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Abstract. In this present investigation, using a linear multiplier differential operator DM
λ,µ f (ψ), we introduced a novel

subclass of starlike and convex functions of complex order γ defined on the open unit disk E, associated with cardioid

domain. This subclass provides a solution to the Fekete–Szegö problem, along with the consideration of numerous new

special cases.

1. Introduction

Let A denote the family of functions f and has the following series representation

f (ψ) = ψ+
∞∑

n=2

anψ
n (1.1)

analyticity in the disk E =
{
ψ :

∣∣∣ψ∣∣∣ < 1
}

. And let S be the set of functions that preserve univalence

in E.

Consider the function f and g to be analytic in the unit disk E, It is stated that f is subordinate

to g, symbolically f ≺ g, If an analytic function u : E→ E with u (0) = 0 exists, such that

f (ψ) = g (u (ψ)) . if g is univalent, the condition f ≺ g is equivalent to f (0) = g (0) and

f (E) ⊆ g (E) .

It is a familiar result that for f ∈ S,
∣∣∣a3 − a2

2

∣∣∣ ≤ 1. A well-known theorem by Fekete–Szegö (see [1])

expresses that for f ∈ S represented by (1.1 ).
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∣∣∣a3 − ρa2
2

∣∣∣ ≤


3− 4ρ if ρ ≤ 0,

1 + 2 exp
(
−2ρ
1−ρ

)
if 0 < ρ < 1,

4ρ− 3 if ρ ≥ 1.

This inequality holds sharp as, for every ρ, there is a function inS satisfying the equality. Pfluger

later examined the complex values of ρ, (see [2]) and proposed the inequality:

∣∣∣a3 − ρa2
2

∣∣∣ ≤ 1 + 2

∣∣∣∣∣∣exp
(
−2ρ
1− ρ

)∣∣∣∣∣∣ .
So far, several researchers have focused on extending the given inequality above generalized

for more extensive classes of analytic functions.

Among the subclasses of the class S, the subclasses S∗ and C of starlike functions and of convex

functions respectively, are the most essential and noteworthy. These subclasses can be expressed

using subordination as follows:

S∗ =
{

f ∈ A :
ψ f

′

(ψ)

f (ψ)
≺

1 +ψ

1−ψ

}
and

C =

 f ∈ A :1 +
ψ f

′′

(ψ)

f ′ (ψ)
≺

1 +ψ

1−ψ

 .

The following generalization of S∗ and C was proposed by Ma and Minda [3].

S∗ (ϕ) =
{

f ∈ A :
ψ f

′

(ψ)

f (ψ)
≺ ϕ (ψ)

}
and

C (ϕ) =

 f ∈ A :1 +
ψ f

′′

(ψ)

f ′ (ψ)
≺ ϕ (ψ)

 ,

whereϕ (ψ)denotes a real part function, which is positive and satisfies the normalization condition

ϕ (0) = 1, and ϕ
′

(0) > 0. Moreover, ϕ transforms E into a starlike region with respect to 1, which

is symmetric about the real axis. Various subclasses of the class A of normalized analytic functions

have been studied as special cases. For more details, see ( [4], [5], [6], [7], [8], [9]).

A function f (ψ) ∈ A is said to be in he class of starlike functions of complex order γ, denoted

S∗ (γ), if and only if

R
{

1 +
1
γ

(
ψ f

′

(ψ)

f (ψ)
− 1

)}
> 0, (ψ ∈ E; γ ∈ C\ {0}) .

Moreover, a function f ∈ A belongs to the clas C (γ) of convex functions of complex order γ,

provided it satisfies the inequality

R
{

1 +
1
γ

(
ψ f

′′

(ψ)

f ′ (ψ)
− 1

)}
> 0, (ψ ∈ E; γ ∈ C\ {0}) .
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The well-known classes S∗ (γ) and C (γ) were investigted by Nasr and Aouf [10] and Wiatrowski

[11]. It should be noted that S∗ (1) and C (1) represent the familiar classes of starlike functions and

convex functions, respectively.

The extension of the above two classes was given by Ravichandran et al. [12] in the following

way:

S∗ (ϕ,γ) =
{

f ∈ A : 1 +
1
γ

(
ψ f

′

(ψ)

f (ψ)

)
≺ ϕ (z) , (ψ ∈ E; γ ∈ C\ {0})

}
and

C (ϕ,γ) =

 f ∈ A : 1 +
1
γ

ψ f
′′

(ψ)

f ′ (ψ)

 ≺ ϕ (z) , (ψ ∈ E; γ ∈ C\ {0})

 .

Such type of functions are known as Ma–Minda starlike and convex functions of order γ,

(γ ∈ C\ {0}) respectively.

The linear multiplier differential operator DM
λ,µ f (ψ) was defined by Deniz and Orhan in [13] as

follows:

D0
λ,µ f (ψ) = f (ψ)

D1
λ,µ f (ψ) = Dλ,µ f (ψ) = λµψ2 ( f (ψ))

′′

+ (λ− µ)ψ ( f (ψ))
′

+ (1− λ+ µ) f (ψ)

D2
λ,µ f (ψ) = Dλ,µ

(
D1
λ,µ f (ψ)

)
...

DM
λ,µ f (ψ) = Dλ,µ

(
D
M−1

λ,µ f (ψ)
)

,

where λ ≥ µ ≥ 0 and M ∈N0 = N∪ {0} .

If f is of the form (1.1), based on the definition of the operator DM
λ,µ f (ψ) it is simple to observe

that

DM
λ,µ f (ψ) = ψ+

∞∑
n=2

[1 + (λµn + λ− µ) (n− 1)]M anψ
n (1.2)

It is important to mention thatDM
λ,µ is a more generalized version of the linear operators reviewed

earlier. In special cases, for f ∈ A we observe the following

• DM1,0 f (ψ) ≡ DM f (ψ), studied by Sãlãgean [14].

• DM
λ,0 f (ψ) ≡ DM

λ
f (ψ) is studied by Al-Oboudi [15].

• DM
λ,µ f (ψ) is firstly considered for 0 ≤ µ ≤ λ ≤1, by Rãducanu and Orhan [16].

We now define a new subclass of analytic functions with the aid of the differential

operator.DM
λ,µ f (ψ) as follow:
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Definition 1.1. Let γ be a complex number, not equal to zero, and let f ∈ A,such that DM
λ,µ f (ψ) , 0 for

ψ ∈ E− {0} . We say that f belongs to S(α,γ)
car (λ,µ ;ϕ)

M
if

1 +
1
γ


ψ

(
DM
λ,µ f (ψ)

)′
+ αψ2

(
DM
λ,µ f (ψ)

)′′
(1− α) DM

λ,µ f (ψ) + αψ
(
DM
λ,µ f (ψ)

)′ − 1

 ≺ ϕ (ψ) ,

for 0 ≤ µ ≤ λ, M ∈N0, 0 ≤ α ≤ 1. Where

ϕ (ψ) = 1 +
4
3
ψ+

2
3
ψ2; (ψ ∈ E) (1.3)

Alternatively, f ∈ S(α,γ)
car (λ,µ ;ϕ)

M
when the function

1 +
1
γ


ψ

(
DM
λ,µ f (ψ)

)′
+ αψ2

(
DM
λ,µ f (ψ)

)′′
(1− α) DM

λ,µ f (ψ) + αψ
(
DM
λ,µ f (ψ)

)′ − 1


takes its values from the cardioid domain given by (1.3).

Definition 1.2. A function f ∈ S(γ)car (λ,µ ;ϕ)
M

, and has the form (1.1), if

1 +
1
γ


ψ

(
DM
λ,µ f (ψ)

)′
DM
λ,µ f (ψ)

− 1

 ≺ ϕ (ψ) ,
(
DM
λ,µ f (ψ) , 0 for ψ ∈ E− {0} , γ ∈ C\ {0}

)
,

where ϕ (z) is given by (1.3) and 0 ≤ µ ≤ λ, M ∈N0.

Definition 1.3. A function f ∈ C(γ)car (λ,µ ;ϕ)
M

, and has the form (1.1), if the following conditions are
satisfied

1 +
1
γ


ψ

(
DM
λ,µ f (ψ)

)′′
(
DM
λ,µ f (ψ)

)′
 ≺ ϕ (ψ) ,

where γ ∈ C\ {0} , 0 ≤ µ ≤ λ, M ∈N0 and ϕ (ψ) is given by (1.3).

By fixing the parameters α,γ,M and λ,µ to specific values, we obtain the well-known classes

S
(0,1)
car (0,0 ;ϕ)0 ≡ Scar and C(1)car (0,0 ;ϕ)0 ≡ Ccar introduced and examined by Kanika Sharma et

al [17].

2. Main results

Let P denote a class of analytic function in Ewith p (0) = 1 and R (p (0)) > 0. For the derivation

of our main results, we need to refer back to the following Lemma (see, [18]).
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Lemma 2.1. Let p ∈ P with p (ψ) = 1 + c1ψ+ c2ψ2 + .... Then

|cn| ≤ 2, for n ≥ 1.

If |c1| = 2, then p (ψ) ≡ p1 (ψ) =
1+δ1ψ
1−δ1ψ

with δ1 = c1
2 . Conversely, if p (ψ) ≡ p1 (ψ) in the case of some

|δ1| = 1. Then c1 = 2δ1 and |c1| = 2. Additionally, we have∣∣∣∣∣∣c2 −
c2

1

2

∣∣∣∣∣∣ ≤ 2−
|c1|

2

2
.

If |c1| < 2 and
∣∣∣∣∣c2 −

c2
1
2

∣∣∣∣∣ = 2− |c1|
2

2 , then p (ψ) ≡ p2 (ψ) , where

p2 (ψ) =
1 +ψ

δ2ψ+δ1

1+δ1δ2ψ

1−ψ δ2ψ+δ1

1+δ1δ2ψ

,

and δ1 = c1
2 , δ2 =

2c2−c2
1

4−|c1|
2 . Conversely, if p (ψ) ≡ p2 (ψ) for some |δ1| < 1 and |δ2| = 1 then δ1 = c1

2 ,

δ2 =
2c2−c2

1

4−|c1|
2 and

∣∣∣∣∣c2 −
c2

1
2

∣∣∣∣∣ ≤ 2− |c1|
2

2 .

Lemma 2.2. [19]. Let p ∈ P with p (ψ) − 1 = c1ψ+ c2ψ2 + .... Then, for any ρ ∈ C

∣∣∣c2 − ρc2
1

∣∣∣ ≤ 2 max
{
1,

∣∣∣2ρ− 1
∣∣∣} .

Theorem 2.1. Let γ ∈ C\ {0} , and 0 ≤ µ ≤ λ, 0 ≤ α ≤ 1, M ∈ N0, ρ ∈ C. If f , represented in the form
(1.1), is in S(α,γ)

car (λ,µ ;ϕ)
M

, then

|a2| ≤
4
∣∣∣γ∣∣∣

3 (α+ 1)AM
, (2.1)

|a3| ≤

∣∣∣γ (8γ+ 3)
∣∣∣

9 (2α+ 1)BM
(2.2)

and ∣∣∣a3 − ρa2
2

∣∣∣ ≤ 2
∣∣∣γ∣∣∣

3 (2α+ 1)BM
max

1,

∣∣∣∣∣∣∣16ργ (2α+ 1)BM − (α+ 1)2 (8γ− 3)A2M

6 (α+ 1)2 A2M

∣∣∣∣∣∣∣
 , (2.3)

where A = [1 + (2λµ+ λ− µ)] and B = [1 + 2 (3λµ+ λ− µ)] . Consider the functions

ψ
(
∆V,M
λ,µ f (ψ)

)′
∆V,M
λ,µ f (ψ)

= 1 + γ [p1 (ψ) − 1] (2.4)

and

ψ
(
∆V,M
λ,µ f (ψ)

)′
∆V,M
λ,µ f (ψ)

= 1 + γ [p2 (ψ) − 1] , (2.5)
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where p1 (ψ) and p2 (ψ) are described in Lemma 2.1. Equality in (2.1) is valid provided that (2.4) is true.
The equality in (2.2) holds when both (2.4) and (2.5) are satisfied. In the same way, the equality in (2.3) is
satisfied for each ρ provided that (2.4) and (2.5) are valid.

Proof. Denote (1− α)DM
λ,µ f (ψ) + αψ

(
DM
λ,µ f (ψ)

)′
= ∆V,M

λ,µ f (ψ) = ψ+ β2ψ2 + β3ψ3 + .... Then �

β2 = (α+ 1)AMa2, β3 = (2α+ 1)BMa3 (2.6)

By definition of the class S(α,γ)
car (λ,µ ;ϕ) , there exists a function u (ψ) that is analytic such that∣∣∣u (ψ)

∣∣∣ ≤ ∣∣∣ψ∣∣∣ in E and p (ψ) = ϕ (u (ψ)) , therefore

ψ
(
∆V,M
λ,µ f (ψ)

)′
∆V,M
λ,µ f (ψ)

= 1 + γ [p (ψ) − 1] ,

so that

ψ
(
1 + 2β2ψ+ 3β3ψ2 + ..

)
ψ+ β2ψ2 + β3ψ3 + ...

= 1− γ+ γ

1 +
2c1

3
z +

2c2

3
−

c2
1

6

 z2 +
(2c2

3
−

c1c2

3

)
z3 + ...

−
which results in the equality

ψ+ 2β2ψ
2 + 3β3ψ

3 + ... = ψ+

(
β2 +

2γc1

3

)
ψ2 +

β3 +
2γc1

3
β2 + γ

2c2

3
−

c2
1

6

ψ3 + ...

Equating the coefficients to get

β2 =
2γc1

3
, β3 =

γc2

3
+
γ (8γ− 3) c2

1

36
(2.7)

so that, from (2.6) and (2.7),

a2 =
2γc1

3 (α+ 1)AM
, a3 =

γ

3 (2α+ 1)BM

{
(8γ− 3)

12
c2

1 + c2

}
(2.8)

Using (2.8) and Lemma 2.1, we obtain

|a2| =

∣∣∣∣∣∣ 2γc1

3 (α+ 1)AM

∣∣∣∣∣∣ ≤ 4
∣∣∣γ∣∣∣

3 (α+ 1)AM
,

and

|a3| =

∣∣∣∣∣∣ γ

3 (2α+ 1)BM

{
(8γ− 3)

12
c2

1 + c2

}∣∣∣∣∣∣ =
∣∣∣γ∣∣∣

3 (2α+ 1)BM

∣∣∣∣∣∣ (8γ− 3)
12

c2
1 + c2

∣∣∣∣∣∣
resulting in
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|a3| ≤

∣∣∣γ (8γ− 3)
∣∣∣

9 (2α+ 1)BM
.

From (2.8), we obtain

a3 − ρa2
2 =

γ

3 (2α+ 1)BM

c2 − c2
1

16ργ (2α+ 1)BM − (8γ− 3) (α+ 1)2 A2M

12 (α+ 1)2 A2M


 .

Let ρ =
(

16ργ(2α+1)BM−(8γ−3)(α+1)2A2M

12(α+1)2A2M

)
, thus, we have

∣∣∣a3 − ρa2
2

∣∣∣ = ∣∣∣γ∣∣∣
3 (2α+ 1)BM

∣∣∣c2 − c2
1ρ

∣∣∣ ,
Applying Lemma 2.2 for ρ, we obtain the required result. Thus, we have completed the proof

of Theorem 2.1.

Let us now obtain the accuracies based on the estimates in (2.1)−(2.3).

The equality stated in (2.1) is valid, if c1 = 2. Equivalently, we have p (ψ) ≡ p1 (ψ) =
1+ψ
1−ψ . It

follows that the extremal function in S(α,γ)
car (λ,µ ;ϕ)

M
, takes the form of

ψ
(
∆V,M
λ,µ f (ψ)

)′
∆V,M
λ,µ f (ψ)

=
1 + (2γ− 1)ψ

1−ψ
(2.9)

Next, in (2.2), the equality is valid if c1 = c2 = 2. So, the extremal functions in S(α,γ)
car (λ,µ ;ϕ)

M

is given by (2.9). Finally, the equality holds in (2.3). The extremal function obtained for (2.1)−(2.2)

is also valid for (2.3).

Thus, the proof of Theorem 2.1 is is now complete.

In addition,

Theorem 2.2. Let f ∈ S(α,γ)
car (λ,µ ;ϕ)

M
and has the form (1.1). Then for a complex number ρ

∣∣∣a3 − ρa2
2

∣∣∣ ≤ 2
∣∣∣ργ∣∣∣

3 (2α+ 1)BM
max

1,

∣∣∣∣∣∣∣16γ (2α+ 1)BM − ρ (8γ+ 3) (α+ 1)2 A2M

6ρ (α+ 1)2 A2M

∣∣∣∣∣∣∣
 .

Remark 2.1. For α = 0 in Theorem 2.1, we obtain the new result for the subclass S(γ)car (λ,µ ;ϕ)
M

as
follows:

Theorem 2.3. If A function f of the form (1.1), is in the class S(γ)car (λ,µ ;ϕ)
M

, with γ ∈ C\ {0} , ρ ∈ C and
0 ≤ µ ≤ λ, M ∈N0, then

|a2| ≤
4
∣∣∣γ∣∣∣

3AM
,

|a3| ≤

∣∣∣γ (8γ+ 3)
∣∣∣

BM
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and ∣∣∣a3 − ρa2
2

∣∣∣ ≤ 2
∣∣∣γ∣∣∣

3BM
max

{
1,

∣∣∣∣∣∣16ργBM − (8γ− 3)A2M

6A2M

∣∣∣∣∣∣
}

.

Remark 2.2. For α = 1 in Theorem 2.1, following new result is obtained for the subclass C(γ)car (λ,µ ;ϕ)
M

.

Theorem 2.4. Let γ be a nonzero complex number and 0 ≤ µ ≤ λ,M ∈N0, ρ ∈ C.If f , represented in the
form (1.1), is in C(γ)car (λ,µ ;ϕ)

M
, then

|a2| ≤
4
∣∣∣γ∣∣∣

6AM
,

|a3| ≤

∣∣∣γ (8γ+ 3)
∣∣∣

27BM

and ∣∣∣a3 − ρa2
2

∣∣∣ ≤ 2
∣∣∣γ∣∣∣

3 (2α+ 1)BM
max

{
1,

∣∣∣∣∣∣48ργBM − 4 (8γ− 3)A2M

24A2M

∣∣∣∣∣∣
}

.

Remark 2.3. For γ = 1 and particular values for the parameters M,λ and µ in Theorem 2.3 and Theorem
2.4, we obtain the following known results for the subclasses S∗car of starlike functions and Ccar of convex
functions associated with cardioid domain studied by Lei Shi et al. in [19].

Theorem 2.5. If f (ψ) of the form (1.1) belongs to S∗car, then

|a2| ≤
4
3

,

and

|a3| ≤
11
9

.

Theorem 2.6. If f ∈ Ccar and has the series form (1.1), then

|a2| ≤
2
3

,

and

|a3| ≤
11
27

.

Remark 2.4. For γ = 1, α = 0 and specific values to the parameters M,λ and µ in Theorem 2.2, we obtain
the following known result investiagtd by Kanika Sharma et al. in [17]

Theorem 2.7. If f (ψ) = ψ+
∞∑

n=2
anψn

∈ S
∗
car, then

∣∣∣a3 − ρa2
2

∣∣∣ ≤ 2
∣∣∣ρ∣∣∣
3

max
{

1,
∣∣∣∣∣16− 11ρ

6ρ

∣∣∣∣∣} .
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