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Abstract. The current study aims to propose several generalizations of a strong b-metric space which is called Strong-
composed cone metric spaces. Therefore, to illustrate the concept of these generalizations, the study provides examples
of Strong-composed cone metric space, which are neither a Strong-controlled metric type space nor Strong b-metric
space, also redefined with cone metric spaces. Finally, the study demonstrates the uniqueness of some fixed-point

results involving some general structures of nonlinear rational contractions with applications.

1. INTRODUCTION

In recent years, there has been a surge in interest in fixed point theorem (FPT). Its modification
depends on tools of triangular inequality of metric space via important contractions in extending
the concept of the fixed-point theorem with applications. In 1989, Bakhtin [1] investigated a metric
called the b-metric space (bMS), which is generalized to metric space. Many previous works in
this area dealt with the important properties of (bMS), (see [2,3]), whereas others focused their
attention on (SbMS) as in Kirk [4], extending (SbMS) via some fixed-point theorems as in [5]. In
2023, Santina et al. introduced a new generalization of (SbMS) called controlled-strong b-metric
type space (CSbMS), through some fixed-point theorems with famous applications [6]. In 2024,
Anas et al. presented an expansion to CSbMS known as strong composed metric space (SCMS) [7]
(for more details see [8-13]). Despite all of these studies, there is much work concerning the
application of special contractions to (SbMS) (see [14, 15]).

There are various previous works on metric space. In 2007, Huang et al. [16] introduced the
notion of cone metric space as an expanded metric space. Hussain et al. [17] presented the cone
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b-metric spaces. Shateri [18] provided some fixed-point theorems on double controlled cone metric
spaces. Subsequently, Anas et al. in [19] introduced type I and II composed cone metric space,
and in [20] the extension of double-composed metric space to double composed metric like space
(for more details refer to [21-26]). Moreover, in 2020, Lateef [10] proved Fisher type fixed point
results in controlled metric spaces. Later, several authors including Dass and Gupta [27] and
Jaggi [28] discussed their results utilizing a contraction condition of the rational type. The authors
in [29] gave a generalization of rational contractions in double controlled metric space for common
fixed-point theorem (for more details see [7,25,29,31]).

The objectives of this study establish an extended concept of CSbMS called strong-composed
cone metric space (SCCMS), which satisfies the inequality: C¢(a,b) < C¢(a,c) + f(Cs(c, b)), where
f : P — Pis an auxiliary nonconstant function, P is cone and 4, b, c € T, represent the reverse in not
necessarily true example, while CSbMS does not imply to SbMS in cone metric space. Further, the
first step in this study is employing the concept of four mappings in common fixed points results
via numerical contraction, using the study of Matkowski [32]. In addition, utilizing the study of
Karami [11], a new generalization of ¢-contraction for four maps is created and rational. Finally,
the study introduces an application of polynomial and nonlinear integral equations which support

the fixed-point theorems within these new spaces.

2. PRELIMINARIES

This section presents some notations and basic concepts of definitions and lemmas from earlier

research. These concepts are then employed throughout the main findings of this study.

Definition 2.1. [16] Let E be a real Banach space and P C E. P is called a cone if it satisfies the following

conditions:

(P1) {Og} # P is nonempty closed,

(P2) aja+ azb € P foralla,b € P, where a1, a3 > 0,

(P3) P (~P) = (O).
Considering a cone P, a partial ordering < on E can be defined with respect to P by a < b if and only if
b—a € P. Here, a < b indicates that a < b and a # b, but a < b stands for b —a € intP, such that intP

denotes the interior of P.

Let E be a Banach space, P be a cone in E such as intP # ¢ and < be a partial ordering of P.
The cone P is called normal if there exists a constant number M > 0 such that for all 4,b € E and
0 < a < bimplies that ||a|]| < M||b|| or equivalently, if
infflla + bllla,b € P,llal| = ||b]| = 1} > 0 for non-normal cone, (e.g., see [18]). Moreover, P is called
solid if intP # ¢.

Now, some basic notations of cone metric spaces are presented with their properties.
Abdeljawad et al. [9] present the double controlled type-metric spaces. Moreover, the expanded-on

cone metric space is introduced as follows:
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Definition 2.2. [18] Let T be a nonempty set and w1, wp : T XTI — [1,00). A function o : T XTI — E, if
foralla,b,c €T, satisfying the following conditions:

(01) o(a,b) = Og ifand only ifa = b,

(02) o(a,b) = a(b,a),

(03) a(a,b) < wi(a,c)a(a,c)+ wa(c,b)a(c,b).
Then, the pair (T, 0) is called a double controlled-cone-metric type space (DCCMTS), and it is called a
controlled strong-cone-metric type space if w1 = 1 or wy = 1, not both (for short, CSCMTS), and strong
cone b-metric space (SCbMS) if a function says wp = s,s > 1.

Example 2.1. Let E = C(R),P = {@(t) € E : ¢(t) = 0,t € [0,1]} and T = [1,00) and define
a(a,b) ={la—-"bl,2la—-bl-1}p(t) foralla,b € T and t € [0,1] such that wy(a,b) = {a, b} + 1.
Then, (T, w) is a CSCMTS, but not a controlled strong b-metric type space.

Anas et al. [7] introduced the strong-composed metric type space, which is the triangular
inequality, exhibited by all a,b,c € I, Sy : T xT — R*, Sy(a,b) < Sy(a,c) + ¢(Sy(c, b)), where
¥ : Rt - R" nonconstant function. Now, the strong-composed cone-metric space is presented as
the follows:

Definition 2.3. Let I' be a nonempty set. A mapping Cs : T X T — E is a strong composed cone-metric if

foralla,b,c €T, there exists a nonconstant function f : P — P, satisfying the following necessaries:

(1) Cf(a,b) = Og ifand only ifa = b,

(€2) Cp(ab) = Cs(b,a),

(©3) Cr(a,b) < Cp(ac) + f(Cr(c,b))-
Then, the triple (T, Cy, f) is called a strong composed cone-metric space (SCCMS) with regarly f. Obviously,
every CSCMTS is a SCCMS, but the reverse is not necessarily true, the following example clarifies this case.

Example 2.2. Let E = C(IR?),P = {p(t) € E: ¢(t) > 0,t € [0,1]} and (T, S}) be a strong b-metric space
vias > 1 and let C¢(a,b) = ((Sb(a, b))é!, O)for alla,beTandt € [0,1].
It is enough to show that (C3). Since Sinh™'(w) is an increasing function, hence for all aj,ay > 0, this

undergoes (by a part 4 in [11]):
Sinh™(ay + az) < Sinh™Y(ay) + Sinh™ (a3). 2.1)
Therefore, for all a,b,c € T, the following result is obtained:
(Sp(a,b))e' < (Sb (a,¢) +sSy(a, b))et

< Sy(a,c)e’ +sSy(c,b)e'

< Sinh_l(Sb (a,c))et + Sinh_l(sSinh(Sb(c, b)))et

< Sinh_l(Sb(a, c))et + Sinh_l(sSinh(Sb(c, b)et))et
Thus,

Cr(a,b) < Cpla ) + f(Cr(c b)),
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where f(w) = (Sinh‘1 (sSinh(wy))e, O),w € P. It is clear that it is not a CSCMTS. But (T, () is an
SCCMS.

Remark 2.1. The assumption in example 2.2 can be interchanged if (I, 0y,) is considered a controlled
strong b-metric space via w : TXT — [1,00). Also, the same result is obtained such that f(w) =
(Sinh=Y(w(a, b)Sinh(wy))e', 0).

Example 2.3. Let (', S) be a S-metric space, then
S(a,a,b) <28(a,a,c) +S(b,b,c),Ya,b,ceT. (2.2)
Assume that E = C(R),P = {p(t) € E : ¢(t) > 0,t € [0,1]}. SCCMS is defined by Cs(a,b) =
Sinh‘l(S(a, a, b))etfor alla,b € T,t € [0,1], where ¢(t) = ¢
Clearly, (C1) and (C2) are held. It is clear that (C3) by (2.2), the result is:
Crla,b) = Sinh_l(S(u, a,b))et < Sinh_l(ZS(a, a,¢c)+S(bb, c))et
< Sinh_l(ZS(a, a, c))et + Sinh_l(S(b, b, c))et
< Cs(e,b) + f(Cr(a ),
where f(w) = Sinh‘l(ZSinh(w))et, and w € P,t € [0,1].
First, open and closed balls are defined in SCCMS.

Definition 2.4. Let us choose a € I and for some O < ¢ defined

B(a,c) = {b el : (f(ab) < c}and B(a,c) = {b €T : f(ab) < c}are called open and closed balls,

respectively.
Next, the notion of convergence is defined in SCCMS.

Definition 2.5. Let (', C¢) be an SCCMS and E be a real Banach space via a cone P. Then:

(1) {an} in T converges to a if for every ¢ € E with O < c, there is N € IN such that for all
n>N, Cf(an,a) < c. It is denoted as )}1—I>1;>10 a, = a.

(2) {an} in T is said to be Cauchy if for every ¢ € E with O < c, there is N € IN such that for all
n,m 2N, Cs(an,am) < c.

(3) (I, Cy) is said to be a complete SCCMS if every Cauchy sequence in T converges to some point in T.

Lemma 2.1. Let (T, C f) be an SCCMS with respect to f, P be a normal cone with normal constant M. Let
{an} be a sequence in T'. Then, {a,} converges to a if and only if C¢(ay,a) = Of.

Proof. By ([19], Lemma 1.5) just taking 1)1 = I and 1, = f, an SCCMS exists. m|

Lemma 2.2. Let (T, C f) be an SCCMS with respect to f, P be a normal cone with normal constant M. Let
{a,) be a sequence in T such that {a,} converges to a and b. If f is bounded, then a = b. That is, the limit of

{an} is unique.

Proof. By ([19], Lemma 1.6) just taking {; = I and 1o = f, an SCCMS exists. m]
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Proposition 2.1. Let (I, (s) be an SCCMS, then for all a,b,c € T
1Cr(a,0) = (e, )l < f(Cr(a,d)) + F(Cr(bic)).
Proof. Utilizing the axiom (C3), then
Cr(a,b) < Cr(a,0) + f(Cr(e b))
< C(e,d) + f(p(d,a) + £ (b,0))

It implies that

Cpla,b) = Cr(ed) < f(Cr(ad)) + £(Cp(B ). (23)
A similar argument shows that

Cple,d) = Crla,b) < f(Cr(ad)) + £(Cp(B,c))- (24)
The desired result is obtained. m]

Remark 2.2. Let {a,} and {b,} be a sequences in T such that lim C¢(ay,a) = O and lim Cg(by, b) = O,
m—oo

n—o0

then by Proposition 2.1, the following result is obtained:
lim Cf (an, b)) = Cf(a, b), where f is bounded; this means that, Cr is continuous.

n,m— 00

Lemma 2.3. [4] The strong b-metric space is normal.
Lemma 2.4. An SCCMS is normal, where f is bounded.

Proof. Let (T',(s) be an SCCMS. If a,b € T such that a # b, then V := B(a, m)

B(b, 5+ ) are disjoint neighborhoods of @ and b, respectively. Then, assume that VN W # ¢,

and W =

2(M+1)
hence, there exists d € V N W. Thus, by utilizing Cf(a,d) < m and C f(b, d) < m, where
c=C(y (a,b), the following result is obtained:
¢ =Cp(a,b) < Cla,d) + f(Cp(d,1))
c

Since f is bounded, then there is M > 0 such that

ILF(Cr(d, D) < MIIC(d, bl (2.6)
Utilizing the norm in (2.5) and (2.6) results in:

c c c
¢ =1Cs(a, )l < 20T 1) +M2(M+1) =5 <c

Hence, this represents a contradiction, so our claim holds. Therefore, it is concluded that I is
Hausdorff.

Now, let V and 3 be disjoint closed sets and let Cs(a, V) := infieqCr(a,d) and C¢(b, W) :=
infeewC f(a, Q). Define the sets

Vii={ael:Ci(a,V)<l(a,W)land W := {b e T : (b, W) < (s(b,V)). O

Definition 2.6. [33] Let ® be the set of all continuous self-maps ¢ of P, satisfying
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(1) ¢ is monotonically increasing,
(2) ¢(w) = O if and only if w = Of.
Then, it is called an altering distance function on the cone P.

Let ¥ be the family of all mappings 1 : [0,00) — [0, o), satisfying the condition ¢ < i (t) for
eacht € [0,00), and ¢’ is increasing (the derivative of ¢) [11].

Lemma 2.5. [7]If €Y, then forall a,b € [0, c0), the result is:

@) =y () < Yt (la—bl) <la—bl < g(la—bl) <lp(a) — (D).
In particular, if b = 0, that is, [~ (a)| < ¢~ (lal) < lal < ¥ (lal) < ¥ (a)l.

Lemma 2.6. [20] Let i € ¥, then for all a € [0,1] and 0 < q < 1 < p, the following result is obtained:
M) (9)" < @) < ()"
@ (67 @) <9 a) < (v @)
3. Tue MAIN ResuLts

This section presents four common fixed-point results with two ¢-contractions in SCCMS.

Theorem 3.1. Let (T, () be a complete SCCMS with functions f : P — P and P be a normal cone via
normal constant M. Consider T1, T2, T3, T4 : I — T be a self-mapping such that

(1) Ty(T) € T4(T) and To(T) € T5(I),

(2) The pairs (T1, Ts) and (T2, T3) are compatible,

(3) T;is continuous foralli =1,--- ,4,

(4) Foralla,beT,

¢(Cp(T1a, Tob)) < A1(N1(a, b)) + Aap(R2(a, b)), (3.1)

where, p € P, 0 < Ay + Ay <1, and
Cf(Taa, T1a)Cy(Tab, Tob)
1+ Cf(Tga, T4b) !
Cr(Taa, Tha)[1 + Cs(Tab, Tob)] [Cr(T3a, Tra) + Cr(Tab, Tob)]Cr(Tra, T2b)
1+ C;(T3a, Tyb) " 14 C(Tia, Tob) + Cp(Taa, Tab) }
N (a,b) = Min {C;(T1a, Tub), Cf(Tab, Ta)}.

(5) Tim (AL (Cr(br, bo)) Il + 12 (L (b, bo) Il = 0.

Then, T;,i =1,--- ,4 have a unique common fixed point in T

Nl (El, b) = Max {Cf(T3LZ, T4b), Cf(Tg(l, Tla), Cf(T4b, sz),

Proof. Let ag € T be arbitrary. By the assumption T(I') € T3(T'), so there exists a7 in T such that
Taap = Tsa; and also as Ty (') € T4(T'), thatis Tya; € T4(T'), hence taking ay € T, where T1a; = Tyas.

In general, the following result is obtained:

T1a2441 = Taazn2 and  Toaz, = T3a2,41,¥n € N. (3.2)
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A sequence b, is obtained in I such that
byny1 = Thazu1 = Taazn2  and by, = Toan, = Taaz,41, V1 € IN. (3.3)
Next, the results prove that {b,} is a Cauchy sequence in I'. It is deduced that
¢(Cf(bzn+1,b2n)) = ¢(Cf(T1ﬂ2n+1,T2a2n)) < M(P(Nl (H2n+1,a2n)) + Az(P(Nz(HZnH,azn)),

where

N1(a2n11,a20) = Max {Cf(T3a2n+1, Tya2n), Cr(T3a20+1, T182041), Cp(Tadan, Toon),
Cr(Taa2n+1, T1a2u+1)Cs(Taazn, Taan) Cr(Taa2n+1, T120+1)[1 + Cr(Taaon, Toazu))
1+ Cp(Taa2n+1, Taazn) ' 1+ Cs(T3a20+1, Taazn)
[Cr(T3azu11, Trazns1) + Cp(Taa2n, Toa2n)|Cr(T1a20 41, T22n)
1+ Cp(T1a2n+1, Toazn) + Cp(Taa2n+1, Tadon) }'

7

Cr(ban, bani1)Cf(ban-1,bon)
=M bnrbn— ’ bnzbn ’ bn—;bnz
ax{Cf( 2n,b2n-1), Cr(b2n, bani1), Cf (ban-1, bon) 1+ T (b ban)

Cr(ban, ban+1)[1+ Cr(ban-1,b2u)] [Cs(b2n, bons1) + Cf(bZn—lzbZn)]Cf(bZn—i—l/bZn)}
1+ C¢(bon, ban-1) ’ 1+ Cp(bang1,b2n) + Cr(ban, bou-1) ’

7

< Max{Cy(ban, ban-1), C(ban, bou+1)}- (34)
Furthermore,
No(a2n+1,820) = Min{Cs(T1azu+1, Tadon), C(Taa2n, Taazn+1)}
= Min{Cg(ban+1,ban-1), Cr(ban, ban)} = Of (3.5)
Thus,
¢>(Cf(bzn+1, bzn)) < /\1¢>(N1 <a2n+1/a2n)) + /\2¢>(Nz(a2n+1,a2n)), (3.6)

where N1 (a2,11,a20) = Max{Cr(bau, bau-1), C(ban, ban11)}, and Rz (4211, 420) = O,
Case 1. If Ny (a2,41,a20) = C¢(ban, b2n11), then by (3.6), it is deduced that

¢ (Cr(bant1,ban)) < )\1(P(Cf(b2n, b2n+1)) < CP(Cf(bzn,bZnH))/ 3.7)

clarifying a contradiction.
Case 2. If N1 (a2,41,421) = Cf(ban, ban-1), based on (3.6), it is concluded that

¢(Cf(b2n+1,b2n)) < A1¢(Cf(b2nzb2n—1)) << qu‘b(Cf(bl,bo))- (3.8)

Applying it recursively, the result is:

A(Cr(bu,busr)) < Ad(Cp(ba, bo)), (3.9)
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For m < n,and n,m € N, the following result is obtained:

Cf(bm/ bn) = f(Cf(am,ﬂerl)) + Cf(am+1/an)
= f(Cf(ﬂmrﬂmH)) + f(Cf(“m+1,ﬂm+2)) + Cs(am+2,an)

N

< f(Cf(ai,aiH)) —+ Cf(l)ln_l,lln). (3.10)

=

1
3

Employing (3.9) in (3.10) leads to:

n—-2

(T (B, b)) < M Y IA(ALS(C (b1, b))+ IAS ™ d(C (B, bo) |-

i=m

Thus, as n,m — oo, and by using item 5, the result is:

IC ¢ (B, bl = 0.

Therefore, the sequence {b,} is called Cauchy. Since (T,C f) is a complete SCCMS, there must exist
an element b € T such that {b,,} — b. Consider

Cr(bu,b) = OF. (3.11)
It implies that
T1a2n+1 = Taazy = T3a2p+1 = Taazu42 = .

It is argued that T;b = b, and by the assumption items 2,3 are continuous and compatible for all

i=1,---,4. Hence,
Tyb = TyTrar, = T4Trar, = ToTuas, = ToTaar, = Tob. (3.12)
Moreover, it is concluded that
T1b = T1Tsaz, 11 = T1T3a2n41 = T3T1a2n11 = T3T1a2,41 = T3b. (3.13)

Employing the condition 4 of inequality (3.1), let p = T4b = T>b and g = T1b = T3b, the following

result is obtained:

¢(Cr(4,p)) = G(Cs(Trb, T2b)) < M(R1(b,1)) + A2p(Ra(b,)),

where
Cr(T3b, T1b)Cs(Tyb, T2b)
1+ Cf(Tg,b, Tyb) ’
Co(Tsb, Tyb)[1+ Cp(Tab, Tab)] [Cp(Tsb, T1b) + Cy(Tab, Tab)]Cs(Trb, Tab)
1+ C;(Tab, Tab) " 14 C;(Tab, Tab) + Cf(Tab, Tsb) }

= Cr(q,p)-

Nl (b, b) = Max {Cf(Tgb, T4b>, Cf(Tgb, le), Cf(T4b, sz),
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It is noted that N, (b, b) = Min {Cf(le, Tyb), Cr(T2b, T3b)} = Cs(q,p). Subsequently,

&(Cr(a.p)) = (M + 12)(Cr(,p)) < §(Cr(a.p)),

where A1 + A» < 1. That is a contradiction. Thus, ¢>(Cf(q,p)) = O, thatis; p = q = T1b = Tab =
Tsb = Tyb.

Additionally, it is deduced that T1q = T1T3b = T3T1b = Tz3q and Top = ToT4b = T4Tob = Typ.
Moreover, by inequality (3.1), the following result is found:

&(Cr(T1g, T1b)) = ¢(Cr(Trg, Tab)) < Mip(1(q,)) + A1p(Ra(, b)), (3.14)
where,

_ Cf(Tg,q, qu)Cf(T4b, sz)
Nl (E], b) = Max {Cf(qu, T4b), Cf(T3C], qu), Cf(T4b, TZb), T Cf(qu, T4b)

Cr(T3q, T1g)[1 + Cp(Tub, Tab)] [Cs(T3q, T1q) + Cr(Tsb, Tob)|Cs(T1q, T2b) }
1+ Cf(T36], Tyb) ’ 1+ Cf(qu, Tob) + Cf(qu, Tyb) !
Cf(qu/ qu)Cf(TQb, sz)
14 Cf(Tig, Tib) 7
Cp(Taq, Tag)|1+ Cy(Tab, Tab) | |C4(Taq, Tag) + C(Tab, Tob) [c(Toa, Tat)
1+ Cf(T1q, T1b) ’ 1+ C(T1q, T1b) + C¢(T1q, T1b)

7

= Max {Cf(qu, T1b),Cs(T1q, T1q), Cf(T2b, Tab),

= ((T1q,T1b),
and
N(q,b) = Min {C¢(T1q, Tab), C¢(Tab, Taq)} = Cs(T1q, Tab).

It leads to qb(Cf(qu, le)) < (M + /\z)q)(Cf(qu, le)), whenever A; + Ay < 1, which implies a
contradiction, so that T1q = T3g = T1b = g.

By following the same method of proof in the mentioned equality (3.12), thus Top = Typ = Tob = p.
Thatis,p =q =T1q = Toq = T3q = T4q. Let T};,i = 1,--- ,4 have a different fixed-point say r, then

&(Cr(a, 7)) = B(Cp(Tag, Tar)) = Ma(R1(q,7)) + Aap(N2(q,7)),
where,

C(T3q,T19)Cs(Tyr, Tor)
N1(g,7) = Max {Cf(Tg,q, Tar), Cf(qu, qu),Cf(T4r, Tar), f T Cf(T;; Tar)

Cr(Taq, Taq)[1 + Cp(Tur, Tor)] [Cf(Taq, Taq) + Cp(Tar, Tor)]Cr(Thg, Tzr)}
1+ Cf(qu/ Tyr) ’ 1+ Cf(qu, Tar) + Cf(qu, Tyr)

= Cf (’7/ 7")/

and

No(q,7) = Min {Cf(qu, T4r),Cf(T2r, T3q)} = Cf(q, r).
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Subsequently, qb(Cf(q, r)) <(M+ /\z)qb(Cf(q, r)) < (p(Cf(q, r)), where A1 + Ay < 1. Therefore, q = r
and it is concluded that the mappings T;,i = 1,--- ,4 have a unique common fixed-point. m]

Example 3.1. Consider theset E = C(R),P = {¢(t) € E: ¢(t) 2 0,t € [0,1]} and SCCMS by Cs(a,b) =
Sinh(Sy(a,b))e’ for all a,b € T and t € [0,1]. Let T = [1,00) and S, be CSbMS defined by Sy (a,b) =
Max {la — b|,2|a — b| — 1} with f(w) = Sinh~ ((a + b+ 1)Sinh(w;) )

Then, ¢(w) = Sinh(w) and T1(a) = 2, To(a) = 22, Ts(a) = T, Tu(a) = 42 are defined as
continuous.

Here, T1(T) C T4(T') and To(T') € T3(T'). Also, the pairs (Ty, Ta) and (T2, T3) are compatible. by taking
A= % and Ay = le' it is deduced that

¢(C¢(T1a, T2b)) = Sinh (smh—l (sb (”’ e bﬁ)) ) < Smh(z~<1 (a,b)) + jISinh(Nz(a,b)),

5 4 5
where,
Ni(a,b)
e s 522
Sinh (Sb ( #)) Sinh™! (Sb (1%2, I’TTB)) e?t Sinh™! (Sb (%, : )) [1 + Sinh~ (S (Z’J’TZ, I’TTE’)) et]
1+ Sinh (Sb (%, b“)) et ’ 14 Sinh-1 (Sb (ujztl/ bi2 )et
+4

[Sinh=1 (Sy (45, %)) + Sinh~1 (S, (142, 52))| Sink~t (S, (452, 252)) e
1+ Sinh~1 (S (“}:4, b+3)) et + Sinh=1 (Sb (%, “Tz)) et ’

N2 (a,b) = Min {Sinh'1 (S (a +4 b+ 2)) ¢, Sinh™! (.Sb (b+—3, a+t 1)) et} )

573
Hence, Theorem 3.1 is fulfilled and ag = 1 € T is a common fixed point.
Corollary 3.1. Let (', Cs) be a complete SCCMS with functions f : P — P and P be a normal cone via
normal constant M. Consider T1, T : I — T to be a continuous self-mapping such that, for alla,b — T,
¢(Cr(Tra, Tab)) < M1(N1(a,0)) + A2p(Ra(a, b)),
where, € D,0 < A1+ Ay <1, and

Cs(Toa, T1a)C¢(T1b, Tob)
1+ Cf(Tza, le) !

Cf(Taa, Tra) [1 + Cr(T1b, sz)] [Cf(Tzﬂ, T1a) 4 Cs(T1b, sz)] Cf(T1a, T2b)
1+ C¢(Taa, T1b) ’ 1+ C¢(T1a, Tab) + C(Tra, T1b) ’

Nz(ﬂ, b) = Min {Cf(Tlll, le), Cf(sz, Tza)} .

81 ((1, b) = Max {Cf(TzEl, T1b), Cf(TzEl, Tla), Cf(ler sz),

n-2
D (X B(Cr (b, bo) D+ 1A B(C (b, o)l = .

Then, Ty and T, have a unique common fixed point in ).
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Proof. Immediately from Theorem 3.1 by taking T1 = T4 and T, = T5. m]

Corollary 3.2. Let (y,Cy) be a complete SCCMS with functions f : P — P and P be a normal cone via
normal constant M. Consider T1, T4 : I — T to be a self-mapping such that,

(1) T1(T) € Ty(T),

(2) The pair (T1, Ty) is compatible,

(3) T1 and Ty are continuous,

(4) Foralla,beT,

$(Cp(T1a, T1b)) < A(N1(a,)) + A2¢(Ra(a, b)), (3.15)

where, p € ®,0 < A1 + Ay <1, and

Cr(Taa, T1a)Cr(Tyb, T1b)
14 Cy(Tya, Tyb)

Cf(T4El, Tlll) [1 + Cf(T4b, le)] [Cf(T4ﬂ, Tla) -+ Cf(T4b, le)] Cf(Tlﬂ/ le) }

Nl (a, b) = Max {Cf(T4El, T4b), Cf<T4LZ, Tﬂl), Cf<T4b, le),

1+ C¢(Taa, Tyb) ’ 1+ C¢(Tra, T1b) + Cs(Taa, Tob)
NZ (a, b) = Min {Cf(Tla, T4b), Cf(ler T4Ll)} .
5) LIm (AL (Cr(br, bo)) I+ AT (T (b1, bo) Il = 0.
Then, Ty and T4 have a unique common fixed point in T'.

Proof. By taking T1 = T, and T3 = T4 in Theorem 3.1, the desired result is obtained. m]

Corollary 3.3. Let (I, C¢) be a complete SCCMS with functions f : P — P and P be a normal cone via

normal constant M. Consider T : I — T to be a continuous self-mapping such that, for all a,b € T,
¢(C(Ta, Tb)) < 11 (N1 (a, b)) + Aap(N2(a, 1)), (3.16)
where, p € ®,0 < Ay + A2 <1, and

Cs(a, Ta)Cp(b, Tb) Cr(a, Ta) |1+ Cp(b, Th)]
1—|—Cf(a,b) ! 1—|—Cf(tl,b> !

N1(a,b) = Max {Cf(a, b),Cs(a, Ta),Cs(b, TD),

[¢f(a, Ta) + Ls (b, TD)| C(Ta, Th)
1+ Cs(a,b) + C¢(Ta, Th) ’

N (a,b) = Min {C¢(Ta,b), C¢(Tb,a)}.
TR (AL (b1, b))l + 1A (Cp (b, b))l = 0.

Then, T has a unique common fixed point in T'.
Proof. Substitute T = T; = T, and T3 = T4 = I in proof Theorem 3.1, where I the identity map. O

Remark 3.1. In Corollary 3.3, any term can be taken to set the maximum and A, = 0 get the specified
various contractions. Therefore, referring to the expanded Banach [4], the state is satisfied:

6(Cs(Ta, Th)) < Miep(Cs(a,b))- (3.17)



12 Int. ]. Anal. Appl. (2025), 23:75

Corollary 3.4. Let (T, C¢) be a complete SCCMS with functions f : P — P and P be a normal cone via
normal constant M. Consider T1, T2, T3, T4 : I — T to be a self-mapping such that,

(1) T1(T) € To(T) € T5(T),

(2) The pair (T1, T3) is compatible,

(3) T; are continuous foralli=1,---,3,
(4) Foralla,beT,

¢(Cr(T1a, Tab)) < A1(N1(a, b)) + Aap(N2(a, b)), (3.18)

where, € ®,0 < Ay + Ay <1, and

Cf(T(;a, Tla) Cf(T3a, Tla)Cf(Tla, sz) }
"1+ Cp(Tsa,Tab)" 14 C4(Tra, Tob) + Cp(Taa, Tab) |

Nz (a, b) = Min {Cf(Tla, sz), Cf(sz, T3Ll)} .

Nl (a, b) = Max {Cf(Tga, sz), Cf(T?,Ll, Tla)

(5) Ty IF(ALd(Cr (01, b0)))l + IAT2 (s (b, bo) Il = .

Then, T;,i =1,---,3 have a unique common fixed point in T".
Proof. Put T, = T4 in the proof of Theorem 3.1, the result is deduced. O
Remark 3.2. Clearly, if p(w) = w, then the inequality (3.1) in Theorem 3.1 becomes

Cr(Tra, Tob) < MN1(a,b) + AaRa(a, b),

where, A1, Ay € (0,1),and 0 < Ay + Ay < 1, but
Cr(T3a, T1a)Cs(T4b, T2b)
1+ Cf(Tga, Tyb) ’

Cf(Tsa, Tra) |1+ Cp(Tub, Tab)| [Cf(Taa, Taa) + Cp(Tab, Tob)| Ly (Tia, Tab)
1+ C,f(Tgu, Tyb) ’ 1+ Cf(Tm, Tab) + Cf(T3€l, Tyb)

Nz (a, b) = Min {Cf(T]ﬂ, T4b), Cf(TZb/ T3a)} .

Nl (LZ, b) = Max {Cf(T3LZ, T4b), Cf(T3a, T1El), Cf(T4b, sz),

Next, the study shows some specific cases of Theorem 3.1 and Remark 3.2.

Corollary 3.5. Suppose (', C¢) is a complete SCCMS with functions f : P — P and P is a normal cone
via normal constant M. Consider T1, T2, T3, T4 : I — T to be a self-mapping such that,

(1) T1(T) € T4(T) and To(T) € T5(I),
(2) The pair (T1, Ta) and (Ta, T3) are compatible,
(3) T; are continuous foralli=1,--- ,4,
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(4) Foralla,beT,
Cr(Taa, T1a)Cr(Tsb, Tob)

Cr(Tra, Tab) < AMCs(Taa, Tab) 4 A2C¢(Taa, Tra) + A3Cs(Tab, Tab) 4 A4

1+ Cf(T3a, Tyb)
A Cf(Tg,a, Tla) [1 + Cf(T4b, sz)] [Cf(T3Ll, Tla) + Cf(T4b, sz)] Cf(Tlﬁl, sz)
s 1+ Cp(Toa, Tab) 11 C(Ta, Tab) + Cp(Toa, Tab)

+ A7Min {Cf(Tla, T4b), Cf(sz, T3Ll)} .

where, A; € (0,1), foralli=1,---,7,and 6 = %,
(5) LIm IF(8°Cr (b, bo) Il + 116"~ C4 (b, bo)ll = 0.

Then, T;,i =1,--- ,4 have a unique common fixed point in T".

Proof. 1t suffices to observe, for each 4,b € I' and by the same way of Theorem 3.1 with note of
Remark 3.2, let take A, = C(ba 11, b2u) and Ay 1 = C(bay, bay-1) in (3.4), (3.5) such that A; € (0,1),
foralli=1,---,7, it results in that
A+ Az
n =<
1-Ar—Ay—As5—Ag
Therefore, by Theorem 3.1, the desired result is obtained. m]

A

Ap1 = 0.

Corollary 3.6. Suppose (', Cy) is a complete SCCMS with functions f : P — P and P is a normal cone

via normal constant M. Consider T1, T : I — T to be a self-mapping and continuous such that, for all

abeT,

Cr(Taa, T1a)Cs(T1b, Tob)
1+ C¢(Taa, T1b)

Cf(Taa, Tra) [1+ C4(Tib, Tab)| |Cf(Taa, Tra) + Cy(T1b, Tob) | Cf(Ta, Tob)

1+ C;(Taa, T1b) O 14 ¢4(Tia, Tab) + Cf(Toa, Tib)
+ A7Min{C¢(T1a, T1b), C¢(Tab, Toa)}.

Cf(TllZ, sz) < /\1Cf(T2a, le) + /\QCf(Tza, Tla) + Ag,Cf(le, sz) + A4

+ As

where, A; € (0,1), foralli=1,---,7,and 6 = 1—)\2)—\1»%/
T2 NF(8'C (b, bo) Il 4 116"2C ¢ (b, bo) Il — 0.

Then, T;,i = 1,2 have a unique common fixed point in T
Proof. By taking T1; = T4 and T, = T3 in Corollary 3.5, the desired result is obtained. m]

Remark 3.3. By adopting the proofs provided in Corollary 3.2, 3.3, and 3.4 and with Remark 3.1, the same

conclusions in the context seen in Corollary 3.5 hold the conditions.

4. APPLICATIONS

The fixed-point results play a vital role in the existence of various classes of equations, precisely,
for solving differential equations, integral equations and fractional differential equations, etc. This

has led to improvements in the applications of fixed-point techniques.
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4.1. Polynomial equations.
Theorem 4.1. Consider the equation below

(a+1)"+1=(E+1)a(a+1)" + &a, (4.1)
has a unique solution in the interval [0,1] and for p € IN.

Proof. Define the mapping T : [0,1] — [0,1] by Ta = % for p € IN. Noting that a is a
tixed-point if and only if there is a solution to Eq.(4.1).
By taking C¢(a,b) = la—ble', for t € [0,1], and f(w) = elatbl)wtt _ ot it is easy to observe that

([0,1],C f) is a complete SCCMS. Therefore,

] @41 (1)1 t
&s(Ta Tb) = ErD@+1)P+E E+D+1)P+E|"

1

S e R A CRp VR
211—1

5<ZZTl)Z|a—b|et,

5ﬁla—blet,

I/\1Cf(a,b>.

such that & > p2°land Ay = ﬁ € [0,1), A2 = 0. Thus, all the axioms in Corollary 3.3 and Eq.

(3.17) of remark 3.1 via ¢(w) = w are held, so they have a UFP. o

4.2. Non-linear integral equation. Let us consider the nonlinear integral equation

t
u(t) = Alfo G(t,w)F (w,u(t))dw,t € [0,1],A; 2 0, (4.2)

where the functions G : [0,1]> > R*,and ¥ : [0,1] xR — R for a given.
Now, let I' = C[0, 1] be a set of all continuous functions on [0, 1] endowed with the SCCMS
Crlug,up) = S”pwe[o,l]smh_l( |z (w) - 112(“’)|q )35/ (4.3)

for each w1, € C[0,1], 0 < q < 1. Clearly, (T, () is a complete SCCMS with auxiliary function
f(w) = Sinh‘l(ASinh(w))eé,A = Max{u, )+ 1, we P = {p(t) € E: @(t) >0,t € [0,1]}.
Moreover, the mapping T : I' — T’ is seen by

Tu(t) = A4 f:g(t, w)F (w,u(t))dw,Yuel,te[0,1]. (4.4)

Theorem 4.2. Consider the integral equation in (4.2) for the following necessaries:

(1) F is continuous and there is such that F (w, u; (t)) — F (w,u(t)) < |111 (w) —up(w)
(2) T is a continuous map.

,Lw e [0,1].
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(3) The constant A1, and function ¥ hold the condition
t 1
0< Ay f G(t, w)dw < (3A1e7)",
0
fort € (0,1). The integral equation in (4.2) has a unique solution.
Proof. By the definition of (4.3), with Lemma 2.6, it is deduced that (0 < g < 1)
t
qg\€
)3
t t
M f Gt w)F (w,uy(t))dw — A4 f G(t,w)F (w,u(t))dw
0 0

e
3

Cr(Twy, Tug) = supyepo,ySinh™ (| T (w) - Tug(w)

= SUPye(o,] Sinh™

e
3

= SUPy el Sinth™ 1( A fo G(t,w)(F (w1 (1) - F (w,12(t)) Jdw

e
3

t 1
A fo G(t,w)(lw (w) — 1 (w)|") " duw

t
Alf(; Gt w)luy(w) —up(w)ldw

< Supyejo)Sinh~ 1(
e
3
t 1
0

M fo G(t,w)(Sinh(Cp(uy, 1))+ )dw )%t

)|t j:g(t,w)dwq)

Sinh(Cs(Tw, Tug)) < Ay Sinh(Cs(uy, 12))-

where A; € (0,1) and ¢(w) = Sinh(w). Therefore, all of the conditions of Corollary 3.3 are met,
and the desired results are obtained. O

= SUPyefo,1Sinh™ 1(

e
3

= SUPyefo,1)Sinh” (

< smh—l(

t
< Sinh—l(%Sinh(Cf(ul, 112)

It is implying that

5. CoNCLUSIONS

This study developed a novel concept of SCCMS, which is a generalization of CSbMS and ex-
tended to SbMS in Cone metric space. It provided some results for the specifically ¢-contraction
tixed point theorems, with various rational contractions in SCCMS with some topological results.
Moreover, it illustrated the application of polynomial and nonlinear integral equations. In fu-
ture, the study will examine the strongly composed fuzzy metric space and high generalized
contractions with establishing some new applications with non-linear (or fractional) differential

equations.
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