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Abstract. In this paper, we examine a one-dimensional viscous bilayer shallow water model under the rigid-lid as-
sumption. Each layer is described by the one-dimensional shallow water equations. The work presented in [Discrete
and Continuous Dynamical Systems Series B18(1), (2011), 361-383] established the stability of a similar model in the two-
dimensional case. The primary focus of this study is to demonstrate the existence of global strong solutions for the

proposed model within a periodic domain.

1. INTRODUCTION

Many flow phenomena are often modeled using the Navier-Stokes equations or their derivatives,
such as the shallow water equations. However, in numerous situations, a single-layer model fails to
adequately capture the dynamics of the flow. For instance, in cases like the Strait of Gibraltar, where
Mediterranean water flows beneath Atlantic water, or in scenarios involving pollutant transport
through water, it becomes necessary to adopt bilayer models for more accurate representation. To
address such phenomena, several derivations of two-layer and multilayer shallow water models
have been proposed, including the works cited in [1,18].

This paper focuses on establishing the existence of global strong solutions for a one-dimensional

bilayer shallow water model under the rigid-lid assumption. Previous studies on shallow water
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problems with the rigid-lid hypothesis include [15, 16] for the single-layer case and [18] for the
bilayer case. Here, we concentrate on the following model:

dithy + dx(hiuy) =0, (1.1)

¢ (hiuy) + 9y (Mur?) — v19x(h1dyur) + hdxp = 0, (1.2)
dtha + dx(hau2) =0, (1.3)

4 (hatty) + 9y (atia?) — v29y (hadyuia) + hadyp = 0, (1.4)
Iy + B = 1. (1.5)

here, (t,x) € (0,T) x Q, with Q) being a one-dimensional periodic domain. The variables h; and
hy represent the water heights for each layer, while 1 and u, correspond to the velocities of the
respective layers.

The pressure term p, which depends on 11 and h;, incorporates the exchange terms. Additionally,
v1 and v, denote the kinematic viscosities for the two layers.

From a theoretical perspective, numerous studies have focused on the existence of strong solutions
for the shallow water and Navier-Stokes equations (see [7,8,12]). For instance, in [17], the authors
demonstrated the existence of strong solutions for the one-dimensional compressible Navier-Stokes
equations, assuming that the initial data is smooth and the initial density is bounded below by a
positive constant. Building on the concepts introduced in [3,4,13,17], the work in [20] established
the existence of strong solutions for a one-dimensional regularized bilayer model, where the initial

energies associated with the model are:

1 1-r r
80 = = f h10,5|v10,g|2 + g(T>f h20,£|020,8|2 + Eg f |h10,é‘ + h20,€|2 < CEZ < C
Q Q Q

2
and ) 2
%:1IV1M +1IVZM <C<C.
2 0O \/}To,é’ 2 QO h20,€

As ¢ approaches 0, the resulting model corresponds to the stationary case. Recently, the authors
in [19] analyzed an evolutionary model that resembles the one studied in [20] when ¢ tends to 0.
In [10], the authors established the existence of global strong solutions for the Cauchy problem of a
shallow water system in dimensions N > 2. Similarly, the work in [11] demonstrated the existence
of global strong solutions for the compressible Navier-Stokes equations with a degenerate viscosity
coefficient in one dimension. A key aspect of their proof involved controlling a new effective
velocity (see [11]) in L*((0,T); L*(RR)), which allowed them to also control the inverse of the
density, 1/p, in the same space.

In [5], the authors proved the well-posedness of a system modeling two-layer shallow-water flow
between two horizontal rigid plates. They assumed that the depth of the bottom layer, denoted
hy, satisfies 0 < h; < 1 and used the relationship h; +hy = 1, where h; is the depth of the top
layer. Building on the approach in [5], and under the rigid-lid assumption iy + hy = 1, we adopt
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the following hypothesis: there exists a constant ¢ > 0 such that 0 < ¢ < h; < 1. The equations
(1.1) — (1.4) can then be reformulated as follows:

dthy + dx(hiuy) =0, (1.6)
Y] axhl
dsu1 + u1dyiy — v1diug —vq h_axul +dwp =0, (1.7)
1
dth + 9x((m —1)uz) =0, (1.8)
vl ath
Aty + Updyuy — vy — vzh—8xu2 +dyp =0. (1.9)
2

Thus the estimates obtained on /; will be valid for ki, with hp = 1 — h;.

This paper aims to prove the existence of global strong solutions for a one-dimensional bi-
layer shallow water model under the rigid-lid assumption, building upon the work in [19, 20].

Specifically, we establish appropriate regularity properties for the unknowns:
hi € L¥(0, T;L¥(Q)), u; € L*(0,T;L*(Q)) NL*(0, T; H*(Q)), p € L(0,T;L¥(Q)).

These regularities are obtained through compactness arguments and by applying De Rham’s the-
orem (refer to [2]).

The rest of this paper is structured as follows: Section 2 presents the initial and boundary condi-
tions, followed by the main existence theorem. In the subsections of Section 2, we introduce the
energy concepts (classical energy and mathematical entropy) and provide results that establish
the regularity of the unknowns necessary to prove the stated theorem. Finally, in Section 3, we

provide detailed proofs of the classical energy and mathematical entropy.

2. MAIN RESULTS

This section begins with the presentation of the initial data and the main results of this paper.
The subsequent subsections will provide detailed evidence supporting these key findings. We

assume that the initial data satisfies the following expressions and conditions:

hi, = M=o, h2y = hop—o, U1, = t1p—9 and uz, = uz—o,

0<g10 <h, <1, O<g20§h20 <1,
(2.1)
h, € HY(Q), wu, € HY(Q), hy € HY(Q), uy € HY(Q)
where ¢, and ¢, are some positive constants. We further assume that the viscosities v; and v,

verify the relation

Vo >V (2.2)
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and the following quantities are finished:

1
E f [hlolulolz + h20|u20|2]dx < Cl/ (23)
Q

1

5 f [hlolulo + e (1 )P + hagluz, + 9x<P(hzo)|2]dx <Gy, (2.4)
Q

where Cj, C; are real constants and ¢ (h;) = vilogh;, i=1{1,2}.

Theorem 2.1. The system (1.1) — (1.5) admits global strong solutions corresponding to the initial data
(2.1) — (2.4), satisfying the conditions for i = {1,2}.

hi is bounded in L*(0,T;H (Q)),
p is bounded in L%(0,T; H'(Q))),
2.5)
u; is bounded in L®(0,T;L™(Q)) NL2(0, T; H*(Q))),
dw; is bounded in L*(0,T;L?(Q))).

Remark 2.1. Observe that as hy tends to 0, hy converges to 1. In this limit, equations (1.1) and (1.4) take
the form:

dutt; = 0, (2.6)
8tui =0. (27)
We deduce that the system (2.6) — (2.7) is a isentropic Euler system of the form

O+ dput = 0, 2.8)

i+ dyp(h) = 0. (2.9)
Global weak solutions for the conservation law (2.8) — (2.9) were constructed in [9], and the uniqueness
of weak entropy solutions for small BV functions was later established in [6].

In the following subsection, we will give some results that will help prove the previous theorem.

2.1. Energies inequalities. The energy equality associated with the system (1.1) — (1.5) is given

in the following proposition

Proposition 2.1. Let (hy,ha, u1, uz,p) be a smooth solution of the system (1.1) — (1.5), then the following
classical equality holds:

1d

S— | |mlur + halual? [dx + vy f h1|0ur 2 + vo f h|0yuzPdx = 0. (2.10)

From the previous result (2.10), we deduce the following estimates:
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Corollary 2.1. Let (hy,hy, u1,uz, p) be a solution of model (1.1) — (1.5). We have the following uniform
bounds:
\/Eul is bounded in L= (0, T; LZ(Q)), \/h_zuz is bounded in L= (0, T; LZ(Q)),

\/h_laxul is bounded in L2(0, T; LZ(Q)), \/h_28xuz is bounded in L2(0, T; LZ(Q)).

The estimates obtained on hq, hy, u1 and u, are insufficient, we need other estimates which we

will find in the following results:

Proposition 2.2. If (h1,hy, u1, uz, p) is a solution of (1.1) — (1.3), the following equlity holds:

a f h2|0x log hy|* + d f u18xh1+£ f U2d:hy

at dt it Jg,

= [ @2+ | @ 211)
@) QO

This result allows us to have control over gradian of \h; and the gradian of dyh; in L™ (0, T; L*(Q))) for
i=1{1,2}.

d
dtfhlla logh1|2+v2

Proposition 2.3. Let (hy, hy, uy, uz, p) bea smooth solution of (1.1) — (1.5), then the following mathematical
BD entropy inequality holds:

1d 1d
ST h1|u1 + dyp(hy)Pdx + = > h2|u2 + 0 (hy)Pdx
L2 ;Vl f 100l < (va—v1) f 0H11 2 (2.12)
Q @)

The previous result allows us to deduce the following estimates in the corollary

Corollary 2.2. If (hy,hy, u1,u2,p) is a solution of model (1.1) — (1.5) verifying the inequality given in
(2.12). We obtain the following estimates:

dyhy is bounded in L2(0, T; LZ(Q)),8xh2 is bounded in LZ(O, T; LZ(Q)),
Oy \/h_1 is bounded in L™ (0, T; LZ(Q)),8x \/E is bounded in L= (0, T; LZ(Q))
and

dxp is bounded in L2(0, T; L*(Q))).

Thanks to the Corollary 2.1, Corollary 2.2 and the equality /; 4+ h; = 1 we deduce the following
estimates on k; and u; for i = {1,2}.

Corollary 2.3. Let (hy, hy, u1,uz, p) be a solution of model (1.1) — (1.5). We have the following uniform
bounds:
hy is bounded in L™ (0, T; L™ (Q)), hy is bounded in L= (0, T; L™ (Q})),

uy is bounded in L(0, T; L (Q)), uy is bounded in L*(0, T; L™ (Q))).

Now we are interested in the estimates on p.
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2.2. Estimation on p.

Proposition 2.4. If we assume that (hy, hy, uq, ua, p) is a solution of the system (1.1) — (1.5) then we have:

p is bounded in L*((0,T),L*(Q})). (2.13)

Proof. This proof borrows the ideas developed in [14,18]. We introduce the following functional
spaces
V={p: D), dhp=0 inQl}.
H={p: quZ)(Q),fqb:O}
Q
If we add up the equation (1.2) and (1.4), we have
8t(h11/11) + 8t(h2u2) + &x(hlu%) + 8x(h2u%) - v18x(h18xu1)) - Vzax(hlaxlxll)) + (pr =0. (2.14)

Fori = {1,2}, we have
d¢(hiu;) is bounded in W~*(0, T; L®(Q))),
dx(hu?) is bounded in W (0, T; L*(Q2))
and
dx(hidx1t;) is bounded in W1 (0, T; L*(Q)).
We then deduce the left term of the equation (2.14) is bounded in W=1*(0, T; L2(Q))). Let ¢ € V,
we multiply (2.14) by ¢ and integrate over () by taking into account that Q) is periodic to obtain

fQ (Oe(luy) + r(lauiz) + x(yul) + D (hg1u3) = vidy(Mdxttr) = v2y(Mdouy) Jp = 0 (2.15)
So by De Rham’s theorem, there exists a unique p € W=1>°(0, T; L2(Q))) such that
I (hur) + d¢(hatiz) + Ix(huf) + dx(hou3) — vy (h1dxur)) — vadx (h1dxur)) = xp,
and
f pd =0 Vo eH.
Hence !
pe W20, T;L?(Q)) and f pp =0 VoeH.
Moreover if we add up the equations (1.1) and (1.3), Sve get
Ix(huy +houz) =0
and we add up the equations (1.2) and (1.4) and deriving from x, we have
—dpp = &x(8xh1u% + axhzug) — 10,2 (hdxuy)) — vod,a (hadyup).

With the preceding regularities established on h; and u; we easily justify that the right-hand terms
of the previous equation are all in L2(0, T; W=22(Q))). Then

d,2p is bounded in L2(0, T; W22 (Q))).
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Hence by regularity of the Laplacian we have

p is bounded in L?(0, T; L?(Q))) (2.16)
Thanks to the Corollary2.2 and injection of H! into L we deduce that

p is bounded in L2(0, T; L™ (Q))) (2.17)

O

Remark 2.2. With the estimates obtained on h; and as p is defined as a function of h then we deduce that:

p is bounds in L= (0, T; L= (Q})).
2.3. Uniform bounds for the velocities.

Proposition 2.5. For (hy, hy, uq,uy, p) solution of the system (1.1) — (1.5), we have the following estimates:
uy is bounded in L2(0,T;H*(QY)), duy is bounded in L*(0,T;L*(Q))),

Uy is bounded in LZ(O,T;HZ(Q)), dwun  is bounded in LZ(O,T;L2(Q)).

Proof. Proposition 2.5

We consider the momentum equation for i = {1,2}
8t(hiui) + dy (hiuiz) — Vidy (hiaxui) + hiaxp =0
We rewrite that as:
hidu; + hiuidxu; — vidy (hidxu;) + hidxp = 0,
hidsu; + hitidxut; — vihidau; — vidxhidsu; + hidyp = 0,

0h;
Oty + U;01; — viafcui — vif&ui +dyp =0,

oty — vid2u; = —dxp + (vidylog hj — u;)dxu;. (2.18)
By virtue of Corollary 2.2, dyp is bounded in Lz(O, T; LZ(Q)). Drawing on the methods presented
in [11] and [17], and employing Holder’s inequality, the Gagliardo-Nirenberg inequality, and

energy estimates, we obtain:
| (vidx log hi — u;)dxillr2 (o T12(00))

< lvidx log hi = uillp= o, T;r2 () 19xtill2 (0,72 (2))
1 1
< ||Viax 108 h; — ui“LD"(O,T;LZ(Q))Ilaxui|lzz(0,T;L2(Q)) ||8325ui||zz(0,T;L2(Q))

1
< Cllozuill?, OTL2(Q)"
Using regularity results for parabolic equation of the form (2.18) gives for any T € (0, T):

1
19euill 2 (0,;e2(c2)) + I9xttillez (o, () < ClOtill 2 o o ) + C
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with C depending on ||ujy||;n and by boostrap for any T € (0, Tp):

9suilli2 0,1, 12(02)) + il 0,7, 120y < C(T).

3. APPENDIX

Proof. Proposition 2.1

We will multiply the equations (1.2) and (1.4) respectively by u; and u;. We obtain the

following equalities:

f (8th1u1)+8x(h1u%) uldx—i—fh1u18xpdx—v1fu18x(h18xu1)dx:0,
al ] 9 Q

and

f (8th2u2) —+ 8x(h2u§) Urdx + f h2u28xpdx - sz u28x(h28xu2)dx =0.
Q (@) @)

We rewrite the first two terms of each of the two previous equations as follows:

f (Othiun) + Oy (hyu?) |urdx = 14 f halua|Pdx, (3.1)
a 2dt Jq
2 1d 2
(0th2u2) + 8x(h2u2) Updx = = — hylus|“dx. (3.2)
We also observe that:
f hiuydxpdx + f haudypdx = f poi(hy + hy)dx. (3.3)
0 0 Q

Furthermore, we have:

—vlfulax(hlaxul)dx—vzfuzo"’x(hzo"’xuz) :V1fh1|axu1|2+1/2fh2|3xLl2|2dx. (3.4)
Q Q Q Q

Now we add the equations (3.1) — (3.4) to find the proclaimed equality. m]
Proof. Proposition 2.2 For i = {1, 2}, thanks to the mass equation, we have
019xh; + I (hidxu;) + dx(uidyh;) =0 (3.5)
Raplacing d.h; by hidx loghi, we get:
d¢(hidxlogh;) + dx(hidxu;) + dx(uihidx loghi) = 0 (3.6)

we multiply the previous equation by dy log ; to have:
' |8xhi|2 i uﬁ%hﬂxhi _

1|axhi|2 o 2. )
> 2 dx(hju;) + Juidxhi + 20, ? m

1

S2ulhid. og i’ 0 (37)

Let us multiply the momentum equation by d, log h; and simplify to have

|8xhi|2
1

(8tui + uiﬁxui)&(hi - v18§u18xhi -

oyl + axp8xhz- =0 (3.8)
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We multiply the equation (3.7) by v; add to the equation (3.8) and integrate to have
vid
EIE h;|dy log ]’ll'|2 + f 8xhi8xp + f (atui + uiaxui)&’xhi =0,
0 0 0

S0,
Eifhilﬁxloghilz—Ffaxhi3xl9=—f@t”iJF“iaX”i)axhi

We use the mass equation to rewrite: (dyu + udyu)dyh as
(Orui + uidyu;)dxhi = dpuidch; + (=th; — hidxu;)dxu;.

So, we have

vi d d d
i | mostognt % [ wou+ [ o= [ nidas 39)
By summing the previous expression for i = {1,2}, we have
Vl d 2 VZ d 2 d f d f
—— | h]d,1 —— | hyldclogh — h+ =
2t g 1l0xlog " + =~ R 200xlog o™ + Q”lax 1+ Quz8xhz
:fhllaxu1|2+fh2laxu2|2~ (3.10)
QO Q

Proof. Proposition 2.3

The system (1.1) — (1.4) can be written as follows: fori,j = 1,2 withi # j

dthi + dx(hju;) =0,
(Si)
At (hiut;) + 0y (hui®) — vidy (hidxut;) + hidxp = 0.

Following the idea proposed in [11], we set v; = u; + v;dy logh; = u; + dy@(h;) and we can rewrite
the system (S;) as follows:

o¢h; + 9y (hﬂ)i) - Viaihi =0,
(57)
hi8t(vi) + hl-uzax(vi) -+ hz-&xp =0,

fori,j=1,2.
We multiply the second equation of (S!) by v; and integrate on Q, for i = 1,2.

We have for each layer:

1d
—— f hilug + Bxgo(hl)lzdx + 11 f Oxpdxhidx + f pdihidx = 0, (3.11)

and
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1d
2dt

We sum up the equatlons by performing a simple calculation to have:

h2|u2 + 8xg0(h2)| dx + sz J pa hodx + f pathzdx =0. (3.12)

1d

1d
23 o hluy + oy () Pdx + = h2|u2 + 0 (hy)Pdx

2 dt

4+ f Ixpdxhidx + vy f Ixpdxhadx = 0.
Q Q
Taking into account the equation /1 + h; = 1 to deduce that:

1d

1d
—= f hluy + Oy (hy)Pdx + = h2|u2 + 0 (hy)Pdx

2dt 2dt

+11 f Ixpdihidx — vy f dxpdhidx = 0.
o) Q

Using the equality: ab = %[(a +b)?—a® - bz] for the to last terms, we have

1d

1d
2 dt h1|1/l1 + &x(p(hl)lzdx + =

2dt

Vo —V Vo —V
#7220 [ o= 2N [ o+ o =0
Q QO

1 3
we deduce taking into account the inequality: (a + b)? > Eaz - Ebz' we get:

h2|u2 + 8xg0(h2)|2dx + 2 f |0y h1|

1d

1d
ST h1|u1 + 0y (hy)Pdx + = ST h2|u2+8x(p(h2)|2dx
+220 [ < n-w) [ it =0, (313)
Q (@]

4. CONCLUSION

This paper focuses on the theoretical study of a one-dimensional viscous bilayer shallow water
model under the rigid-lid assumption. Using the estimates derived for the unknowns (h;, u;, and
p), we demonstrate the existence of global strong solutions in time for this model. This work
enhances and builds upon the results in [19]. Additionally, as part of ongoing research, we are
exploring the existence of solutions in the two-dimensional case, for which stability was previously

established in [Discrete and Continuous Dynamical Systems Series B, 18(1), (2011)].

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.
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