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Abstract. The present paper deals with the study of Wg and Wg-curvature tensors in an n-dimensional Lorentzian

para-Kenmotsu manifold (briefly, (LPK),-manifold) with a quarter-symmetric metric connection.

1. INTRODUCTION

In 1971, a class of contact Riemannian manifolds satisfying some special conditions was pro-
posed by Kenmotsu [1], we call it Kenmotsu manifold. After that Kenmotsu manifolds have been
studied by many authors, such as Yoldas and Yasar [2]; Jun, De and Pathak [3]; Prasad, Haseeb and
Pooja [4] and many others. In 1976, the concept of almost paracontact manifolds was proposed
by Sato [5]. An almost paracontact structure on a semi-Riemannian manifold was established by
Kaneyuki and Kozai in [6]. They constructed almost paracomplex structure on M X R. According
to Kaneyuki et al. [7], the key variation among almost paracontact manifolds is the signature
of the metric. In 1995, the authors Sinha and Prasad studied para-Kenmotsu as well as special
para-Kenmotsu manifolds and found their significant properties [8]. Afterwards, para-Kenmotsu
manifolds drew huge attention of geometers, and significant characteristics of such manifolds have
been obtained. Semi-Riemannian geometry, used in the relativity theory, was studied by Neill [9].

About four decades ago, Kaigorodov has explored the curvature structure of the spacetime [10].
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Raychaudhuri et al. [11] extended the concept of general theory of spacetime. Recently, Haseeb
and Prasad introduced and studied Lorentzian para-Kenmotsu manifolds of dimension 7 (briefly,
(LPK),-manifold) [12,13].

In 1975, the notion of quarter-symmetric connection in a differentiable manifold was defined
and studied by Golab [14]. A quarter-symmetric metric connection has been studied by many
geometers in many ways to a different extent as Mandal and De [15], Ahmad et al. [16], Prasad
and Haseeb [17] and others. In [18], Pokhariyal have defined W and Ws-curvature tensors, and it
is shown that if the divergence of Wg-curvature tensor in an electromagnetic field vanishes then it
is a purely electric field.

This paper has been organized in the following way: Section 2 contains preliminaries, where
some fundamental results are given. In Section 3, curvature tensor of (LPK),-manifolds with a
quarter-symmetric metric connection is described. In Section 4, we express W and Wg curvature
tensors of (LPK),-manifolds with a quarter-symmetric metric connection. In Section 5, non-flatness
of Ws and Ws-curvature tensors in (LPK),-manifold with a quarter-symmetric metric connection
are discussed. In Section 6, the relation between W and Ws-curvature tensors is established. In
Section 7, we study (LPK), manifolds with a quarter-symmetric metric connection satisfying the
conditions Wy - R=0 and Wg - R=0.

2. PRELIMINARIES

We begin this section with the following definition:

Definition 2.1. A differentiable manifold M is said to be a Lorentzian manifold, if M has a Lorentzian
metric g which is a symmetric non-degenerate (0, 2) tensor field of index 1. Since the Lorentzian metric g
is of index 1, therefore, Lorentzian manifolds M has not only spacelike vector fields but also lightlike and
timelike vector fields.

Definition 2.2. Let M be an n-dimensional Lorentzian metric manifold. If it is endowed with a structure
(p,&,1,8), where ¢ is a (1,1) tensor field, & is a vector field, 1 is a 1-form and g is a Lorentzian metric,

satisfying
P> 21 = 21 +n(21)E, g(d21,022) = g(21, 22) +n(21)n(22), n(é) =-1, (2.1)

92,8 =n(21),  ¢E=0,  nd21)=0,  B(2,2)=D(23,21), (2

for any vector fields 21, 2> € x(M): the set of all differentiable vector fields on M, where ®( 21, 22) =
(21,9 22), then it is called Lorentzian almost paracontact manifold.

Definition 2.3. A Lorentzian almost paracontact manifold M is called (LPK),-manifold, if [12]

(Vai9) 22 = =g(¢ 21, 22)& = n(22)p 21,
where 21, 2> € x(M).
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In an (LPK),-manifold, we have [12]
Vo & =-21-n(21)¢,
(Vain) 22 = =g(23, 22) = n(21)n(22),

where V denotes the operator of the covariant differentiation with respect to the Lorentzian metric

g
Further, in an (LPK),-manifold, the following relations hold [12,19]:

N(R(21, 22) 23) = §(22, Z3)n(21) - (21, 23)n(22), (2.3)
R(&, 21) 22 = g(Z4, 22)E = n(22) 24, (24)

R(21, 22)& = n(22) 21 = n(21) 22, (2.5)

R(&, 21)E = 21 +n(21)€, (2.6)

5(21,€) = (n=1)n(21), S(& &) =—-(n-1), (2.7)

Q& = (n—-1)¢, (2.8)

S(p21,9023) = S(21, 22) + (n=1)n(21)n(22), (2.9)

forany 21, 22, 23 € x(M), here R, S and Q are the curvature tensor, the Ricci tensor, and the Ricci
operator of M(¢, &, 1, §), respectively.

Definition 2.4. A linear connection V defined on (M, g) is said to be a quarter-symmetric connection [14],
if its torsion tensor T
T(21, 22) =V 22 =V 9321 = [ 24, 23]
satisfies
T(21, 22) = n(22)0 21 = n(21)9 22,
where 1 is a 1-form and ¢ is a (1,1)-tensor field. Moreover, if a quarter-symmetric connection V satisfies

the condition
(V2:8) (22, 23) =0,
where 21, %2, 23 € x(M), then V is said to be a quarter-symmetric metric connection.
A relation between a quarter-symmetric metric connection V and the Levi-Civita connection V

in an (LPK),-manifold M is given by
Vo 22 = Vo, 22 +1(22)p 21 — g(p 21, 22)&. (2.10)
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3. CURVATURE TENSOR OF (LPK),-MANIFOLD WITH A QUARTER-SYMMETRIC METRIC CONNECTION
The curvature tensor R with a quarter-symmetric metric connection V is defined by
R(21, 22) 23 =V 5,V 2y 23 =V 2,V 25, 23 =V 91, 0 25 (3.1)
Using the relation (2.10) in (3.1), we have
R(21, 22) %5 = R(21, 22) X3+ §(22, 23)p 21 — §( 21, 23)p 22 + g(p 22, 23) 21 (3.2)
—8(p 21, 23) 22 + §(p 22, 23)p 21 = §(9 21, X3)p 2,

where
R(21, 22) 23 =V, Vo, 23 =V 2,V 23 = V(9,, 95 23,

is the Riemannian curvature tensor of the connection V. Taking the inner product of (3.2) with %4,

we have

R(21, 22, 23,%) = R(2, 22, 23, %) + §( X2, 23)8(0 21, Us) — §( 21, X3)8(p 22, %) (3.3)
+  8(p22, 23)8( 21, Us) — (P21, X3)8( 22, Us) + §(0 22, 23)8(p 21, U5)
- g(p21, 23)8(0 22, Us),

where R(24, 23, 25, %) = g(R(21, 23) 25, %), and R(24, 23, 23, %) = g(R(21, 23) %5, Us).
Contracting (3.3) over Z7 and %3, we obtain

S(22, 23) = S(22, 23) + (n + ¥ =2)8(p 22, 23) + (v = 1)8(22, 23) = n(22)n(23),  (34)

where, S and § are the Ricci tensors of the connections V and V, respectively on M, and i = trace

¢.
Replacing Z3 = & in (3.4), and using (2.2) and (2.7), we have

5(22,&) = (n+y-1)n(22). (3.5)
From (3.4), we have
Q2= Q2+ (n+9-2)p 25 + (v ~1) 22~ 1(2)¢, (3.6)

where Q and Q are the Ricci operators of the connections V and V, respectively on M.

Replacing Z3 = & in (3.6), we have
Q& =n+y-1)¢&. (3.7)
Contracting (3.4) over 2, and 23, we find
F=r+(2p-1)(n-1)+¢? (3.8)

where r and 7 are the scalar curvatures of the connections V and V, respectively on M.

From (3.2), we deduce

R(&, 22) 25 = (22, 23)& = n(23) 22 = n(23)p 22 + §(p 22, 23)E, (3.9)
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R(24,8) 25 = n(Z3) 21 — §( 21, 23)E +n(23)p 21 — g(9p 21, 23)<, (3.10)

R(23, 23)& = 1(23) 21— 1(23) 23 + 1(23)0 25— 1(23)p 22, (3.11)
for any 241, 22, 23 € x(M).
4. ExprESSION OF W AND Wg-CURVATURE TENSORS ON (LPK),~-MANIFOLDS WITH A
QUARTER-SYMMETRIC METRIC CONNECTION

The Wg-curvature tensor field in a Riemannian manifold is defined as [20,21]

1
We( 23, 23) 25 = R(23, 23) 25 + —=[8( 2, 22)Q%5 = S(23, 23) 2], (4.1)

for any 24, 22, 23 € x(M).
Analogous to (4.1), the We-curvature tensor in an (LPK),-manifold with a quarter-symmetric
metric connection V is defined by

Wl 21, 25) 25 = R(2i, 25) 25+ —[8( 23, 22)Q25 - §(%5, 23) 2i]. (42)

By using (3.2) and (3.6) in (4.2), we have

Wo( 21, 23) %5 = R(2i,23)2%+ —[3(23, 25)Q23 S(25, 23) 2i]

2

b Y203, 23025 + 925, 29)021 - g( 24, 23)9. 25 (4.3)

+ i}:i [8(21, 22) 25 — §( 22, 23) 21 — §(p 22, 23) 24] — 8(p 21, Z3) 22

g(p22, 23)p 21 — g(p 21, Z3)p 22
+ ﬁ[n(%)n(%)%—g(%,%)n(%)é]-
Taking 27 = &, 2> = £ and 23 = £ in (4.3), we respectively have
Wole, 2225 = "o, 936 V2 glon, 23)6 4+ T on(23) 25 - n(23) 23 (49

2

¥ %n%)m— (23002 + — (22025 - (23, 23)¢],

Wo( 21,602 = “an(20) 23~ —on(29) 21 + X 200000625 +n(23)02;

— 8( 21, 23)E - g(0 21, Z3)E - —Ton(ZN(ZA)E + —=n(21)Q25, (45)

Wo( 21, 22)¢ = ”(%>%‘iﬂ(%)%+n(%)¢% (4.6)
2923 + T g(23, 7).

1
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Taking the inner product of (4.3) with &, we get

%g(%f%)n(%) + —lpg(%z,e%)n(%) 4.7)

~ 82, 23)n(2) - Y262, 23)n(23) - g(0.25, 23n(25)

1
n-—1

n(We(21, 22)23) =

_|_

NZn(Z2)0(23) ~ —=S( 25, Z5)n( 24)

Now, the Wg-curvature tensor in Kenmotsu manifolds with the Levi-Civita connection V is given
by

1
Ws( 23, 23) 25 = R(21, 22) 25 = —=[S(22, 23) 21 = S(24, 22) 23], (48)

Analogous to (4.8), the Wg-curvature tensor in (LPK),-manifold with a quarter-symmetric metric

connection V is defined by

_ _ 1 - a
Ws(21, 22) 23 = R(21, 22) 23 = —— [5(22, 23) 21 = 5(24, 22) Z3]. (4.9)

By using (3.2) and (3.4) in (4.9), we have

Ws (21, 25) 25
= R(Zi, 23) 25 - —=[S(23, 23) 23 - S(3, 23) 23
- lp:i[g(%'“%)% 8(21, 22) 23] + g(22, 23)p 21 — 8( 21, 23)0 2> (4.10)
+ %g@% 22) %3 = I,f%}g(qb«%, 23) 21 = §(9 21, 23) 2
b 80T, 2302 - (621, 25)9 %5 + — = [(Z2)n(25) 2 ~ n(2i)n(25) 23]
Taking 27 = &, 23 = &and 25 = & in (4.10), we respectively have
W, 22) 25 = Y o(25, 93)6 - n(23) 23 + T In(23) 25 - n(23)0.2 (@11)
- :f ig(¢%,%)5+ﬁn(a%) (%)5—%5(%%)5.
We(21,6) 23 = Ll’blln(%)%—in(%)%—g(%,%)é 41

+1(23)p 21 - g(p 21, 23)E.

¥ nty-

- - 2
Ws(21, 22)€ = 18(%,%)5 —. 7 8021, 22)¢ (4.13)

—n(%)%—in%)%m(%m% 1(23)6 2

1 1
———1(2)n(22)E + ——S(21, 22)E.
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Taking the inner product of equation (4.10) with &, we have

n(Ws(21, 22) 23)
= P ls(on, man2) + S g, ()
- (7 2n(2) + (02, 2 23) - g0 2, 2n(27) (419)
— S621, 23)0(23) ~ = [S(2, Z3)n(21) - (21, Z2)n(23)].

5. NON-FLATNESS OF Wi AND Wg-CURVATURE TENSOR IN (LPK),-MANIFOLDS WITH A

QUARTER-SYMMETRIC METRIC CONNECTION

First, we consider non-flatness of Wg-curvature tensor in (LPK),-manifolds with a quarter-
symmetric metric connection. We prove our fact by contradiction, i.e., we assume that an (LPK),,-

manifold with a quarter-symmetric metric connection is We-flat, i.e.,
for any 241, 22, 23 € x(M).

Taking the inner product of (4.2) with %%, we have

W6(%‘], %1 '%él %)

1
-1

= R(21, 22, 23, %) + [8(21, 22)8(Q25, ) = 5(22, 23)8( 24, ). (5.2)

=

By using equation (5.1), (5.2) gives
- 1 .- -
R(24, 22, 23, %) = ——[5(22, 23)8(21, %) = §(21, 22)8(Q23, %))

Taking #3 = £ in the above equation, we have

R(21, 22,8, %) = ﬁ[g(%,é)g(%,%) - 8(21, 22)8(QE, 7). (5.3)
Using equations (3.5) and (3.7) in (5.3), we find
_ -1

Hence, the above relation leads to the following theorem:

Theorem 5.1. In an (LPK),-manifold with a quarter-symmetric metric connection, We-curvature tensor
is not flat.

Next, we consider non-flatness of Wg-curvature tensor in (LPK),-manifolds with a quarter-
symmetric metric connection. We assume that an (LPK),-manifold with a quarter-symmetric

metric connection is Wg-flat, i.e.,
for all 27, 23, Z3 € x(M).
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By taking the inner product of (4.9) with %, we have

_ _ 1 _ _
WS(%‘]I %1 %l %) - R(f%/ %/ '%/ %2) - n-1 [S(%/ %)8(3{1/%2) _S(%/ %)g(%/ %2)]
(5.6)
By using (5.5), (5.6) gives
_ 1 .- _
R(21, 22, 25, %) = —[5(22, 23)8(21, %) = S(2h, 22)8( 23, %)) (5.7)
Taking Z3 = £ in (5.7), we have
- 1 = -
R(21, 22,8, %) = m[s(%, E)8( 2, W) — S( 21, 22)8(E, U)).
In view of (3.4) and (3.5), the last equation tuns to
_ 1
R(21, 22,&,%) = [(n+ ¢ -1)n(22)g(21, %) — (Y —1)g( 21, 22)n(%) (5.8)

n-1
- S(2, 22)0(%) — (n+ = 2)8(p 21, 22)n(%2) + n(21)n(22)n(%2)] # 0.

Hence, the above relation leads to the following theorem:

Theorem 5.2. In an (LPK),-manifold with a quarter-symmetric metric connection, Ws-curvature tensor
is not flat.

6. ReLATIONSHIP BETWEEN W AND Wg-CURVATURE TENSORS IN (LPK),-MANIFOLDS

Taking the inner product of (4.9) with %5, we have

1

Wg(%/ '%/ %/ %2) = R(%, 5?//2/ %/ %) - n— 1

(S( 22, 23)8( 21, ) - S(21, 22)8( 25, Us)),
(6.1)
where Wy (21, 25, 25, %) = §(Ws( 25, 23) %5, W)
Putting 23 = £ in (6.1), we have

~ - 1 - _
Wal(23, 22,6, %) = R(Z1, 22,6, %) = —[8(22 O3(21, %) = $(21, 22)3(6, ). 62)

From (3.3), we also have

R(21, 22,&,%) = R(21, 22,& %)+ 8(22,E)8(0 21, %) — g(21,E)8(0 22, %) (6.3)
+ (0 22,8)8(21, %) - §(p21,8)8( 22, W)
+ (0 22,8)8(d 27, %) — g(p 22, ).

By using (2.2), (6.3) reduces to

R(24, 25,8, %) = R(21, 22, &, %) +1(22)8(0 21, %) — 1(21)8(d X2, U). (6.4)
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Now, using (2.2), (3.5) and (6.4) in (6.2), we have

] -

— S22 W 21) + (621, U)n(23) + L“’lzg@%,%)n(%)

_ %n(%)n(%ﬂ%) + %s@%, Z2)n(%).

Interchanging %%, and £ in the foregoing equation, we have

WS(%/ %/%215)
1 n+y-2
= R(%,%,%,é)+ﬁn(%)n(%)n(%) — 1 82, 22)n(%)
- n+ 1 1
- Yo, g + g2, wn(2) - (23, 2n(%). (69
Equation (6.5) can be written as
_ 1 n+y-2
Ws(21, 22)% = R(Z, 22)th+ —n(20)0(22)% - — ——8(p21, 22)%  (6:6)
P-1 +¢-1 1
_—n—1g(‘%'%)%+—1 (25, %) I - —=S(, 25) %
Replacing %> by 23 in (6.6), we have
~ 1 n+y-2
Ws(21, 22) 23 = R(21, 22) 23+ ——n(21)0(22) 23 = ——5—8(9 21, 22) 25 (6.7)
-1 n+ 1 1
g, 2 25+ T e, ) 90 - s, ) 5

Using equation (2.3) in (6.7) and simplifying, we get
M
-1

1 1

] ¢ 1

n+¢—
n—1 8
Taking the inner product of (4.1) with %5, we have

1
We(21, 22, 23, ) = R(21, X2, X3, %) + p— [8( 21, 22)S( 23, %) — S( 22, 23)8( 27, %)),
which by putting 23 = £ turns to
We(21, 22, &, %) = R(21, 22,&, %) + [§( 24, o)1) — §(24, %a)n(22)). (6.9)

Interchanging % and ¢ in the above equation, we have
from which we write

We (21, 22)% = R(21, 22) W — [8( 21, 22) U — §( 22, Ua) 24 ). (6.10)
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Replacing %, = %3 in (6.10), we have
We( 21, 22) 25 = R(241, 25) 25 — [3( 24, 25) 253 — §( 25, 23) 24). (6.11)

Simplifying above, we have

We( 21, 22) 25 = —g( 24, 253) %5+ 28( 25, 23) 21 - g( 24, 23) 2. (6.12)
Now, from (6.8) and (6.12), we get
Wa(2i, 23025 = We(21,22) %+ Ye(#:, 23) 23 + —Yg(23, 23 2; 613)
n+y-2

1
p— g(p21, 22) 25 + m’?(%)ﬂ(%)% - ms(%r 22) 23

Thus, we conclude:

Theorem 6.1. A Wg-curvature tensor with a quarter-symmetric metric connection is related to the We-
curvature tensor with the Levi-Civita connection in (LPK),-manifolds by (6.13).

7. (LPK),-MANIFOLDS SATISFYING Wg - R = 0 axD Wy - R = 0
In this section, first we study an (LPK),-manifold satisfying Wg (&, %4 ) - R = 0. Thus, we have
We (&, 21)R( 21, 22) 25 = R(We(&, 2) 21, 22) 25 (7.1)
—R(21, We(&, %) 22) X3 — R(21, 22)We (&, %) 23 = 0.
Replacing 25 by & in (7.1), we have
We (&, % )R(21, 22)& = R(We (&, 21) 21, 22) & (7.2)
—R(23, We(&,2%) 22)E — R(271, 22)We (&, 24)E = 0.
Using (3.11) in (7.2), we have
n(We (&, %) 21) 22 —=n(We (&, 20) 22) 21 + 1(We (&, %) 21)p 22 (7.3)
—n(We(&, %) 22)p 21 + n(22)We(&, %) p 21 = n(21)We (€, %) p 22
+1(21)p(We (&, %) 22) = n(22)p(We (&, 241) 21) = R(21, 22) (% + d7h + 1n(74)E) = 0.

By using (4.4) in (7.3), we lead to

1 1 1

S(h, 250 2 + —= S(Th,0 Zo)n(23)E ~ —=S(74, 21 )n( 23)¢

n-—1 1 1
n-— n

tz fg(%1, 22) 21 — —lfg(?/l, 21) 25 + —¢g(%1, 22)p 21
n-— 1 1

—n—¢g(%1, 21)0 22 + %g(qﬁ%, 21) X2 - Z—g(ﬁb%, 22) 21

o som, 20923 - Lolgtom, 2002 + L2 gm, 2002 749
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e, BN+ g, 6 (238 - g, 2m( 2
+”:¢1_217(%1)17(%)%—%n(%)ﬂ(%)% +_¢1‘,7(%1) (2062
—n:¢1 2’7(%1) (25)p21 - R(21, 25)% — R(21, 2>)p24 = 0.

Substituting 25 = ¢, and using (3.10) in (7.4), we arrive at

s, 26+ —s(an,020)e + 2 g, 20 75
FY22 om, e+ Y dsmo 20+ D sy ane — 0
Taking the inner product of (7.5) with &, we have
S, 21) + S(%,67) = ~(n-+29-3)8(%, 71) - (0= V3%, 76

—(n+=2)8(p2, 21) = 2(n +¢ = 2)n(%)n(21).
Contracting above expression over %4 and Z7, we obtain
= —[n? + (59— V)n— (Y 4+ 4)] - tropQ. (7.7)
The above relation leads to the following theorem:
Theorem 7.1. The scalar curvature of an (LPK),,-manifold satisfying We.R = 0 is given by (7.7).
Next, we study an (LPK),-manifold satisfying Wg(&, %4) - R = 0. Thus, we have

WS(él%l) (%-1/ %)’9//3_ <W8(51%1)'9//1/ r/0'/2/‘2)'/08//53 (78)
_R(%/ WS(E/ %l)%)% - R(f%'l/ %)WS(EI %1)'% =0.

Replacing 23 by & in (7.8), we have

Ws (&, 24)R(21, 22)& — R(Wg (&, 24) 21, 25)& (7.9)
—R(21, Ws(&, %) 22)& — R(21, 22)Ws(&, %)é =

Using (3.11) in (7.9), we have

N(Ws(&, 21) 21) Z2 — n(Ws(&, 20) Z2) 21+ n(Ws(&, 21) 21) P 22 (7.10)
—n(Ws(&, 2) Z2)p 21 + n(22)Ws(&, %) p 21 — n( 21)Ws(&, %) o 22
+n(21)p(Ws (&, %) 22) — n(22)9(Ws (&, %) 21) — R(24, 22) (%
+o?% + %n(%)é) =0.
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By using (4.11), (7.10) becomes

1 1 1
—5(%, 1) 22 = ——5(%, 22) 21 + ——5(%, 21)p 22
1

~S(%, 22)9 21 + 1 S(,9IDN(A)E - S, 6222

n n
+n—¢g(% 22) 21 ~ —l’lbg(%, 21) 22+ _kbg(% 25)0 2

s, 70023+ S g0, 20023 - T qgt0m, 23) 7

L oom, 2102 - #gw% 22+ g, nan)e o
g, 2+ E g, 0 20m( 20 - T gm0 2m(20)e

+ﬂn<%>n<%>% S () 23+ S ()92

S (2300 23+ 02002306~ n(2)(22)97%

—R(2, 25)% - R(24, 25)$%% = O.

Substituting 2> = &, and using (3.10) in (7.11), we find

1 1 +20-3
ms(%ll 21)E+ ms(%llﬁb«%)é + %g(%ll 21)& (7.12)
+1-2 n+42 1
Y22 o om, 2+ gm0+ T yann e

N2+ —n(8) 2+ —n(B)O 2 + (2367 =0,
Taking inner product of (7.12) with &, we lead to
S(%, 20) +5(%,027) = ~(n+29-3)3(%, 21) - (Y~ 1)g(%, 6 27) (7.13)
—(n+ ¢ =2)g(¢p2, 21) = 2(n + ¢ = 2)n(%)n(21)-
Contracting above expression over %4 and 21, we get
r=—[n?+ 5Y-1)n- (Y +4)] - troQ. (7.14)

The above relation leads to the following theorem:
Theorem 7.2. The scalar curvature of an (LPK),-manifold satisfying Ws - R = 0 is given by (7.14).
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