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FIXED POINT AND TRIPLED FIXED POINT THEOREMS
UNDER PATA-TYPE CONDITIONS IN ORDERED METRIC
SPACES

ZORAN KADELBURGY* AND STOJAN RADENOVI(?

ABSTRACT. In this paper, we first prove a version of the fixed point theorem
obtained in [V. Pata, A fixed point theorem in metric spaces, J. Fixed Point
Theory Appl. 10 (2011) 299-305], adjusted for monotone mappings in ordered
metric spaces, as well as some generalizations. Then we apply them to obtain
results of this type for tripled fixed points in two cases—for monotone and
mixed-monotone mappings with three variables. An example is given to show
the difference between some of these results.

1. INTRODUCTION

A very interesting extension of the Banach Contraction Principle was recently
obtained by V. Pata in [1]. Some researchers followed this approach and already
several other fixed point results in the spirit of Pata have appeared, see, e.g., [3, 4,
2, 5.

On the other hand, fixed points of monotone mappings in ordered metric spaces
have been a matter of investigation ever since the first results given by Ran and
Reurings in [6]. This includes so-called coupled and tripled fixed points. Generally
speaking, fixed point results in ordered spaces use weaker contractive conditions
(restricted to comparable pairs of points), but at the expense of an additional
assumption that the given mapping is monotone.

Some coupled fixed point results with Pata-type conditions have been recently
obtained in [3, 4].

In this paper, we first prove “ordered versions” of the basic Pata’s result, as
well as some generalizations. Then we apply them to obtain results of this type
for tripled fixed points in two cases—for monotone and mixed-monotone mappings
with three variables. An example is given to show the difference between some of
these results.

2. PRELIMINARIES

We begin with some notation and preliminaries. Throughout the paper, (X, d, <)
always denotes a partially ordered metric space, i.e., a triple where (X, =) is a
partially ordered set and (X, d) is a metric space.

For z,y € X, ¢ < y will denote that x and y are comparable, i.e., either x <y
or y = x holds.
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Recall that the space (X, d, <) is said to be regular if it has the following prop-
erties:

(i) if for a non-decreasing sequence {z,}, , — x as n — oo, then z,, < x for
all n;

(ii) if for a non-increasing sequence {z,}, x, — x as n — oo, then z, = z for
all n.

Throughout the paper, 9 : [0,1] — [0,00) will be a fixed increasing function,
continuous at zero, satisfying ¢ (0) = 0.

3. PATA-TYPE FIXED POINT RESULTS IN ORDERED METRIC SPACES

In this section, xg will be an arbitrary stable point in the given ordered metric
space (X,d, <), and ||z|| will be defined by

]l = d(z, zo).
It will be clear that the results do not depend on the particular choice of point xg.

Theorem 3.1. Let the space (X,d, <) be complete and let A > 0, « > 1 and
B € [0,a] be fized constants. Let f : X — X be a non-decreasing map such that
there exists xq satisfying xo < fxg and suppose that the inequality

(3.1) d(fz, fy) < (1 = e)d(z,y) + Ay (e)[1 + [|z]| + [|y]]°

is satisfied for every e € [0,1] and all z,y € X with x < y. If [ is continuous or
(X,d, =) is regular, then f has a fized point z € X. Moreover,
(i) the set of fized points of f is a singleton if and only if it is totally ordered;
(ii) the set of fized points of f is a singleton if for every two points u,v € X
there exists w € X, comparable with u, v and fw.

Proof. As remarked before the formulation of theorem, we can take that the point
for which g < fxg is the same as the one for which ||z|| is defined to be equal to
d(x,z0). Also, without loss of generality, we can assume that g < fxg. Then the
sequence {x,} defined by z,41 = fz,, n = 0,1,..., is non-decreasing. Suppose
further that x, # fx,, for each n (otherwise there is nothing to prove).

Since any two terms of {x,,} are comparable, the inequality (3.1) can be used in
the same way as in the proof of [1, Theorem 1] to obtain that:

(1) The sequence {d(zy, xn+1)} is strictly decreasing and tends to some d* > 0
as n — 00;

(2) The sequence {c,} is bounded, where ¢, = ||z,]|;

(3) d* = 0.

(4) {z,} is a Cauchy sequence, thus converging to some z € X.

If the mapping f is continuous, then fz,, — fz = z since fx, = x,11.

If the space (X,d, =) is regular, then for the non-decreasing sequence {z,} we
have that z,, < z for each n. Now, for ¢ = 0, we get from (3.1) that

d(fxn, fz) <d(zp,z) =0
wherefrom fx, — fz, ie., fz=z.
Uniqueness of the fixed point.
(i) If the set of fixed points Fiz(f) is a singleton, then it is totally ordered. Con-
versely, assume that Fiz(f) is totally ordered and that u,v are two (comparable)
fixed points of f. Applying (3.1), we get

d(u,v) = d(fu, fv) < (1 —¢e)d(u,v) + Ke“(e),
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where [1+ |lu|| + [[v]|]? = K > 0, i.e.,
ed(u,v) < Ke®(e),
for each ¢ € [0, 1], and it follows that u = v.

(i) Suppose now that for every two points u,v € X there exists w € X, compa-
rable with u, v and fw. Assume that u and v are distinct fixed points of f. If they
are comparable, we get a contradiction as in (i). If not, choose w as stated. Then,
u= f"ux ffwand v = f"v < ffw; we will prove that d(u, f*w) | v* = 0 and
d(v, frw) L v* = 0.

Indeed, for € = 0, we get from (3.1) that

d(u, fhw) = d(f " u, FFw) < (M 0 w) = d(u, P w)
and, similarly,

d(v, frw) = d(ff* " o, £ Tw) < d(f* R, U w) = d(o, [T ),
ie., d(u, ffw) | v* and d(v, f"w) | v*. It remains to prove that u* = v* = 0.

We will prove first that the sequence ¢, = || f"w|| is bounded. We have
(3.2) en = d(fw, ) < d(f"w, f*w) + d( " rw, fw) + d(fw, o).

Since, by assumption, w < fw, we have that the sequence d(f"w, f"*1w) decreases.
Indeed, taking again € = 0 in (3.1), we get that

d(fMw, f ) = d(f 7w, f M) < AT, frw) < --- < d(w, fw).
Then it follows from (3.2) that
= 2d(w, fw) + d(w, zg) + (1 — &)d(w, f"w)
+ A Y() L+ || [ wl| + [lw]]?
< 2d(w, fw) + d(w,z0) + (1 — €)d(w, zo)
+ (1 = &)d(zo, f"w) + Ae“Y(e)[1 + ¢, + d(w, z0)]°.
Hence, we get that
een < ag*P(e)es + b,
for some constants a,b > 0. Now, in the same way as in [1, Lemma 2.1], it follows
that {c,} is a bounded sequence.
We are now able to prove that, e.g., u* = 0. Indeed,

d(u, frw) = d(f " u, 1P Tw) < (1= e)d(f" ", [ )
+ A ()1 + [ull + (1 w]] 7,
ie.,
d(u, fw) < (1 = e)d(u, " tw) + Ke“p(e),
for some K > 0. Passing to the limit as n — oo, we get that
u < (1—¢g)u" + Ke*yY(e),

i.e., u* = 0. In the same way, v* = 0 is proved.
It follows that

d(u,v) < d(u, ffw) +d(f"w,v) - 0+0=0,

ie., u=w. O
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Remark 3.1. Theorem 3.1 is strictly stronger than [6, Theorem 2.1]. On the one
side, the hypotheses of [6, Theorem 2.1] imply those of Theorem 3.1, which follows
in the same way as it was proved in [1, §3] that the classical Banach’s contractive
condition implies Pata’s condition (3.1).

On the other side, the example of function

fi[l,400) = [1,+00), flz)=-2+z—2Vz+4Vx

(see [1, Example, p. 303]) shows that condition (3.1) can be satisfied when Banach’s
condition is not. It is also an example of the situation when condition (ii) for the
uniqueness of fixed point (in the previous theorem) is fulfilled (since the given space
is totally ordered).

It is well known that there are a lot of generalizations of Banach Contraction
Principle, obtained by modifying the basic contractive conditions (see, e.g., [7]).
Some of them already have their Pata-type versions (see [4, 2]). We shall present
here a result of Pata-type for so-called generalized contractions, in the “ordered”
version.

Theorem 3.2. Let the space (X,d, =) be complete and let A > 0, « > 1 and
B € [0,a] be fized constants. Let f : X — X be a non-decreasing map such that
there exists xg satisfying xo < frg and suppose that the inequality

(z, fy) + d(y,fw)}
2

(3.3) d(fx. fy) < (1— <) max {d(w,y>, d(a, f).d(y, fy).

+ AP (e) L+ [l + Iyl + [l + 1 fyl)?

is satisfied for every e € [0,1] and all x,y € X with x < y. If [ is continuous or
(X,d, =) is reqular, then [ has a fized point z € X. Moreover,
(i) the set of fized points of f is a singleton if and only if it is totally ordered;
(#i) the set of fixed points of f is a singleton if for every two points u,v € X
there exists w € X', comparable with u, v and fw.

Proof. 1. Asusual, starting with the given point ¢, construct the sequence {z, } by
Tpt1 = fxn, n=0,1,... Similarly as in the proof of Theorem 3.1, this sequence
is monotone, hence condition (3.3) can be used for its elements. Suppose that
Ty F# Tpya for each n.

In order to prove that the sequence {d(z,,,z,+1)} is decreasing, suppose, to the
contrary, that

d(zk, xp41) = max{d(zr_1,x1), d(xk, Tpi1)}

for some k € N. Then, applying (3.3) with © = z;_1, y = x, we get that
d(wy, Tpr1) = d(fre—1, for)

1
< (1 —¢) max {d(mk—h rg), (g, Trt1)

)2d(xk—1axk+l)}
FASYE o+ 2l + i)
= (1 - E)d(l‘k,$k+1) + Kgaw(5>7
for some K > 0. It follows that d(xy, xx+1) = 0, a contradiction! Hence, {d(x, Tn4+1)}

is a (strictly) decreasing sequence, thus tending to some d* > 0.
2. Denote ¢, = ||z, ||. We will prove that the sequence {c,} is bounded.
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We have that
Cn = d({En,.’Eo) < d(l.n?xn+1) + d(fxnv fxO) +ca

1
< 2¢; + (1 — &) max {d(mn,xo),d(mn,xn+1), d(zg,x1), §(d(xn,x1) + d(wn+17x0))}

+ AP+ |znll + llzngall + 2 []”
<2c;+ (1 —e)max{cy,c1,cn + a1} + Ae“YV(E) 1 +cn+c1+en+ cl]ﬁ
<2¢1+ (1 —¢)(en +c1) + Ae“Y(e)[1 + 2¢1 + 2¢,] @

(it was used that d(z,, nt1) < c1, d(Tp, 21) +d(Tpnt1,20) < d(Tp, o) +d(x1,20) +
A(Xpg1,Tn)+d(Tn, ko) < 2(cp+c1) and || Tpi1|| < d(@pt1, 2n)+d(Tn, 2o) < c14¢5).
Finally, we get that
een < ac®YP(e)eS +b

for some constants a,b > 0. In the same way as in the proof of [1, Lemma 3], it
follows that the sequence {¢,} is bounded.

3. Now we use the boundedness of {¢,} to prove that d* = 0.

Indeed, we have that

d(Tpi1,Tn) = d(f.%‘n, fl'n—l)
< (1= e)d(n,mn1) + A *P(E)[1 + |lzn |l + 20|01l + Tngall]?
< (1 —-e)d(zn,zn_1)+ Ke*Y(e),

for some K > 0. Passing to the limit as n — oo, it follows that d* = 0.

4. In order to prove that {z,} is a Cauchy sequence, suppose the contrary.
Then, using the standard procedure (see, e.g., [8, Lemma 2.1]), we get that there
exist § > 0 and two increasing sequences of integers {m(k)} and {n(k)}, such that
nk > my, > k and the sequences d(y, k)41, Tm(k)) and d(Tp k), Tmry—1) tend to §
as n — oo. Putting x = (), ¥ = Tpk)—1 in (3.3), and using the boundedness of
{cn}, we get that

A @p(k)+15 Tmry) < (1= €)d(@n(ky, Trmky—1) + Ke“Y(e).
Passing to the limit as kK — oo, we get that 6 = 0, a contradiction!
Hence, {z,} is a Cauchy sequence, and it converges to some z € X.
5. The proof that fz = z in either of the given cases is the same as for Theorem
3.1.
6. The uniqueness of the the fixed point under one of the assumptions (i) or (ii)

can be proved similarly as in Theorem 3.1.
d

Remark 3.2. Similarly as in the classical situation, treated in [7], it can be proved
that Theorem 3.2 contains as special cases several other Pata-type results in their
order versions. In particular, this includes Kannan, Chatterjea, Reich, Zamfirescu
and Hardy-Rogers results. Since the exact formulations and proofs are obvious, we
omit the details.

4. TRIPLED FIXED POINT RESULTS FOR MONOTONE AND MIXED-MONOTONE
MAPPINGS

We will use the following terminology.

Definition 4.1. Let F : X3 — X be a mapping.
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(1) F is called non-decreasing if it is non-decreasing in all three variables.

(2) F is called mized-monotone if it is non-decreasing in the first and third
variables, and non-increasing in the second variable.

(3) A pointY = (x,y,2) € X3 is called a tripled fized point of the first kind (or
Borcut kind [9]) if

(4.1) F(z,y,2) =2, F(y,z,2)=y, F(zyz) =2z

(4) A point Y = (x,y,2) € X3 is called a tripled fized point of the second kind
(or Berinde-Borcut kind [10]) if

(4.2) F(z,y,2) =2 F(y,z,y) =y, Fl(zy1z) ==z

Remark 4.1. In what follows, tripled fixed point results of the first kind will be
proved for monotone mappings, while those of the second type will be connected
with mixed-monotone mappings. It will be clear in the sequel that part (3) of the
previous definition can be modified in several ways. In fact, any three combinations
of elements z,y, z can be taken instead of (z,y,z), (y,z,2) and (z,y,z) in (4.1),
with the only condition that the first entry of each triple matches the right-hand
side. In particular, the “cyclic” case, i.e., the condition

can be considered. It will also be clear which modifications should be made to
the results that follows, so we will not state them explicitly. Moreover, the same
treatment can be applied in the case of arbitrary number of variables.

It is important to notice that this considerably differs from the case of “mixed-
monotone situation”. Namely, as was shown in [11], in this case only some particular
combinations are possible (in particular, the cyclic case cannot be treated in this
way).

The following lemma is easy to prove.
Lemma 4.1. (i) If relations C; and Co are defined on X3 by
YO, Ver<ury<vAiz=w Y= (zy2),V=(uvw)cX?
and
Y, Ver<uiy-vAiz=w Y= (z,92),V=(uv,w)c X3
and D : X3 x X3 = RY is given by
D(Y,V) =d(z,u) +d(y,v) +d(z,w), Y = (z,y,2), V= (u,v,w) € &3,

then (X3, D,C;), i = 1,2 are ordered metric space. The space (X3, D) is complete
if and only if (X,d) is complete. Moreover, the spaces (X3, D,C;) are regular if
and only if (X,d, =) is such.

(i) If F : X3 — X is non-decreasing (w.r.t. <), then the mapping T} : X3 — X3
given by

TpY = (F(x,y,2),F(y,2,2),F(z,y,7), Y =(z,y,2) € &

is mon-decreasing w.r.t. Cq.

(iii) If F : X3 — X is mized-monotone, then the mapping Tz : X3 — X3 given

by
TRY = (F(z,y,2), F(y,z,y), F(z,y,2)), Y = (z,y,2) € X°

is non-decreasing w.r.t. Co.
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(iv) The mappings Tk, i = 1,2 are continuous if and only if F is continuous.

(v) The mapping F has a tripled fized point of the first (resp. of the second) kind
if and only if the mapping T} (resp. T#) has a fived point in X3.

If what follows, Yy = (z0,¥o, 20) will be a fixed element in &3 and for ¥ =
(z,y,2) € X3, we will denote

”Y” - ||Z, Y, Z” - D(Y7 YO) - d((E,iL’o) + d(yayO) + d(za ZO)~

It will be clear that the obtained results do not depend on the particular choice of
the point Yj.

We will prove first some results for monotone mappings and tripled fixed points
of the first (Borcut) kind.

Theorem 4.1. Let F : X3 — X be a non-decreasing mapping, and suppose that

there exist xo,yo,20 € X such that xo = F(xo,0,20), Yo = F(yo,To,20), 20 =

F(z0,y0,%0). Let, for some fixed constants A > 0, o > 1 and B € [0,q], the

inequality

(4.3) d(F(z,y,2), F(u,v,w)) + d(F(y,z,2), F(v,u,w)) + d(F(z,y, ), F(w,v,u))
< (1—e)(d(z,u) + d(y,v) + d(z,w)) + Ae “p()[1 + ||z, 2| + [[u, v, w]]]?

holds for all e € [0,1] and all z,y,z,u,v,w € X with (r S u, y < v and z X w) or
(x = u, y = v and z = w). Finally, suppose that F is continuous or that the space
is regular. Then F has a tripled fized point Y* = (x*,y*,2*) € X3 of the first kind.
Proof. Consider the space (X3, D,C;) and the mapping TH : X* — &3, as defined
in Lemma 4.1.(i) and (ii). The mapping 7+ is non-decreasing w.r.t. Cy. Let Y =
(z,y,2) and V = (u,v,w) be comparable w.r.t. Ty, i.e, let (z = u, y = v and
z =w)or (x> u,y>wvand z > w) hold. Then, the condition (4.3) holds, which
can be written as

D(TEY, TpV) < (1= 2)D(Y, V) + Aep(e)[1 + D(Y, Yo) + D(V, Yp))".
In other words, T4 satisfies condition of the type (3.1) in the space (X3, D,C;).

Applying Theorem 3.1, we obtain that T has a fixed point Y* = (z*,y*, 2*) € X3,
which is, by Lemma 4.1.(v), a tripled fixed point of the first kind of mapping F. O

Corollary 4.1. Let F : X3 — X be a non-decreasing mapping, and suppose that
there exist xg,yo,20 € X such that xog = F(xo,0,20), Yo = F(yo,x0,20), 20 =
F(z0,y0,%0). Let, for some fixed constants A > 0, o > 1 and B € [0,q], the
inequality

(4.4) d(F(z,y,z), F(u,v,w))
< L2 o, )+ dlyyv) + () + AL+ 9, 2]+ s v,

holds for all € € [0,1] and all z,y, z,u,v,w € X with (x X u, y 2 v and z X w) or
(x = u, y = v and z = w). Finally, suppose that F is continuous or that the space
is regular. Then F has a tripled fized point Y* = (x*,y*,2*) € X3 of the first kind.
Proof. Suppose that Y = (z,y,2),V = (u,v,w) € X are comparable w.r.t. C;.
Applying (4.4) to the triples (z,y,2) and (u,v,w), we get that

(4.5) d(F(z,y, z), F(u,v,w))

< %D(Y, V) + Ae®)(e)[1 + D(Y,Yy) + D(V,Yy)] P,
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Applying the same inequality to the triples (y,z, z) and (v, u,w), we obtain

(4.6)  d(F(y,z,2), F(v,u,w))
slgiDund+A#%@Mr+ﬂ%rw+duw®+d@ﬂ®
+d(v, o) + d(u, yo) + d(w, )] ?
1—¢

< 5DV, V) + Ae (o)1 + D(Y, o) + D(V, Yo) + 4d(wo, y0))”.

Finally, applying (4.4) to the triples (z,y,x) and (w,v,u), we get

4.7  d(F(zy,), F(w,v,u))
1—¢

IN

D(Y, V) + Ae“(e)[1 + d(z, ) + d(y, y0) + d(z, 20)

+ d(w, zo) + d(v,y0) + d(u, z9)]°
1—¢

IA

D(Y, V) + Ae“(e)[L + D(Y, Yo) + D(V, Yo) + 4d(o, 20)]°.

Adding up the inequalities (4.5), (4.6) and (4.7), and writing temporarily A =
D(Y,Yy) + D(V,Yy), we get the following estimate:

(4.8)
D(TEY.TEV) < (1 - €)D(Y,V)

+ Ae®P(e){[1 + AP + 1+ A+ 4d(z0,y0)]? + [1 + A + 4d(z0, 20)]°}
Now,

4d($07y0) B 4d($0,20) 8
134 ) Pt )]

<1+ APP[L+ (1 + 4d(20,0))” + (1 + 4d(x0, 2))"]
=C[1+ AP,

=1+A°1+0+

where C is a constant (not depending on Y, V' and ¢). Hence, putting Ay = AC,
(4.8) can be written as

D(TEY, TEV) < (1= e)D(Y, V) + Ay (e)[1 + D(Y, Yo) + D(V, Yp)]7,

which means that all the conditions of Theorem 4.1 are fulfilled. O

The following example shows that Theorem 4.1 is strictly stronger than Corollary
4.1.
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Example 4.1. Let X = R be equipped with the usual metric and order. The
mapping F : X% — X defined by F(x,y,2) = %(5:0 + y + z) is obviously non-
decreasing. It is easy to obtain that
d(F(z,y,2), F(u,v,w)) + d(F(y,z, 2), F(v,u,w)) + d(F(z, z,y), F (v, u,w))
Sr+y+z dutv+w Sy+zrz+z SHv+utw
L T S - —-

+|52+y+x_5w+v+u‘
8 8
< Sl —ul+ Ly — ol + 2o —wl+ 2y — ol + <z — ul + ]z — w]
Sle—ul+sly—v[+slz—wl+sly—v|+slr—ul+s|z—w
=3 g 8 g 8 8
2wl Sy — ol + oo —u
glz—wl+gly—vl+gle—u
7
= g[d(l’, U) + d(y,’U) + d(sz)]v

i.e., D(TLY, TEV) < AD(Y,V), where A = L. Similarly as in [1, §3], it can be proved
that also (4.3) holds for appropriate A, a and 3, all £ € [0,1] and all comparable
Y,V € &3,

On the other hand, suppose that the condition (4.4) of Corollary 4.1 holds, i.e.,
|5x—|—y—|—z _ 5u—|—v+w|
8 8

1—-¢
< 5l =l ly— ol + 2 = wl] + A" ()1 + [l2,y, 2 + [lu, v, w]]?

is satisfied for each ¢ € [0,1] and all comparable Y,V € X3. Taking e =0,y = v
and z = w, we obtain that

So—ul< o —u
gz —ul < glv—u
which obviously cannot hold (except when = = ).

Consider now mixed-monotone mappings and tripled fixed points of the second
(Berinde-Borcut)) kind.

Theorem 4.2. Let F : X3 — X be a mized-monotone mapping, and suppose
that there exist xo,yo,20 € X such that xo = F(zo,Y0,20), Yo = F(yo,xo,20),
20 = F(z0,%0,20). Let, for some fixed constants A > 0, a« > 1 and B € [0, ], the
inequality

d(F(z,y,z), F(u,v,w)) + d(F(y, x,y), F(v,u,v)) + d(F(z,y,x), F(w,v,u))
< (1—e)(d(z,u) + d(y, v) + d(z,w)) + Ae *P()[1 + [z, y, 2 + [|u, v, w]]?

holds for all € € [0,1] and all z,y, z,u,v,w € X with (x X u, y = v and z X w) or
(x = u,y 3 v and z = w). Finally, suppose that F is continuous or that the space
is regular. Then F has a tripled fized point Y* = (z*,y*,2*) € X3 of the second
kind.

Proof. The proof is similar to the proof of Theorem 4.1, using the mapping T2 of
Lemma 4.1.(iii) in the space (X3, D, C,). O

Corollary 4.2. Let F : X3 — X be a mized-monotone mapping, and suppose
that there exist xo,yo,20 € X such that xo = F(zo,Y0,20), Yo = F(yo,xo,20),
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20 = F(20,90,0). Let, for some fized constants A > 0, « > 1 and § € [0,q], the
inequality
d(F(2,y,2), F(u,v,w))
1—
< 225 ) - dy, )+ d(z,w) + A B oy 2+ v, )
holds for all e € [0,1] and all z,y,z,u,v,w € X with (x S u, y = v and z S w) or

(x = u, y 3 v and z = w). Finally, suppose that F' is continuous or that the space
is reqular. Then F has a tripled fized point Y* = (x*,y*,2*) € X3 of the first kind.

A similar example as Example 4.1 can be constructed to show that Theorem 4.2
is strictly stronger than Corollary 4.2.
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