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ON ESTIMATES FOR THE DUNKL TRANSFORM IN THE
SPACE L. (R)

MOHAMED EL HAMMA* AND RADOUAN DAHER

ABSTRACT. In this paper, we study two estimates useful in applications are
proved for the Dunkl transform in a Hilbert space L2 o (R) = La(R, |z|2**+1dz), a >

f% as applied to some classes of functions characterized by a generalized mod-

ulus of continuity.

1. INTRODUCTION AND PRELIMINARIES

Dunkl operators are differential-difference operators introduced in 1989, by Dunkl
[5]. On the real line, these operators, which are denote by D, depend on a real
parameter o > —% and they are associated with the reflection group Zs on R .
For a > —%, Dunkl kernel e, is defined as the unique solution of a differential-
difference equation related to D, and satisfying e,(0) = 1. This kernel is used
to define Dunkl transform which was introduced by Dunkl in [6]. More complete
results concerning this transform were later obtained by de Jeu [7]. Résler in [8]
shows that Dunkl kernels verify a product formula. This allows us to define Dunkl
translation operators Ty, h € R.

The Dunkl operator on R of index (a + %) is defined in [5] by

Df() = Daf(@) = L 4 (a4 HIDIED - 2L

2
These operators are very important in mathematics and physics.

+ (a+

In this paper, we prove two useful estimates in certain classes of functions char-
acterized by a generalized continuity modulus and connected with the Dunkl trans-
form in Lo ,(R), For this purpose, we use a translation operator in [4]. We point
out that similar results have been established in the context of Fourier transform
in real line (see [2]).

Assume that Lg o (R), is stand for the Hilbert space which consists of measurable
functions f(x) is defined on R with the finite norm

+o0 %
||f|=f||2,a:(/ If(:c)IQIIIQ““dx) :

— 00
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Given a function f € Ly o(R), the Dunkl transform [4] of order « is defined as

—+oo

o) = / f(@)ea(Ma)a?o dz, A€ R,

— 00

where e, (z) Dunkl kernel is defined by

(1) €a(®) = ja(@) +1i(20 +2) " ot (2).

The function y = e, (x) satisfies the equation Dy = iy with the initial condition
y(0) =1, jo(x) is a normalized Bessel function of the first kind, i.e

_ 2°T(a+ 1)J, ()

(2) Ja(x)

where J,(z) is a Bessel function of the first kind ([3], chap7) the function j, is
infinitely differentiable and even, in addition, j,(0) = 1.

)

From formula (1), we have

3) 1= Ja(z)] <1 - ea()]

The inverse Dunkl transform is defined by the formula

+oo
f(z) = m[ FNea(=2z) M2 F1dA.

In Ly o (R), we define the operator of the generalized Dunkl translation (see [9])

Ty f(x) = O /Oﬁfe@(:c,h,so))he( v hg)sin®ody

+ /Tr fo(G(z, b, ©))RO(z, b, ©)sin**dyp)
0

where
MNa+1) _ —
C= (et )’ G(x,h, ) = /22 + h? — 2|zh|cosp
he(x, h,o) =1 — sgn(zh)cosp
and
RO, h,p) = (AL 0) for (w,h) # (0,0)
h(z,h, ) =0 for (z,h) = (0,0)
1 1
Je(@) = 5(f(2) + f(=2)), folx) = 5(f(z) = f(~2)).

Lemma 1.1. [4] Let f € Lo o(R), then the following equality is true for any h € R

— ~

(Trf)A) = ea(AR) f(N).
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The first-and higher order finite differences of f(x) are defined as follows
Apf(z) =Thf(z) = f(2) = (Th =D f(2),
where I is the identity operator in Ly (R).

k

AL f(x) = Ap(Ay T (@) = (Th = D)F f(2) = Y (=1)* ()T}, f (@),

i=0
where T9 f(z) = f(x), T4 f(z) = Tr(Ti " f(2)) for i=1,2,....k and k=1,2,.....

The kth order generalized modulus of continuity of function f € Lj o(R) such
that

Q(f.0) = S AL f ()]

Let W3, be the Sobolev space constructed by the operator D such that

bo ={f €L2qa(R), D/f €Lys(R), j=1,2,.....,m}

W;”(f(D) denote the class of functions f € W3, satistying the estimate

)

Q0 (D™ f,8) = O(6(5™)),

where ¢(t) is any nonnegative function given on [0, 00) and ¢(0) = 0, for the Dunkl
operator D, we have D°f = f, D™ f =D(D™ 1 f),m =1,2,...

From lemma 1.1, we have

T f(il') = ; /+oo . ()\h)‘}/c\()\)e (_)\x)|)\|2a+1d)\
h - (2°‘+1F(a—|—1))2 - « a
Therefore, combining the relation
Tf@) ~ 1) = Gy | el — DFea(- AN+ ay
" T @t T(a+1))2 ) @ o

Parseval’s identity gives (see [4])

+oo R
ITnf () = f(@)|* = A[ lea(AR) = 12 F(N)PIAPFHdA,
where
A= (2T (a+1)%

Hence, for any function f € W;nf(D), we obtain

+o0 R
(4) |AED™ f(z)[|* = A/ lea(AR) = 1PFIAPF(N)PIAPHdA.
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2. ESTIMATES FOR THE DUNKL TRANSFORM

Taking into account what was said in section 1, for some classes of functions
characterized by the generalized modulus of continuity, we can prove two estimates
for the integral

/ FOVRIAP* 1,
[IA>R

which are useful in applications.

Lemma 2.1. For z € R the following inequalities are fulfilled:

(1) lea(z)] <1,
(2) 1= ea(r)] < 2fz].

Proof. (see[d]) m

Lemma 2.2. The following inequalities are fulfilled:

(1) 1—jp(z) =0(1), = >1,
(2) 1—jp(z) =0(2?), 0 <z <1,
(3) Vhad,(hz) = O(1), hx > 0.

Proof. (see [1]) m

Theorem 2.3. For f(z) € Ly o(R)

Y « — -m £ k
sup ¢ [ TR iax = O o)),

m,k
W2,<i5 (D)

where m=0,1,....; k=1,2....; ¢ > 0 is a fized constant, and ¢(t) is any nonnegative
function defined on [0, c0).

Proof. Let f € W;”(f (D). Taking into account the Holder inequality yields
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/ |f()\)|2|)\|2a+1d)\—/ ja()\h)|f(>\)|2|)\|2“+1d)\

>R N>R
= [ - haOm)FORAR
A>R
= [ =) FIAR
[AZR
= [ =GO FOIN R T
A[>R
<O ITOPRPRan S ([ 1 daGnPTRRy
N>R =R
< ([ RPN [N (M)A FOOE AR )
[AIZR
A= R
< R[OS [ eGP AP FOPAE B
A= N>R

In view of (4), we have

m 7 (03 1 m
AP = ea WR)PEFPIAP 1A < Z[IAD™ f ()%,

AR

Therefore

[ FRaEta < ] gaomion PRy
N>R IA>R

2k—1

1 —_m > a m 1
+ R / [FVPAPT N 7= | ARD™ f ()| *
N>R

In view of formulas (2) and (2) in lemma 2.2,

ja(Ah) = O((|AR]) ™7 2).

consequently
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FOOPIEax = o [ e FR PNy
Mz A2

2k—

PREC [T S Ak )
N>R
— O((Rh)*~%) / | FOPIAPT LA

N>R

2k—1

R [ TR gD )
N>R

or

(1- O(RR)=H) / FOVA+ax
>R

2k—1

= O(R™)( / [FOVPIAP TN 5 [ARD™ f(2)|*
[AZR
Setting h =  in the last inequality and choosing ¢ > 0 such that

1 1
1—0(c*"2)> =

We obtain
[ 1FEREay = o [ TP an S o ()
AI=R A=R
we have
[FOVPAP AN = O(R™>76%((5))):
=R
the theorem is proved. m
Theorem 2.4. Let ¢(t) =t¥, then
[FOOPIAPH N | = O(R™™ M) = [ € W (D)

>R

where m=0,1,...; k=1,2,....; 0 < v < 2.
Proof. Sufficiency by Theorem 2.3 let f € W;nt]f (D) we have

|f()\)|2|)\|2°‘+1d)\ - O(R—m—ky)

A>R
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Necessity: Let

|J/c\(/\)|2|/\|2a+1d)\ = O(R~™ ")

N=R

that is

/’Lﬂsn%AFWHdA:CXRf%%2“>

A[ZR

It is easy to prove, that there exists a function f € Lgo(R) such that D™ f €
Ly o(R) and

—)m too
D" f(x) = (2°“+1(F(o)<+1))2/ AT F(N)ea(=Az) A2 dA

—00

Then, we have the equality

+oo N
D™ f@)IP =4 [ 1L ealPH AR F) AP

This integral is divided into two:

+oo
[ =] +] -nsn
— N<R  JIA>R

where R = [h™!] . and estimate each of them.

From (1) in lemma 2.1, we have
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L= [ 1= o FOR AR ay

IA>R
| |)\|2a+2m+1d)\
A\>R
9] Z )| )\|2a+2m+1d)\>
o> nm | ()\)|2|)\|2“+1d>\)
n=R

Q

Mg

TP [ J?()\)|2)\|2u+1d>\])

n+1

( )l |>\|2a+1d)\ Zan/OO

n=R n+1

Il
o]

Q

Mg

f(A)IQAIQ““dA)

o (R A) 2|2

(
(
(5
(5
(e

Z 2m/ | |)\|2a+1d)\ Z 2m/ | |)\|2a+1d)\>

n=R+1

o [ TR+ S (4 1) — ) / T IFPIAR )
R n

n=R

O(R>™ /R FOPPRHIA+ S n2met / FOVIAHax)

n=R n

O(R2mR72m72ku) + O( Z n2m71n72m72ku)
n=R

O(R—2I~c1/) + O(R—Qku) _ O(thu)

I, = O(h?*v).

We estimate Iy, since (2) in lemma 2.1, we have
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W= [ IFPAPE L o ()N

IA[<R

_ O(h2k) / |f(}\)|2|)\‘2a+2m+2k+ld)\

A <R
R
_ O(th:)Z / |‘]’¢-\(>\)|2|>\|2a+2m+2k+1d/\
=On<|Aj<n+1
R
_ h2k Z n+ 1 2m-+2k / |J/c\()\)|2|)\|2(y+1d/\
n=0

n<|A|<n+1

R
_ h2k Z n+ 1 2m-+2k / ‘f()\)|2‘)\|2a+1d)\_
n=0 IA[>n IA[>n41

R
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(VPAPHEdA

= O |1+ 3 (e P2 =2y [ FOOP AR Ay

= A>n

R

_ O(th) 1+Zn2m+2k—1 / If()\)‘Q‘MQa—Hd)\

n=0 IAI>n

i R
_ O(h2k> 1+ Zn2m+2k—1n—2m—2ky‘|

n=0

R
_ O(h2k) 1_’_Zn2k—2ku—1‘|

_ O(th)O(RQk—2Iw) _ O(thu)
that is

Il — O(h2ku)

Combining the estimates for I; and I gives

IARD™ f ()] = O(h*")

The necessity is proved m
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