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Abstract. The principle originality inside the paper is to establish the concept of modified intuitionistic generalized
fuzzy metric space and its fundamental topological properties. Moreover, we give the steps for proving some coupled
coincidence point results for mapping with contractive condition in partial ordered modified intuitionistic generalized

fuzzy metric space. Furthermore, an illustration is proved in the support of our main result.

1. INTRODUCTION

Numerous significant generalizations of metric space such as D*-metric space, partial metric
space, S-metric space, A-metric space have been established by many eminent mathematicians
in [1, 6,21, 22], respectively. Mustafa and Sims [17] coined the notion of G-metric space and
suggested as important generalizations of metric space.

Zadeh [29] is the first individual who was once credited with the conception of placing the
thinking of fuzzy set for huge applications. George and Veeramani [10] modified the thought of
a FM-space introduced by Kramosil and Michalek [14]. Moreover, Sun and Yang [28] gave the
thinking of G-fuzzy metric space.

The theory of intuitionistic fuzzy set was initiated by Atanassov [3] and Alaca et al. [2] char-
acterized the idea of intuitionistic FM-space. Saadati et al. [20] introduced the MIFM-space, see
also [4,15].
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Definition 1.1. [20] Let X and Y be fuzzy sets such that X(9,1,7) + Y (9,1, t) < 1. Theterm (M, Ex y,S)
is called an MIFM-space if M. # ¢, continuous t- representable S and Ex y is a function M X M X (0, 00) —
H* satisfying the following conditions: for all 9,1n,0 € M, 7,5 > 0
(i) Exy(9,1,1) >¢p Ogg,

(i) Exy(9,n,1)=1gp © 9 =1,

(iii) EX,Y 9, n, T) = EX,Y(U/ S, T),

(iv) Exy(9,n,7+5s) 24 S(Exy(9,0,7),Exy(0,1,5)),

(v) Exy(8,1,7) : (0,00) — H* is continuous.
Here,

—~~ I/~

Exy(8,n,7) = (X(3,1,7),Y(3,1,1)).

For more important related ideas and detailed concepts, we refer to [7-9,11-13,16,18,19,24,25].
Bhaskar and Lakshmikantham [5] formulated a very elementary and a fruitful concept of coupled

tixed points and monotone property for mappings.

Definition 1.2. [5] Let (M, <) be a partially ordered set and Y : M XM — Mand Q3 : M — M. We
say Y has the mixed Q)-monotone property if Y is monotone Q- non decreasing in its first arqument and is

monotone ()- non increasing in its second argument, that is, for any 9,1 € M
9,9 eM, 0(91) < Q(Sz) - Y(Sl,f]) < Y(Sz,f])
and

mmeM, Q(m) <Q(n) = Y(3,m) =Y, n).

Refer to the recent article and the references therein for applications of partial order [23]

2. MAIN RESULTS

2.1. Modified Intuitionistic Generalized Fuzzy Metric Space. Here, the notion of the MIGFM-
space is establish with supportive lemmas.

Definition 2.1. Let X and Y be fuzzy sets defined on M x M X M X (0, ) such that X(9,1n,0,7) +
Y(9,n,0,7) < 1. The triplet (M, Exy,S) is an MIGFM-space if M is non empty, continuous t- rep-
resentable S and Ex y is a function M X M X M X (0,00) — H* hold the following conditions: for all
31n,0,k€EM, 1,5>0,

(1) Exy(9,n,0,7) >4 Ogys,

(2 Exy(9,n,0,1) =1 ©9=n=0,

(3) Exy(9,n,0,7) = Exy(P(9,n,0), T), where P is permutation function,

(4) Exy(9,n,0,7) <gp- Exy(9,9,0,7),

() Exy(9,n,0,5+ 1) =g S(Ex,y(S, x,%,5), Exy(x,1n, a,r)),

(6) Exy(9,n,0,-) : (0,00) = H* is continuous.
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In this case, Ex y is said to be MIGF-metric and

Exy(9,1n,0,7) = (X(S, n,0,7),Y(9,1,0, T))

Lemma 2.1. Let (M,Exy,S) be a MIGFM-space. Then for all 9,n,0 € M, © > 0, Exy(9,1,0,7) is

non-decreasing with respect to T in (H*, <gy.).

Proof. As > 0 and 7+ s > 7, where s > 0, by letting ¥ = 9 in the condition (v) of definition of
MIGFM-space, one can have

Exy(9,m,0,t4+5) 24 S(Exy(9,9,9,5), Exy(9,1,0,7)) = Exy(9,1,0,7).
This implies that (M, Ex y, S) is non-decreasing w.r.t 7 in (H", <¢). ]

Definition 2.2. Let (M, Ex y,S) be a MIGFM-space. A sequence {3,} is said to converges to a point 9 € M
if Exy(94,94,9,7) = 14y whenever a — oo for every t > 0.

Definition 2.3. A sequence {3,} in MIGFM-space (M, Ex y, S) is called a Cauchy sequence if for0 < e < 1,
T >0, Arg € N such that Exy(9,,95,9,7) >¢1 (Rs(€),€) for each a,s > ry, here Rs is the standard
negation on ([0,1],<)).

We know that S is a continuous - representable on lattice H* as for every 6 € H/ {Oq, 14}, there is a
o« € H/ {04, 144} such that

STH(R(a), @), (R(a), @), (R(a), @)} >4 (R(5),0).

Lemma 2.2. Let (M, Exy,S) be a MIGFM-space.
Define XaEy, = inf{T > 0,Exy(9,1,0,7) > (R(a), )} for each a € H/ {Og, 144} and 9,1,0 € M.
Then we have

(1) forany 6 € H/ {04, 14y}, there exists a € H /{04y, 14} such that

X@,EX,Y (81/ 82/ Sll) S Xa,Ex/y (Sl/ 81/ ‘92) + XU{,EX,Y (‘92/ ‘92/ ‘93)
+- 4 Xa,Exly(Su—lr Sﬂ-]/ ‘911)

forany 91,92, , 9, € M.

(2) The sequence {3,} is convergent in MIGFM-space (M, Ex v, S) if and only if Xao,Exy (84,9,,9) — 0.
Also the sequence {3,} is a Cauchy sequence if and only if it is Cauchy with Xy -

Proof. For first part, for every 6 € H/ {Ogs, 144}, there is a element a € H/ {0g-, 144} such that

STH(R(a),a), (R(a), @), (R(a), @)} >4 (R(5),0).
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From definition of MIGFM-space, we have

EX,Y(Sll ‘91/ Sﬂ/ Xa,EX,y (‘91/ ‘91/ 82) + XO(,EX,)/(SZ/ ‘92/ \93) + e +
Xa,EX,y (Su—lz Sa—lz ‘911) + ll(—:)

>gr- ST Ex v (91,81, 92, Xaxy (91,91, 92) +€),

Ex,y(92,92,93, Xa,Exy (82,92, 93) +€),

o Exy(Sa-1,9a-1, 94, XaExy (Sa-1,9a-1,94) + €)

2p- STH(R(a), @), (R(a), @), -+ (R(a), @)} > (R(5),0),
this gives that

Xo,Exy (91,91, 9a) < XaExy (91,91, 92) + XaExy (82,92, 93)
+--- 4+ Xa,Ex,y(Sa—lr Sﬂ—ll Sa) + ae.
Since € > 0 is arbitrary, we get
Xo,Exy (91,92, 94) < XaExy (91,91, 92) + XaExy (92,92, 93) + -+ +
XaExy(Sa-1,9a-1,94).

For second part, we know that Ex y is continuous and

XaExy(9,9,1m) = inf{t >0,Exy(9,9,1,17) >¢r (R(a),a)}.

Hence we have Exy (94,94, 9,9) >4 (R(a),a). This gives that Exy(9,,9,9) < 9 for every
3>0. m]

Lemma 2.3. Let (M, Exy,S) be a MIGFM-space. If
Exy(94,94, 9241, T) 241 Ex y (S0, 90,91, k1) for some x > 1, a € N, then {3,} is a Cauchy sequence.

Proof. For every a € H/ {04y, 14}, we have
XaExy (Da,9a,9ar1,7) = inf{t > 0, Ex,y (4, 94, Sa41,T) >+ (R(a), )}
< inf{’[ >0, EX,y(So, So, \91,1(’1’[) > (R(a),a)}

. T
= mf{ﬁ >0, Ex,y(90, 90,91, 7) >+ (R(a),a)

1.

= Elnf{’[ > O,Exry(SO,So, \91,T) > (R(a),a)}
1

= EXa,EX,Y(SO/ So, 91, 7).
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By using Lemma 2.2, for any 6 € H {0, 144}, there exists & € H {0, 144} such that
X6,Exy (Suz a, Ss)
< Xa,Ex,y(Sur Sﬂ/ 8u+1) + Xa,EX,y(Sa—i-l/ Sa—H/ 8u+2) + Xa,EX,y(Ss—lz ‘95—1/ ‘95)

1 1
< EXa,EX,y(SOI 99,91, 7) + W)(a,lsx,y(so, 0,91, 7) + -+

1
FX‘I/EX,Y (80/ ‘90/ ‘91, T)

s—1
1
= Xa,Ex,y(SO/ So, 91, T) Z E — 0.

i=a

This implies that sequence {3,} is a Cauchy sequence. m]
Lemma 2.4. Let (M,Exy,S) be a MIGFM-space. Then Ex y is continuous function on M3 x (0,00).

Definition 2.4. The mappings Y : M XM — Mand Q) : M — M are said to compatible mappings define
on a MIGFM-space (M, Ex y, S) if

EX,Y(QY(SEI/ nﬂ)/ QY(StZ/ 77»1)/ Y(Qsaz inl)/ T) - 1
EX,Y(QY(nﬂ/ Sa)r QY(T]QI Sa)/ Y(Qnﬂ/ Qsﬂ)/ T) = 1
whenever {9,} and {n,} are sequences in M such that

lim Q(9,) = lim Y(9,,1m.) = 9,
a—>0o0

a—o0
}E&Q(Wﬂ) = aliggY(nm S) =1

forall ,ne€ M, t > 0.
2.2. Coupled Coincident Point Results.

Theorem 2.1. Let Y : M XM — M, Q) : M — M be functions on complete MIGFM-space (M,Exy, S)
where (M, <) be a partially ordered set as
i) Y(MxM) c Q(M),
(ii) Y has the mixed Q)-monotone property,
(iii) V9, n,uandv e M,t > 0as

Exy(Q9,Q9, Qu, «kt),
Exy(Y(8,1),Y(8,1),Y(u,v),7) 241 p{min| Exy(Q9,Q9,Y(9,1),x1),
Exy(Qu, Qu,Y(u,v),x7)

where k > 1, ¢ : H* — H* is continuous and ¢(p) >q p for all p € H*/ {Ogy:, 144} and also
Q) <Q(u), Q(n) = Q(v) or A(S) = O(u), () < Q(v),
(iv) Y, Q) satisfy compatibility property as well as continuity for ().
Also, suppose that
(I) continuity for Y or



6 Int. J. Anal. Appl. (2025), 23:102

(II) M satisfy conditions as if non-decreasing sequence {S,} and {n,} as 9, — 9,1, — 1 then

8, <9, na=nVaeN.

If 390, 1m0 € M such that Q) (o) < Y (o, 1n0) and Q2 (1o) = Y(no, ), then Y and Q) have a coupled

coincidence point in M.

Proof. Let (89,1m0) be a point in M x M as Q(99) < Y(9o,10) and Q(1no) = Y(no, ). By using

condition (i), choose 91,71 € M such that
Y(S0,1m0) = Q(91),  Y(1n0,90) = Q).
Construct two sequences {9,} and {1,} in M such that
Y(Sa,1a) = Q(Va11),  Y(1a, 8a) = Q(Nat1)-
Now, with help of mathematical induction, we shall prove that
Q%) < O811), Q1) 2 Q1a11)-

Leta = 0. Since

Q(SQ) < Y(So, T[Q) and Q(?]o) > Y(ﬂo, \90).

Using (2.1), we have
Q(So) < Q(Sl) and Q(T]o) > Q(nl)

So, (2.3) satisfy fora = 0.

Since (2.3) holds for some fixed s > 0, one can see
O(8) <O(Se1),  On:) = Onea).
As Y has the mixed ()-monotone property and using (2.2), we have
O(Sa+1) = Y(Oa,Ma) < Y(Sat1,1m),  QNat1) = Y(Ma, 9a) = Y(Nar1,9a))-

Also

QOa42) = YOur1,Mat+1) 2 Y(Our1,Ma),  Q(Mas2) = Y(Nat1, 9a41) < Y(Nat1,9))-

From (2.4) and (2.5), we get

Q(8%) <QA(Sav1),  QMa) 2 Q1)
Also, from (iii) and (2.2), we get

EX,Y(Y(Sa—ll nﬂ—l)l Y(Sﬂ—ll nﬂ—l)l Y(Sal r]ﬁ)l T)
EX,Y(QSQ—L 0‘9{1—1/ QSIII KT)/

ZT{* (P min EX,Y(QSIJ—II QSLI—l/ Y<8a—1/ Na-1 )/ KT)/ s
EX,Y<Q\9LJ/ 09, Y(Sa/ na)z KT)

2.1)

(2.4)

(2.5)

(2.6)
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this implies,

Ex v(Q9_1, 081, 08_1, 08, k1),
Ex y(Q9,, Q8, Q8,41,7) Z%qb{min[ Xy (a1, D301, 0801, D84, x7) ]}

EX,Y(QSIZI QSIJ! QSEI/ Qsa+1/ KT)

If Exy(Q9,-1, 08,1, 08, k1) > Exy (8, 9,, 19,41, k7), then by the property ¢(7) >4 7, we
have
Ele(QS,Z, QSa, 08a+1, T) 27{* qb(EX,y(QSa, QSQ, Q8u+1, K’C))
> Exly(ﬂsu, QSQ, QSa_H, KT),

which is a contradiction (see Lemma 2.1).

If Ex y(Q9,-1, 841, Q%% k7) < Ex y (84, 0V, O,11, k1),

then

EX,Y(QSII/ Qsar Q\ga+1, T) Z‘]—{" QD(EX,Y(QSa—l/ Q‘ga—ll QSII/ KT))

>7.(x EX,y(QSa_l, Q\ga_l, 019,1, KT)
>g0- Exy (Q80-2, 842, D941, 177)
>qr Exy(Q84-2, 082,08, 1,%°1)

> EX/Y(QSO, 0\90, 081, KaT).

From Lemma 2.4, we have {()9,} is Cauchy sequence in M.
Taking © = 1, N = Oy, 4 = 11,0 = 9,1 in (iii), we get
EX,Y(Y(na/ ‘911)/ Y(T]ur ‘911)/ Y(r[a—lr Sa—l)/ T)

EX,Y(Qnﬂ/ Qnur Qnﬂ—ll KT)/
27‘(" ¢ min EX,Y(QTIIZ/ Qnar Y(nal Sa)/
Exy (a1, Ona—1, Y (Na=1,84-1), KT)

and

EX,Y(Qna—lr Qntl—ll Q(nll—l)/ KT)/ ]
EX,Y(QTIE[/ Qna/ Q(na+1 )/ KT)

Exy(Qna, Ong, ONgy1, T) 294 ¢ {min[

If Exy(Qna-1, Ona—1, O, kT) > Exy (O, Qny, Qnatq, k1), then using the property ¢(7) >qp 7,

we have
Exy(Qna, Ong, Onas1, T) 29 G(Exy (Qna, Qng, OMar1, k7))
>qr Exy (Qna, Qng, Qi1 KT),

which is a contradiction (see Lemma 2.1).
If EX,Y(QT]a—lz Qr]u—lf Qna/ T) < EX,Y(QTYIZ/ Qnﬂl QnaJrl/ T)/
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then
EX,Y(Qnu/ Qr]ﬂ/ Qna—H/ T) Zq{ qb(EX,Y(Qnu—l/ Qna—lz Qr]ﬂ/ KT))
>qp Exy (QNa-1, Qa—1, A1y, x7)
>t Exy(Qna-1, Qna-1, QMa, K°7)
>t Ex vy (a2, QMa—z, a1, K°7)

>q¢ Exy(Qno, Qno, Qmy, k7).

From Lemma 2.4, we have {()1,} is a Cauchy sequence in M.

Since M is complete, there exist 3,1 € M such that

lim Y (84, 1ma) = lim Q) =9,

a—00
lim Y(1, 9) = lim O(1a) = 1. (2.7)

From condition (iv), we have as a — oo

Ex,y(Q(Y(9a,12)), QY (8a,1a)), Y(QUSa, QA(1a))) = Lg-,
Exy(Q(Y (12, 92)), QY (M2, 92)), Y(Q12, A(82))) = Lgy-. (2.8)

Using continuity of Y and Q) in (2.8), we have

Exr (O(8),0(9),Y(,1),7) = 1y,

Ex,y(Q<T]),Q(T]),Y(T],S),T) = 17_(». (29)
This implies Y(9,71) = Q(9) and Y(1,9) = Q(7n).

Thus, established that Y and () have a coupled coincidence point in M.
Let (II) holds, then we have

lim Ex y(Q(Y(2,12), QY (94, 12), Y(QU(32), A1) = 19y,

a—o0

lim Ex v (Q(Y (e, 9a), QY (e, 8a), Y(Q1a), QA84))) = Loy (2.10)

a—o0

Also, we have

lim Q(Y(8,,1,)) = lim Q(Q3,) = Q8,

a—oo a—00
lim Q(Y(1,,9,)) = lim Q(Qn,) = On. (2.11)
a—o0 a—00

By using definition of MIGFM-space and as a — oo, we get

EX,Y(Q(QSQ+1)/ Q(Qsﬂ-‘rl)/ Y(S/ T])/ KTI)/
Exy(Q9,09,Q(09,-1), T — k7).

>0 Exy(Q(Q9:41), Q(OQ9,41), Y (9, 1), k7).

Exy(Q9S,0n,Y(8,1),1) 24¢ S
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Using ¢(7) >4 7, (3) and (2.8) in (2.10), we get
Exy((Q(O3,), QA(O3,), O, 7)k1),
Exy(Q9,098,Y(9,1),7) 24 ¢p{min| Exy(Q(Q9,), A(QS,), Y(QS,, Qn,), kT)
Exy(Q9,09,Y(8,n),xT)
EX,Y((Q(QSa); Q(Qsa>, QS, T)KT),
Exy(Q9,QT9,Y(9,1), k1)

By letting a — oo, we have

lim Ex y(Q9,0Q8,Y(3,1),7) = 14,

4—00
alim Exy(Qn,On,Y(n,9),1) = 1ggp. (2.12)

This implies that Y(9,7) = Q(9). Similarly we get Y (71, 9) = Q(n).
Hence, Y and () have a coupled coincidence point in M. m]

The following theorem is proved by letting (2 = I in Theorem 2.1.

Theorem 2.2. Let Y : M X M — M is a function on complete MIGFM-space (M, Ex y,S) where (M, <)
be a partially ordered set as

(1) mixed monotone property for Y,
(2) Ix € (0,1) as
EX,y(S, \9, u, K’C),
Exy(Y(5,1),Y(9,1n),Y(u,0v),7) ¢4 ¢imin| Exy(3,9,Y(9,n),x1)
Exy(u,u,Y(u,v), k1)
forall 9,n,u,v € M, T > 0 for which S <uandn>vor S >uandn <.
Moreover, if A9gn0 € M as 99 < Y (Sono) and 19 = Y (no, o), then Y has a coupled fixed point in
M while either one of the conditions (1) or (1I) of Theorem 2.1 holds

An illustration is proved here for the support of Theorem 2.1.

Example 2.1. Let (M, <) be a partially ordered set with M = [0,1].
Define

S(x,y) = (x1y1, min(xz + y2,1)).

forall x = (x1,x2), y = (y1,y2) in H*.
LetY : MXM — Mand Q) : M — M are two mappings defined as
T, i

YO, =4 * ,Q9) = %
0,if 9<n
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This implies Y satisfies the definition of mixed ()-monotone property. Let Ex y is a mapping M X M X M X
[0, 00) — H* defined as

G(91, 92,9
Exy(91,92,93,7) = T (91,92, 93) )

T+ G(81,82, 83)’ T+ G(Sl,SZ, \93) ’
where G(91, 92, 93) is G-metric space defined as
G(91,92,93) = 91 — S| + |92 — 93] + 93 — 94|

fO?’ all N,¥,93e M, T>0.
Then (M, Exy,S) is a complete MIGFM-space.
Assume the sequences {3,} and {n,} in M as

lim Y(9,,1,) = lim Q(9,) =0=v,

a—oo a—oo
lim Y(1,,9,) = lim Q(n,) =0="".
a—0o0 a—o0
Define
34—q4 .
=, if8; =21
Y(Sam0) =4 * T s, =
0, ifS <1
and

na_sjzl l

a1 7741 > Sa

Yoo =1+ Q) = 1.
0, ifn. <

This gives that
lim Exy (Q(Y(Sa,72)), QY (Sa, 1)), Y(QUSa, 1a))) = g1,

a—0o0

lim Ex,y (Q(Y (12, 92)), Q(Y (112, 94)), Y(Q(1a, 9a))) = L.

a—0oo

ThusY : M XM — Mand Q) : M — M are compatible mappings in M.
By Theorem 2.1, one can have Q)(8) < Q(p), (1) = Q(q).

This implies 9* < p*, n* > g*.

If we consider 8 > 1, p > q, then we have

T a_ 1
Exy(Y(5,1),Y(8,1),Y(p,9), 7) { it (pf A }
=)l

21+|(94 )= (p*

3pt+
21 | p2 11|
ZH: 3pttq) 3t
27 + || 21+ ||

= Ex,y(Qp,Qp, Y (p,q),27)

EX,y(QS, QS, Qp, ZT)/
>4 min| Exy(Q8,Q9,Y(3,1),21),
Exy(Qp, Op,Y(p,q),27)
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If 9 <n,p > q, then we get
_ 27
2t +1(p* - 4%)

S 2T Ip* — 94
20+ pt =94 20 + pt - 9
— Exv(Q9,09,0p,21)

Exy(Y(8,1n),Y($,1),Y(p,q),7)

Exy(Q8,Q8,0p,21),
>q¢ min| Exy(Q9,09,Y(9,1),21),
Exy(Qp, Op,X(p,q), 27)

Ifweet 9 <n,p < g, then we get condition (iii) of Theorem 2.1.
Hence, all conditions of Theorem 2.1 are satisfied with x = 2.
So, (v,Vv") is the coupled coincidence point of Y and Q).
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