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Abstract. The aim of this article, we introduce a 2-K-frames in the 2-Hilbert space H, where K is a 6-bounded linear
operator on H for a fixed element 0 in H, and explore some properties of them. Also, we will characterize the 2-K-
frames by the 2 pre-K-frame operators, the 2-K-frame operators, likewise to what is seen in the case of Hilbert spaces.
In the rest of the article, we will set a definition of 0-atomic systems for K, and give some results concerning this notion.

Finally we will find out a representation of each element in a closed range R(K).

1. INTRODUCTION

Frames in Hilbert spaces have been introduced by Duffin and Schaeffer to study some deep
problems in nonharmonic Fourier series in 1952 [5], reintroduced by Daubechies et al. [6], in
1986, and since then work on frames is going on. Now frames play an important role not only
in the theoretics but also in many kinds of applications, and have been widely applied in signal
processing [9], sampling ( [7], [8]), coding and communications [14], filter bank theory [2], system
modelling [15], and so on.

The concept of 2-inner product space was first introduced by Diminnie et al. [16]. A systematic
presentation of the recent results related to this theory of 2-inner product space as well as an
extensive list of the related references can be found in the book [3].

The 2 frames in 2-Hilbert space were introduced by Ali Akbar Arefijammaal and Ghadir Sadeghi

[1], and some results on it are presented [13].

The notion of K-frames was proposed by Gavruta to study the atomic systems with respect to a
bounded linear operator K on Hilbert spaces in [10], and its properties have been exposed in [16].
We can see easily that it generalizes the notion of frames in the sense that frames can be seen as K
frames by setting K as the identity operator.
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The purpose of this article is to introduce the notion of a 2-K-frame in 2-Hilbert space, in the
same way that the concept of K-frame in Hilbert space following the approach developed in [16].

First of all we recall the basic definitions of 2-inner product spaces, 2-normed spaces, 2-Hilbrt
spaces, and some facts about 2-frames in 2-Hilbert spaces, K-frames in Hilbert spaces where K
is a bounded lineair operator, then try to define 2-K-frames in 2-Hilbert spaces where K is a
0-bounded linear operator on H for a fixed element 0 in H, we will give some characterizations
of 2-K-frame by its 2 pre-K-frame and 2-K-frame operators, and finally give a representation of

each element in a closed range R(K).

2. PRELIMINARIES

Throughout this paper, we will adopt such notations:

e K denotes the field R or C.

e (.,.)is the notation used for inner-product.

e His the notation used for a separable Hilbert space.

e B(H) is a collection of all bounded linear operators from H to H.
e R(K) and N(K) are the range and the kernel of K respectivly.

e K* denotes the pseudo-inverse of K.

e I(IN) refers to the Hilbert space {(u)nen; Un € C, Z lun|?> < co).

nel
e Xis the notation used for linear space of dimension greater than 1 over the field K.

e (.,.].)is the notation used for 2-inner product on X.
e (H,(.,.])) is the notation used for 2-Hilbert space.

Let us first introduce the basic definitions of 2-inner product spaces, 2-normed spaces
from [1], [13], [12], and we review here the concepts of 2-frames for a 2-inner product space and

some fundamental properties of them, from [1].

Definition 2.1. [1] Let X be a linear space of dimension greater than 1 over the field K.
A K valued function (., .|.) defined on X X X x X is called a 2-inner product on X if the following

properties are verified

m) (f,flg) =0 and (f,f/g) = 0ifand only if f, g are linearly dependent vectors.

(
@) (f,flg) = (g glf) forall f,g€ X.
a3)  (h,fIg) = (f,hig) forall f,h,g € X.
(
(

as) (af,hlg) = a(f,hlg) YaeKandforall f,h,geX.
as)  (f+f.hg) = (f,hg) + (f',hig) forall £, f,h, g € X.
(X, (.,.].)) is called a 2-inner product space.

Using the above properties, we can prove the Cauchy-Schwarz inequality

\(f HIg)P < (f, f1g)(hHlg) VfhgeX. (2,1)
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Definition 2.2. [1] Let (X, (., .].) be a 2-inner product space. A function ||., .|| is defined on X x X by

If,8IF = (f.flg), Vf.geX. (22)

and satisfies the following conditions (b1)-(b4) is called a 2-norm.

b)) lIf,gll>0 and ||If,gll = 0if and only if {, g are linearly dependent vectors.

by) IIf, gll = llg, fll forall f, g € X.
b3) llaf,gll = lalllf, gll Va € Kand forall f,g € X.

ba) IIf + 77,8l < WIf, gll+1If, gll for all f, £, g € X.

The pair (X, |[., .Il) is called a linear 2-normed space.

Whenever a 2-inner product space (X, (., .|.) is given, we consider it as a linear 2-normed
space (X, ||, .]l) with the 2-norm defined by (2.2).

Lemma 2.3. [1] Let (X, (., .].) be a 2-inner product space and f, g € X. Then,

Example 1. [1] If (X, (.,.)) is a an inner product space, the K valued function defined on X X X x X
by: forall f,h,ge X

(f,h) (f.8)
(&h) (88)

is called the standard 2-inner product defined on X.

(f,hg) = = (f,h)(g8) - (gh)(f.g). (2,4)

We introduce the definition of a 2-Hilbert space from [1] as follows.

Definition 2.4. [1] Let (X, (., .].)) be a 2-inner product space, 6 is a fixed element in X.

A sequence {f,lnen of X is said to be convergent if there exists an element f € X such that

lim, 4o llfu — f,0ll =0, forall 0 € X.

A sequence {f,},en of X is said to be a Cauchy sequence if for every ¢ > 0 there exists N > 0 such
that for every m,n > N,0 < ||, — fm, Oll < ¢, for all 0 € X.

A 2-inner product space X is said a 2-Hilbert space if it is complete. That is, every Cauchy

sequence in X is convergent in this space.

Definition 2.5. [1] Let (H, (., .|.)) be a 2-Hilbert space, 6 is a fixed element in H.
A sequence ¥ = {fulnen € H is called a 2-frame associated to O if there exist two constants
0 < E < F < oo satisfying:

Elf, 012 < Y I(f, ful0)P <FIf, 012, VfeH. (25)

nelN
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The numbers E, F are called the lower and upper 2-frame bounds respectively.

A sequence ¥ = {fu}nen is called a tight 2-frame associated to 0 if E = F.

A sequence = {fu}nen is called a 2-Bessel sequence associated to 0 if only the right inequality of
(2.5) holds.

For the rest of this paper, H will denote 2-Hilbert space. Ly denotes the subspace of H generated
by a fixed element 0 € H, My denotes the algebraic complement of Ly in H i.e Lo® My = H,
and (Mg, |l-llo) is a norm space where, ||f|lg = W, feMp.

We also denote by Hp the completion of the inner product space My See more Lemma 5.1.2 in [4].

By the below theorem , any question about 2-frames in a 2-Hilbert space can be solved as a

question about frames in a Hilbert space.

Theorem 2.6. [1] Let (H, (.,.].) be a 2-Hilbert space, 0 is a fixed element in H. A sequence
F = {fulnen € H is a 2-frame associated to 6 with bounds E and F if and only if ¥ is a frame for
the Hilbert space Hy with the same bounds.

Given a 2-Bessel sequence ¥ = {fylnemw < H associeted to 6, the 2-frame operator is de-
fined by
Se : Ho — Hp, where
S@f: z(frfn|8)fn/ erﬁg.

neN
This operator Sg is abounded, invertible, and self-adjoint operator. The result leads to the following

decomposition:

= 8085 f = Y (Sg'f ful0)fu, VfeHp (26)
nelN
In the following it is necessary to recall the definition and some properties of K-frames in Hilbert

spaces from [16].

Definition 2.7. [16] Let (H,(.,.)) be a Hilbert space, K is a bounded linear operator on H
as an element in B(H), and K* its adjoint operator. A sequence F = {x,},en C H is a K-frame if
there exist 0 < E < F < oo satisfying;:
EIK P < Y I(xx)E < FIWI?, VxeH. (27)
neN
The numbers E, F are called lower and upper K-frame bounds respectively.
F = {xy}uew € H is called a Bessel sequence if only the right inequality of (2.7) holds.

F = {xy}new € H is just an ordinary frames for H if K = Iy, where I is the identity operator on H.
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Given a K-frame F = {x,},en for H where K € B(H). The K-frame operator is defined by

S: H-—H, where

Sx = Z (x,x,)x, VYx € H.
neN
This frame operator of K-frame is not inversible in general, but when we suppose that K has o

closed range, there exists K a pseudo-inverse of K such that
KK*x=1x, VYxe R(K)
in which case
S: R(K) — S(R(K))

is a homeomorphism, furthermore, we have

1 B 1
Sllll < lIs L)l < ZIIKﬂIZIIxII, Vx € S(R(K)).

In the following we will assume that R(K) is closed, since this can assure that the pseudo-inverse
K™ of K exists.

Definition 2.8. [16] Let (H,(.,.)) be a Hilbert space, K a bounded linear operator on H as
an element in B(H). A sequence F = {x,} C H is called an atomic system for K if the following
conditions are satisfied.

1) F = {xn}nen is a Bessel sequence for H;

2) For any x € H there exists a4y = {a,}nen € L(IN); where llaxll, vy < Clixll, (C is a positive

Kx = Z ApXy.

nelN
Poposition 2.9. [16] Let (H, (.,.)) be a Hilbert space, K € B(H), and a sequence F = {x,},en € H,

then the following conditions are equivalent:

constant) such that

(i) F = {xu}nen is an atomic system for K;
(i1) F = {xy}nen is a K-frame for H;
(iif) For any x € H there exists {y,},en C H a Bessel sequence for H such that
Kx = Z (X, Yn)xn, VYxe€H.
nelN
Now we are ready to define 2-K-frames in 2-Hilbert space H associeted to 6, where 0 as element

fixed in H, and K € Bg(H). Then describe some fundamental properties of them.

3. MaIN Resurts

In the first entry, we will indroduce 2-K-frames and some basic facts about this concept. Then

try to define their analysis operators and frame operators.
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3.1. 2-K-frames in 2-Hilbert space. First we need to define By () the collection of all 6-bounded
linear operators on H, where 0 is a fixed element in /H and state a representation of Riesz theorem

in 2-Hilbert space.

Defintion 3.1.1. [11] Let H be a 2-Hilbert space, 0 is a fixed element in /. A linear oper-
ator K on H is said a 6-bounded operator if there exists M > 0 such that
1Klle <M, where ||Kllo = sup {IIKf,0ll, f € H}
If.0l=1
We denote by Bg(H) the set of all 8-bounded linear operators on H.

To state the representation of Riesz theorem in 2-Hilbert space, we remind the definition
of O-congruence as it was defined in [11].

Defintion 3.1.2. [11] Let X be a vector space of dimension greater than 1 over K, 0 is a
fixed element in X, and x,y € X. x is said to be O-congruent to y if x —y € Ly, where Lg is the

subspace generated with 0.

For the rest of this paper, We denote by I the identity operator for H, by R(K) and N(K)
the range and the kernel of K respectively, and by K the pseudo-inverse of K when R(K) is

closed.

Theoreme 3.1.3. Let (H,(.,.|.)) be a 2-Hilbert space, 6 is a fixed element in H. If T is a

linear functional bounded on H, then there exists a unique p € H up to O-congruence satisfying:

I'(f)=(f,pl0) with |Tllo= ”fsg”;il{ll“(f)l,f € Hj.

Proof. We pose that N = N(T') the kernel of I', N*¢ = {f € H; (f, gl0) =0,Yg € N}.

+If T # 0, there exists an element p € N+¢ such thatI'(p) =1, ||p, 6| = 1.
For any f € H, we can express as f = (I'(f)p + U), where U = (f —T(f)p) e N.
Thus, we have
L(f) = (f.pl®) YfeH.
If we assume that there is another p’ such that I'(f) = (f,pl0) = (f,p’|10) VYf e H.
Then, (p—p’,p—p’l0) = 0Hence, p— p’ € Lp.
+ If I' = 0 then, it follows that

L(f) = (f,00) VfeH.
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Corollary 3.1.4. Let (H, (.,.].)) be a 2-Hilbert space, 0 is a fixed element in H. For every 6-bounded
linear operator K as an element in Bg (), there exists K* the adjoint operator of K such that:

(f, K*gl0) = (Kf,8l0) VfeH VgeH,and Ko = IKllo-

Proof. For each element g fixed in H, just tack a linear functional bounded defined by

pg: H—=C, pg(f) = (Kf,8l0) VfeH.

According (Theorem 3.1.3.), there exists a unique element 11, € H up to 0-congruence sush that
(%S, 810) = (f,hgl0) VfeH.
Consider the application K™ defined as follows:
K :H—->H, K(g) =hs.

K" is a linear operator due to the uniqueness of .
Given that K is 6-bounded with,

1Kl = sup{liK(f), Ol f € H;IIf, 0l =1}, 1K llo = sup{liK™(g), 6ll, g € H;llg, 6ll = 1}.

Since Vf, g € H, (Kf, gl0) = (f,K*gl0) by applying (2,3), we find that [|K*|lo = [[K]lg. Then,

K" is a 0-bounded linear operator satisfying:
(Kf,8160) = (f,K7gl0) VfeH, YgeH, [Klo=I%Kllo.

K" is a 0-bounded linear operator known as the adjoint of K.

Definition 3.1.5. Let (H, (., ..)) be a 2-Hilbert space, 0 is a fixed element in H, and K € By(H). A
sequence ¥ = {k}uen € H is called 2-K-frame for H associated to 6, if there exist two constants
0 < E < F < oo satisfying:

EIKC £, 01F < ) I(f kalO)R < FIIf, 012, VfeH. (31)

nelN
E and F are the lower and upper 2-K-frame bounds respectively.
F = lkn}uen is called a 2-frame for H associated to 6 if K = 1.
F = {kn}nen is called a 2-Bessel sequence for H associated to 0 if only the right inequality of (3.1)
holds.

Proposition 3.1.6. Let (H, (.,.|.)) be a 2-Hilbert space, 0 a fixed element in H, K € Bg(H), and
F = {kn}nen is a 2-K-frame for H associated to 6. For all T € By(H), the sequence {Tk;}nen is also
2-TK-frame for H associated to 6.
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Proof. Since ¥ = {knlyen is 2-K-frame for H associated to 6. Applying (3,1) to T"f as an
element of H for any f in H, then there exist 0 < E < F < oo such that
EIK(T*f), Ol < Z (T*f, kal©)> < FIT*f, 617, VfeH.
neN

Hence,

ENTK)' £, 01 < Y (£, Thal@)? < FITIZIF, 01, Vf € H.
nelN
Which shows that {Tk,},en is a 2-TK-frame for H associated to 6, with lower and upper

2-TK-frame bounds E, F ||T||§ respectively.
As a consequence of above proposition we have the following proposition.

Proposition 3.1.7. Let (H,(.,.].)) be a 2-Hilbert space, 6 is a fixed element in H. Every
2-frame {fu}nen for H associated to 0, {K fuluen is a 2-K-frame for H associated to O for all
K e Be(?’{).

Example 2.
Suppose that the Hilbert space H = C?, and suppose that {en}i:1 be the orthonormal basis for H,
0, = (1,0,0) € H where,

1 0 0
er =|0|, e =|1| e3=[0
0 0 1

LetF = {en}f;:l = {e1, ez, e3}. Obviously the sequence F is 2-frame for the standad 2-inner product
space H associated to 0,. Indeed Vf € C3, f = xey; + ye3 + ze3, by a simple calculation we have

3
If, 6 = P +2% Y I, ful60) =y + 22
n=1

Now define K a 6,-bounded linear operator as follows:
K:H—->H, K(er) =e1,K(e) =e1,K(e3) =e2, [Kllg, <1.
Indeed Vf € C3, Kf = (x+ y)er + zez, by a simple calculation we have || K f, 0,|1> = 2.

According to the (Proposition 3.1.7.) a sequence ¥ = {‘Ken};f:1 = {k1,kp, k3} is a 2-K-frame

for the standard 2-inner product H associated to 0.

The converse of the (Proposition 3.1.7.) is not true. In fact, by the following proposition,
for all K € Bo(H) with a closed range R(K), every 2-K-frame is a 2-frame for R(K).
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Proposition 3.1.8. Let (H, (., .|.)) be a 2-Hilbert space, 60 is a fixed element in H, and K € Bg(H)
with a closed range R(K). Every 2-K-frame for H associated to 0 is a 2-frame for R(%) associated
to 0.

Proof. Suppose that ¥ = {ky}uen is a 2-K-frame for H associated to 6 with frame bounds
E and F, by (3,1) we have
EIKf, 0l < Z (f, kal©)* < FIIf, 617, VfeH.
neN
Since R(K) is closed, there exists a pseudo-inverse K of K such that KK f = f Vf € R(K),
namely K(K*|R(K)) = Igx) so we have (Igix))* = (KFIR(K)) K"

Hence, we obtain
If, Ol =Il (KTIR(K)) K £, 0 II< 1K NlollK™ £, 0ll,  Vf € R(K).

That is
IK G20, 61F <K £, 017, Vf €R(K).

By combining the two inegalities above we obtain that the following relationship:
EITCHlg I, O1F < ) 1(f kul0)P < FIIf, 012, Vf € R(K).
nelN
Which shows that ¥ = {k,},en is a 2-frame for the inner-product space R(KX) with the frame
bounds E||7(+||52, F.

In the following we will assume that R(K) is closed, since this can assure that the pseudo-

inverse K+t of K exists.

Definition 3.1.9. Let (H, (., .|.)) be a 2-Hilbert space, 0 is a fixed element in H, and K € Bg(H). A

sequence ¥ = {k,} C H is called a O-atomic system for K if the following conditions are satified.

1) ¥ = {kn}nen is a 2-Bessel sequence for H associated to 6;
2) For any f € Hy there exists ar = {as}uen € l2(IN); Where |la|l, ) < CIIf, Oll, (C is a positive

constant), satisfying:

Kf =) k.

nelN
3.2. Operators for 2-K-frames. This section is devoted to establishing 2 pre-frame, 2-frame oper-
ator for a 2-K-frame, where K € Bg(H ), and to determine a representation of each element f in a
closed subspace R(K).
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Theorem 3.2.1. Let (H, (., .|.)) be a 2-Hilbert space, 0 is a fixed element in H, and K € Bg(H). A
sequence ¥ = {ky}nen is a 2-K-frame for (H, (., .|.)) associated to 6 if and only if ¥ is a K-frame
for the Hilbert space (Hp, (.,.)g) with the same bounds.

Proof. ‘Hp is the completion of the inner product space (M, (.,.)p). See more Lemma
5.1.2 in [4].
F = {knlnen is a 2-K-frame for H associated to 6. Applying (3,1) we have

EIFC £, 012 < Y 1(F, Kl O)R < FIIF, O, Vf € H.

nelN

SinceVfeH |K*(f+ Lo),0ll = IK* f, Ol|. The above inequality is equivalent to

EIFCfIB < Y 1(F kdOR < FIFIB, Yf € Ho.

nelN

By the above theorem ensures that, every question about 2-K-frames for 2-Hilbert space (H, (., ..))

associated to 6 can be solved as a question about K-frames for the Hilbert space (Hp, (.,.)o)-

Theorem 3.2.2. Let ¥ = {kuylnen be a 2-K-frame for a 2-Hilbert space H associated to O
as an element fixed in H with frame bounds E and F, where K € Bg(H). Then for ¥ the

2-pre-K-frame operator or the 2-K-synthesis operator.

To: L(N)— Hy, where

TQ({an}ne]N) = Z anky

nelN

is well defined and bounded.

Proof. Let {ay}pen € 12(IN), by (2,3) for m < n;

n m n
1Y aki= Y akillo =11 ) aikilo
i=0 i=0 i=m+1
n
= sup {1( ) akihlo), heH)
Ih01=1 =1

= () P sup () Ik HO)P)2, heH)

i=m+1 h01=1 " =41
n
1
<VE( Y lai)?
i=m+1

this implies that )., ank, is well defined as an element of Hy. Moreover, for each {a,},eN a

sequence in I (IN), the argument as above shows that
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T olantnenlle < VEIllantnenlly,- In particular, |[7]l < VF i.e. Ty is bounded.
The adjoint operator of 7 is given by

Té : 7’{@ - lz(]N),

To(f) ={(f, kulO)}nen, Yf € Ho.
T, is called the 2-K-analysis operator for ¥ = {ky}nen-
Clearly, 7 is well defined and bounded operator. Theremore, it follows by (3.1) [|7 ]Il < \F.

Definition 3.2.3. Let ¥ = {k;}uen be a 2-K-frame for a 2-Hilbert space H associated to 0
as an element fixed in H with frame bounds E and F, where K € By(H). Then by composing 7
with its adjoint 7, we obtain the 2-K-frame operator Sg = 77, for ¥ defined as:

So: Hy— Hy, where
Sof = Y (fkulO)ku Vf € Ho.

nelN
Clearly, So = 797 is bounded. Moreover ||So| < F.

Furthermore, by Sg = 7+ 07, we can easily show that,

(Sof, £10) = Y I(f, kalO)P. (3.2)

nelN

By a simple calculation we have
VfeHy EIK flo® = (EKKf,£16), Fliflle” = (Ff, f16).
Combining (3.1) and (3,2) we have

(EXKf, f10) < (Sof, f10) < (Ef, f10), Vf € Ho.

It follows that
EKK" < So < F1y,.

In general the frame operator of 2-K-frame is note inversible on Hp.

Proposition 3.2.4. Let ¥ = {ky}uen be a 2-K-frame for a 2-Hilbert space H associated to
0 as an element fixed in H with frame bounds E and F, where K € Bg(H). If the range R(K) of K

is closed, then the 2-frame operator,
So : K(Hp) = So(K(Ho))

is a homeomorphism.

Proof. Since R(K) is closed, there exists a pseudo-inverse Kt of K such that
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KK f=f VfeR(K) namely K(KTIR(K)) = Igx) so we have (Igix))* = (KTIR(K))K".

Hence, we obtain
If, 01l =Il (KFIK(He)) K £, 0 IS NIK  NlallK™ fllo, ¥ f € K(Hp)
that is
IKFNR2If, 017 < 1K f, 61, Y f € K(Ho)
combined with (3,1), we get

EIKTN71f, 617 < (Sef, £,0) < Flif, 07, Vf € K(Ho).
Given a definition of 2-K-frame we have
EIK g lflle < ISef, 6l < Fliflle, ¥f € K(Ho).
Which implies that S : K (Hy) — S(K(Hp)) is a homomorphism, furthermore, we have

1 _ 1
=lfllo < 167" (£), 01l < UK W5l fllo,  Vf € S(K(Hp))-
Poposition 3.2.5. Let a sequence ¥ = {kulnen € H, O is a fixed element in H, and K € By(H).

Then the following statements are equivalent
i) ¥ = {ku}nen is a O-atomic system for K;
il) F = {kp}nen is a 2-K-frame for H associated to 6;
iii) F = {kn}nen is a 2-Bessel sequence for H associated to 6 and there exists a 2-Bessel sequence
{gnlnen for H associated to O satisfying:
VfeHy Kf =) (f gul0)ks.
nelN
Proof. (i) = (ii)
Since = {ku}nen is a O-atomic system for K,
VfeHy IIKf, 0= | sgt”p 1{|(7<*f,g|(9)l,g € Hol = ” sgt”p 1{I(f,7<gl9)l,g € Hol.
8:011= g,0ll=

And by taking g instead of f in the condition (ii) of (Definition 3.1.9.) we obtain that

Kg = Z ayk,.

nelN
Then
£, 0 = sup {1 (f, ) ankal0) |, g € Ho)

llg,0l=1 neN

= sup {IZ ay (f kal6)], g € Ho}
lgOlI=1 " neN

< () 1a®E ()] 1(f kal0) )2
nelN nelN

<C sup llg,0lI() (£, kal0)P)?

llg.0ll=1 nelN
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which proves that there exists a positive costant E = é such that

1
SIK S0P < Y 1L RlOIP, Vf e Ho.
nelN
SinceVfeH |K*(f+ Lo),0ll = K" f, Ol|. The above inequality is equivalent to

L e
SIK L 0P < Y I(FklO)P, VfeH.

nelN
Moreover, ¥ is a 2-Bessel sequence for H associated to . Then ¥ = {ky}sen is a 2-K-frame for H
associated to 6.

(i) => (iii)

If F = {kiluen is a 2-K-frame for H associated to 6 for H, then ¥ = lk,}wen is a K-

frame for Hy associated to 6.

According to the (proposition 3.1.) [16], there exists {gu}uen a 2-Bessel sequence for H as-
sociated to 6 such that:

Kf =Y (f,8nl0)kn, Vf € Ho.

nelN
(iii) = (i)

Let ¥ = {kn}nen is a 2-Bessel sequence for H associated to 6.
According to (iii) there exists {g,},en @ 2-Bessel sequence for H associated to O such that
Kf =) (f 80k VfeH
nelN

since {g,}neN be a 2-Bessel sequence for H associated to O there exist a constant F > 0 satisfying:

Y 1(f. O <FIf, 07 VfeH.

nelN
We pose

a, = (f,8nl0) V¥neNN.

Hence, there exist ay = {an}nen € I?(IN) Where lagll, ) < \/I_fllf, 0|, (VE is a positive constant),
satisfying:

Kf =) k.

nelN

We conclude that = {k,},en is a O-atomic system for K.
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Proposition 3.2.6. Let ¥ = {k,},en be a 2-K-frame for a 2-Hilbert space H associated to 6 as an
element fixed in H with frame bounds E and F, where K € Bg(H ). There exists {¢n}nen a 2-Bessel
sequence for H associated to 6 such that

Vf € Hop, Kf = Z(f,gnle)kw

nelN

Remark.

Let ¥ = {ku}nen be a 2-K-frame for a 2-Hilbert space H associated to 0 as an element fixed in
H with frame bounds E and F, where K € By(H). There exist {¢,}nen a 2-Bessel sequence for H
associated to 6 such that

VfeH, Kf=aKo+ ) (f 80k
neN

for some a € K
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