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Abstract. In the paper, we introduce gp--closed sets and gp-closed sets using ideal spaces, and some of the properties and
characterizations are discussed. Further, the relationships among some of the existing generalizations are investigated

with the closed sets. Every 1 ¢-closed set is gp--closed is proved in general and some results are investigated.

1. INTRODUCTION

Given an ideal space Y with the ideal 7 and topology 7, a local function [3] of C set of Y is
definedas C* ={y e Y|V NC ¢ I forevery V € t(y)} where in 1(y) = {V € 7| y € V}. The notion
of generalized closed sets was introduced by Levin [1] in 1970. A set C of space Y is said to be
g-closed if c/(C) € Vwhen C C Vand Vis openin Y. The concept of 7 ;-closed sets was introduced
by Dontshev. J, Ganster. M, and Noiri. T [2]in 1999. This was further studied by Navaneetha
Krishnan and Paulraj Joseph [4] in 2008. A set C of an ideal space Y is said to be 7 ¢-closed [10] if
C* Cc VwhenC C Vand V € 7. A-open sets were introduced by M. Veera Kumar [5]. All A-open set
collections satisfying the topology criterion are given by 7P for Y. Local function was defined by
using A-open sets denoted by Cp+(Z, 7) in [6]. Assume AC Y, thenCp-(Z,7) ={yeY|VNC¢I,
vV V € 1P (y)} where 7P (y) = {V € 1P | y € V} is known as D*-local function [6] in C related to 7,
7. If C € Cp+, then cI(C) = clp+(C). A kuratowski closure operator clp-(C) for a topology 7p- finer
than 7 is given by clp-(C) = CUCp- [6]. A set C of Y is x-closed [7](resp. *-dense in itself [8])
if C* C C (resp. C € C*). We assume the topological space used to be always without separation
properties. For C C Y, int(C) will denote interior and c/(C) closure of C in (Y, 7). Similarly int*(C)

will denote the interior of Cin (Y, 7p-).
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A set C of Y is a O-closed set if cly(C) = C and C is a d-closed set if cls(C) = C [9]. In [10]
0g-closed sets are defined. af¢-closed sets were defined by S. Maragathavalli and D. Vinodhini
in [11]. Aset Cof Yis af ¢-closed [11]if C* € V when C C V and V is a-open also every aJ ¢-closed
setis a 7 g-closed set. In 2011 Antony Rex Rodrig et al. defined 7 §-closed sets in the following way:
if C* € V whenever C C V and V is semi-open then C is called 7 §-closed [12]. A set C of Y is said
to be semi-closed if int(cI(C)) € C. Its complement is said to be semi-open [13]. Also all 7g-closed
sets is aJ g-closed. In [14] 7-R-closed sets are defined by A. Acikgoz and S. Yuksel. They defined
a set C of Y to be 7-R-closed if C = cI*(int(C)). It is also proved in [15] that every 7-R-closed set
is an 7 ¢-closed set. A set C is said to be gA*-closed [16] if Cs+ € V provided C € Vand V € 7.
Also, A set C is said to be g;A*-closed [16] if Cs- C V provided C € V and V is a semi-open set.
Consider (Y, 7) to be a topological space and x € Y then Ker{x} = N{G | G € t(x)} where 7(x) is
the collection of all open sets of Y [17]. Nitakshi Goyal in “On 0; kernel of a set" in 2017 proved
that for each C C Y, C C Ker(C). The below given result is used to prove several results in this

paper.The extension of the result [18] will be used .

Lemma 1.1. Suppose E and F are subsets of Y, an ideal space. If so the given conditions can be proved [6]:
(1) fFECF, = Ep- C Fp-.
() (Ep')p* € Epr
(3) Ep- Cclp(E)
(4) clp-(E) CcI*(E)
(5) Ep- = clp(Ep+) C clg(E)
(6) IfFE€ I, then Ep- = ¢
(7) Ep UFp = (EU F)p:
(8) (ENF)p CEp- N Fp-.

Lemma 1.2. Ap- € A" always holds [6].

2. gp-CLOSED SETs

Definition 2.1. Suppose Cisaset of Y in (Y, 7, I) then Cis gp+-closed if Cp- €V when C C Vand V € t.
Definition 2.2. A set C is said to be gp-closed in (Y, ) if cI(C) €V when CC Vand V € 7.

Definition 2.3. Consider C to be a set of (Y, 7, 1) then it is Dx-closed if Cp- C C and D*-dense in itself
ifC C Cp-.

Theorem 2.1. Consider (Y, 1, T) is an ideal space and C is a set of Y, then the below given can be compared.
(1) Cis gp--closed,
(2) clp<(C) C Vwhen CC Vand VisopeninY,
(3) Yy eclp-(C), clp(x) NC # ¢,
(4) All closed sets of clp+(C) — C are empty,
(5) All closed sets of Cp+ — C are empty.
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Proof. 1 = 2: Suppose C is gp--closed = Cp- C V when C is a set of V and V € 7. Therefore
clp-(C) € V when Cis a set of V and V is open.

2 = 3: Assume y € cIp-(C). Suppose clp(y) NC=¢ = CC Y —clp(y) and Y —clp(y) is openin Y.
Therefore clp-(C) € Y —clp(y) by (2). This implies Cp- € Y — cIp(y) which is a contradiction since
Cp Cclp(C) by Lemma [1.1,3] = cIp(y) N C # ¢.

3 = 4: Assume Gisaclosed set, y € Gand G C clp(C) —C. Hence GCY-C= C C Y -G also
cIp(y) N C = ¢. This is a contradiction since Yy € clp-(C), cIp(y) N C # ¢ by (2). Thus all closed
sets of cIp-(C) — C are empty.

4 = 5: Suppose all closed sets of clp-(C) — C are empty. cIp-(C) —C = (CUCp:) -C = (CUCp+) N
(Y-C)=¢U(Cp-N(Y~-C)) =Cp —C = all closed subsets of Cp- — C are empty.

5= 1: Suppose Cisasetof Vand Ver=Y-VCY-C=2CpN(Y-V)CCprN(Y-C) =
Cp- —C. By (5) all closed sets contained in Cp- — C are empty. Cp- N (Y —V) is a closed set
= Cp-N(Y-V)=¢ = Cp € VwhenCCVand Visopen. O

Theorem 2.2. Suppose Y is an ideal space, each I ¢ closed set is gp--closed.

Proof. Suppose Cis I, closed = C* C V when Cisasetof Vand V € 7. By Lemma [1.2] Cp- C C”
= Cp- CVwhenCisasetof Vand V € 1 = Cis gp--closed. O

Remark 2.1. The reverse implication is false and can be shown by the below given example.

Example 2.1. Suppose Y = {4,56}, © = (¢, Y, {6}} and | = {¢}. I¢-closed sets are
{),Y,{4},{5},{4,5},{4,6},15,6}). gp--closed sets are {¢, Y, {6},{4},{5}),{4,5},{4,6},{5,6}}. A = {6} is
gp--closed not I4-closed.

Theorem 2.3. All a1 g-closed set are gp--closed.

Proof. We know every aZ¢-closed set is Z¢-closed. Also from the previous theorem, we know
every 1 ,~closed set is gp--closed set. This implies that every af ¢-closed set is gp--closed. m]

Theorem 2.4. All x-closed set are gp--closed.

Proof. Suppose C is *-closed then C* isa setof C. If Cisasetof Vand V € Tt = C*is a set of V.
Since Cp- CC = Cp- C VwhenCisasetof Vand V € 1 = Cis gp--closed. O

Remark 2.2. The reverse implication of the above theorem is not true and is shown below in an example.
Example 2.2. Y = {1,5,8}, T = {¢, Y, {8}} and 1 = {¢}. Then C = {1} is gp--closed but not x-closed.
Theorem 2.5. All g-closed sets are gp--closed.

Proof. Suppose C is g-closed = cI(C) C V when C is a set of V and V € 7. We know by Lemma
[1.14] clp-(C) S cI*(C) € cl(C) = clp-(C) € Vwhen Cisasetof Vand V € t = Cis gp--closed by
Theorem [2.1,2]. O

Remark 2.3. The reverse of the above implication is false and is given by an example below.
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Example 2.3. Y = {4,5,6,7}, 7t = {¢,Y,4,{4,5},{4,6,7}} and I = {¢, {4},
{7},14,7}}. Then C = {4, 5} is gp--closed but not g-closed.

Theorem 2.6. If C is a O-closed set then C is gp--closed but the reverse implication is false and can be
shown by an example.

Proof. If C is O-closed then, C = clp(C). Assume C is a set of V and V € 7. we know by Lemma
[1.1,5] Cp- S clp(C) = Cp- € Vwhen Cisasetof Vand V € 1 = Cis gp--closed. O

Example 2.4. Consider Y = f{e,i,j,fl, © = {¢, Y, e}, {j}, {f} e jl e fHj fl e j, fI} and T =
¢, {e}, {i}, le, i}. If C = e, then C is gp--closed but not O-closed.

Theorem 2.7. If C is a 6g-closed set then C is gp--closed but the reverse implication is false and can be

shown by an example.

Proof. If C is 6g-closed set then cly(C) C V provided C C V and V € 7. We know Cp- C cly(C) by
Lemma [1.1,5]. Thus Cp- CVwhenCC Vand V € 7. O

Example 2.5. Consider Y = {lLa,j,fl, © = {o, Y AL {GLAL AL UG UL fY) and T =
¢, {1}, {a}, {1, a}. If C = I, then C is gp--closed but not Gg—closed.

Theorem 2.8. If C is a 6-closed set then C is gp--closed but the reverse implication is not true and can be

shown by an example.

Proof. 1f C is 6-closed then, C = cl5(C). Assume C C V and V is open. we know by Lemma [1.1,4]
clp-(C) is a set of cI*(C) also cI*(C) C cl5(C) = clp-(C) € VwhenCisasetof Vand Vet = Cis
gp--closed by Theorem [2.1,2]. O

Example 2.6. Consider Y = {e,i,j,f}, © = (¢, Y e}, {j}, {f}. {e jh e fL ), fl le j, f}} and T =
(o, e}, {i}, le, i}). If C = {j}, then C is gp--closed not 6-closed.

Theorem 2.9. If C is a gA*-closed set then C is gp--closed but the reverse implication is not true and can
be shown by an example.

Proof. Suppose Cis gA*-closed = Cs €V when C C Vand V € 7. Thus Cp- € V when C C V and
V € 1 since Cp- C Cs-. Therefore C is gp--closed. O

Example 2.7. Consider Y = le,i,j, f}, © = (¢, Y, e}, {j}, {f} e j e fLAj, flle j, fI} and T =
{p,{el (i}, le, i}}). If C = {f}, then Cis gp--closed not g, ~closed.

Theorem 2.10. Every gsA*-closed set is gp--closed.

Proof. Suppose C is gsA*-closed implies Cs5+ € V when C C V and V is a semi-open set. Thus
Cpr € Vwhen C C Vand V € 7 since Cp- C Cs and every open set is semi-open. Therefore C is
gp+-closed. m]

Remark 2.4. Counterexample to the converse of the above theorem is given below.
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Example 2.8. Consider Y = e, i,j, f}, © = {¢, Y, {e}, {j}. {f} e jhle, fL A7, fl de j, fI} and T =
(o, e}, i}, {e, i}). If C = {e, j}, then C is gp--closed not gsA*-closed.

Theorem 2.11. Every gp-closed set is gp--closed.

Proof. Suppose C is gp-closed = cI(C) € V when C is a set of V and V € 7. We know by Lemma
[1.1,4] cIp-(C) € cI*(C) € cl(C) cVVV e P = clp(C) € VwhenCC VandVisopen = Cis
gp+-closed by Theorem [2.1,2]. O

Remark 2.5. Counterexample to the converse of the above theorem is given below.

Example 2.9. Y = {4,5,6,7}, t = {¢,Y,4,{4,5},{4,6,7}} and T = {¢p,{4},17},{4,7}}. Then C = {4,6,7)

is gp--closed not gp-closed.
Theorem 2.12. Every I-R-closed set is gp--closed.

Proof. We know I-R-closed set is a subset of 7 -closed set. Also, every I ¢-closed set is gp--closed.
Thus Every 7-R-closed set is gp--closed. m|

Theorem 2.13. All 1¢-closed sets are gp--closed.

Proof. We know all Z'g-closed sets are afg-closed sets also by Theorem [2.3] we know every
al g-closed sets is gp--closed. Therefore all 7g-closed set is gp--closed. m]

Theorem 2.14. Every gp-closed set is a g-closed set.

Proof. Suppose G be a gp-closed set = c/(G) € Vwhen G C V and V € 0. Implies cI(G) C V when
G C Vand V € tsince 7 C . Hence G is a g-closed set. m]

Theorem 2.15. All gp-closed sets are go-closed. Converse of the theorem is not true and is proved using

an example.

Proof. Suppose G be a gp-closed set that is cI(G) C V provided G € V and V is A-open in Y.
Since all 6-open sets are A-open we get cI(G) C V provided G C V and V is 6-open. Therefore all
gp-closed set is go-closed. m]

Example 2.10. Consider Y = {4,8,3,7} and © = {¢, Y, {4},18},14,3,7}}. If C = {4}, then C is g6-closed
not gp-closed.
Theorem 2.16. Suppose Y is an ideal space, for all C € 1, C is gp--closed.

Proof. Assume C C Vand V € 7. If C € 1 then Cp- is empty by Lemma [1.1,6] = Cp- € V when
CcVandV e 1= Cis gp--closed. ]

Theorem 2.17. Suppose Y is an ideal space then for all C C'Y, Cp- is gp--closed.

Proof. Assume Cp- € V and V € t. Since (Cp+)p- € Cp- by Lemma [1.1,2] = (Cp:)p- € V when
Cp- € Vand V € T = Cp- is gp--closed. ]
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ZI-R-closed f-closed
#-closed —— T ——— oZg-closed —— T ,-closed —— gp.-closed +— g.A*-closed
g-closed 4-closed
gp-closed gA* ——— fg-closed
\

gd

Ficure 1. The diagram illustrates the relationships between various generalized

closed sets that are discussed in the above stated theorems.
Theorem 2.18. Consider C is gp--closed set that is also open then C is D%-closed.
Proof. GiventhatC € 7and C C C thensince Cis gp--closed, Cp- € Cimplies that Cis Dx-closed. O

Theorem 2.19. Suppose Y is an ideal space and C is gp--closed, Then the below given are identical.
(1) Cis Dx-closed,
(2) clp+(C) — C is a closed set,
(3) Cp- —Cisa closed set.

Proof. 1 = 2: If C is Dx-closed = Cp- C C. clp:(C) -C = (CUCp+) — C = Cp+ — C = ¢. Therefore
clp-(C) — Cis a closed set.

2 = 3: Suppose clp-(C) — Cis a closed set. cIp-(C) = C = Cp- — C = Cp- — C is a closed set.

3 = 1: Assume Cp- — C is a closed set and C is gp--closed. = Cp- — C = ¢ by Theorem [2.1,5].
Hence Cp- C C. m]

Theorem 2.20. Suppose Y is an ideal space, a set C of Y is D%-dense in itself and C is gp--closed implies
C is g-closed.

Proof. Assume C is Dx-dense in itself then cI(C) = cIp-(C). Assume C C V and V € t, since C
is gp--closed = clp-(C) € V by Theorem [2.1,2]. Thus c/(C) C VwhenCC VandV et = Cis
g-closed. ]

Corollary 2.1. Suppose Y is an ideal space and I = ¢ then, C is gp--closed if and only if C is g-closed.

Proof. When I = ¢ implies Cp- = cl(C) also C € cI(C) = C € Cp- = C is Dx-dense in itself.
Assuming C is gp--closed then by the above theorem C is g-closed. Conversely, assuming C is

g-closed then by Theorem [2.11] C is gp--closed. m|

Theorem 2.21. Suppose Y is an ideal space. If H C M C Hp- then Hp- = Mp- and M is Dx-dense in
itself.
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PTOOf. IfHCM = Hp- € Mp-. But M € Hp- = Mp- € Hp» = Hp- = Mp-. Also M C Hp- = Mp-.
Therefore Dx-dense in itself. m]

Theorem 2.22. Suppose Y is an ideal space with H and M as sets of Y, H is gp--closed and H € M C clp-(H)
implies M is gp--closed.

Proof. Assume H is gp--closed = all closed sets in cIp-(H) — H are empty. We know clp-(M) - M C
clp-(H) — H. Therefore all closed sets in cIp-(M) — M is empty = M is gp--closed by Theorem
[2.14]. O

Corollary 2.2. Suppose F and R are sets in Y which is an ideal space such that F is gp--closed and
F C R C Fp- = Fand R are g-closed .

Proof. Suppose F C R C Fp- implies F C R C Fp- C clp-(F) and assume F is gp--closed then by the
above theorem R is gp--closed. Since F C R C Fp- gives Fp- = Rp- and F, R are Dx-dense in itself
by Theorem [2.21]. Then by Theorem [2.20] F and R are g-closed O

Theorem 2.23. Suppose C is a set in 'Y which is an ideal space, C is gp--open and intp.(C) € R € C
implies R is gp--open.

Proof. Since R € C = clp-(R) € clp(C) = clp-(Y=C) C clp-(Y = R). Also since intp.(C) € R
implies intp.(C) C intp.(R) = clp-(Y = R) C clp-(Y = C). Thusclp(Y=R) = clp- (Y =C) = clp- (Y -
R)-(Y—-R) Cclp(Y—-C)—(Y—C). Suppose C is gp--open then Y — C is gp--closed. By Theorem
[2.1,4] all closed sets of clp:(Y = C) — (Y — C) are empty = all closed sets of c/p-(Y —R) — (Y = R)
are empty = Y — R is gp--closed = R is gp--open. m]

Theorem 2.24. Suppose Y is an ideal space and C is a set of Y, then the given below are comparable:
(1) Cis gp--closed,
(2) CU (Y —Cp) is gp--closed,
(8) Cp- — Cis gp--open.

Proof. 1 = 2: Assume C is gp--closed. If V € 1 such that CU(Y-Cp:) CV=Y-VCY-(CU
(Y-Cp)=YN(CU(Cp)) =YN(C°NCp) = Cp-—C. Thatis Y-V C Cp- — C and since V
is an open set Y — V is a closed set. C is gp--closed hence all closed sets in Cp- — C is empty by
Theorem [2.1,5] implies Y-V =¢ = Y =V. Hence CU(Y-Cp:) CV=>CU(Y-Cp) C Y =
(CU(Y-Cp))pr CY=VwhenCU(Y-Cp:)CVand Vet= CU (Y- Cp) is gp--closed.

2 = 1: Suppose CU (Y — Cp-) is gp--closed. Consider a closed set G such that it is a set in Cp- — C
which implies G € Cp and GnotinC =G CY~C. Thus Y -Cp- CY -G and C C Y - G implies
CU(Y-Cp)CCU(Y-G)=Y-GalsoCU (Y —-Cp) is gp--closed = (CU (Y -Cp+))p- S Y -G
= Cp £ Y -G = G C Y- Cp which is a contradiction. Thus G = ¢ = any closed set Gin Cp- - C
is empty = C is gp--closed.

23 Y-(Cp-C)=YN(CpNC) =YN((Cp)°UC) =(YN(Cp))U(YNC) =(Y—-Cp-)UC.
Suppose Cp- — Cis gp--open & Y — (Cp- — C) is gp--closed & CU (Y — Cp-) is gp+-closed. O
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Theorem 2.25. If Y is an ideal space then, all sets in Y is gp--closed if and only if all open sets are Dx-closed.

Proof. Suppose all sets in Y is gp--closed. Assume V € Tin Y then Vis gp--closed = Vp- CV =V
is Dx-closed. Suppose all open sets are Dx-closed. If Visopenand C C V C Ythen,Cp- C Vp- CV
= Cis gp--closed. m]

Theorem 2.26. C is a gp--closed set if and only if C = F — N where F is D%-closed and all closed sets in
N are empty.

Proof. Assume C is a gp--closed set. Consider N = Cp- — C, then by Theorem [2.1,5], all closed
sets of N are empty. If F = cIp-(C) then F is Dx-closed. F-N = (CUCp) - (Cp-—-C) =
(CUCp )N (CpNC)* = CU (Cp N (Cp)°) = C. Conversely, let C = F-N = C C F. Suppose
CcVandVer. F-NCV=F-VCN. Thus FN(Y~-V) CN. Since Fp- C F, implies Cp- C F.
Therefore Cp- N (Y -V)CFN(Y-V)CN=CpN(Y-V)=¢=Cp C V. i

Theorem 2.27. Suppose H and G are gp--closed sets in (Y, t,I) if and only if union of H and G are
gp--closed

Proof. Suppose HUG C Vand Ve 1 =H C Vand G C V where V € 7. Since H and G are
gp-closed © Hp- C Vand Gp- CV & Hp-UGp- C V. & (HUG)p- € V by Lemma [1.1,7]. O

Theorem 2.28. The intersection of two gp--closed sets is gp--closed.

Proof. Assume G and H are gp--closed. Consider GNH C VandV et1r. = GCVandHCV
= Gp- € V and Hp- C V where V € t.Then Gp- N Hp- € V. Therefore (G ﬂH)*D C V since
(GNH);, € Gp: N Hp: by Lemma [1.1,8]. O

Theorem 2.29. Suppose H and G are gp--open sets in (Y,7,1) then the intersection of H and G are
gD=-open.

Proof. Y —H and Y — G are gp--closed since H and G are gp--open = (Y —H) U (Y — G) is gp--closed
by using the previous theorem. Hence Y — (HN G) is ¢p--closed. Therefore (HNG) is gp--open. O

Definition 2.4. Suppose C is a non-empty gp--closed set of Y. Then C is said to be maximal gp--closed set
if any gp--closed set containing C is either C or Y.

Theorem 2.30. The following conditions hold for an ideal space Y:

(1) Suppose E is gp--closed and H is maximal gp--closed then either EUH = Y or E C H.
(2) When E and H are maximal gp--closed sets then either EUH =Y or E = H.

Proof. (1) Since H is maximal gp--closed it is obvious from the definition that EU H = Y. Suppose
EUH # Y then since H is maximal gp--closed EUH = H = E C H.

(2) Suppose E # H then since E and H are maximal gp--closed it implies that EU H = Y. Suppose
EUH # Ythenby (1) EC H and H C E implies that E = H. m]

Theorem 2.31. A set C of Y is gp--closed if Ker(C) is gp--closed.
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Proof. We know that for C € Y, C € Ker(C) = Cp- C (Ker(C))p-. Since Ker(C) is gp:-closed implies
(Ker(C))p € Vwhen Ker(C) CVand Ve 1. ThusCp- C VwhenCC Vand Ve 1. m]

CONCLUSION

We defined gp--closed sets and gp-closed sets and made a comparative study between these
newly defined sets and some already existing closed sets such as O-closed sets, 6-closed sets, g-
closed sets, x-closed sets and 7 ¢-closed sets. We also discuss some characterizations and properties
of gp--closed sets using definitions of kuratowski closure operator c/p-, Dx-closed sets and some

other sets.
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