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Abstract. Bantaojai et al. introduced the algebraic structure called Bd-algebras in 2022 as a nonempty set with the binary
operation * and the constant 0, satisfying some properties. In this article, we present the notions of left-right (right-left)
derivations and derivations in Bd-algebras. After that, we examine some features of left-right (right-left) derivations
and derivations in Bd-algebras. Finally, we show some semigroups that use the set of all derivations of Bd-algebras and

some binary operations on that set.

1. INTRODUCTION

The notion of derivations has been extensively investigated in the framework of rings and near-
rings (see, [10], [18], [26]). The concept of derivations in rings and near-rings theory was applied to
BCl-algebras in 2004 by Jun and Xin [15], who achieved certain features. After that, the derivations
were studied in other algebraic structures as follows. In 2016, Sawika et al. [28] presented the
concepts of left-right (right-left) derivations and derivations of UP-algebras, and their properties
were examined. In 2019, Kamaludin et al. [16] used the concept of derivations to investigate in
BG-algebras. In 2020, the derivations of BF-algebras with different characteristics and the left and
right derivatives of ideals in BF-algebras were studied by Dejen and Tegegne [11]. Additionally,
an investigation on the general idea of derivation is also available. Zhan and Liu [32] introduced
the concepts of left-right (right-left) f-derivations of BCl-algebras. Afterwards, Jana et al. [14]
gave the concepts of f-derivations, left-right (right-left) derivations, and generalized derivations
of KUS-algebras. The idea of generalized (regular) (a, §)-derivations of a BCI-algebra was first
presented by Al-Roqi [4]. In 2021, Afriastuti et al. [1] defined the concept of (f, g)-derivations
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in BCH-algebras and investigated some of their properties. For studies on derivations in other
algebraic structures, further research can be explored in various works (e.g., [3], [6], [12], [27]).

Returning to 1999, Neggers and Kim [23] determined a algebraic structure known as d-algebras,
which is a generalization of BCK-algebras. Later, they also introduced the concept of B-algebras
in 2002 [24]. In 2010, Al-Shehrie [5] presented the notion of derivations for the investigation in
B-algebras, and the following year, Kandaraj and Chandramouleeswaran [17] similarly used the
concept of derivations to explore in d-algebras. In 2014, Ardekani and Davvaz [7] introduced the
notions of f-derivations and (f, g)-derivations of B-algebras and discussed some properties of
(f, g)-derivations in commutative B-algebras. The concepts of outside and inside f;-derivations
as well as (right-left) and (left-right) f;-derivations in B-algebras were introduced by Muangkarn
et al. [20] in 2021. Recently, in 2024, Alnefaie [2] applied the concept of the reverse derivations of
rings to explore in d-algebras. Moreover, the notion of fuzzy sets has been studied in the concept
of derivations in the algebraic structure of d-algebras (see, [25], [31]). Other research studies that
consider the concept of derivations in B-algebras and d-algebras can be further examined in the
referenced research (e.g., [9], [19], [29], [30]).

Bantaojai et al. [8] combined some conditions of B-algebras and d-algebras to create a new
algebra known as Bd-algebras in 2022. Later on, the Bd-algebras have been continuously analyzed
(see, [13], [21], [22]). In this research, the concept of derivations will be studied in Bd-algebras. This
work will define the concepts of left-right (right-left) derivations and derivations in Bd-algebras
and investigate some properties of these concepts. Subsequently, we will prove that the set of all

derivations of Bd-algebras may transform into semigroups under specific operations.

2. PRELIMINARIES

In this section, we will review the essential concepts and basic examples necessary for application
in the next section. An algebraic system (S, *) that consists of a nonempty set S and the associative

binary operation “+" on S is called a semigroup, meaning that for any x,y,z € S, the condition

(x*y)*z = x*(y=z) holds. A semigroup (S, *) is called commutative if a+b = ba foralla,b € S.

Definition 2.1. [8] An algebra (X,*,0) is known as a Bd-algebra if it holds to the following axioms: for
any x,y € X, (i) x*0 = x, and (ii) if x»y = Oand y*x = 0, then x = y.

Example 2.1. Let X = {0,4a, b, c} with the binary operation * on X as defined by:

=10 a b c
010 b a ¢
ala 0 ¢c b
b|b ¢ 0 a
clc a b 0

It's not difficult to check that (X, *,0) is a Bd-algebra.
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Example 2.2. Let Z be the set of integers. It is evident that (Z,—,0) is a Bd-algebra under the usual

subtraction on integers.

3. DERIVATIONS IN Bd-ALGEBRAS

In this section, we introduce the concepts of left-right (right-left) derivations and derivations in
Bd-algebras and investigate some properties of these concepts. In the end, we will present that the
set of all derivations of Bd-algebras can form a semigroup under certain binary operations on the
set of all derivations of Bd-algebras. Throughout this study, we assume a binary operation A on a
Bd-algebra (X, 0) by x Ay = y=(y*x) forall x,y € X.

Definition 3.1. Let (X,*,0) be a Bd-algebra and d : X — X. A map d is called a left-right derivation
((1, r)-derivation) of X if d(x+y) = (d(x) *y) A (x=d(y)) forall x,y € X. A map d is called a right-left
derivation ((r,1)-derivation) of X if d(x+y) = (x=d(y)) A (d(x) *y) forall x,y € X. A map d is called a

derivation of X if it is both an (1, r)-derivation and an (r,1)-derivation of X.

Example 3.1. Let (X, *,0) be a Bd-algebra as defined in Example 2.1. Next, we defineamap d : X — X by
for every x € X,

c ifx=0,

b ifx=a,
tw =17

a ifx=b,

0 ifx=c.

It can be verified that d is an (1, r)-derivation and an (r,1)-derivation of X. It follows that d is also a

derivation of X.

Example 3.2. From Example 2.2, we have (Z,—,0) is a Bd-algebra. Next, the self-map d of Z is defined
by d(x) = x—1 forall x € Z. Now, for every x, y € Z, we have

(d(x) =y) A (x=d(y)) = (x=d(y)) = [(x=d(y)) - (d(x) ~ y)]
=dx) -y=@-1)-y=(x-y) -1=dx-y)
It follows that d is an (1, r)-derivation of Z.. On the other hand, for each x, y € Z, we get
(x=d(y)) Ad(x) —y) = (d(x) —y) = [(d(x) ~y) = (x ~d(y))]
=x—d(y) =x-(y-1) =x-y+1#(x-y)-1=d(x-y).
This shows that d is not an (r, 1)-derivation of Z.

Example 3.3. Let X = (0,4, b} and the binary operation * on X as shown in the following table:
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Then, (X, *,0) is a Bd-algebra. Define the map d : X — X by d(x) = 0 for all x € X. It turns out that d is
an (r,1)-derivation of X, but it is not an (1, r)-derivation of X, since d(a=0) # (d(a)*0) A (a=d(0)).

Let (X, %, 0) be a Bd-algebra. A map d : X — X is said to be reqular if d(0) = 0.

Remark 3.1. In Example 3.1, we obtain d is an (r,1)-derivation of a Bd-algebra (X, +,0). In addition, the
(r,1)-derivation d of X is not reqular, since d(0) = ¢ # 0. Moreover, d(0) = c # 0 =0 Ad(0).

By adding some conditions to the self-map d of a Bd-algebra (X, »,0), we can obtain the following

theorems.

Theorem 3.1. Let (X, *,0) be a Bd-algebra, and d ba a self-map of X. If d is an (I, r)-derivation of X with
it is reqular, then d(x) = d(x) A x forall x € X.

Proof. Assume that d is an (I, r)-derivation of X with it is regular. Let x € X. Then, we have

d(x) =d(x=0)
= (d(x) =0) A (x=d(0))
= (d(x) 0) A (x+0)

=d(x) Ax.
Hence, d(x) = d(x) A x. o

It can be seen that the converse of Theorem 3.1 is not always true, as shown in the following

example.

Example 3.4. Let X = (0,4, b} and the binary operation + on X as shown in the following table:

Then, (X, *,0) is a Bd-algebra. Next, define the self-map d of X by d(x) = 0 for all x € X. It is clear that d
is regular. Now, consider

d(0) A0 =4d(0),d(a) Aa=d(a),and d(b) ANb = d(b).

Hence, d(x) = d(x) A x for all x € X. However, the map d is not an (I,r)-derivation of X, because
d(0xa) # (d(0)*a) A (0+d(a)).

Theorem 3.2. Let (X, *,0) be a Bd-algebra and d ba a self-map of X. If d is an (r, )-derivation of X with it
is reqular, then d(x) = x Ad(x) for all x € X.
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Proof. Assume thatd is an (r,1)-derivation of X with it is regular. Let x € X. Thus, we get
d(x) =d(x=0)
= (x+d(0)) A (d(x) x0)
= (x*0) A (d(x) +0)

=xAd(x).
Hence, d(x) = x Ad(x). ]
The contrary of Theorem 3.2 is not universally valid, as seen in the subsequent example.

Example 3.5. Let X = (0,4, b} and the binary operation + on X as shown in the following table:

We obtain that (X, =,0) is a Bd-algebra. Next, define the self-map d of X by

0 ifx=0,
dx) =1a ifx=a,
b ifx=0.

It's not difficult to check that d(x) = x Ad(x) for all x € X. Now, we consider d(axb) = 0 # a =
(axd(b)) A (d(a) =b). This means that d is not an (r,l)-derivation of X.

The following will define the set of all derivations of the Bd-algebra (X,%,0) as follows
Der(X) :={d : X — X | d is a derivation of X}.

Let (X, 0) be a Bd-algebra and dy,d> : X — X. Now, we recall the composition of d; and d; by
(dyody)(x) = di(da(x)) for all x € X.

Example 3.6. Let X = (0,4, b} and the binary operation * on X as shown in the following table:

It is not difficult to check that (X, *,0) is a Bd-algebra, but it does not satisfy the condition y+ (y*x) =
forall x,y € X because a* (a+b) # b. Next, we define self-maps dy and d, of X as follows:

0 ifx=0,
di(x) =3a ifx=0b and dy(x)=
b ifx=a,

0 ifx=0,

a ifx€{a,b}.
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By careful computations, it is evident that di and dy are (r,1)-derivations of X. However, d o dy is not an
(r,1)-derivation of X, since (dy odp)(0xa) =b#a= (0x(dyody)(a)) A ((d10dz)(0)*a).

From Example 3.6, it is seen that by putting the condition y* (y*x) = x for all x,y € X into a

Bd-algebra (X, *,0), the following theorems have been proven as true.

Theorem 3.3. Let (X,*,0) be a Bd-algebra with y+ (y+x) = x for all x,y € X. If dy and d, are
(1, r)-derivations of X, then dq o dy is an (1, r)-derivation of X.

Proof. Let d; and d; be (I, r)-derivations of X. For every x, y € X, we have
(diodz)(x*y) = di(da(x*y))

x) +d1(y)) * [(d2(x) d1(y)) * (d1(d2(x)) *y)]

= di(da(x)) » y

= (xxd1(da(y))) * [(x+dr(d2(y))) * (dr(d2(x)) * y)]
+(dyodz)(y)) « [(x+ (dy o da) (y)) * ((d1 0 d2) (x) )]

(diody)(x) » y) A (x* (d1 0 d2)(y))-

This shows that d; o d; is an (I, r)-derivation of X. O

= (x
= (

Theorem 3.4. Let (X,*,0) be a Bd-algebra with y+ (y+x) = x for all x,y € X. If di and d, are
(r,1)-derivations of X, then dq o d is an (r,1)-derivation of X.

Proof. Assume that d; and d, are (I, 7)-derivations of X. For each x, y € X, we have

(drody)(x*y) = di(da(x*y))

=dy [(x*d2(y)) A (d2(x) * y)]

= dy [(d2(x) * y) * ((d2(x) * y) * (x*d2(y)))]

= dy(x*d2(y)

= (xxdi(d2(y))) A (da(x) *d2(y))

= (d1(x) *da(y)) * [(dr(x) *d2(y)) * (x * d1 (d2(y)))]
= x+d1(d2(y))

(
(
)
)
dy (da(x)) *y) * [(d1(d2(x)) * y) = (x =+ dr(da(y)))]

= (
= ((d1oda)(x) *y) = [((d1od2)(x) *y) * (x* (d1 0 d2)(y))]
= (x*(d1oda2)(y)) A ((d1 oda)(x) * ).
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It turns out that dy o d; is an (r,1)-derivation of X. O

The following corollary is obtained by Theorem 3.3 and Theorem 3.4.

Corollary 3.1. Let (X, *,0) be a Bd-algebra with y+ (y+x) = x forall x,y € X. If dy and dy are derivations
of X, then dy o dy is a derivation of X.

Theorem 3.5. Let (X, *,0) be a Bd-algebra with y+ (y+x) = x for all x, y € X. If dy and dy are derivations
of X, thendy ody = dp od;.

Proof. Letx, y € X. Since d; is an (r,[)-derivation and d; is an (I, 7)-derivation of X, we have

(diodp)(x*y) = di(da(x*y))

and

(drody)(xxy) = da(dr(x*y))
=d [(x*di1(y)) A (di(x) * )]
= d [(d1(x) »y) * ((d1(x) * y) * (x+d1(y)))]
= dp(x+d1(y))

= (d2(x) *d1(y)) A (x*d2(dr(y)))
= (xxdz(d1(y))) * [(x #d2(d1(y))) * (d2(x) *d1 (y))]
= dp(x) *d1(y)-

Hence, (d1 ody)(x*y) = (dp odq)(x*y). Now, letting y = 0, it follows (dj ody)(x) = (d2 0 d1)(x).
Therefore, dj ody = dp o d;. O

(
(

Theorem 3.6. Let (X, *,0) be a Bd-algebra with y* (y+x) = x forall x,y € X, and let d1,dy, d3 € Der(X).
Then (dyody) ods = dy o (dyods).

Proof. Let x,y € X. Then, we have
((dyoda) ods)(x=y) = (droda)(ds3(x+y))

= (d1oda) [(d3(x) *y) A (x*d3(y))]
= (drodz) [(x*d3(y)) * ((x*ds(y)) * (da(x) * y))]
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= (d10dp)(d3(x) *y)
= di(d2(d3(x) *y))

and

(dro(drods))(x*y) =di((d2od3)(x+y))
= dq(d2(d3(x~y)))
= di(d2((ds(x) »y
= dq(d2((x*ds(y
= dy (d2(d3(x) *

) A (x+d3(y))))

) ((xxds(y)) = (ds(x) = y))))

y))-

Hence, ((d1 odz) ods)(x+y) = (d1 o (d2od3))(x+y). Byletting y = 0, we have ((dy ody) od3)(x) =
(dy o (dy 0d3))(x). This means that (dj ody) ods = dy o (dy o d3). O

The following theorem can be summarized up from the inclusion of Corollary 3.1, Theorem 3.5,
and Theorem 3.6.

Theorem 3.7. Let (X, *,0) be a Bd-algebra with y = (y+x) = x for all x,y € X. Then (Der(x), o) forms a

commutative semigroup.

Let (X, 0) be a Bd-algebra and d;,d, : X — X. Define the operation A by (d; A dp)(x) =
di(x) Ady(x) forall x € X.

Example 3.7. Let X = {0,a, b} and consider the binary operation * defined on X as shown in the following
table:

Verifying that (X, *,0) forms a Bd-algebra is straightforward; nonetheless, it is unsuccessful to satisfy the
condition y* (y *x) = x for every x,y € X, as proved by a= (a=0) # 0. Now, we define self-maps dq and
dy of X by

di(x) =xforall x € X and dy(x) = 2 forall x € X,

respectively. It is obvious that the self-maps dq and dy are (r,1)-derivations of X. However, dy A dy is not an
(r,1)-derivation of X, since (dq Adp)(a*0) =a# b= (a*(di Ad2)(0)) A ((dy Ad2)(a) =0).

From Example 3.7, it is clear that if we apply the condition y * (y* x) = x for any x, y € X within
a Bd-algebra (X, *,0), then the following theorems are valid.

Theorem 3.8. Let (X,%,0) be a Bd-algebra with y = (y+x) = x for all x,y € X. If di and d, are
(1, r)-derivations of X, then di A dy is also an (1, r)-derivation of X.
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Proof. Assume that d; and d; are (I, 7)-derivations of X. Let x, y € X. Then, we have
(di Ada)(xxy) =di(x*y) Ada(x*y)
= [(d1(x) *y) A (x+d1(y))] A [(d2(x) xy) A (x*d2(y))]

= [(rxdi(y)) = ((x=dr(y)) = (di(x) = y))] A [(x +da(y)) = ((x*da(y)) * (d2(x) * )]
= (d1(x) *y) A (da(x) * y)
= (d2(x) »y) = ((d2(x) * y) * (d1(x) )

Hence, di A d; is an (I, r)-derivation of X. O

Theorem 3.9. Let (X,*,0) be a Bd-algebra with y = (y+x) = x for all x,y € X. If di and d, are
(r,1)-derivations of X, then d1 A dy is also an (r,1)-derivation of X.
Proof. Assume that d; and d; are (r,1)-derivations of X. Let x, y € X. Then, we have
(di Ady)(xxy) = di(x*y) Ada(x+y)
= [(exdr(y) A (di(x) = )] A [(x +d2(y)) A (da(x) = y)]
= [(d1(x) = y) = ((d1(x) = y) = (e = dr (y)))] A [(da(x) * y) = ((d2(x) * y) = (x*d2(y)))]
= (x=d1(y)) A (x+d2(y))
= (xxda(y)) = ((x*d2(y)) * (x*di(y)))

= ((d1 Ad2)(x) xy) = [((d1 Ad2)(x) *y) * (x* (d1 Ad2)(y))]
xx(di Ada)(y)) A ((d1 Ad2)(x) *y).
This implies that d; A d is an (r,[)-derivation of X. O

According to Theorems 3.8 and 3.9, the following corollary is obtained.

Corollary 3.2. Let (X, *,0) be a Bd-algebra with y+ (y+x) = x forall x, y € X. If dy and d, are derivations
of X, then di A dy is also a derivation of X.
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Theorem 3.10. Let (X, *,0) be a Bd-algebra with y+ (y+x) = x forall x,y € X. Then (dy Ady) Ad3 =
dl A (dz A d3)f01’ all dl,dz, d3 € Der(X).

Proof. Letdy,dy,ds € Der(X) and x, y € X. Then, we have

((d1 Adz) Ad3)(xxy) = (d1 Ad2)(x*y) Ada(x*y)
=ds(x*y)*[ds(x*y) * (d1 Ad2)(x*y)]
= (di Ada)(x*y)

On the other hand,

(dl A (dZAdg,))(x*y) = d1 X *

Thus, ((d1 Ada) Ad3)(x+y) = (d1 A (d2 Ad3))(x*y). Take y = 0, we obtain ((d1 Ad2) Ad3)(x) =
(dq1 A (d2 Ad3))(x). We conclude that (d1 A dy) Ads = dy A (da Ad3). m]

From Corollary 3.2 and Theorem 3.10, the conclusion of the following theorem can be derived.

Theorem 3.11. Let (X, *,0) be a Bd-algebra with y* (y+x) = x for all x, y € X. Then (Der(X), A) forms
a semigroup.

Nevertheless, the semigroup (Der(X), A) in Theorem 3.11 does not necessarily have the com-

mutative property, as shown in the following example.

Example 3.8. By thorough examination, we found that the Bd-algebra (X,*,0) in Example 2.1 satisfies
the condition y+ (y +x) = x for all x, y € X. From Example 3.1, we get the self-map d of X is a derivation
of X. Next, we define a self-map d’ of X by d’'(x) = x for all x € X. It is clear that d’ is a derivation of
X. Thus, d,d’ € Der(X). Now, we consider (d Ad")(b) = d(b) Ad’'(b) =aAb =bx(bxa) = aand
(@ Ad)(b) =d’"(b) Ad(b) =bAa=ax(axb) =b. Thatis, (d Ad")(b) # (&’ Ad)(b). This proves that

the operation A on Der(X) does not have commutative properties.

4. CONCLUSION

In this paper, we introduced the notions of (I, r)-derivations, (r,)-derivations, and derivations
in Bd-algebras. Then, we explored some features of (I, r)-derivations, (r,1)-derivations, and deriva-
tions in Bd-algebras. Subsequently, we defined Der(X) as the set of all derivations of a Bd-algebra.
Finally, under the composite function o on Der(X), we provided the algebraic structure (Der(X), o)
that forms a commutative semigroup. Furthermore, for any x in X, we have demonstrated that
the binary operation A on Der(X) is defined by (d; Ady)(x) = d1(x) Ada(x) for all d1,d, € Der(X),
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making the algebraic structure (Der(x), A) a semigroup without commutativity. In our upcoming
work, we will introduce and examine the characteristics of (I, 7)- f-derivations, (r,1)-f-derivations,

f-derivations, (I,r)-(f, g)-derivations, and (r,1)-(f, g)-derivations in Bd-algebras.
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