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Abstract. In this article, we study g-frames in Hilbert C∗-modules and investigate conditions under which the sum of

two g-frames (or a g-frame and a g-Bessel sequence) remains a g-frame. We also address the stability of g-frames under

certain perturbations and provide illustrative examples in the context of C∗-algebras. Our results unify and extend

many of the existing theorems on g-frames, focusing on the invertibility of associated operators as a key condition for

guaranteeing that sums of g-frames preserve the g-frame property.

1. Introduction

Frames for classical Hilbert spaces were introduced by Duffin and Schaeffer [5] in 1952 to research

certain difficult nonharmonic Fourier series problems, following the fundamental paper [4] by

Daubechies, Grossman and Meyer, frame theory started to become popular, especially in the

more specific context of Gabor frames and wavelet frames. Wenchang Sun [24] introduced the

generalized frame, or g−frame, for a Hilbert space. Recently, D. Li and J. Leng [11] introduced

Operator representations of g−frames in Hilbert spaces. Controlled g−frames in Hilbert C*-

modules have been investigated by N. K. Sahu [23]. The notion of Approximate Oblique Dual

g−frames for Closed Subspaces of Hilbert Spaces can be found in [3]. Inspired by aspects of frames

and g−frames, We give new results on g−frames for Hilbert C∗−modules. For more detailed

information on frame theory, readers are recommended to consult: [2, 6, 8, 10, 12, 13, 15–22].

Hilbert C∗-modules are generalizations of Hilbert spaces by allowing the inner product to take

values in a C∗-algebra rather than in the field of complex numbers.
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Let’s now review the definition of a Hilbert C∗-module, the basic properties and some facts

concerning operators on Hilbert C∗-module.

Definition 1.1. [7] Let A be a unital C∗− algebra and H be a left A− module, such that the linear
structures of A and H are compatible. H is a pre-Hilbert A module if H is equipped with an A−valued
inner product 〈·, ·〉A : H ×H → A such that is sesquilinear, positive definite and respects the module
action. In the other words,

1 - 〈x, x〉A ≥ 0, ∀x ∈ H and 〈x, x〉A = 0 if and only if x = 0.
2 - 〈ax + y, z〉A = a〈x, z〉A + 〈y, z〉A for all a ∈ A and x, y, z ∈ H
3 - 〈x, y〉A = 〈y, x〉∗

A
for all x, y ∈ H .

For x ∈ H , we define ‖x‖ = ‖〈x, x〉A‖
1
2 . If H is complete with ‖.‖, it is called a Hilbert A−module or a

Hilbert C∗−module overA. For every a in C∗−algebraA, we have |a| = (a∗a)
1
2 and theA−valued norm on

H is defined by |x| = 〈x, x〉
1
2
A

for x ∈ H .

Lemma 1.1. [14] LetH be a HilbertA-module. If T ∈ End∗
A
(H), then

〈T x,T x〉A ≤ ‖T ‖2〈x, x〉A,∀x ∈ H .

Lemma 1.2. [1] Let H and K two Hilbert A-modules and T ∈ End∗(H ,K). Then the following
statements are equivalent

(1) T is surjective.
(2) T ∗ is bounded below with respect to norm, i.e., there is m > 0 such that m‖x‖ ≤ ‖T ∗x‖ for all x ∈ K .
(3) T ∗ is bounded below with respect to the inner product, i.e., there is m′ > 0 such that m′〈x, x〉 ≤〈

T
∗x,T ∗ f

〉
for all x ∈ K .

Throughout the paper, let Θ be a finite or countably index set and we consider H , K be two

HilbertA−modules. A map T : H → K is said to be adjointable if there exists a map T ∗ : K → H

such that 〈T x, y〉A = 〈x,T ∗y〉A for all x ∈ H and y ∈ K . LetHζ be a family of HilbertA-modules

indexed by ζ ∈ Θ, the collection of all adjointable A-linear maps from H to Hζ is denoted by

End∗
A
(H ,Hζ) and End∗

A
(H ,H) is abbreviated to End∗

A
(H).

Definition 1.2. [7] A collection {xζ}ζ∈Θ ⊂ H is called a frame forH . If there exist two positive constants
A and B such that for all x ∈ H ,

A〈x, x〉A ≤
∑
ζ∈Θ

〈x, xζ〉A〈xζ, x〉A ≤ B〈 f , f 〉A, (1.1)

Definition 1.3. [9] A sequence {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} is said a g−frame for H with respect to

{Hζ : ζ ∈ Θ}. If there exist two positive constants A and B such that for x ∈ H ,

A〈x, x〉A ≤
∑
ζ∈Θ

〈Ψζx, Ψζx〉A ≤ B〈x, x〉A. (1.2)

The numbers A and B are called lower and upper bounds of the g−frame, respectively. If A = B = ν, the
g−frame is ν−tight. If A = B = 1, it is called a g-Parseval frame. If olny the right-hand inequality (1.2)
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is satisfied, the family {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} is called a g−Bessel sequence for H with g−Bessel

bound B.

Let {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−Bessel sequence for H . We define the analysis T ∗, the

synthesis operatorT and the g−frame operator S as follows: T ∗ : H →
⊕

ζ∈ΘHζ,T ∗x = {Ψζx}ζ∈Θ,

T :
⊕

ζ∈ΘHζ → H , T ({yζ}ζ∈Θ) =
∑
ζ∈Θ

Ψ∗ζyζ, and S : H → H is given by Sx =
∑
ζ∈Θ

Ψ∗ζΨζx for all

x ∈ H .

2. Main Result

Proposition 2.1. Let {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−Bessel sequence for H with the g−frame

operator S. Then, {Ψζ}ζ∈Θ is a g−frame forH with respect to {Hζ}ζ∈Θ if and only if S ≥ αI for some α > 0.

Proof. Suppose {Ψζ}ζ∈Θ is a g−frame forH , we have for some α > 0,

α〈x, x〉A ≤
∑
ζ∈Θ

〈Ψζx, Ψζx〉A, ∀x ∈ H .

For any x ∈ H , we have ∑
ζ∈Θ

〈Ψζx, Ψζx〉A =
∑
ζ∈Θ

〈Ψ∗ζΨζx, x〉A = 〈Sx, x〉A.

Therefore, αI ≤ S.

Suppose {Ψζ}ζ∈Θ is a g−Bessel sequence for H and there exists some α > 0 such that S ≥ αI.
Thus, we have

〈αIx, x〉A ≤ 〈Sx, x〉A

for all x ∈ H , this implies

〈αIx, x〉A ≤ 〈
∑
ζ∈Θ

Ψ∗ζΨζx, x〉A.

Then, the lower condition holds:

α〈x, x〉A ≤
∑
ζ∈Θ

〈Ψζx, Ψζx〉A, ∀x ∈ H .

�

Corollary 2.1. The g−Bessel sequence {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} with the g−frame operator S is a

g−frame forH if and only if S > 0.

Lemma 2.1. Let {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−Bessel sequence forH , with the synthesis operator

T and the g−frame operator S. Then T is surjective if only if S > 0.

Proof. Let {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−Bessel sequence forH . Assume that T is surjective,

by Lemma 1.2 there is α > 0 such that for any x ∈ H ,

〈T
∗x,T ∗x〉A ≥ α〈x, x〉A.
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Therefore 〈
TT

∗ f , f
〉
A
≥ α〈 f , f 〉A.

Hence S > αI. So by Proposition 2.1 and Corollary 2.1 we conclude that S > 0.

Conversely suppose that the g−frame operator S > 0, by Corollary 2.1 {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈

Θ} is a g−frame forH . According to Theorem 3.2 in [25], we conclude that T is surjective. �

Theorem 2.1. Let {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−frame forH with bounds A, B, with the g−frame

operator S. If Λ ∈ End∗
A
(H) such that (I + Λ)∗S(I + Λ) ≥ S. Then {Ψζ + ΨζΛ}ζ∈Θ is a g−frame forH .

Proof. Assume that {Ψζ}ζ∈Θ be a g−frame and Λ ∈ End∗
A
(H) is bounded. We have for any x ∈ H ,

A〈x, x〉A ≤
∑
ζ∈Θ

〈Ψζx, Ψζx〉A ≤ B〈x, x〉A

and

〈(Ψζ + ΛΨζ)x, (Ψζ + ΛΨζ)x〉A = 〈Ψζx, Ψζx〉A + 〈ΨζΛx, ΨζΛx〉A + 〈Ψζx, ΨζΛx〉A

+ 〈ΨζΛx, Ψζx〉A

≤ 2 (〈Ψζx, Ψζx〉A + 〈ΨζΛx, ΨζΛx〉A)

Therefore ∑
ζ∈Θ

〈(Ψζ + ΛΨζ)x, (Ψζ + ΛΨζ)x〉A ≤ 2

∑
ζ∈Θ

〈Ψζx, Ψζx〉A +
∑
ζ∈Θ

〈ΨζΛx, ΨζΛx〉A


≤ 2B(1 + ‖Λ‖2)〈x, x〉A.

Thus, {Ψζ+ ΨζΛ}ζ∈Θ is a g−Bessel sequence. Since {Ψζ}ζ∈Θ is a g−frame forH , by Proposition 2.1,

for some α > 0, we have S ≥ αI. Also, for every x ∈ H , we get∑
ζ∈Θ

(Ψζ + ΛΨζ)
∗(Ψζ + ΛΨζ) =

∑
ζ∈Θ

(
Ψ∗ζΨζ + Ψ∗ζΨζΛ + Λ∗Ψ∗ζΨζ + Λ∗Ψ∗ζΨζΛ

)
= S + SΛ + Λ∗S + Λ∗SΛ

= (I + Λ)∗S(I + Λ)

Then,

P = S + SΛ + Λ∗S + Λ∗SΛ = (I + Λ)∗S(I + Λ) ≥ S

Hence the operator P is the g−frame operator of {Ψζ + ΨζΛ}ζ∈Θ. So, P ≥ αI for some α > 0. Using

proposition 2.1 we obtain {Ψζ + ΨζΛ}ζ∈Θ is a g−frame forH with respect to {Hζ}ζ∈Θ. �

Theorem 2.2. Let Ψ = {Ψζ}ζ∈Θ and ∆ = {∆ζ}ζ∈Θ are two g−Bessel sequences for H with the synthesis
operators TΨ, T∆ and the g−frame operators SΨ, S∆, respectively. If M, N ∈ End∗

A
(H), then the following

conditions are equivalents:

(1) {ΨζM + ∆ζN}ζ∈Θ is a g−frame forH .
(2) M∗TΨ + NT∆ is surjective.
(3) S = M∗SΨM + M∗TΨT

∗

∆N + N∗T∆T
∗

ΨM + N∗S∆N > 0.
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Then, S is the g−frame operator of {ΨζM + ∆ζN}ζ∈Θ.

Proof. Let D1, D2 be g−Bessel bounds of Ψ and ∆, respectively. Since M, N are bounded, for any

x ∈ H , we have∑
ζ∈Θ

〈(ΨζM + ∆ζN)x, (ΨζM + ∆ζN)x〉A ≤ 2

∑
ζ∈Θ

〈∆ζNx, ∆ζNx〉A +
∑
ζ∈Θ

〈ΨζMx, ΨζMx〉A


≤ 2(D1‖M‖2 + D2‖N‖2)〈x, x〉A.

Then, {ΨζM + ∆ζN}ζ∈Θ is a g−Bessel sequence forH .

If T is the synthesis operator of {ΨζM + ∆ζN}ζ∈Θ, then we have

T
∗x = {(ΨζM + ∆ζN)x}ζ∈Θ = T ∗ΨMx +T ∗∆Nx, ∀x ∈ H .

i.e. T = M∗TΨ + N∗T∆.

By Lemma 2.1, the conditions (1) and (2) are equivalents. Moreover, we have

S = TT ∗ = M∗SΨM + MTΨT
∗

∆N + N∗T∆T
∗

ΨM + N∗S∆N > 0.

Therefore, the conditions (2) and (3) are equivalent.

�

Corollary 2.2. Let Ψ = {Ψζ}ζ∈Θ and ∆ = {∆ζ}ζ∈Θ are two g−Bessel sequences for H with the synthesis
operators TΨ, T∆ and the g−frame operators SΨ, S∆, respectively. If TΨT

∗

∆ is positive, then {Ψζ + ∆ζ}ζ∈Θ

is a g−frame forH with respect to {Hζ}ζ∈Θ.

Proof. If M = N = I in Theorem 2.2, then the g−frame operator of the g−Bessel sequence {Ψζ +

∆ζ}ζ∈Θ is as follows:

S = TΨT
∗

Ψ +TΨT
∗

∆ +T∆T
∗

Ψ

= SΨ +TΨT
∗

∆ +T∆T
∗

Ψ + S∆ > 0.

�

Let Ψ = {Ψζ}ζ∈Θ and ∆ = {∆ζ}ζ∈Θ are two g−Bessel sequences forH . In the following theorems,

We give sufficient conditions for the sequences {θζ}ζ∈Θ and {δζ}ζ∈Θ which imply {θζΨζ + δζ∆ζ}ζ∈Θ

is a g−frame forH .

Theorem 2.3. Let {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−frame forH with bound D and D′, let {∆ζ}ζ∈Θ

be a g−Bessel sequence forH with Bessel bound D∆. Suppose that {θζ}ζ∈Θ and {δζ}ζ∈Θ are two sequences
from the algebra A such that 0 < A < |θζ|2, |δζ|2 < B < ∞. If BD∆ < AD, then {θζΨζ + δζ∆ζ}ζ∈Θ is a
g−frame forH with respect to {Hζ}ζ∈Θ.

Proof. We have for any x ∈ H ,∑
ζ∈Θ

〈(θζΨζ + δζ∆ζ)x, (θζΨζ + δζ∆ζ)x〉A ≤ 2

∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A +
∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A


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≤ 2B(D∆ + D′)〈x, x〉A.

And for every x ∈ H , we obtain

‖

∑
ζ∈Θ

〈(θζΨζ + δζ∆ζ)x, (θζΨζ + δζ∆ζ)x〉A‖
1
2 ≥ ‖

∑
ζ∈Θ

〈(θζΨζ)x, (θζΨζ)x〉A‖
1
2

− ‖

∑
ζ∈Θ

〈(δζ∆ζ)x, (δζ∆ζ)x〉A‖
1
2

≥ (
√

AD−
√

BD∆)‖x‖.

Therefore {θζΨζ + δζ∆ζ}ζ∈Θ is a g−frame forH with respect to {Hζ}ζ∈Θ. �

Theorem 2.4. Let Ψ = {Ψζ}ζ∈Θ and ∆ = {∆ζ}ζ∈Θ be two g−frames for H with the synthesis operators
TΨ, T∆, respectively. Suppose that {θζ}ζ∈Θ and {δζ}ζ∈Θ are two sequences from the algebra A such that
0 < A < |θζ|2, |δζ|2 < B < ∞. If TΨT

∗

∆ is positive, then {θζΨζ+ δζ∆ζ}ζ∈Θ is a g−frame forH with respect
to {Hζ}ζ∈Θ.

Proof. As in the proof of Theorem 2.3 {θζΨζ + δζ∆ζ}ζ∈Θ is a g−Bessel sequence forH with respect

to {Hζ}ζ∈Θ. For every x ∈ H∑
ζ∈Θ

〈(θζΨζ + δζ∆ζ)x, (θζΨζ + δζ∆ζ)x〉A =
∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A +
∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A

+
∑
ζ∈Θ

〈θζΨζx, δζ∆ζx〉A +
∑
ζ∈Θ

〈δζ∆ζx,θζΨζx〉A

≥ A

∑
ζ∈Θ

〈∆ζx, ∆ζx〉A +
∑
ζ∈Θ

〈Ψζx, Ψζx〉A


+ min

ζ∈Θ
{|δζθζ|, |θζδζ|}

∑
ζ∈Θ

〈Ψζx, ∆ζx〉A +
∑
ζ∈Θ

〈∆ζx, Ψζx〉A


= A

∑
ζ∈Θ

〈∆ζx, ∆ζx〉A +
∑
ζ∈Θ

〈Ψζx, Ψζx〉A


+ min

ζ∈Θ
{|δζθζ|, |θζδζ|}

(
〈TΨT

∗

∆x, x〉A + 〈T∆T
∗

Ψx, x〉A
)

.

Then, we have∑
ζ∈Θ

〈(θζΨζ + δζ∆ζ)x, (θζΨζ + δζ∆ζ)x〉A ≥ A

∑
ζ∈Θ

〈Ψζx, Ψζx〉A +
∑
ζ∈Θ

〈∆ζx, ∆ζx〉A

 ≥ A(α+ β)〈x, x〉A.

Where α and β is a lower g−frames bounds of Ψ and ∆ respectively. �

Corollary 2.3. Let Ψ = {Ψζ}ζ∈Θ and ∆ = {∆ζ}ζ∈Θ are two tight g−frame for H with the synthesis
operators TΨ, T∆ respectively. If TΨT

∗

∆ = 0 , then {Ψζ + ∆ζ}ζ∈Θ is a tight g−frame forH with respect to
{Hζ}ζ∈Θ.
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Proof. Using the proof of Theorem 2.4, for every x ∈ H we have∑
ζ∈Θ

〈(Ψζ + ∆ζ)x, (Ψζ + ∆ζ)x〉A = (
∑
ζ∈Θ

〈∆ζx, ∆ζx〉A +
∑
ζ∈Θ

〈Ψζx, Ψζx〉A)

= (α1 + α2)〈x, x〉A.

Where
∑
ζ∈Θ
〈Ψζx, Ψζx〉A = α1〈x, x〉A and

∑
ζ∈Θ
〈∆ζx, ∆ζx〉A = α2〈x, x〉A. �

Theorem 2.5. Let Ψ = {Ψζ}ζ∈Θ be a g−frame forH and ∆ = {∆ζ}ζ∈Θ be a g−Bessel sequence forH with
the synthesis operators TΨ, T∆, respectively and TΨT

∗

∆ is positive. If Λ ∈ End∗
A
(H) is an isometry, then

{Ψζ + ∆ζ}ζ∈Θ is a g−frame forH with respect to {Hζ∈Θ}ζ∈Θ.

Proof. Similar to the proof of Theorem 2.2, let A be a lower g−frame bound of Ψ and {(Ψζ+∆ζ)Λ}ζ∈Θ

is a g−Bessel sequence forH with respect to {Hζ}ζ∈Θ. For every x ∈ H , we have∑
ζ∈Θ

〈(Ψζ + ∆ζ)Λ, (Ψζ + ∆ζ)Λ〉A =
∑
ζ∈Θ

〈∆ζΛx, ∆ζΛx〉A +
∑
ζ∈Θ

〈ΨζΛx, ΨζΛx〉A

+
∑
ζ∈Θ

〈ΨζΛx, ∆ζΛx〉A +
∑
ζ∈Θ

〈∆ζΛx, ΨζΛx〉A

=
∑
ζ∈Θ

〈∆ζΛx, ∆ζΛx〉A +
∑
ζ∈Θ

〈ΨζΛx, ΨζΛx〉A

+ 〈TΨT
∗

∆Λx, Λx〉A + 〈T∆T
∗

ΨΛx, Λx〉A.

So,

∑
ζ∈Θ

〈(Ψζ + ∆ζ)Λ, (Ψζ + ∆ζ)Λ〉A ≥
∑
ζ∈Θ

〈ΨζΛx, ΨζΛx〉A ≥ A‖Λx‖2 = A〈x, x〉A,

�

Theorem 2.6. Let Ψ = {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−frame for H with bounds D and D′, let

{∆ζ}ζ∈Θ be a g−Bessel sequence for H with Bessel bound D∆. If M, N ∈ End∗
A
(H) such that for any

x ∈ H , ‖Nx‖ > λ‖x‖ for some λ > 0 and D∆ < D, then {ΨζM + ∆ζN}ζ∈Θ is a g− frame forH with respect
to {Hζ}ζ∈Θ.

Proof. Similar to the proof of Theorem 2.2, {(Ψζ + ∆ζ)M}ζ∈Θ is a g−Bessel sequence for H with

respect to {Hζ}ζ∈Θ. For any x ∈ H , we obtain

‖

∑
ζ∈Θ

〈(Ψζ + ∆ζ)M, (Ψζ + ∆ζ)M〉A‖
1
2 ≥ ‖

∑
ζ∈Θ

〈ΨζMx, ΨζMx〉A‖
1
2 − ‖

∑
ζ∈Θ

〈∆ζNx, ∆ζNx〉A‖
1
2

≥

√

D‖Mx‖ −
√

D∆‖Nx‖

≥ (
√

D−
√

D∆)‖Nx‖

≥ λ(
√

D−
√

D∆)‖x‖.

Therefore, λ2(
√

D−
√

D∆)
2 is a lower g−frame bound for {(Ψζ + ∆ζ)M}ζ∈Θ. �
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Corollary 2.4. Let {Ψζ ∈ End∗
A
(H ,Hζ) : ζ ∈ Θ} be a g−frame forH with bound D and D′, let {∆ζ}ζ∈Θ

be a g−Bessel sequence for H with Bessel bound D∆. If D∆ < D, then, {Ψζ + ∆ζ}ζ∈Θ is a g−frame for H
with respect to {Hζ}ζ∈Θ.

Theorem 2.7. Let Ψ = {Ψζ}ζ∈Θ be a α1−tight g−frame for H and ∆ = {∆ζ}ζ∈Θ be a α2−tight g−frame
for H with the synthesis operators TΨ, T∆, respectively, and TΨT

∗

∆ = 0. If M, N ∈ End∗
A
(H), then

{ΨζM+∆ζN}ζ∈Θ is a α−tight g−frame forH with respect to {Hζ∈Θ}ζ∈Θ if and only if α1M∗M+α2N∗N =

αI, for some α > 0.

Proof. According to the proof of Theorem 2.2 {(Ψζ+ ∆ζ)M}ζ∈Θ is a g−Bessel sequence forH . Since

TΨT
∗

∆ = 0, for any x ∈ H , we get
∑
ζ∈Θ Ψ∗ζ∆ζx = 0.

For every x ∈ H , we have∑
ζ∈Θ

〈ΨζMx, ∆ζNx〉A =
∑
ζ∈Θ

〈Mx, Ψ∗ζ∆ζNx〉A = 〈Mx,
∑
ζ∈Θ

Ψ∗ζ∆ζNx〉A = 0.

We obtain,∑
ζ∈Θ

〈(ΨζM + ∆ζN)x, (ΨζM + ∆ζN)x〉A =
∑
ζ∈Θ

〈∆ζNx, ∆ζNx〉A +
∑
ζ∈Θ

〈ΨζMx, ΨζMx〉A

Then, we get∑
ζ∈Θ

〈∆ζNx, ∆ζNx〉A +
∑
ζ∈Θ

〈ΨζMx, ΨζMx〉A = α1‖Mx‖2 + α2‖Nx‖2

= 〈α1M∗Mx, x〉A + 〈α2N∗Nx, x〉A

= 〈α1M∗Mx + α2N∗Nx, x〉A

= 〈αIx, x〉A

= α〈x, x〉A.

�

Corollary 2.5. Let Ψ = {Ψζ}ζ∈Θ be a α1−tight g−frame forH and ∆ = {∆ζ}ζ∈Θ be a α2−tight g−frame for
H forH with the synthesis operators TΨ, T∆, respectively. If TΨT

∗

∆ = 0, then {Ψζ + ∆ζ}ζ∈Θ is a α−tight
g−frame forH with respect to {Hζ∈Θ}ζ∈Θ if and only if α1 + α2 = α.

In what follows we study the stability of g−frames for Hilbert C∗−module H under some of

perturbations.

Proposition 2.2. Let Ψ = {Ψζ}ζ∈Θ be a g−frame forH with bounds C, D and ∆ = {∆ζ}ζ∈Θ. Let {θζ}ζ∈Θ

and {δζ}ζ∈Θ are two sequences from the algebraA such that 0 < A < |θζ|2, |δζ|2 < B < ∞ and 0 < α1,α2 < 1
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such that for any x ∈ H , we have‖∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖ − ‖
∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖


1
2

≤ α1

‖∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖


1
2

+ α2

‖∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖


1
2

.

Then {∆ζ}ζ∈Θ is a g−frame forH .

Proof. For any x ∈ H ,‖∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖


1
2

≤

‖∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖ − ‖
∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖


1
2

+

‖∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖


1
2

≤ α1

‖∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖


1
2

+ α2

‖∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖


1
2

+

‖∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖


1
2

.

Then, we obtain

(1− α1)

∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A


1
2

≤ (1 + α2)

∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A


1
2

.

So, we have

CA (1− α1)
2
〈x, x〉A ≤ B (1 + α2)

2

∑
ζ∈Θ

〈∆ζx, ∆ζx〉A

 .

This implies that
∑
ζ∈Θ〈∆ζx, ∆ζx〉A ≥

CA (1− α1)
2

B (1 + α2)
2 〈x, x〉A, ∀x ∈ H .

On the other hand, for any x ∈ H we get

(1− α2)

∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A


1
2

≤ (1 + α1)

∑
ζ∈Θ

〈θζΨζx, θζΨζx〉A


1
2

.

So, we obtain

A (1− α2)
2

∑
ζ∈Θ

〈∆ζx, ∆ζx〉A

 ≤ 〈x, x〉ADB (1 + α2)
2 .

Therefore,
∑
ζ∈Θ〈∆ζx, ∆ζx〉A ≤

BD (1 + α2)
2

A (1− α1)
2 〈x, x〉A, ∀x ∈ H .

�
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Theorem 2.8. Let Ψ = {Ψζ}ζ∈Θ be a g−frame forH with bounds C, D and ∆ = {∆ζ}ζ∈Θ. Let {θζ}ζ∈Θ and
{δζ}ζ∈Θ are two sequences from the algebraA such that 0 < A < θ2

ζ, δ
2
ζ < B < ∞ and 0 < α1,α2 < 1 such

that for any x ∈ H ,∑
ζ∈Θ

〈(θζΨζ − δζ∆ζ)x, (θζΨζ − δζ∆ζ)x〉A ≤ α1(
∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A) + α2(
∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A)

then {∆ζ}ζ∈Θ is a g−frame forH with respect to {Hζ∈Θ}ζ∈Θ.

Proof. For x ∈ H , we have

(
∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A)
1
2 ≤ ‖

∑
ζ∈Θ

〈(θζΨζ − δζ∆ζ)x, (θζΨζ − δζ∆ζ)x〉A‖
1
2 + ‖

∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖
1
2

≤ (α1‖
∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖+ α2‖
∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖)
1
2

+ (‖
∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖)
1
2

≤ (α1‖
∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖)
1
2 + 2(α2‖

∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖)
1
2 .

Then, for any x ∈ H we get

(1−
√
α1)(‖

∑
ζ∈Θ

〈θζΨζx,θζΨζx〉A‖)
1
2 ≤ (1− 2

√
α2)‖

∑
ζ∈Θ

〈δζ∆ζx, δζ∆ζx〉A‖)
1
2 .

We obtain,

‖
∑
ζ∈Θ〈∆ζx, ∆ζx〉A‖ ≥

CA(1 + 2
√
α2)2

B(1−
√
α1)2

〈x, x〉A, ∀x ∈ H .

Similarly, for any x ∈ H ,

‖
∑
ζ∈Θ〈∆ζx, ∆ζx〉A‖ ≥

DB(1 + 2
√
α2)2

C(1−
√
α1)2

〈x, x〉A, ∀x ∈ H . �

Theorem 2.9. Let Ψ = {Ψζ}ζ∈Θ be a g−frame for H with bounds C, D (D > 1) and assume that
∆ = {∆ζ}ζ∈Θ is a family so that for any J ⊂ Θ with |J| < ∞, we have

‖

∑
ζ∈J

(Ψ∗ζΨζ − ∆ζ)x‖ ≤
C
D
‖x‖, ∀x ∈ H .

Then {∆ζ}ζ∈Θ is a g−frame forH with bounds
1
C
(

D + 1
D

),
C + D2

D
.

Proof. For any x ∈ H we have

‖

∑
ζ∈J

Ψ∗ζΨζx‖ = sup
y∈H ,‖y‖=1

‖〈

∑
ζ∈J

Ψ∗ζΨζx, y〉A‖

= sup
y∈H ,‖y‖=1

‖

∑
ζ∈J

〈Ψζx, Ψζy〉A‖

≤ sup
y∈H ,‖y‖=1

‖

∑
ζ∈J

〈Ψζx, Ψζx〉A‖
1
2 ‖

∑
ζ∈J

〈Ψζy, Ψζy〉A‖
1
2
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≤

√

D‖
∑
ζ∈J

〈Ψζx, Ψζx〉A‖
1
2

≤ D‖x‖.

So we obtain

‖

∑
ζ∈J

∆∗ζ∆ζx‖ ≤ (
C
D

+ D)‖x‖.

Hence, the series
∑
ζ∈Θ ∆∗ζ∆ζx converge. We define

K(x) =
∑
ζ∈Θ

∆∗ζ∆ζx, ∀x ∈ H .

This operator is well defined and bounded onH and ‖K‖ ≤
C
D

+ D.

Also for x ∈ H

‖

∑
ζ∈Θ

∆ζx‖2 = ‖
∑
ζ∈Θ

〈∆ζx, ∆ζx〉A‖

≤ ‖K‖‖x‖2.

That is {∆ζ}ζ∈Θ is a g−Bessel sequence forH . If S is the g−frame operator of {Ψζ}ζ∈Θ, we get for all

x ∈ H

‖Sx−Kx‖ ≤
C
D
‖x‖.

Then, ‖x − KS−1x‖ ≤
1
D
‖x‖ ⇒ ‖I − KS−1

‖ ≤
1
D
≤ 1. Hence, KS−1 is invertible and so is K .

Therefore, {∆ζ}ζ is a g−frame forH . Also, we have for x ∈ H

‖K
−1
‖ ≤ ‖S−1

‖‖SK−1
‖ ≤

1
C
(

D + 1
D

).

Therefore,
1
C
(

D + 1
D

),
C
A
+ D are bounds for {∆ζ}ζ. �

Corollary 2.6. Let Ψ = {Ψζ}ζ∈Θ be a g−frame forH with bounds C, D (0 < α < D). Suppose ∆ = {∆ζ}ζ∈Θ

such that for x ∈ H ,

‖

∑
ζ∈Θ

(
Ψ∗ζΨζ − ∆∗ζ∆ζ

)
x‖ ≤ α‖x‖.

Then {∆ζ}ζ∈Θ is a g−frame forH with respect to {Hζ}ζ∈Θ.

Proof. Similarly the proof of the Theorem 2.9, if we take

K(x) =
∑
ζ∈Θ

∆∗ζ∆ζx, ∀x ∈ H .

Then {∆ζ}ζ∈Θ is a g−Bessel sequence forH , we have

‖Sx−Kx‖ ≤ α‖x‖.

Then
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‖x−KS−1x‖ ≤ α‖S−1
‖‖x‖ ≤ α

1
C
‖x‖, ∀x ∈ H .

This implies that

‖I −KS−1
‖ < 1.

So,KS−1 is invertible andK is also invertible.

Hence, g−Bessel sequence {∆ζ}ζ is a g−frame forH with respect to {H}ζ∈Θ.

�

3. Examples in C∗-Algebraic Settings

We now present two concrete examples showing how to realize g-frames and their sums in

explicit C∗-algebraic modules. These examples illustrate that the sum of two g-frames can fail to

remain a g-frame unless certain positivity or invertibility conditions are enforced.

3.1. Example with matrix algebras.

Example 3.1. LetA = M2(C) be the 2× 2 complex matrices, which is a unital C∗-algebra with the usual
operator norm and ∗-operation. Consider the Hilbert A-module H = A2 (i.e., column 2-vectors over A)
with the standardA-valued inner product

〈(a1, a2)
T, (b1, b2)

T
〉A = a∗1b1 + a∗2b2,

where addition and multiplication are in M2(C).
Define two families {Λ1, Λ2} and {Θ1, Θ2} as follows. For x ∈ H (which is a pair (x1, x2)T with each

xi ∈M2(C)):

Λ1(x) =
(
x1, 0

)T
, Λ2(x) =

(
0, x2

)T
,

Θ1(x) =
(
x2, 0

)T
, Θ2(x) =

(
0, x1

)T
.

One checks that each {Λ1, Λ2} and {Θ1, Θ2} forms a g-frame forH (they essentially “capture” each compo-
nent of (x1, x2)T in disjoint slots).

Now consider the sum {Λ1 + Θ1, Λ2 + Θ2}. One quickly sees that

(Λ1 + Θ1)(x) =
(
x1 + x2, 0

)T
, (Λ2 + Θ2)(x) =

(
0, x2 + x1

)T
.

Case 1: If x1 and x2 are such that x1 = −x2, then (Λ1 + Θ1)(x) = 0 and (Λ2 + Θ2)(x) = 0, so the sum
has no lower bound and is not a g-frame in that arrangement.

Case 2: If we modify one family by a suitable invertible multiplier L ∈ End∗
A
(H) (for instance, letting L

act diagonally on theA2 coordinate), then positivity or invertibility conditions can ensure no such complete
cancellation occurs, restoring a uniform lower bound.

Hence, this example demonstrates how the sums of two g-frames may fail to be a g-frame unless additional
constraints (like invertibility or positivity) are imposed, exactly as our theorems suggest.
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3.2. Example with a continuous-function algebra.

Example 3.2. Let A = C([0, 1]) be the C∗-algebra of continuous complex-valued functions on [0, 1]. We
consider the standard free moduleH = Am for some m ∈N. An element x ∈ H can be viewed as a vector
( f1, . . . , fm)T with each f j ∈ C([0, 1]). TheA-valued inner product is

〈x, y〉A(α) =
m∑

j=1

f j(α) g j(α),

for x = ( f1, . . . , fm), y = (g1, . . . , gm) inH , where (〈x, y〉A)(α) is a continuous function of α ∈ [0, 1].
Define, for instance, Λ1(x) = ( f1, 0, . . . , 0), Λ2(x) = (0, f2, 0, . . . , 0), etc. so that {Λi}

m
i=1 collectively

“read off” the coordinates. This forms a g-frame (essentially a standard basis in Am). Next, define
Θ1, . . . , Θm similarly but perhaps with a shift: Θ j(x) = (0, . . . , 0, f j, 0, . . . ). Each family alone is a g-frame.
However, if we sum them coordinate-wise, Λ j + Θ j, there may be points α ∈ [0, 1] at which f j(α) and g j(α)

combine destructively (e.g. f j(α) + g j(α) = 0), losing the lower bound in the entire module.
On the other hand, if we multiply one family by an invertible element in End∗

A
(H) (for example, a

bounded diagonal operator with no vanishing entries over [0, 1]), then we can often ensure positivity of the
new g-frame operator. This aligns with Theorem 2.2, requiring that a certain operator be invertible in the
Hilbert C∗-module sense.

These examples show concretely how sums of g-frames in a C∗-algebraic environment can fail

or succeed depending on invertibility considerations.

4. Conclusion and Remarks

We have established several conditions under which the sum of two g-frames (or a g-frame and

a g-Bessel sequence) in a Hilbert C∗-module remains a g-frame. Central to these conditions are

the invertibility or positivity of the associated operators (for instance, (I + L)∗SΛ(I + L) or M∗TΛ +

N∗TΘ). Our explicit examples in matrix algebras and continuous function algebras illustrate

how cancellation effects can destroy the uniform lower bound unless we impose these algebraic

constraints.

These results extend the known stability properties of g-frames and highlight the unifying role

of invertible operators in controlling sums of g-frames in Hilbert C∗-modules.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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