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Abstract. In this present investigation, using a linear multiplier differential operator D%\RH f (), we introduced a novel
subclass of starlike and convex functions of complex order y defined on the open unit disk €, associated with cardioid
domain. This subclass provides a solution to the Fekete-Szeg6 problem, along with the consideration of numerous new

special cases.

1. INTRODUCTION

Let A denote the family of functions f and has the following series representation
f@)=v+) a" (1.1)
n=2

analyticity in the disk € = {1,[1 : |¢| < 1} . And let S be the set of functions that preserve univalence
in €.

Consider the function f and g to be analytic in the unit disk €, It is stated that f is subordinate
to g, symbolically f < g, If an analytic function u : € — € with u (0) = 0 exists, such that

f() = g(u(y)). if g is univalent, the condition f < g is equivalent to f (0) = g (0) and
f(€) cg(e).

Itis a familiar result that for f € S,

az — a§| < 1. A well-known theorem by Fekete-Szego (see [1])
expresses that for f € S represented by (1.1).
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3-4p if p <0,
|a3—pa§|§ 1+2exp(%) if0<p<1,
4p -3 ifp>1.

This inequality holds sharp as, for every p, there is a function in S satisfying the equality. Pfluger

later examined the complex values of p, (see [2]) and proposed the inequality:

_2p
exp E .

So far, several researchers have focused on extending the given inequality above generalized

|a3—pa§|§1—|—2

for more extensive classes of analytic functions.
Among the subclasses of the class S, the subclasses S* and C of starlike functions and of convex
functions respectively, are the most essential and noteworthy. These subclasses can be expressed

using subordination as follows:

(W) 14y
° ‘{fd" ) <1—¢}

and

B Cuf () 149
C—{fe‘ll.1+ ) <1_¢}.

The following generalization of S* and C was proposed by Ma and Minda [3].

(N _ Yf )

’7”

4;; (1(;? <g (ub)},

where @ (1) denotes a real part function, which is positive and satisfies the normalization condition

and

C(go):{fe‘ﬂ:l—F

@ (0) =1,and ¢  (0) > 0. Moreover, ¢ transforms € into a starlike region with respect to 1, which
is symmetric about the real axis. Various subclasses of the class A of normalized analytic functions

have been studied as special cases. For more details, see ( [4], [5], [6], [7], [8], [9]).

A function f (1) € Wis said to be in he class of starlike functions of complex order y, denoted

R{l+%(%—l)}>a(¢e(€;yeC\{O}).

Moreover, a function f € U belongs to the clas C (y) of convex functions of complex order y,

S* (y), if and only if

provided it satisfies the inequality

R{1+%(%—1)}>0,(¢e@;yeC\{O}).
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The well-known classes S* (y) and C () were investigted by Nasr and Aouf [10] and Wiatrowski
[11]. It should be noted that S* (1) and C (1) represent the familiar classes of starlike functions and
convex functions, respectively.

The extension of the above two classes was given by Ravichandran et al. [12] in the following

way:
(o) — R LA COL ,
S <qo,y>—{fe%r.1+y(f(¢) )<qo<>, wecs,yee:\{on}
and
c<¢,y>={fe%t:1+§ ‘@f(fb‘g))«p(z), we@;yecuow}.

Such type of functions are known as Ma-Minda starlike and convex functions of order vy,
(y € C\ {0}) respectively.

The linear multiplier differential operator D‘JAJ’ZH f () was defined by Deniz and Orhan in [13] as
follows:

W) =)
DL S (@) = Dapf (@) = A (f @) + A=W ¢ (f () +(1-A+p) f (¥)

D (@) = au (DL, 1)

9 M-
o F () = Day (D077 (1),
where A > > 0and M € Ny = INU{0}.
If f is of the form (1.1), based on the definition of the operator bg{ep f (¢) it is simple to observe

that
DRF@) =9+ ) 1+ Mun+A-p) (n-1)" a,y" (12)

n=2

Itis important to mention that @g\ﬁp is a more generalized version of the linear operators reviewed
earlier. In special cases, for f € A we observe the following

. Dgﬁo () = D¥f (v), studied by Salagean [14].

o DVof () =DV f () is studied by Al-Oboudi [15].

. 3)9)3,11 f () is firstly considered for 0 < u < A <1, by Raducanu and Orhan [16].

We now define a new subclass of analytic functions with the aid of the differential

operator.D?{fu f () as follow:
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Definition 1.1. Let y be a complex number, not equal to zero, and let f € W,such that E‘;ﬁl f () #0for
Y € €—{0}. We say that f belongs to SEZ,’V) (A, @) gy if

’”

1 p (D0 @) + o (B2 ) |
M=) DR F @) + ap (o f )
for0<p <A MeN,0<a< 1 Where

—1{<e(y),

P() = 1+30+30% (et 13)

Alternatively, f e SE;’V) (A, u;9)gp when the function

L s(ensw) re(enrw)
la-a) o2 r )+ ap(onf )

takes its values from the cardioid domain given by (1.3).

Definition 1.2. A function f € Sgr) (A, ;@) gy , and has the form (1.1), if
{[vlens )
4 ) —1|<p (), (DVf (@) #0forp e C—{0}, y € C\{0}),
where ¢ (z) is given by (1.3) and 0 < p < A, M € No.

Definition 1.3. A function f € CEZ,) (A, W ;9)gn » and has the form (1.1), if the following conditions are
satisfied

”

1 v (o0 f )

” —|<e@),
(s @)
where y € C\{0},0 < u < A, M € Ny and ¢ (¢) is given by (1.3).
By fixing the parameters a,y, M and A, p to specific values, we obtain the well-known classes

Sg,);l) (0,0;9)y = Sear and CSQ (0,0;9)y = Cer introduced and examined by Kanika Sharma et
al [17].

2. MAIN RESULTS

Let P denote a class of analytic function in € withp (0) = 1and R (p (0)) > 0. For the derivation

of our main results, we need to refer back to the following Lemma (see, [18]).



Int. J. Anal. Appl. (2025), 23:109 5

Lemma 2.1. Let p € Pwithp (¢) = 1+ c1¢ + coP? + ... Then
lenl <2, forn > 1.

Ifle1| = 2, thenp (V) = p1 (Y) = 11+§1$ with &1 = 5. Conversely, if p () = p1 () in the case of some

|61] = 1. Then ¢ = 261 and |c1| = 2. Additionally, we have

c? Iy 2
1 c1l
—2l< =
(6] > <2 5
2
If le1| < 2 and |co — %1 =2- 'C” ,then p (V) = p2 (V) , where
521/J+61
1+ 1’b1+0162¢
p2 () = m,
B 1’01+a(321p
_2
and 6, = C_l, & = Z—Ccl;. Conversely, if p (¢) = p2 (¢) for some |61] < 1 and 02| = 1 then 61 = 71
—2 2
O = iczlc CIZ and |cy — %‘ <2- |C§|2.

Lemma 2.2. [19]. Letp € Pwithp () =1 = c1¢ + cotp? + ... Then, for any p € C

20 -1}

Theorem 2.1. Let y € C\{0},and 0 < p <A, 0<a <1, M e Ny, p € C. If f, represented in the form
(1.1), is in SEZ‘;V) (A, W ;9)gp » then

|cz—pc1| <2 max{ ,

s 2 __ 1)
23+ 1)An :
[y 8y +3)|
las| < m (2.2)
and
2 16 2 1) Bm — 1 2 8y -3 Azgﬁ
"y %m AR S CRR Al | S
(2a+1) B 6 (a +1)* A2
where A= [14+ 2Ap+ A —u)]and B=[142BAu+ A —pu)]. Consider the functions
v (a1 ) el .
—Sun., = 1tyim - .
A ()
and ,
p (a2 )
—sn — =1trip@ -1, (2.5)

STF )
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where p1 () and py () are described in Lemma 2.1. Equality in (2.1) is valid provided that (2.4) is true.
The equality in (2.2) holds when both (2.4) and (2.5) are satisfied. In the same way, the equality in (2.3) is
satisfied for each p provided that (2.4) and (2.5) are valid.

’

Proof. Denote (1—a) Dgftpf(q)) + ay (Dgftpf(q))) = Aigliﬁf (¥) = ¢+ Bt + B3y + ... Then O

By = (a+1) A%, B3 = (2 + 1) B'az (2.6)

By definition of the class SE;’;V) (A, u ;) , there exists a function u (1) that is analytic such that

|u (gl/)| < |gb| in€andp (Y) = ¢ (u(v)), therefore

’

v (a3 ) 1 1
W =1+ylp(y)-1],
so that
(1426200 + 3632 +..) e (26, @ N
Ut B+ Bay + :“W+V1+§*+L§‘E*+V?‘3)3+ -

which results in the equality

B + 28202 + a0 + . = ¢+(ﬁ2+273%)¢2+(ﬁ3+2%ﬁ2+y(7—g]]:,bu...

Equating the coefficients to get

2y, oy v (8y-3)q
po=—73" Pps="g5 g (2.7)
so that, from (2.6) and (2.7),
2ycy y (8y-3) ,
- 43 = 2.8
e 3 (0( + 1) A 43 3 (20[ + 1) B { 12 G +e ( )

Using (2.8) and Lemma 2.1, we obtain

0] — 2ycy 4ly|
T3 (@+1)An| T 3(a+1)An’
and
| &-3),, \[_ bl |@r-3),
Ia3|_‘3(2a+1)B9ﬁ{ 2 AT 3oar | 12 T2

resulting in
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|y 8y -3)]
las] € ———-—.
9 (ZOL + 1) B
From (2.8), we obtain
g Vo af160y Qe DB 8y -3 (a s 1
2 3(2a+1)B= 1 12(at 1)2A2me )
M —(8y— 2 22
Letp = (16p7/(2a+11)§(JZ+(18)ZAi)ﬁ(a+1) A m)’ thus, we have
W,
| pa2| 3(2a+1)B= | 1Pl

Applying Lemma 2.2 for p, we obtain the required result. Thus, we have completed the proof
of Theorem 2.1.

Let us now obtain the accuracies based on the estimates in (2.1)—(2.3).

The equality stated in (2.1) is valid, if ¢; = 2. Equivalently, we have p () = p1 (¢) = = 1t

follows that the extremal function in Sﬁ;’y) (A, 1 59)gy , takes the form of

’

v W) i@y

, = 2.9
ATE (p) -9 22)

Next, in (2.2), the equality is valid if c; = ¢ = 2. So, the extremal functions in ngr,y) (A 159

is given by (2.9). Finally, the equality holds in (2.3). The extremal function obtained for (2.1)—(2.2)
is also valid for (2.3).
Thus, the proof of Theorem 2.1 is is now complete.

In addition,

Theorem 2.2. Let f € SCM V) (A, ;@) gy and has the form (1.1). Then for a complex number p

2py]
| pﬂ2| m max {1, } .
)

Remark 2.1. For a = 0 in Theorem 2.1, we obtain the new result for the subclass Sg; (A, W ;@)gy 45

16y (2a +1) BY — p (8y +3) (a +1)* A
6p (a +1)* A2n

follows:

Theorem 2.3. If A function f of the form (1.1), is in the class ng;,) (A, p ;@) g withy € C\ {0}, p € C and
0<p <A Nt e N, then

laz| < b1
~ 3Am7
[y 8y +3)|
las| < ———

Bm
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)

Remark 2.2. For a = 1 in Theorem 2.1, following new result is obtained for the subclass Ce,. (A, 1 ;9)gy

and
16pyB» — (8y —3) A%
6A2m

s~ < 2 ma

Theorem 2.4. Let y be a nonzero complex number and 0 < u < A, M € Ny, p € C.If f, represented in the
form (1.1), is in CEZ{) (A, u @)y, then

laz| < 4| |

~ 6Am’
ly (8 +3)|
7 T

and
48pyB® — 4 (8y —3) A
24 A2m

|a3 - pa | L max< 1, .
217 3(2a+1)B»
Remark 2.3. For y = 1 and particular values for the parameters oy, A and u in Theorem 2.3 and Theorem

2.4, we obtain the following known results for the subclasses S, of starlike functions and Ceqr of convex
functions associated with cardioid domain studied by Lei Shi et al. in [19].

Theorem 2.5. If f () of the form (1.1) belongs to St,,, then

and

and

|a|<11
3=y

Remark 2.4. For y =1, a = 0 and specific values to the parameters g, A and 1 in Theorem 2.2, we obtain
the following known result investiagtd by Kanika Sharma et al. in [17]

Theorem 2.7. If f (y) = ¢ + E an " € Sy, then
n=2

|a3 - pa2| < M max {1

16 -11 p’
6p '
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