ @, 0(1,0)) < No.
proof: Let B = {¢ € Lr|H(¢p, @o) < b} denote the space of mean square continuous IF mappings,, where

H(p, v) = sup R(¢(C), v(C))

0<C<é

and b is a non-negative number. We describe a mapping P : B — B as:
Using (H6) for an arbitary function p(.) define the control

p(C) =W p1 = T(Q)[po + @(C1, Coy - -+, G ()]
C
- fo T(C- 090, p(1)) do

- [y ([ 10000000 do)

_ Z T(C - Ck) Ik (p(Tk™))]

0<(r<0d
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where
F(n,p) =BW ™ [p21 = T(CQ)[po + @(C1,C2,..., Cp, ¢(.))]

C
+ f(; T(C—1)9(t, @(1))dt

—focnc—o (folnu,é,qo(é))dé)dt

- Y T(E- Whip(@))]

0<Ck<d

Pp(C) = T(Q)[po + @(C1, Co -+, Cpy 9(1))]

C C L
—|—£ T(C-1)8(s, (p(t))dL—l—L T(C—1) (‘fo n(L,é,go(é))dé)dL
C
+ Y TE-Wh(e@) + [ TC-0Fm e
0<Cr<z 0

Firstly, We show that P fulfills and is mean square continuous. H(Px, @g) < b. Since 3 is the continuous
mean square , we have

R(Pp(C+h), Pp(C)) = N(T(C+h)[po+@(C1,Car- -, Gy ()]

_|_
H
—~
Um
BS)
o
+
S
—~
™Y
<
X
I\\)
Y
N
BS)
—~
~—
~—

C L
+f(; T(C—l)LU(L,é,w(é))dédt)
C
+ Y TE-h(p() + [ T, e
0<(<z 0

<R(T(C+ M) o, T(O)po) +R(T(C+ )@ (G, &,y -y G, @(), T(Q@(C1, G, -\ Gy 9(0)))

C+h C
+N(f(; T(C+h—-1)9(, @(1))dy, fo T(C—1)9(s, (p([))dL]

C+h L C L
+N(f0 T(C‘Fh_‘)\f;W(‘I(S/(P(é))déd‘rj; T(C—L)j(:r)(t,é,(p(é))dém)
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+x[ Z T(C- ) lk(g Z T(C-C)k(e (Ck))]
0<(C+h)g<z 0<Ce<z

C+h C

(f T(C+h—-0F(n, p)dtf T(C—L)Fmp)dt)

0 0

<N(T(C+h)po, T(C)po) + N(T(C+h)@(C1, Co, -y G ¢()), T(Q@(Cr, Sy ---0 Gy @(1)))
+8 th+h )9(t, ¢(1)) d, O ))
C+h

C
+N T(C+h—1) ())dt,LT(C—l)S(L, (p(L))dL]

h
+N T(C+h- Lf (0,1, go())dédt,o(llo))

(+h C L
T(C+h- Lf n(, 6,@(6))d6dl,£T(C—L)Ln(t,é,go(é))dédl]

+N Z T(C - G)I(e(&)), 0(1,0)}

+N

S H S

0<(h)x<z

+N T(C-C)l(p Z T(C—C)l(p (Ck))J
h<(C+h)g<z 0<C1<<Z

+N T(C+h—-1)F n(deO(lo)]

C+h

[
+Nf}; T(C+h—1)F nqo)deO T(C- L)F(n,qo)dt]
< Me““ [R(T(h)po, @o) + R(T(M)@(Cr, o, .., Cpop(4)), T(Q)@(Ch, Co ooy Cpy 9()))

1
+N f (C-i—h l)S( (p(t))dl, 0(1,0))

f Me S(t+h, p(t+h)),3(, ¢(1)))di]

+N( f T(C+h-1) fo 05, (8)) dod, oum)
f Me (f L 6+h,(p(5+h))d6,f(:n(t,é,(p(é))dé) d

+x(f0 T(C+ = )F(n, p)dt, 01, fMe 0N (F(n, ), F(n,v)) ds
NG (E))

It is obvious that N(T(h)po, o) — 0,N(T(h)o(C1,Ca, ..., Cp, @(.) , @(C1, G2y -, Cp, (1) = 0
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and \
N(f(; T(C+h—1)3(, (1)), 0p,0))) = 0
ash — 0.
R(Ik(p(5))), Ik(v(E)) — 0

And according to the theorem of dominated convergence:
C
f Me®CIRS(t+h, p(t+h)), 9(1, @(1)))di — 0
0

N (F(n,¢),F(n,v)) =0

The mapping P exhibits m.s continuity over 1. Moreover,
R(P@(C), o) = 8(T(0) [po + @(C1, Cay -, Gy 9())]

+L%u—ow»wmm

. C
+f T(C—1) n(0,1, (1)) dodu, (po)
+ Z T(C—C)lk(e(T)) @

0<Gx<C
C
+L T(C—1v)F(n,@)dt
< R(T(Q)po, @o) +R(T(O)@(C1, T2/ -+, Gy @(+)), 010))

¢
ex( [ 1080 o) 04
IR fOCT(c—L) flgn(u&(ﬁ(é))d(mb 0(1,0))

¢
+N Z T(C- Ck)lk((P(C;Z))KPoJ +N (j; T(C-v)F(n, (P)dl)

0<Ck<C
< e+ NoMet + DI (oo 1) 4 NV (e ) 4 E gy
NiM N3M
+ Dy [NzMewC + (e — 1) 4 (60 - 1)]
w w
and so
H(Px, ¢o) = sup 8(Pp(C), ¢o)
0<(C<E
<b.

In C([0, &), Lp), denoted by C([0, &], Lp) = ¢ :[0,&] = Ly | ¢(Q) is the continuous mean square,
completeness holds. We now demonstrate that B constitutes a closed subset of C([0, &], Ly). Suppose @y, is
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a sequence in B such that ¢, — ¢ € C([0, &], L) as n — co. Then,

R(@(C), ®o) <R(@(C), u(C)) + R(pn(T), o)

H(p, po) = sup 8(¢(C), po)
0<C<E

<H(¢, ¢n) +H(on, ®o)
<e+b

For adequately large n and for any € > 0, ¢ € B. Consequently, B emerges as a closed subset of C([0, &], La).
Hence, B constitutes a complete metric space.Next, we will demonstrate the contraction property of P. Given

@,V €B,
R(Pe(C), Py(C)) < N(T(C)@(C1, C2, ---, Gy, ¢(1)), T(O)@(Cr, Co, - G, (1))

)
([ "T(C- 090, () di [ “I(C- 09 o

j;CT(C—L) j;ln(L,é,(p((S))d(Sdl, fO‘CT(C_L) f;ﬂ(L,é,U((S))d(SdL)

Z T(C = Co)Ik(@(C)), Z T(C—Ck)lk(v(g))]

0<Cr<z 0<(r<z

—1—8(]; T(C—1)F(z,@)d, jo‘c T(C—L)F(z,v)dt)

4
Z

+N

< KoMe“ R (@, v) —|—K1Mfce“’(c_‘)?<(8(t, (1), 3(t, v(1)))de
0

C L L
+ oM fo e CIN( fo n(n(1, 6, (0))ds, fo (1, 8,0(8))dd)d1

+ R (F(z,9),F(z,v)) + R(I(@(5)), k(v(G))

Thus, we obtain
KiM

()

oM
+ —=[e" = 1] + Edo)H(p, v)

. L
+Dy [KzMe“’C + KiM[e®s = 1] + ZTM [e¥¢ — 1]]

< (KoMe“* + [ 1]

Due to the inequality
(KpMe©® + KM [gwe — 1] 4 L2M[e02 _ 1] 4 E.dy + Do [KoMe + KyM[e? — 1] + M [ —1]]) < 1, the
mapping P qualifies as a contraction map. Hence, P possesses a unique fixed point.

9(0) = T(Q) [po + @(T1, G -, Gy @(9))]
CTC S d
+f0 (€= 08, p(1)di
(C=0) | n(
0

C
+f0T f Lo, p(p))dp,de
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C
+ Z T(C—Ck)lk(qo<ck‘))+fo T(C—0)Bu(l) de

O<Ck<Z

This completes the proof. O

Theorem 3.2. Suppose S and @ are as described in Theorem 3.1. Let ¢(C, @o) and v(C, vo) represent
solutions of Equation (4) for initial values @o and vy, respectively. Consequently, there exist constants c

and ¢y such that

1. H(g(., ¢o), v (-, v0))) < c1i¥(¢o, vo) for any ¢o, vo € Lo
2. H(p(., ¢0), 01,0)) < c2(8(o,01,0)) + N1+ N3 + Ny + N5) where

C
( (Cl/ CZ/ . Cp/ () /0(1,0)) < Nl /L‘ e_wN(S(L, 0(1/0)),0(1’0)) < N3, ﬂ?’ld

Iy e (J5 n(.C,0010)),0010)) T, de < N, [y e 'S (F(n, 0(1.0))) < Ns
Proof: For any C € [0, &] we have
R(@(C @0), v(C o))
< N(T(Q)¢o, T(C)vo)
N(T(Qa(Cr, Gy -/ Gy @ 90)), T(Q)@(C1, G, -+, Gy, v(-00)))

—i—N( OCT o(L,90))dt, j;T C—1) L,vo))dt)
—i—N( OCT (L,6 ©(0,90)) dddr, j: T(C-1) ﬁln(t,é,v(é,vo))dédt)
+x[ T(C-Glp(@) + Y. T(C—ckﬂk(@(ck—))]
0<(C+h)r<z 0<{y<z
C C
([ - ormpn an [ 1= 00,4

< Me““[N(¢po, vo) +R(@(Cy, G, -, G 9(90))), @(C1, Cos ---) G v(500))]
C
+M€wcf RO, @(Lpo)) , 91, v(1,v0))) de
0
C ¢ ‘
+Me“’cf e 'S (f (1,6, 9(0,¢0)) do, f 1(t,6,v(6,v0) do )d‘)
0 0 0

C
+ Me®© f e "N (F(n,¢0),F(n,v0))dr
0

+ 8(Ik(p(C)), Ik (v(E))
< Me®*[N(¢o, vo) + K8 (e(-, ¢o), v(-, vo))]

C
+Me“’5[K1f e "N (p(1, @o), v(L, vo))dt
0

C
L fo N (L po), vl 00)) Jd
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+ NI (G) I (v(G)))

o
M [ e (Fla, ) F( ) d
0

< Me“*[R(¢po, vo) + KR(9(-, ¢0), v(- v0))]

e
+ [Me‘”‘fe“‘"]fo (KiR(@(t, o), v(t, vo)) + LyN(@(, @o), v(t, vo)) + F[(1,%0), (1, v0)])dL
+ NI (p(5)) Ik (v(E)))

Gronwall’s inequality provides us with

R(p(C, ®o), v(C, vo))

A ¢
< Me“*[N(qo, vo) + K28(¢(, ¢0), v(-, vo))]exp((Ki +LT)+E~dk)Mew§f e""dc)
0

1-e"
w

wC
< Me®® [N(po, vo) + KaR(@(-, @o0), v(, vo))] exp((Ky + Ln+ E.dk)Me("‘S )

Thus we have
e -1

H(¢(., @o), v(.,v0)) < Me*[N(¢o, vo) + K2H(p(., 90),v(-,v0))] exp([Ki +L: + E.dg]M )

ie,
w& _

(1 —KzMe‘”CE.dk exp (KlME 1))H((p(., ®0), v(., vo))

wé _

< Me®¢ exp ([K1 + L, + E.di]M L ) N(¢po, vo)

Consequently, we obtain

Me“¢ exp([Ky + L, + E. dk]Memé—_l)
(1 - KoMewé exp([Ky + L, + E.dg]ME=1Y)

H(o(., o), v(.,v0) ) < N (o, vo)

Me“¢ exp([K + L, + Edg]MEL)

(1 - KoMewé exp([Ky + L, + E.dy]M ew" )
2. Forany C € [0, &] we have

Taking ¢ =

we obtain H(p(., ¢o), v(.,v0) ) < c18(¢o, vo)

N(@(C ®0), 01,0))
< N(T(C)gpo, 0(1,0))
+R(T(Oa(C, Cor - Gy @4 90),0010)))

C
5[ e qoo,(po))d»o(l,m)

_|_

C
—H*C

[ e
U

. T T](L,(S,(p(é,(po))dédl, 0(1,0))
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+N T(C— C)Ie((Cy ), O

C
N ( f T(C—t)F(n, @o)ds, 0(1,o>)
0<Gk<C ’
< Me“*[N(po, 0(1,0)) +R(@(C1, Coy -, G (-, 00)), 0a,0))]

C
- Mt [ j; e RS, (1, 90)),001,0)) dt

+foce'“”?<(foln(L 6,¢(6,¢0)) do,0 10))dl+fC '“”N(F(n,(po),o(l,m)]

Mt YR (T(C - GR((E)), 0n0))]

0<Gr<C
< Me“* [N (o, 0(1,0)) +N(@(C1, T2, -+, G @ (5 900)),0110)))]

) C
+Mwifewwwu¢uw»»momwwz
0

C
+f0 e"'R(3(t, 0¢1,0)),0(1,0)) Jat

C ( [
—I—Me“’é[‘fo‘ e_“”N(fO 77(1/5/@(5/@0))/[)U(lféro(l,o)))dfszdi

C L
+ f e‘“"N( f n(t,6,¢<5,¢o))d5z0(1,0>)d‘
0 0

c C
+M€w5(f N 90), Ood) + [ N(E (”’0(1'0)>’0(1'°>d‘))
+ Z Me“R (T(C - G)(9(G ), 0(1,0))

0<Cx<C

< Me®¢ [8(900, 0(1,0) +8(@(C1,C2/- -, Cp, @, 00)), 0(1,0))]

+Mes Y R(T(C-Cl(@()), 010))

0<G<C

From Gronwall’s inequality, we get

R(@(C 90),0(10)) < Memé[N((Po,O(l,o)) +R(@(C1, G-, G (5 90)), 0(1,0))

C
+fo e N(9(t,01,0)),01,0)) dt
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C L
+ f e_“”N (f 17(’., 6, 0(1,0)),0(1,0)){16, di
0 0

C
+j(; e‘“"N(P(n,O(l,o)),0(1,0)))d‘

N((C) ()|
R(@(C 90),001,0)) < Mewg[x((ﬂofo(l,())) +8(@(C1,C2) -+, Gy @(, 90)), 0(1,0))
c
+ jo‘ e‘“"N(S(L,O(LO)),0(1,0)) di

C L C
—|—£ e“‘”N(fO T](L 0, 0(10)) (1,0 ))dé dL+£ e_w‘N(F(r;,O(LO)),0(110)))dL

C
exp([Kq + Ly + E.di]Me™* f e~ “d)
0

< Me®¢ [N((PO/O(LO)) + N1 + N3 + Ny + Ns] exp([Kq + L, + E.di|M

W&
89_

Taking c; = Me“* exp([Ky + Ly + E.dy]M ), we get

H(p(., ®0), 0(1,0)) = sup N(@(C, ¢o), 0(10))
0<(C<E

< c2[N(po,0(1,0)) + N1+ N3 + Ny + Ns]

This completes the proof. O

We investigate the following IF integro-differential equations with nonlocal conditions:

ﬂQ:T@H%+w@L%~w%¢Oﬂ

+\f;T @(1))de
+£CT f (1,6,0(06)) dod:

C

+ | T(C , @) di

s

+ ), TC- W) 3)

0<(r<z
Pu(C) = T(C) [uo +gn(c1,c2,...,cp,qon(->>]
C T(C du
+ [ 1= 090 0u(0)

+fOCT (f M (1,6, n (0 ))dé)dl/ nz1
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C
+f0 T(C=1)Fa(n, @n) di
+ ) T(C-Wk(en(G)) )

0<(r<z

Theorem 3.3. Assume that 9, @ are the same as in Thorem 3.1. If

N(@n0,90) = 0,
N(gn Cl Co, . Cp (P )) CD Cl Ca, - Cp QO( ))) -0,

N(fnnCL(p dtfnCqu )
0 0

C
NU@(C) L (0(G))) > o,x( f Eu(, o), f F(nmp)dt) -0

and

sup N(9,(C,v),9(C,v)) » 0asn — oo foreach v € Ly,

0<C<é

then

sup N(@n(C), 9(C)) = 0asn — co.
0<C<E

proof: For any C € [0, &] we have

N(fpn(C) ¢(C))
R(T(C)@no, T(C)epo)
+R(T(0)gn(Cr, G/ s Gy (), T(Q)@(C1, oy -Gy 9(1)))

C C
—i—N‘[OT(C—L)Sn(L, (pn(L))dL,‘[OT(C—L)S(L, (p([))dl)

N focm—ofolnn<ua,¢n<é>>d6d» focnc—wfotna,éxp(é))dém)

+8] Y TC-hiea(&)), Y, TC-G)k(e (Ck))]

0<Cy<z 0<(y<z

= T(C— R () de, [ T(C- OF(¢) )

< R(T(C)pno, T(C)epo)
+R(T(0)gn(C1, G2y, G (), T(Q)@(C1, Co, -+ Cp, (7))

[, [36-ons
st o

T(C (t, on(r))de,
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+N ‘fOCT(C—L) ‘folnn(L,é,(pn(é))dédL,j::T(C—L) vfolnn(t,é,(p(é))dédt)
N jO‘CT(C—L)‘L‘Lnn(ué,(pn(é))dédt,LCT(C—L)j(:r](t,é,(p(é))dédl)

+N Z T(C—C)Ik(en(Cy)), Z T(C- Ck)Ik((Pﬂ(Ck))]

0<{i<z 0<(Ck<z

+N Z T(C—C)Ik(en(Cy)), Z T(C-C)lk(e (Ck))J

0<(r<z 0<(r<z

([ T(C— R () di, [ T(C- R n9) )

([ T(C R () de, [ T(C- OF(¢) )

N((PV!(C)/ (P(C)) < Me“’é[x(gon,o,q)o) + N((D(le C2I~"/CPI (Pﬂ('))/gﬂ(Cb CZ/---/sz (P()))
+N(gn(C1,Cz,.--,Cpfﬁo('))r@(CLCz,--.,Cp,(p(-)))]
C
+ [0, 3 p() d

o Ce—wtx( [ mteop@na, [ as00)m)

C
+ Me“"f[fo e N0, @n(1)), 90 (L, (1)) d

o Ce—a"x( [ o mn@nas, [ o) i) a

¢
+f0 e™N (Fu(n, @n) di, Fu(n, @) du) ] + N (Ik(p(C)) Ik (v(E)))

< Me** [R(@n0, o) + KaR(@u(-), ()]
+8(8n(C1,C2s -+, Cp, (), @(C1, oy -, Cp, ()

+ j: N9 (L (1), 3L, @(1))) de

o Ce-wt»c( [ o oena, [ ioee)as)a

C
+ fo R (Fu (1, @) di, F(, ) do)

C
+ [Ky + L,,]Me“"ff e ' N(pn(t)p,)) |de + E.dy
0



16 Int. ]. Anal. Appl. (2025), 23:47

From Gronwall’s inequality, we get

N(pn(C), 9(0)) < Me“’é[N((pn,o,(po) + KR (@ (), () +R(8n(C1, Car -, G (1)), @(Ca, oy -, Cpy (1))
‘ IR (9 S d
+f0 NS 9(1), (1, (1)) de

¢ : '
+ f e—a)tN (f nl/l(él L/g[)(é)) dé,f 17(6/ [, @(6)) dé) d[
0 0 0
;1 =gt

C
—|—f e_“”N(Fn(n,(p)),F(n,(p)dt]exp((K1+L,7+E.dk)Me“"’—w )
0

That is,

(1~ ahe exp (K1 + LML) sup N(0n (€),910)

w 0<C<&

< Mewg[x(@n,()/ (PO) + N(gn(CL CZ/ ey Cp/ @())/Q(CII CZ/ ey Cp/ (P()))
C

+osup | e UR(u(L (1), (1 p(1)) de
0<(<E JO

C L L
+ sup f YN (f (0, L,(p(é))dé,f n(o, L,(p(é))dé) du
0<C<E V0 0 0

C
+ sup f e “'N((Fu(n,@)),E(n,9)) dl] exp ((K1 + L, + Edy)M
0=<C<E V0

1—eC

o
And,
(3090806 p0) <X{ [ 108,060, [ 106,000)a0)

+ N(L T]n(L, 6,0(1[0)) dé,ﬁ 77([, 5, 0(1,0)) dé)
+N(£ T](L,(S, 0(1/0))[1(5,\](: T](l, 6,0(1/0))(16)

+N( fo Fu(1,001,0)) dt, fo F(’?fo(w))d‘)

< 2LyN(¢(t),001,0)) + sup N(j(: 7711(1/5/0(1,0))515/]; n(t,é,O(LO))dé)

0<C<é

+ sup N(\f(; Fn(T],O(Lo))dl,j; F(n, 0(1[0))dl)

0=<C<é
<2L,Co (N<(P0,0(1,0)) +N;+ N3+ Ny + Ns) +1

As soon as n is sufficiently large, utilizing condition 2 of Theorem 3.1. Consequently, by utilizing the

dominated convergence theorem in (5), we derive the theorem’s conclusion. O
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4. CONTROLLABILITY OF INTUITIONISTIC FUZZY IMPULSIVE NEUTRAL INTEGRO-DIFFERENTIAL EQUATIONS

Consider the nonlocal IF neutral integro-differential equation
( fo (RI0) ) Ap(0) +3(C, ¢(0) -|-f0 (G L,e()d)+Bp(C), Cel=]0,q]

®(0) = po+@(C1, C, -+, Gy, @(.))

Ap(C) = Ik(p(C)) k=1,2,..,m
where0< (1 <<+ <(y<a

Definition 4.1. A function ¢ : I — L; is known as a mild solution of (2), if

C
P(©) = T(O) [po +0(C1, T, G ()] + fo n(C (1))
C
+]0‘ T(C—=1)3(t, p(1))du

C : C
+j; T(C—L)j;n(t,é,(p(é))dé,dt+f0 T(C—1)Bp(1)de
+ Y T(C-Wk(e(g))

0<(r<z

for0<C<a.

Theorem 4.1. Assuming that conditions (Hy) through (Hg) are satisfied, Equation (2) allows a unique
mild solution over the interval [0, &], where

Do D

é: ' D01 b €+N1M Dol 1+KZUM 0
=minia, —log| ——— 1 , @
@ gMN2+N17M T P YR

subject to the conditions

N(S(C @), 010)) <N1, R(@(C1, C2) -/ Gy @ 0(10)) < Na.

proof: Let B = {@ € Lyo|H (@, @o) < b} represent the space of the continuous mean square IF mappings,
where

H(e, v) = sup 8(¢(C), v(C))
0<C=¢
and b is a non-negative number. We describe a mapping P : B — B as: Using (H6) for an arbitary function

p(.) define the control

p(0) =W [p21 = T(O)[po + @(CL,C2,...., Cp, p(.))]
+ CT (1)) de

foCT ( f 0o o)

= Y T(C-t)k(p(ck))

0<Ck<d
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where

F(n,p) =BW ™ [pa1 = T(Q)[po + @(C1,C2,...,Cp,¢(.))]
C
+ [ 1E=030,pw)
C L
—f(; T(C—1) (f(; n(t,é,go(é))dé)dt
-2,

T(C = Ck) I (p(Ck™))]

0<Ck<d

Po(C) = T(T) [po + @(Ca, Cos -\ Ty ()]

C
+£ T(C—10)8(, @(1))dt

! foc rc- 0 [ 0,008

C
+ ) T(C—Ck)lk(fp(C;)Hfo T(C=0F(n, @)dt

0<(r<z

Firstly, we show that P fulfills and is mean square continuous. H(Px, ¢o) < b. Since 9 is the continuous

mean square , we have

N(Pp(C+h), P(C))
N(T(C+h)[po+@(Ci, o, Cpy 0 (-))]

(+h C+h
+£ C+h L ())dl—FL U(C/L/(P(L)dL)

C+h
+f T(C+h- Lf n(t,6,¢0(0))dzdt
0

C+h
b Y TG+ [ TC B0 )

0<(C+h)k<z

+T(0)[po+ @(C1,C2)---, Gy, p(+))]
; A

C
+ T(C—-1)3(s, (p(L))dt—i-j; n(C,,o(1)dr)

0

C L
+ 10 [ awspo)asd
C
+ Y, TC-0h(e(@) + [ Tt p)

0<Cr<z

<R(T(C+ M) po, T(O) o) +R(T(C+M)@(Cr, Lo, -, G (), T(O (81, o, -, G ()
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+N

+N

+N

+N

+N

C+h C
[ ren-oseowa [ 1e-0s6ow)al

C+h C
A0 f <<:L<o<>>d]

J
j:w T(C+h—1) f 1n(t,6,9(0 ))dédl,LCT(C_L)L‘Ln(t,é,(p(é))dédt]
Lo

C+h C
T(C+h-uF np)dth(C—t)F(n,p)dt)
0

Z T(C+h—=C)(e(C)), Z T(C—Co)lk(e ))J

0<(<C+h 0<(e<C

< N(T(C+ Bgo, TC)po) + KT+ Ma(Cr, Tar e, G 9, TQ0(, G ves G ()
C+h C h
o5 [ et fo <c,t,so(t)dt>)+x[ [ T n=030, e 0(1,0)]

+N

+N

+N

+N

+N

+N

+N

C+h

C
T(C+h—1u) ())dL,fO T(C—1)3(s, (p([))dL]

o
LhT C+h—1) f (0,1, (0 ))dédt,o(llo)]
Lo

C+h C L
T(C+h- Lf n(, 6,(p(6))d6dt,f0T(C—L)fon(t,é,(p(é))dédt)

Z T(C—C)Ik(e(Cr)), 0(1,0))
0<(h)r<z
Z T(C—C)Ie(@(5)), Z T(C—Ck)lk((P(CE»]
h<(C+h)<z 0<(i<z

vl

fTC+h L n(Pd[O(lo)]
0
C+h

I

T(C+h—1)F n(p)dtfo (C—t)F(mw)dt]

< Me“[N(T(h)go, @0) +N(TM@(C1, G-, G o)), T, Car - G ()
v C+h C
+x[ [ @ =030, g 0<1,0))+x( [ n@upa), [ ncupom)

N f M IS+ B, (e 1)), S, p(0)) di]
0

|

h L
f T(C+h—-1) f n(t,6,0(0))dodu, 0(1,0)]
0 0
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fMe (f (L6+h,(p(5+h))d6,foln(t,é,(p(é))dé)dL

+N(f0 T(C+h—-0)F (n,p)d101o] fMe IR (F(n,¢),F(n,v)) du

+ R (I (C))), I(v(G))

It is obvious that N(T(h)po, o) — 0,N(T(h)@(Cy,Co)--., G (1) , @(81,Co)-v0, Gpp() = 0, +

N( CHh n(C, 1, p(1)di) j(; (G L) ))—)O
and

h
N(fo T(C+h—1)3(, @(1))d, 0(1,0))) -0
ash — 0.

R(Ik(p(G))), I(v(G)) = 0
N (F(n,9),F(n,v)) >0

And according to the theorem of dominated convergence :

fawﬂﬂwwwwwm+mxsuwm»meo
0

The mapping P exhibits m.s continuity over 1. Moreover,

N(Pp(C), o) = N(T(C)[(Po + (01, G-, Cpfﬁo(’))]

ifmau¢t>m
*ifT( p(0)) de
+f0CT(
+ 2

C

(1)
C—0)9(,
C—1)

(
mau¢®»d&qu

T(C = C)le(@(C)), o

0<(x<C

C
+£T@ﬂﬁmwm

C
< R(T(O)po, ®o) +N(T(Q)@(C1, Ca, ---, Ty, @(4)), 0(1,0)) +N(T(C)f0 N(C 1 @(1)dr))
C C C
—1—8(1; T(C—10)8(t, @(1))dt, 0(1,0))+N(f0 T(C—L)f n(t,6,9(6))dodu, 0(1,0))

C
+x( Y T(c—ck>Ik((P<Cg)),qoo}+N( f T(C—L)F(nxp)dt)
0<Ge<C 0
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NiM N3;M
< €4+ NpMe®® + =12 (¢ — 1) + 3T(ewf?) + E.dy

N Ns;M
1M(e‘“C—l) + =32

a)C,_l
- ——(e*"-1)

+ Dg | NoMe®© +

and so

H(Px, ¢o) = sup N(Pp(C), ¢o)
0<C<E

<b.

In C([0, &), La), denoted by C([0, &], Lp) = ¢ : [0,&] = Ly | ¢(Q) is mean square continuous, complete-
ness holds. We demonstrate that B constitutes a closed subset of C([0, &], La). Suppose ¢y, is a sequence in
B such that ¢, — ¢ € C([0, &], L) as n — oo. Then,

R(@(C), ®o) < R(@(C), ¢u(C)) + R(pn(T), o)

H(p, po) = sup 8(¢(C), po)
0<C<g

<H(¢, ¢n) +H(@n, ®o)
<e+b

For adequately large n and for any € > 0, ¢ € B. Consequently, B emerges as a closed subset of C(]0, &], La).
Hence, B constitutes a complete metric space. Next, we will demonstrate the contraction property of P.

Given ¢, v € B,
N(Pe(C), Pv(Q)) < N(T(Q)o(C1, Co) ---, Gy @(+), T(O@(Gy, &) -+, Cp, v(4))

(fOCT Lop(u)d, foc T(C—1)9(s, v(l))dl)
-I-N(fOCT?CLgo >focn(c,t,v(odl>)

Z

+

C C L
+N(f(; T(C T](L,é,(p(é))dédl,\fo\ T(C—L)\fOU(L,(S,U((S))d(SdL)
+>¢[ Y TC-hec), ¥ T<c—<:k>1k<v<c,:>>]
0<(r<z 0<Cr<z

+N(f(; T(C—-1)F(z, (p)dL,fC T(C—L)F(z,v)dt)

0
< KoMe“ R (g, v) +K1Mfc e?CINR(1, @(1)), 9(y, v(1)))dt

+L2Mf f n(t,é,(p(é))dé,f:n(L,é,v(é))dé)dt
+ N (F(z,9),F(z,v)) + 8(I(9(C)), L(v(C;)
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Thus, we obtain

KlM LyM

< (KoMe®® + ——[e* 1] + T[ew5 — 1]+ Ly)H(p, v) + E.dx
L
+Do [KaMe®® + KiM[e“* — 1] + ZTM[ - 1]]

Due to the inequality
(KoMe©é + KM [t — 1] 4 LM [ewC _ 1] 4 I + Edj + Do [KoMe“® + KyM[e®* — 1] + 2 [ - 1]]) <

[

1, the mapping P qualifies as a contraction map. Hence, P possesses a unique fixed point. This completes
the proof. O

Theorem 4.2. Suppose S and @ are as described in Theorem 3.1. Let @(C, @o) and v(C, vo) represent
solutions of Equation (2) for initial values @o and v, respectively. Then, there exist constants c¢i and c;
such that

1. H(p(., o), v0)) < c18(¢po, vo) for any o, vo € Ly
2. H(e(., ®0), 0(1,0)) < CZ(N((po,O(LO)) + Nj + N3 + Ny + Ns) where

C
N(@(C1, G, Cp, 9 010)) <Ny f e""R(8(t, 0(1,0)),0(1,0)) < N3, and
0

f e~Y'N (fO ,,C,0 (1 O (1/0))dt, dl] < Ny, j(;c e‘“"N(F(n, 0(1,0))) < N5
Proof: For any C € [0, &] we have
N(@(C o), v(C o))

< N(T(C)¢go, T(C)vo)
+R(T(Q(C1, Gy o) Gy 9 90)), T([O@(Cr, G, -+, Gy, V(- 0))

C C
+ N f (G, (1, po)dr), f n(C, 1, p(1)de, vo))
0 0

C C
+N(f(; T(C P(L, (po))dL,L T(C—-1)3(s, v(L,vo))dL)
C C L
+N(f(; T(C Lé,(p(é,(po))dédt,f(; T(C—L)Ln(t,é,v(é,vo))dédL)
+8[ Y TC-Whke@) + Y, T(C—Ck)lk(qo(g)))
0<(C+h)x<z 0<{i<z

C C
+ N(L T(C—1)F(n, o) dt,fo T(C—1)F(n,vo) dL)
< Me®© [N((Pof vo) +N(@(C1,C2) -+, G, @+, 00)), @(C1, C2p - -+, Cp 0, vo)))]

+N(fn(cw(wpo))dt,focn(@mp(t,vo))dt)

C
+ Me“’cjo‘ e "N (L, oL, 90)), 9, v(1,v9))) dr
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C L ‘
+M€w¢f e—mtx(f n(L,é,(p(é,(po))d(S,f17(1,5,1)(5,1)0))616
0 0 0

C
—|—Me“’cf e "N (F(n,90),F(n,v0)) dt
0

+ N9 (G)) Ik(v(C)))
SMEME[N((P(), Uo) —I—sz((P(‘, (PO); (., UO))] +L'1

C
+Me‘”‘z[K1f e N(p(t, @o), v(1, vo))dt
0

C
+L,7f(; e 'N(p(1, @o), v(L, vo))]dt
+ N (I(p(G ), Ie(v(C)))

o
+Me“)cf e "N (F(n,90),F(n,v0)) dt

0
SMemé[N((PO/ UO) +K2N((P(/ (PO)/ l)(', UO))]
4

+ [ et (el 9, 000, v0) + LNl gu), o, 00))de 1)
+ F[(n, @o), (n,v0))de + NI (@), k(v(C)))

Gronwall’s inequality provides us with

N(@(C, o), v(C, o))

¢
< Me”* [R(po, vo) + K2X(¢ (-, o), v(-, vo))] exp((Ki +LU+E-dk)Mew§f e™vdc)
0

1-e et
< Me“"f[N((po, vo) + KaR (@ (-, ¢o), v(, vo))] exp((Ki + Ln +E.dk)MeC"‘5 ¢

)

Thus we have

T
evs

-1

H(p(., ¢0), v(.,v0)) < Me“*[8(po, vo) + Ly + K2H(9(., 90),v(.,v0))] exp([K1 + Lz + Ed]M )
ie,
(1= KoMe““E.dg exp (KlMew'S - 1))H((p(., 00, v(, v0))
wé _

< Me““E.dy exp ([K1 + Ln]Me + L'q) R(¢o, vo)

Consequently, we obtain

Me“¢ exp([Ky + L, + Edg]ME=L 4 L,)

H(opl(., , v(.,v < - N(po, v
(Pl o) vlwo)) (1 - KoMe®¢ exp([Ky + L, + Edi]M<=L)) (por o)
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Me“¢ exp([Ky + L, + E.dk]Mewi—)_l)

Taking c1 =

(1 - KoMewt exp([Ky + L: + Ed]ME=L + 1))
we obtain H(¢(., ¢o), v(.,v0) ) < a18(¢o, vo)
2. Forany C € [0, &] we have

N(@(C o), 0(1,0))
< N(T(C)po, 0¢1,0))
—I—N(T(C)@(Cl/ (G Cp/ (P(/ (PO)/O(LO)))

C
+8 fo 3y, (1, o)) de, 0(1,0))

+

(
x(fOCT(C—L)S(u @(Wo))dbo(lm)
+x(f0CT(C—L) f0[n<t,5,¢(5,¢o>)d5d‘f 0<1,0>)

+N Z T(C~CoI(@(L)), 01,0

0<Gk<C

< Me“" [R(po, 0(1,0)) + R(@(C1, Ca -, Gy (- 90)), O 0)) |

) C
+M€wc[f e RS, @(t90)),0010) dt
0
C
+x(‘[0 (4, (p(L,<P0))d"O(LO))
C L
_|_f e—wtx(f n(t,6,§0(5,§00))d5r0(1,0)) dt
0 0

C
+ fo e‘“"N(F(WIGOO)IO(LO))d‘]

M Y R(T(E - GI((5), 0pa0)

0<Gr<C

< Me“* [N (o, 0(10)) + N(@(C1, T2, -+, G @ (5 00)),010)))]

C
M) [0, n)) S(e O d
0

C
+ N ( fo T(C—t)F(n, po)dt, 0(1,o>)

. ¢
+j(; e N(3(s, 0(1,0)),0(1,0))]d1+x(f0‘ (1, @(lr¢0))d‘10(1,0))

C ( [
—I—Me“’é[‘fo‘ e_“”N(fO 77(1/5/@(5/@0))/[)77([/5/0(1,0)))515zdi

c .
—|—j0‘ e‘““N(j; 1(t,6,0(1,0))d0,01,0))) di]
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c c
+ Me®* (fo B‘w‘N(F(U,(po),O(l,o)dt)+f0 E_MN(F(”’O(LO))’O(l'o)dl))

+ Y M (T(C-GI(G)), 0u0)
0<Ck<C

< Mewé[N((po, 0(1,0)) + N(CD(CL CZ/ sy Cp/ (P(I @O))ro(lro))]
c C
+Me“’é[1<1 fo (e (@ (1, 90),010))) +fo RO %00) %) dl]
C
+x(f0 3(t, (p(u{)o))dbo(l,O))
c ¢ '
—|—M3wé|:sz (e_wLN(QD(L, (PO)zO(l,O)))dL _|_f eI (f 17([,(5, 0(1,0))d6,0(1,0))dL
0 0 0
c C
+ Me“* (fo e N(F(n, po),0(1,0)dt) +j; E_MN(P(H’O(LO))’0(1'O)dl))

M= Y N(T(c—Ck)lk(<P(C;Z>)/0<LO>)]

0<G<C

From Gronwall’s inequality, we get
R(9(C,90),0(1,0)) < Mewé[x((m/o(w)) +R@(CL G Gy (0 90)),Oap)

C

+f0 e "N(9(1,01,0)),01,0)) dt
C L

+f e‘“"N(f n(l,5,0(1,0))/0(1,0))d5fd‘]
0 0

C

+x(f0 3(, <p(t,qoo))dl/0(1,0>)
C

+f(; e “"N(F(1,001,0)),001,0)) )t

+N<1k<<p<c;>>,1k<v<c;>>>]

R(@(C ¢0),001,0))

< M€w£|x(§0o, 0(1,0)) +8(@(C1,C2,- -, Cp, @ (-, ©0)), 0(1,0))
C
+ j; eUN(3(, 0(1,0)), 0(1,0)) d

¢ ‘ ¢
+L e—aux(j; n(L/(S/0(1’0))0(1/0))5[6,&+L‘ e‘“"N(P(T],0(1/0)),0(1,0))dt
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C
exp([Kq + L, + E.d]Me“* f e_“"dL)]
0

e —1

< L,] —|—M€w£ [&((po, 0(1,0)) + N7+ N3+ Ny + N5] exp([K1 + L,] + Edk]M )

W& _

1
Taking c; = L, + Me“* exp([Ky + L, + E.dy|M ), we get

H(p(., ¢0), 0@1,0) = sup N(@(C, 9o), 0(10))
0<(C<E

< CZ[N((POIO(L())) + N7 + N3 + Ny + Nj|

This completes the proof. O
Theorem 4.3. Suppose that 3, @ are the same as in Thorem 3.1. If

N(@no,¢0) =0,
(gn(Cl/ C2/ . Cp/ ))I(D Cl/ CZ/ . Cp/ ())) - 0/

N(fnnCL(p dt,fnCL(p ) 0,
0

C C
NU(C), L(5)) > o,x( fo Fu(1, pu)dL, fo F(mp)dt) -0

and

sup N(8,(C,v),9(C,v)) > 0asn — oo foreach v € Ly,
0<C<<

then

sup N(@n(C),9(C)) = 0asn — co.
0<C<E

proof: For any C € [0, &] we have

R(@n(0), ¢(0))
R(T(C)pno, T(C)epo)
T(C)gn(C1, Cos -\ Gy (1)), T(Q)@(C1, G2, -, Gy (1))

(
N(
N fo (08, 00(0) [ Cn(ué,qo@)),m)

N focm—z) Sult, nl0)) de, focnc—z)su o(0) ]

N focnc—ofOLnnu,é,qon(a))dadl, focnc—ofolna,w(é))dédt)

+8] Y TC-Wh(ea(G)), Y T(C—Ck)lk«p(q))]

0<(r<z 0<(r<z
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ex([ T(C R () de, [ T(C- OF(¢) )

< R(T(C)pno, T(C)epo)
+N(T(0)gn(C1, C2p -+, Gy 0(+), T(O)@ (81, o) -+, G ()

+N

+N

+N

+N

+N

+N

+N

+N

+N

LC (1,6, P ﬁCW(L/61¢(5))/di)

foCT (L pn(0) dt, fOCT«:—L)sn(»qo(L))m)

foCT (b pnlt) s fOCT<C—L>S(»<p<L)>m)

foCT f”” (4,0, pn(? Wéd"focT(C—L>folnn<u6,<p<6>)d6dt)
[0 [ nommonasas [ 1c-0 [ a0 o)
O;NTC G l(n(S))) O;NTC gk)lk((pn(ck))J

Y., TC-Wh(pa(G)), Y, TC-GK(p())

0<(i<z 0<Ck<z ]

j(;c T(C—1)Fu(n, @n) di, j; T(C=)Fu(n, @) dt)
foc T(C—)Fu(n, @u) du, foc T(C— )F(n, @) dl)

N(@a(C),9(C)) < Me‘”‘f[?"(qvn,o, Po) +R(@(C1,Co -, Cpy (), 8n(C1, oy -+, §p (1))

([ (05, 90(0)) [ Cn(»é,qo(é)),dt)

+x(gn@,cz,...,cp,<o<->>,w<cl,cz,...,cp,<p<->>>]

N fo N (32 (0 p (1), S0 p(0)) di

o Ce-w( [ o, [ oo ) i) a

C
+ Me“’é[ fo e NR(n (L, @n(1)), (L, (1)) de

o Ce-w‘»c( [ mteomn@nas, [ o) i) a
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C
- f R (Fu(1),pn) do, Fu(1), ) d1) ] + 8(I((60) I(v(& >>>]
0

< Me™*[N(@uo, @o) + KaR(n(), ()] + Ly
+ N(gn(CL Coeeny Cp/ 90()), @(Cll Coyevry Cp/ (P()))

" fo (8,0, p(0)), (e () e
o Ce—wtx( [ mtoeena, [ ieoee)as)a
+ fo C e "N (Fu(n, @n) di, F(n, ) du)

C
+ [Ky + Lq]Me“"Ef e “'N(pn(t)@,)) Jde + E.dy
0
From Gronwall’s inequality, we get

N(@a(0),¢(0))

< Me“*| R (@0, 90) + KN (@ (), () + 8(gn(C1, Cos -, Gp, 0(4)), @(C1, Ty -, Cpo(4))

¢
+f0 e R0, (L, (1), (L, (1)) di

# [Ceon( [ monpena, [ noupona) a

C —wC
.1 -
- f e R (Fu(n, 9)), F(1, <a>dl]exp(<1<1+Ln>Mem ‘
0

)+E.dk

That is,

< we - 1
(1= Koo exp (K3 + L) ME ) sup N(pa(0),p(0)

< Me“’g[N(gon,o, ®0) +8(8n(C1,C2, -+, Cp, (), @(C1, Coy - -+, Cp, ()

C
+ sup f RS (L, (1)) de
0<C<£ JO
C L
+ sup f e “"N(f (0,1, ¢( 6))d6,f n(é,t,(p(é))dé) dt]
0<C<£ JO 0
¢ 1—e @t
+ sup f e (( ,E(n, (p))dl] exp ((K1 +L;)M )+E.dk(5)
0<(<E JO

And,

R(Ou(t, (1), 31 9(1)))
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< N(Llnn(L,é,Q(é))dé,ﬁln(L,é,O(llo))dé)

+N fol M (t,6,0(1,0y) 49, fOLU(L/(S/O(l,O))d(S)

+N j:n(t,é,o(l,o))dé, Lln(t,é,O(llo))dé)

+N fot Fu(n,001,0)) dt, fOLF(UfO(l,o))di)

< ZLUN(QO(l),O(LO)) + sup N(f nn(t,é,O(LO))dé,f n(t,é,O(LO))dé)
0<C<¢ 0 0

+ sup N(fo Fn(nfo(l,o))d"fo P(n,O(LO))dL)

0=<C<é
<2L,C (N<(P0,0(1,0)) +N;+ N3+ Ny + N5) +1

As soon as n is sufficiently large, utilizing condition 2 of Theorem 3.1. Consequently, by utilizing the

dominated convergence theorem in (5), we derive the theorem’s conclusion. O

5. CoNCLUSION

This paper examines the controllability of IF integro-differential equations with nonlocal condi-
tions. By using IF semigroups and functional analysis, we identify conditions that allow control
of system states to achieve desired results. Our findings show that intuitionistic fuzzy control
functions can effectively handle uncertainties, ensuring the system can be controlled. This study
advances theoretical knowledge and suggests practical uses in various fields. Future research
might focus on advanced control methods and numerical techniques to improve IF control systems
in complex situations [41-43]. This work sets the stage for further investigation into controllability

in intuitionistic fuzzy systems.
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