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FIXED POINT OF ORDER 2 ON G-METRIC SPACE

ANIMESH GUPTA

ABSTRACT. In this article we introduce a new concept of fixed point that is
fixed point of order 2 on G-metric space and some results are achieved.

1. INTRODUCTION AND PRELIMINARIES

In 2003, Mustafa and Sims [4] introduced a more appropriate and robust notion
of a generalized metric space as follows.

Definition 1.1. [4] Let X be a nonempty set, and let G : X x X x X — [0,00) be
a function satisfying the following axioms:

(1) G(z,y,2z) =0if and only if z = y = z;

(2) G(z,z,y) >0, for all = # y;

3) G(z,y,2) > G(z,z,y), for all x,y, z € X;

(4) G(z,y,2) =G(z,2,y) = G(z,y,z) = --- (symmetric in all three variables);
(5) G(z,y,2) < G(z,w,w) + G(w,y, 2), for all z,y,z,w € X.

Then the function G is called a generalized metric, or, more specifically a G-metric

on X, and the pair (X, G) is called a G-metric space.

Definition 1.2. Suppose that (X,G) is a G-metric space, T : X — X is a function
and zg € X is fixed point of T. We call x¢ is a fixed pointof order 2 if it is not
alone point and the following satisfies:

. G(Tz,Tx,xp)
1.1 1 —_—— =
(L.1) -0 G(z,z,x0)

We remember the following definitions. We will show that for the case (a) there
is not fixed point of order 2 but in two other cases there is fixed point of order 2.

Definition 1.3. Suppose that (X,G) is a G-metric space, T : X — X is a function.

(a) T is a contraction, if there exist £ € [0,1) such that G(Tz,Ty,Tz) <
kG(x,y,z) for all z,y,z € X.

(b) T is a contractive mapping, if G(Tx, Ty, Tz) < G(x,y, z) for all z,y,z € X
which = # y # 2.

(¢) T is non-expansive mapping, if G(Tz, Ty, Tz) < G(z,y, z) for all z,y,z €
X.

In the following we consider first some properties for fixed point of order 2.
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2. MAIN RESULTS

Proposition 2.1. If xg € X is a fixed point of order 2 for T on X. Then T is
continuous at xg.

Proof. lim,, oo G(Tz, Tx,x0) = limg_,,, %G(m,x,xo)

limg s, % lim,_ ., G(z,z,20) = 0. O
Proposition 2.2. Let (X,G) be a metric space and T : X — X be a function such
that xo € X is a fized point for T, not alone point for X and alone point for T(X).
Then xq is not fized point of order 2 for T.

Proof. According to assumption zg is alone point for T'(X). There is a neighbor-

hood of xg, like N(zg) such that N(zg) N T(X) and each € N(zp) implies that
G(Txz,Tx,x0) = 0. Therefore, limy_, ., % =0, i.e; zg is not a fixed point
of order 2 for T (I
Proposition 2.3. Suppose that zo € X be a fired point for T; : X — X which
i=1,2,..,n where (n € N) and also lim,_,,, % = X;. Then xq is a

fixed point of order 2 for ThTs...T,, if and only if My Asa...\,, = 1.

Proof. T; is continuous at zg for all ¢ = 1,2,...,n by a simple change of variable
that

lim G(T}C(TkJrl...Tnl'),Tk(Tk+1...Tn$),.’JS0) — lim G(Tkt,Tkt,.’Eo)
T—=To G(Tk+1...TnI,Tk+1...T7LI71‘0) t—xzo t,t,xq

and the last limit is equal with A for kK = 1,2, ..., n. Hence,
G(Tng...TnJ),T1T2...Tnl‘,$0)

li =

25120 G(z,z, o)
hm G(Tl(TQ...Tn)JC,Tl(TQ...Tn)I71‘0) G(TQ(TgTn)I,TQ(Tng)I,Z‘O) G(Tnx,Tnx,xo)
g G(Ty...Tn, Ty.. Tn, x0) G(Ts...Tn, T3...Tn, x0) Gz, T, T0)

Mg A,
]

Proposition 2.4. Letxg € X be a fized point for T; : X — X fori=1,2,....,.n and
neN.
(a) If xo is fized point of order 2 for all T;, then xq is fized point for T Ts... T,,.
(b) If 2y is fizred point order 2 for T'Ty and Ty , then g is fized point of order
2 for T1.

Proof. (a) By proposition 2.1.
(b) @ is fixed point of order 2 for 71T and T». Thus, lim,_,,,
G(Tzz,Thx,m0) _

G(TWTox, ThTox,xy) __
G(z,z,20) B

1, limg,yp, 1. Since T is continuous at xq for t = Thrx.

G(z,z,z0)
lim x, T, T
1= 1%10%W — lim G(Tngﬁ,T1T2$,$O) — lim G(T1t7T1t,.’£0)
lim, 4, % zozo  G(Thx, Tow, xg) t—zo  G(t,t,20)
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Proposition 2.5. Suppose that xg is not alone point and is a fived point for T; :
X—=>X fori=1,2,...nandn € N.

(a) If T; be a contractive mapping or non expansive mapping for i = 1,2,....,n
andn € N and limg_, 4, % = \;. Then zq € X is a fixed point of
order 2 for Ty T5...T,, if and only if xq is a fixed point of order 2 for all T;.

(b) Iflimg_q, % = X then xq is a fixed point of order 2 for Ty if and
only if xo be a fized point of order 2 for T{* where n is arbitrary positive
nteger.

(¢) If Ty be a contractive mapping or non-expansive mapping, then xg is a fized
point of order 2 for Ty if and only if there exist n € N such that xo be a
fized point of order 2 for T7".

Proof. (a) Let T; be a contractive mapping for all :« = 1,2,...,n. If z¢ is a fixed
point of order 2 for all T; then by proposition 2.3, zq is a fixed point of order 2
for T175...T,,. Now assume that zg is a fixed point of order 2 for T175...T;, then
by proposition 2.2, 1 = lim,,_,, ST 2=t il dntito) — 3,3, A, But all T,
are contractive mappings so G(gl(iim < 1 which implies that \; < 1 for all
1=1,2,..n. Hence, Ay = Ay = ... = \,, = 1. Proof for non expansive is similar.

(b) By proposition 2.2, lim,_,, % = A". Then A" = 1 if and only if
A =1 because A > 0.

(¢) Let T1 be a contractive mapping and there exists n € N such that xq is a
fixed point of order 2 for 7T7*.7T3 is a contractive mapping. So

Gz, TV x,x0) < ... < G(Tix, Thz,x0) < G(z, 2, 20)

Gz, TPz, x0) = G(Tiz, Tz, )

1= lim <1.
Tz G(z,x,x0 - G(z,xz,zo
Therefore, lim, 4, % =1. O

Proposition 2.6. Suppose that (X, G) is a metric space, T : X — X is a function
and xqg is a fived point of T'. IfT is contraction then xq is not a fixed point of order
2 forT.

Proof. Since T is a contractive mapping so there exists a € [0, 1) such that G(Tz, Ty, Tz) <
aG(z,y,z) for all z,y,z € X. Therefore % < a < 1 and zy can not be a
fixed point of order 2 for T. O

Proposition 2.7. Suppose that xo € X be a fized point of order 2 for T : X — X
where T is one to one and g is left inverse of T. Then xq is also a fixed point of
order 2 for g.

Proof. 1t is clear that x( is a fixed point for g. On the other hand, since T is
continuous at xq for t = T'x so
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| CTwTomg) L Glo(T(T2)),g(T(Tx)), o)

TTo G(l‘,.ﬁﬂ,xo) T—=To G(nghgTvaO)

o Gla(T).g(T1).20)
1m
t—zo G(gta gt,i[,'())

G(tv ta ‘TO) . 1
= m —— = lilm —-
t—zo G(gt, gt,xg) t—wo %ﬁﬁ)
Therefore, lim;_,, %‘w =1. 0

In the following we give another condition for the fixed point of order 2.

Proposition 2.8. Suppose that xy is not alone point and is a fized point for T :
z— X.

(a) If limg_sqz, % =0 then xg is a fixed point of order 2 for T.

(b) If limg 4, % =0 then xg is a fixed point of order 2 for T.

Proof. (a) From the definition of G-metric space we have

| G(x,z,20) — G(Tz, Tx,x0)| < G(Tz,Tx,x)

B G(Tz,Tx,x0) < G(Tz,Tx,x)
G(JE,IE,LE()) N G(I7I7IO)
< 14 G(Txz,Tx,xo)
G(z,z,xq)
. G(Tz,Tx,xy) _
hmw_mo W =1.
(b) Prove of this part is similarly as prove of (a). O

Proposition 2.9. Suppose that zg is a fized point for T : X — X and : X — RT
is a real valued function.

(a) If zo be a fized point of order 2 for T then limy_, ., Gz T.x) o

G(x,x,x0) —
(b) If G(Tx, Tz, z) < 2¢(x) — (Tx) < G(x,x,20) for all x € X then zg is a

fized point of order 2 for T if and only if limg,_, 4, %m =0.

Proof. (a) From the inequality

G(Tz,Tx,x) < G(Tz,x9,z0)~+ G(xo,Tx,x)
S G(Tx7Tx7x0) +G($,.T,$0)
6Tz Taa) _ GT=Ta)
G(z,z,20) G(z,z,x0) '
Therefore, lim,_,5, SE2T28) < 9

G(z,z,x0)
(b) From inequality G(Tx, Tz, z) < 2¢p(x) — (Tx) < G(z, z,x0),

G(x,x,Tz) + G(Tx, Tz, T*x) + ... + G(T" ‘o, T" o, T"x) < X0, 20(T '2) —(T'x)

= 2P(x) —¢(T"x)
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and
Gz, T 12, Tre Gy, T 1y, Tre) G(T lo, TV to, T" 22)
G(z,z,xg) - G(Tr1a,Tr—1x, Tr—2x) G(T"22,T" 22, T"32)
G(T?z,T?%x,x0) G(Tx, T, x0)
" G(Tx,Tz,x0) G(z,7, 10

since lim G te, " e, T ) lim G(Tz,Tz,x) and lim GT" *a T Fo T )
T—=To G(z,z,z0) - T=T0  G(w,x,70) T—=T0 G(z,z,20) -

. o . G(T" ', T ‘o, T ) _ . G(Tz,Tz,x)

1 which k¥ = 1,2,..n — 1, so lim,_,q, elexT = limy s, Eelereat

From inequality G(Tx, Tz, z) < 2¢(x) — (Tz) < G(z,z,20). It is clear that
P(T"x) is strict decreasing.

G(Tx,Tx,x) lim 2p(x) — Y(Tx)
Clrzz0) = oo Glaow)
< %éc))_—%é;))
S e
G(Tz,Tz,x) - b G(Te,Tez)

Hence, lim,_, 4,

0.

_ l . . . o, . . .
Clrwm). = n° Since n is arbitrary positive integer, limg_, ) =
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