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Abstract. In this article, we study the concept of a linear multiplier fractional g-differintegral operator associated with

the symmetric conic domain. This work aims to define new subclasses of k — ST’"}!

9.

[X,9)] with Janowski functions, their

coefficient bounds, and their consequences result are derived.

1. INTRODUCTION

Let A be the set of functions of the structure.
— Z (1.1)
s=2
which are analytically contained inside the unit disc & = {7 : || < 1}. Let S be the subclass of A

comprising functions that are univalent in the unit disc.

The g- difference operator of a complex-valued functional f(7), defined on the domain of &, be

shown as
f(qr) —(7)
daf(7) = “a-Dr t#0,7e8andge (0,1).
Clearly,
: G R (GO
qli)r{‘ ( qf)( ) = q—>1- -t (7).

The g-derivative corresponding to equation (1.1) is expressed as
(8 f Z [s], 457",
5=2
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where
1-¢°
=T (€0,

For a detailed examination of g-derivatives, readers are advised to refer to ( [9], [3], [4], [13]).

Definition 1.1. [14] A linear multiplier fractional q-differintegral operator is formally defined as
£%(1) = ¥(x),
L5H(T) = (1-p)Qgi(r) + prLy (Qgi(r),

a,2 _ pol a,1
L3310 = L7 £7510)

in general
o,m _ pol g,m—1
L) = £ (L3 (). (12)
If{(7) belong to A is represented as specified in (1.1), then according to (1.2), we derive

L) =7+ Z % (s,0,m,B,q) 0T,
sS=

where
r Nr,(2-o "
€ (s,0,m,B,q9) = ( qi?s —i 1q(_ ) ) [1 + ([S]q - 1),3]) (1.3)

amd0<o0<2, meNyp=NU{0}, >0,0<g<1.

Definition 1.2. [10] A function {(t) € A is classified as belonging to the k — ST class if and only if

LRI
f(7) f(7)
Alternatively,
(t) .
< 7(7), k>0,t€eé&
where
1+k21—_15m( Q’Ekﬁ) md\’/‘m)nLﬁ, if k>1,
. 1 h? | (2 tan~th if O0<k<1,
Py =4 7T i [(”2 k) tan~h ], if (1.4)
1—{—712(log1 \/\/:) if k=1,
M if k=0.

where u(t) = 1T \/\/L,K € (0,1),t € & and t is selected. Thus, k = cosh(nQ(( ))) where Q(x) denotes

Legendre’s full elliptic integral of the first kind with Q' (x) represents its complement integral of Q(x). For
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further information, check out ( [7], [6], [11]). It has been established in [8] that if pr(7) = 1+ &t + -+,
then the value of Oy is determined by equation (1.4), is given by

2

wwamen 7 kL

ok =13, if k=1,
8(cos™1k)? .
canue if 0<k<l.

Noor and Malik [12] expanded the k — ST class by introducing a generalized version, k— ST[X, )],
utilizing the concept of Janowski functions. For more information on Janowski functions, please
refer to [5].

Definition 1.3. [10] A function (7) belong to A is classified as belonging to the class k — ST [X,9)], where
k > 0along with =1 <9 < X <1, if and only if
@O-D(F)-E-)  |@-D(FH)-E-

(‘D+1)(T;(g))—(ae+1) (2)+1)(T;(S))—(3e+1)

Re

in other words .
(0 _ (A4+¥)p(r)-(*-1)
< ~ .
() (A+9)p(r)-(9-1)
Definition 1.4. [10] A function p(7) is classified within the set of k — P, [X, ], wherek >0, 0 < g <1
and -1 <9 < X <1, ifand only if

(B-q)+X(+1))
(B-9)+9(q+1))

k(D) - (X(g+1)-(B-9)
(D) -V (@@+1)-(3-9))

p(r) < ,

p
p

and py (t) given by (1.4).
From a geometric perspective, the function p (t) € k — Py[X, 9] takes values in the domain Qg x[X,9)],
where ,—1 <9 < X <1,k > 0, which is characterized by

O [X, 9] = {1y : Re($) > k| - 1]}

where
b= (g=-3)+V(q+1)(r)+(B-9)-X(g+1))
(B=9)+D(@+1)h (1) - (B-9)+X(g+1))

Definition 1.5. A function §(t) belong to A is classified as belonging to the class k — ST;[X, 9], where
k>0,-1<9 < X<1,ifand only if

i(0)

q

((g=3)+9(g+1))
Re d,f(t
(B-9)+9(+1) =5

79,f(7)

—
|
~— ~— ~~ —_
~—~
W
|
=
~—
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Alternatively stated
1d,f(7)

f(7)
Definition 1.6. A function §(t) belong to A is classified as belonging to the class k — STU m[ ,9)], where
k>0,-1<9 < X<1,ifand only if

€k—-P,[X,9].

(4-3)+9 g+ 1) DI + (3-0) - X(a+1)

(6= +9 1+ 1) G - ((3-0) +X(q+1)

Re

((9-3)+9 (g +1) Z8I0 + (3-) - X(a+1)
>k -1].

(7 ]Tl T)

((3=0)+ D (¢+1) i~ ((3-0) + X (g +1)

Alternatively stated
T& LU,YTIT(T)
— i € k= Py(X,9].
L 1)

Clearly,

(i) Ifm=0,8 =1and o = 1, we obtain k — ST;’;;" [X,9] = k— ST,[X,9)] which was presented by
Mahmood et al. [10].
(i) fm=0,=1,0 =0andk = 0, the class k — ST;,’};11 [X,9)] reduces to S; [X,9)], which investigated
by Srivastava et al. [16].
(i) If m = 0, = 1,0 = 1 as well as ¢ — 17, the class k — ST;,EI[%,‘D] reduces to the class
k — ST[X,9], which pertains to the established category of Janowski k-starlike functions, as Noor
and Malik stated [12].

We require the subsequent lemma to show our principal result.

Lemma 1.1. [15] Let h (1) = 1+ Y vst° be subordinate to H (t) = 1+ Y, Vo1°. Let H (1) remain
s=2 s=2
univalent in the unit disk as well as H (&) be convex. Then

[os] < [Val, s=1. (1.5)
2. MaIN Resurts

Theorem 2.1. Let f belong to A and be of the form (1.1). It is in the class k — ST;';; [X,9],9 € (0,1),0 <
0<2,p>0,k>0,meINgalong with -1 <9 < X <1, if it satisfies

Z 7 +1 TR (2.1)

s=2
where

Ro= % (5,0,m,8,0){|(3=0) + V(g + 1) ], = (3-0) + X+ )| + 201+ (3= g) s~ 1],
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and € (s,a,m, B,q) given by (1.3).

Proof. Considering that equation (2.1) holds, it is sufficient to demonstrate that

(4-3)+9 (g + 1) Z820 + (3-) = X(a+1)
k "’( : -1
((3-0)+9 1+ 1) okt — (=) + X (g +1)
((4-3)+9 (9 +1) zfiﬁ(fj)+<<3—q>—x<q+1>>
—Re -1{<1,

(-9 +9 g+ 1) i - (=) + X(g+1)

we suppose

(1-3)+9 g+ 1) D + (3-0) - X(g+1)
k
i

(3= +9 @+ 1) G - (3-0) +X(g+1)

(g~ 3)+@<q+1>>#§ﬂ+<<3—q>—x<q+1>>
—Re — -1
((3=0)+9 (1 + 1) F — (=) + X (g +1)
(9=3) +9 (9 + 1)) T, LI5(x) + LI(x) (3-q) - X
(G- + 9+ D)0, L5700~ L77i(0) (-9 + X
L2(x) ~ w0, L)
(G- +9 @+ 1), L31(0) — L) (B-q) ~ X (q + 1>>‘

<(14k)

=2(1+k)(3-9q)

E € (s,0,m,B,9) (1 - [s]q) asTs

s=2
l<<3—q>+@<q+1» S|
—(B-q)+X(@+1)|

=2(1+k) (3-9)
(q+1) (D~ %)Hz%(so,mﬁq) :

s_

£ Gompa) (-ls=1))o
(G- +9 @+ D)l
—(B-q) +X@+1)]

=2(1+k)(3-9)

[o¢]

(4+1 <z)—ae)q:+s);2%<s,a,m,ﬁ,q>[

2(1+k) (3—q)q5§2<€(5,a,m,ﬁ,q) [s—l]qlasl

< ,
|as |

@+ 110 -¥= L % (5,0mp9)](3-9)+ 9 (@ +1) - (3-9) + X (g +1))

since
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2(1 +k)q(3—q):iz‘5(s,a,m,ﬁ,q) [s—l]qlasl

7

@+ D=3 5 6 (5,08 ((3=0)+9 (7 +1) b, = (=) + X (g+ 1)) nd

bounded above by one, so

[0e]

2(1+K)q(3-9) )€ (s,0,m,8,q) [s =1, lal < 1) =X (9 +1)

5=2

Y (G- + 9 g+ 1) 5, - (B=a) + X (g +1)| % (5,0,m,6,4) I,
s=2
which yields,

Y {20140 3=0) =11, 0) + (=) + 9 (g + 1) [, - (B-) + X (g + 1)

s=2
€ (s,0,m,B,q) lasl < (9+1) [ - .
We attain the required outcome. m|

For m = 0, we arrive at the following corollary, which has already been proved by Mahmood et
al. [10].

Corollary 2.1. Suppose { belongs to ‘A and is expressed in the same way as (1.1), then it belongs to
k—ST,[X,9], wherek >0, -1 <9 < X < 1, if the following condition is satisfied:

3 {[(G=0)+ 90+ 1)) B, - (3=0) + X(q+ )] +20 + B3 -0) [5-1], ) I

s=2
<(@@+1)1Y-x|.

For g — 17, m = 0, we reach the well-known corollary which has been studied by Noor and
Malik [12].

Corollary 2.2. Let f be an element of A and of the type (1.1), then it belongs to k — ST[X, )|, if it fulfills
= {ls(14+9) - 1+ ¥)|+2(1+k) (s-1)}

1
Y. - ad < 1,

s=2
wherek>0,-1<Y <X <1

Form=0,q - 17,9 = -1 along with X = 1, we obtain the following corollary, which has been
investigated by Kanas and Wisniowska [7].

Corollary 2.3. Let f be an element of A and of the type (1.1), then it belongs to k — ST, k > 0, if it satisfies

Z (1+k) —k}as| < 1.

5=2
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Selverman [17] established the following well-known result for X = 1 —2a, 9 = —1, along with
k=0.

Corollary 2.4. Let f be an element of A and of the type (1.1), then it belongs to S*(a), if it meets the
subsequent criteria

[s¢]

Y ls—allad <1-a,

s=2
where, 0 < a < 1.

Theorem 2.2. Let f(7) € k— ST;”E‘ [X,9],k>0,-1<9 < X <1, and be of the form given by (1.1), then

2 |(g+1) (X=9)% (1+,0,m,B,q) 6 —49 [, 4 (1 +1,0,m,B,4)|
4[1+4,q9%¢ (24 1,0,m,B,q)

las| < , (s>2), (22

1=0
where

[, (2-0)T,(2+41)
I,(241-0)
I,3+)I,;(2-0)
I,3+t-0)

%(1+t,a,m,ﬁ,q):( [1+([1+l]q_1)ﬁ]) /

%(Z—I—L,a,m,ﬁ,q):( [1+([2+L]q—1)ﬁ]) )

Proof. By definition, if f € k — ST;”I';‘ [X,9)], it follows
T8q£;’g’f(’c)
b s ), 23
L;:;nf(’[) Pk(T) ( )
such that _
(B-q)+X(g+1)pe(r) - (X(g+1)-(B-7q))
(B=a)+D(@+1)pr(t) +(B3-9) -V (q+1))

Pr(7) <

If pr(t) =1+ &t + ..., it implies
(B-q) +X(q+1) (1) - (X(g+1)-(3-q))
(B=q)+V(@+1)pc(r) +((B-9) -V (g+1))
:1+1(3€—‘D)(q+1)6k+1[(—@36—136+i‘l)+1$)((q+1)(1+‘1))—2q+2) &2 -
4 41\ 47 47 4 4 k '
(2.4)

Consider that

Then, using (1.5) and (2.4), we achieve

<3 (X-) g+ Dl (21). @5)
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Based on equation (2.3), it follows

78,4.[:;,’;‘1’(’[) = L;:ET(T)ﬁ(T).

Let
pr) =1+ ) o,
s=1
which leads to
T+Z<€(s,a,m,ﬁ,q) [s]qasrs = T+Z<€(s,a,m,ﬁ,q)asfs 1 +ZUSTSJ
s=2 s=2 s=1
Z € (s,0,m,B,9) [s]an”[S = [Z € (s,0,m,B,q)ast° || 1+ ZZ)STS], (vp=1),
s=1 s=1 s=1
which yields,
Z‘K(s,a,m,ﬁ,q) [s ] ast’ = Z% s,0,m,B,q)ast’ —1—(2 S](Z%(s,a,m,ﬁ,q)asfﬁ].
s=1 s=1 s=1
Therefore,
00 oo (s—1
€ (s,0,m,B,9) ([ ] —1)asTS = Z[Z%(L,a,m,ﬁ,q)ams_l]fs'
s=1 s=1 \t=1

Now, equating the coefficients of 7°, yields the following

€ (s,0,m,B,q) ([s]q - 1) as = 2 € (t,0,m,B,q)a,0s_,-

=1
This indicates
1

% (s,0,m,B,q)[s—1],q

s—1
as = Z% L,o,m,B,q) a0,

1=

Utilizing (2.5), we achieve

(g+1) (X=9) ol

|S|_4<5(sam,8q [s—1],49

s—1
Z% Lo,m,B,q) . (2.6)

1=

We now proceed to show

(+1) (X-9) [0«
4% (s,0,m,B,q) [s—1],q9 &

s—1
2(5 L,o,m,B,q)lal

2.7)
(+1)(X-9)€ (1+1,0,m,p,q) 04D [1], 9% (1 + L,O,m,ﬁ,q)|

=
ll 4[1+4,9% 2+ 1,0,m,8,9)

Using induction, for s = 2 and from (2.6), we fulfill

(q+1)(X=9) |64
las| < % 2o mp k Z%Lamﬁq)lal (2.8)
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which leads to

(g+1) (X-9)%(1,0,m,p,q) |5

las] <
? 4% (2,0,m,8,9) [1], 9

(m=1,¢(1,0,mB,q9) =1).

From (2.2), we conclude
(‘7 + 1) (% - 2)) % (1101 m/ﬁ/q) |6k|

las] <
? 4% (2,0,m,6,9) [1], 4

For s = 3, from (2.6), we attain

(q+1) (X=D) 6
< 5 G0, m B0 12,7 ch om, B, ) I

_ (g +1)(X-9) o
46 (3,0,m,8,9) [2],4

LU+ D E-9)¢ (1,0,m84) 10 (1 L) (x-Y) I6kl]
- 46 (3,0,m,B,9) 2],4 41,9 '

(¢ (1,0,m,B8,9)la1| + € (2,0,m,B,9) |az]) .

From equation (2.2), we attain

g +1) (X=9)% (1 +1.0,m,8,9) 0= 49 [1,¢ (1 +1,0,m,6,9)|
<
|ﬂ3|_1—£ 4[14d,q9% (2+1,0,m,8,q)
(g+1) (X=9)% (1,0,m,8,9) |5 ((q+ 1) (X=9)% (2,0,m,p,q) 16l +4[1],9¢ (Z,GImrﬁ,q)]
4[1],q% (2,0,m,8,9) 4% (3,0,m,$,9) [2],9 '

g+ D) E=D)F (1,0,m 6 q) o4l (1 (g+1) (X¥-9) Iékl]
< + .
4% (3,0,m,B,9) [2],9 41,9

Now, let us consider the inequality (2.7) is true for s = n.

From (2.6), we obtain

G+1)(X-D) ol =
4¢ (n,0,m,B,q) [n=1],4 ;Cg (t,o,m,B,q) la,

|ay| <

Moreover, from (2.2), we observe

2(q+1) (X-9)¢ (1+10mB,q) 0k —4D [t],q¢ (1 +1,0,m,B,q)

lan| <
401+ L]qq% (241,0,m,B,9)

=0
According to the induction hypothesis,

1

1)(X-9)16 -
(q+ ngkl %Lamﬁqlul

4% (n,0,m,B,q) n—1],q &

n=2 | q+1)(X-9)€¢(1+41,0,m,B,q) 0 —4Y [L]qq%(1+t,a,m,ﬁ,q)
4[1+44,9€ (2+10,mB,q) '

<

=0
(2.9)
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Next, both sides of the equation (2.9) are multiplied by

(9 1) (X=9)% (n,0,m,8,4) 5 + 4 [~ 1], 4% (n,0,m, B,9)
4[], € (1 + Lo, m,B,q) ’

yielding

n-1 '(q—|—1) (X=9)¢ (1+1,0,mp,q) 0 —4Y [, 9% (1 —i—L,a,m,ﬁ,q)'
4[1+4,q9%¢ (2+10m,p,9)

N (@+1) (X=9)€ (n,0,m,B,q) 16k + 4 [n—1],9€ (n,0,m,B,9)
_( 4[n]qq%(n+1,a,m,ﬁ,q) )

1=

(+1) (x-9)I5l .
'[4% (n,0,m,8,9) [n—l]qqz% (to,m,B,9) w]

1

(G+1) (X=9) 15 % ( nomﬁq Hi‘f (0, By 0)

_ (gD E-9)i5d 46 (mompg)n-1g £
44 (n+1,0,m,B,q) [n]q q n—1
+ ) € (,0,m,B,q)lal
(+1) (X=D) 0k =
=46 (n+1,0,m,8,q) ], q [Cg (10, B, a) anl ;Cg (0,m,p,0) la‘lJ

(+1)X-9)I5 v

- Cg 4 4 4 7 .
4%W+LamﬁWMMZ; (t,0,m,B,9) la,

We conclude

(+1)(X-9) |5k|
4% (n,0,m,B,q) [n Z% (o, p,q) o

. 71 @ +1) (¥=9)C (1 +1,0,mB,q9) 04 + 4[], 9% (14 1,0,m,8,9)
_11 4[1+4,9€ (2+y0,mB,q) '

This illustrates that inequality (2.7) is valid for s = n+ 1. Consequently, the desired result has
been achieved. O

For m = 0, this leads to the result previously investigated by Mahmood et al. [10].

Corollary 2.5. Let f belong to k — ST, [X, )] and be of the kind (1.1), then

2 '(q+1) (X-9) 6, — 4 [L]qﬂl)
4[1+d,q

|as| < , (s>2).

=0

For k = 0 and m = 0. Theorem 2.2 simplifies to the subsequent corollary, as articulated by
Srivastava et al. [16].
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Corollary 2.6. Let { belong to S} [X,9)] and be of the kind (1.1), then

2 |(X-9) (g+1) - 29[,
las| < , s>2).
Lll 2[1+L]qq ( )

For g — 17 along with m = 0. Theorem 2.2 reduced to the established result, as presented by
Noor and Malik. [12].

Corollary 2.7. Let f belong to k — ST [X, ] and be of the form presented by (1.1) . Then

ﬁ |(X-9) 06— 29
2(140)

>2).

|as| <

=0

For k =0,m = 0,and g — 1~ Theorem 2.2 reduces to the following corollary [16].

Corollary 2.8. Let f belong to S* [%, 9| and be of the form presented by (1.1). Then
-2
) =]
o < , >2,-1< X<1).
s ]1 5D (s P <¥<1)

Fork =0m =0,g - 1,X = 1-2a,and 9 = -1, the following established conclusion is
obtained; refer to [2].

Corollary 2.9. Let f(1) € S*(a) and be of the form (1.1). Then

1 (- 2a)

=2

< ==
Corollary 2.10. [1]For X =1,9 = -1, m = 0,and q — 17, then (2.2) reduces to

(0<a<1,s>2).

N

las| < (s>2).

Corollary 2.11. [1]For X =1-2a,9 = -1, m =0, and g — 17, then (2.2) reduces to

(1-a)d
ISI<H| f+f+L|, (s>2,0<a<1).

3. CONCLUSION

We have studied the concept of a linear multiplier fractional g-differintegral operator and using
this we defined new subclasses k — ST‘;%11 [X,9)] associated with conic domain. In addition, we
obtained coefficient inequalities, bounds, and some consequences.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.
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