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Abstract. In this paper, the main objective is to prove the existence of solutions U € C([0,®],L2(Q)) for a hybrid
delay Ito-differential equation with stochastic feedback control, a problem that incorporates delay effects introducing
memory-like behavior into the system and leading to intricate dynamics. Additionally, the uniqueness of the solutions
with sufficient conditions are provided. Furthermore, the solutions with the continuous dependence on initial data and
certain functions, as well as the concept of Hyers-Ulam stability, are analyzed. These findings serve as a foundational
framework from which well-established results in the literature naturally emerge. The concluding section is dedicated
to applying these results to specific examples, illustrating the uniqueness and existence of solutions for hybrid delay
Ito-differential equations with stochastic feedback control. These examples not only validate the theoretical findings

but also enhance understanding by offering practical insights into the study of such equations.

1. INTRODUCTION

Stochastic differential equations have attracted significant attention because they can mathe-
matically describe the behavior of systems with random inputs or parameters. This is particularly
useful in fields such as finance, where they are used in market dynamics to model inherent un-
certainty and randomness. In physics and biology, researchers use stochastic integral equations to
analyze how random fluctuations affect the behavior of complex systems with random elements.
Engineers also use stochastic integral equations to understand and anticipate dynamic systems
under random disturbances and design powerful and flexible systems (see [1] - [3]).

One of the essential points of attention in the theoretical basis of stochastic analysis is discussing
the existence of a unique solution for stochastic integral equations. This process requires an

accurate understanding of many branches in mathematics: probability theory, functional analysis,
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measurement theory, and topology. Researchers use appropriate mathematical techniques, such as
tixed-point theory, to advance in this field; the authors prove the existence of one solution or more
for functional stochastic integral equations in Banach Algebra using Darbo’s fixed-point theorem
related to values of non-compactness [4]. The Schauder fixed-point theorem is applied in many
research studies; for example, El-Sayed and H-Fouad [5], [6] used it to show the existence of a mean
square continuous solution for the coupled systems of stochastic and random differential equations,
subject to a nonlinear nonlocal stochastic integral condition. Also, El-borai and Youssef [7] by
using it proved the uniqueness and existence of the solution for a nonlocal functional stochastic
differential equation in the space of all second-order integrable stochastic processes under sufficient
conditions.

Control theory is one of the branches of applied mathematics interested in studying the funda-
mental principles in the analysis and design of control systems. It has many applications across
various domains aimed at influencing the behavior of an object to achieve a desired result [8], [9].
Feedback control is one such topic, meaning that state measurements can be used to determine a
control action to achieve a desired outcome. It is widely used in everyday scenarios, from basic
home thermostats that maintain certain temperatures to sophisticated devices that keep commu-
nications satellites in position. Feedback control also occurs naturally, such as in the regulation of
blood sugar levels in the body. One added benefit of feedback control is that by examining the
output of a system, unstable processes can be stabilized.

Mao [10], [11] had made great progress in the study of stochastic differential delay equations with
feedback control, he was able to transform unstable stochastic differential problem into a mean-
square exponentially stable solution, and considered delay feedback controls for the exponential
mean-square stabilization of hybrid stochastic differential equations.

In addition, some researchers tended to study the dependence continuous of solutions on the
control variable, such as, El-Sayed et al. [12]- [16] proved that the solution of quadratic nonlinear
integral equations, hybrid delay functional integral equations and the cubic functional equations
subject to feedback control in the real half axis are dependent continuously on the control variable.
The hybrid problems (differential and integral) and the nonlocal boundary value problems have
been considered by some authors ( see, for example [17]- [20].

In our work, we let (Q, ¥, ¢) be a complete probability space occurring during the time interval
[0, @], p is a probability measure and ¥ is a c—algebra of events defined on a sample space Q.

Let U € C(]0,0],L2(Q)) where C([0,®],L2(Q)) be the space of all second order mean square

(m.s) continuous stochastic processes on [0, ®|. The norm of U is given by

IUE) Il = E(UA()), [Ulc = sup U@L

t€[0,@]

Here, we study the existence of mean square continuous solutions U € C([0,®],L2(Q)) of the
teedback problem of the hybrid delay Ito—differential equation
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U(H) — a(t)
Qe um)

subject to the stochastic feedback control

) = F(t, U(S(t)))dW1(t), U(0) = a(0), t € (0, @] (1.1)

att) - [ " GLUS(0)AWA(Q), £ € (0,a), 12)

where Wy (t), W(t) are two independent standard Brownian motions on a complete probability

space (Q, 7, 9) [2].

2. QuabraTic IT6-INTEGRAL EQuUATION
Consider the feedback problem of the hybrid delay Ito—differential problem (1.1)-(1.2) under the
following hypotheses:

(A1) 9:]0,®] — [0, @] be a continuous function provided that 9(¢) < t.

(A2) F: [0,0] x La(Q) — L»(Q) is continuous in t € [0,®], ¥ U € Lr(Q), continuous in U €
L2(Q), ¥t € [0,@] and there exists a positive constant p; and a second order stochastic
process a1 € C([0, @], L2(Q)), continuous in U € L,(Q), ¥t € [0, ®] such that

IF(t, U2 < llaalic + BllUU(H)lla-

(A3) G : [0,0] X L(Q) — L(Q) is continuous in t € [0,®], ¥ U € Lr(Q) continuous in U €
L(Q),Vt € [0,®] and there exists a positive constant f, and a second order stochastic
process a; € C([0, @], L2(Q)) such that

IG(t, W)l < llezllc + B2l U (1)l

(A4) Q : [0,0] xL(Q) — R\ {0} is continuous in t for every U € L(Q), continuous in U €
L>(Q), Vt € [0, ®] and Lipschitz condition is satisfied for every Uy, U € Lo(Q) as

1Q(t, U) — Q(t, U)| < B3 UL (t) = Ua(t)ll2, forevery t € [0,@], B3 € RT.

From this hypotheses we can deduce that

1Q(t, U)| < a3 + B3 1U(t)ll2, a3 = sup [Q(¢,0)].

te[0,@]

(A5) u= (BVo—-1)>-4BAVo >0, BVo(1+2A) + /i <1, such that

A= max{”a1||C/ ”CYQ”C,CK?,}, B= maX{ﬁ],ﬁ2,ﬁ3}

Lemma 2.1. The problem (1.1)-(1.2) equivalent to the quadratic Ito—stochastic integral equation

= [ " G U0 (D) + Ot U(E)) [Feuconmo ey

Proof. Using Ito— formula [21], [22], we deduce that the problem (1.1)-(1.2) equivalent to the
stochastic integral equation
U(t) —a(t)

2 - fo F(C, US(0)))dW, (0).
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substituting the value of a(t) we obtain the Itd-stochastic integral equation (1.1). m]

In order to achieve our main goal, studying the existence of solutions U € C([0,®],L»(Q)) of
the nonlinear quadratic stochastic Itd—integral equation (2.1) which involving two independent

Brownian motions W; and W,, we define the set ® by

® = [UecC([0,0],LL(Q): UM <r cC(0,a],L2(Q)),
1-BVo(1+2A)- i
2B2 Vo '

Y =

It is clear that ® is a nonempty, closed, bounded and convex set.

Following, we define the mapping ¥ which is used to discuss the existence theory

U = | " G U)W (D) + Ot U(E) [Feusemm@. e

Theorem 2.1. Let the hypotheses (A1) — (A5) be satisfied, then there exists at least one solution U €
C([0, @], Ly(Q)) of the the nonlinear quadratic stochastic Itd—integral equation involving two independent

Brownian motions (2.1).

Proof. Let U € ©, then we have

IFUDL < | f " GG U0l + 10 UMD f (G V(3(0)aWs Ol

< \/f IG(C, US())) BT + 106, U () \/f IE(C, U(S(0)))IRdC
< \/f (llazllc + B2r)?dC + (a3 + Bar) \/f llaallc + par)?dC
< (A+Br)Vo+ (A+Br)* Vo =

By assumption (A5), this implies that the class {# U} is uniformly bounded and ¥ U : © — O.
Let U € ®© and define
P(0) = supllQ(t2, U(t1)) = Q(t1, U(t))| : t1,t2 € [0, @], t1 < f2, |ta — 11| < O, I U(t)Il2 < 7},

Then from the uniformly continuity of ¢ and Q, we get ¢ (0) — 0as 6 — Oisindependentof U € ©.
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Now, let U € O, t1,t; € [0,®], t < tp such that |t — | <9,

FUL) - FUH) = f " GG U(0)aWa(O) + Q2 U(E) fo " F(QU(S(0)dWi (0)
- f G0, U(3(0))WaC) — Qt, UH)) fo B U((0))aWs (©)
- f GG, U(S(0)))AWa(C) + Qha, U(E2))) f " F(CU(S(0)dW (0)

+ (Q(fzr(u(tz))—Q(flzﬂ(tl)))folF(Cr‘U(S(C)))dwl(C)
But
IQ(t2, U(t2)) = Q(t1, U(t1))l = 1Q(t2, U(t2)) = Qlt2, U(t1)) + Q(t2, U(t1)) — Q(t1, U(t1))]

BallU(t2))) — U(t1))lla + ¢(6)
< Bae+(0),

IA

since U € O, then [|U(t2))) — U(t1))ll2 < € = 0as 6 — 0, then we have

£

IFUL) -FUR)L < I f L G(C UBS(0))AWa ()l + 10k, UE I R U)W (O

+ QU U(k)) — Q(t, U fo "B U)W (Ol

< Vi -t (A+Br) +1Q(t2, U(tz))| V2 — t1(A + Br)
+ (Bze)+¢(0))(A+Br) Vo

This implies that
IFUt) - F Ut >0 as 6 — 0,

and the class of function {# U} is equicontinuous. Therefore the closure of {¥ U} is a compact
subset of C (Arzela-Ascoli theorem [3]).

Now, consider U, € O being such that L.i.m,,cU, = U w.p.1 where L.i.m denotes the limit

of the continuous second order process in the mean square sense ( [21]- [23]), when we apply

Lebesgue dominated theorem [24], we can obtain

Lim o F U = Limo ol f G Un(9(0)))) W ()
N TA0) fo F(C, Uy (3(0)))dW4 (O)]
_ ft GG, Lty (5(0)))JAW(C)

+ Qb Lttty ey (1)) fo F(C, Ly Uy (9(C)) ) AW, (C)}
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- f " G(CUB(0))dWs (D) + Ok, U)) f B U(S(0))AWs (0) = FU.

This implies that the operator ¥ : ® — @ is continuous, here applying Schauder fixed point
theorem [3] and [24], there exists at least one solution U € C of the nonlinear quadratic stochastic

Ito—integral equation (2.1). m]

3. UNIQUENESS OF THE SOLUTION

To discuss the uniqueness of solution of the problem (1.1)-(1.2), let us replace hypotheses
(A2), (43) by
(A2*) F:[0,0] X L2(Q) = Ly(Q) is continuous in t € [0,®], ¥ U € L»(Q) and satisfies Lipschitz

condition

IE(t, U(t)) = F(t, V()2 < BllU(E) = V(8. (3.1)

(A3") G: 0,0 xL2(Q) — L2(Q) is continuous in t € [0,®], Y U € Lr(Q) and satisfies Lipschitz
condition

IG(t, U(t)) = G(t, V()2 < B2llU(E) = V(E)ll2- (3.2)

Theorem 3.1. Let the hypotheses (A1), (A2*) — (A3*) and (A4) — (A5) be satisfied, then the solution
U e C([0,0],L2(Q)) of the problem (1.1) and (1.2) is unique.

Proof. Let Uy and U, be two solutions of the integral equation (2.1)

() ~T(t) = f Gt ($(O)awa(c) - [ " G(C, U (3(0)))aWa(0)
QL) f B Uy (9(0)))iW (O) - QUL Ta) f B Ua(5(0)) W ()
0 0
= [l w60 - 6le (30w 0
Q) [ FC () - FCUa(5(0)]aWa 0

+ [Q(f/%(f))—Q(f,‘Uz(t))]fOF(C,Wz(S(C)))dwl(C),

then we can get

o -t < I [ "IG(6 U(5(0))) - G(T, Ua(S(0)) AW Ol
+ 1o [ T U (3(2)) - F(C Ua(3(0))JaWa (D)l

+ 10T (0) - Q) [ (G Ta(8(0) W (Ol

BlU; — Uzllc Vo + (A + BlUyllc) (BIIUy — Uallc) Vo
+ BlU; — Uslic(A + BlUallc) Vo

IA
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< BVao(1+2A+2Br)|U; — Usllc.
This gives that
[1-BVa(1+4 24 +2Br)]|Us — Usllc = VEIUL — Usllc < 0.

Then
Uy — Usllc =0

and U; = U, which proves the uniqueness of the solution to the problem (1.1), (1.2). O

4. CoNTINUOUS DEPENDENCE

Stability is one of the essential characteristics of the quality of the solution of any problem, and
if we can prove that the solution of the problem (1.1)-(1.2) dependents continuously on some of the
parameters of the problem, we guarantee stability of the solution on these parameters. Here, we
set the definition of the continuous dependence of the solution. So, the following theorems prove
that the solution of the problem (1.1)—(1.2) dependents continuously on three functions G, Q and
F.

Definition 4.1. The solution U € C([0, @], L(Q)) of the problem (1.1)—~(1.2) depends continuously on
the random function G if for all € > 0, there exists 61 > 0 such that

IG(t, U(t)) — G (t, U (t))ll2 < 61 implies that || U —-U" ||c < e.

where U* be the solution of

U (t) = f " GG U (9(0)AWA(D) + QT (1)) fo F(C U (3(0)))dWA (0).

Theorem 4.1. The unique solution of the problem (1.1)- (1.2) is continuous dependent on the random
function G.

Proof. Let U" be the solution of

() = f " GG U (S(0))dWa () + QL T (1)) fo E(C,V(3(0)))dWs (0),

such that ||G(¢t, U(t)) — G*(t, U(t))ll2 < 61. Then we have
U - U () = f G(LUS(0))) = G- (L, U (3()))JdWa(C)
QU U() [ FC U)W (€ - QU (0) [ FEU ()W (0
0 0
- f GLUGB(D))) - GE U (S(0)))|dWa(Q)
T f G(L U (3(0))) - G*(, U(S(0)))JdWa (©)

QU U) - QU (1)) fo F(C, U9 (0)))dW, (©)



8 Int. . Anal. Appl. (2025), 23:214

+ QU (t) fo t[P(Cﬂ(S(C))) = F(C, U (8(0)))]dW1 (D),
then
U -U Bl < (61 +BIU-Uc) Vo + BIU — U|lc (A + Br) Vo
+ (A+Br)BIV-V'|lc Va,
and we can obtain that
[1-BVo(1-2A+2Br)|IU - U'llc <61V,
which completes our result

fU—are < 2Y2 _

\/ﬁ

O

Definition 4.2. The solution U € C([0,®|, L2(Q)) of the problem (1.1)—(1.2) depends continuously on
the function Q if for all ¢ > 0, there exists 5, > 0 such that

IQ(t,Ut)) — Q' (t, U(t))| < b2 implies that || U —U" ||c< e.

where U" be the solution of

U (1) = f " G U (3(0)dWA(C) + Q' (1T (1)) f F(G U (3(0)))dWA (D).

Theorem 4.2. The unique solution of the problem (1.1)- (1.2) is continuous dependent on the random
function Q.

Proof. Let U" be the solution of

w(t) = f " G U (3(0)aWa(O) + (1T (1)) fo F(C U (3(0)))dWs (©),
such that ||Q(t, U(t)) — Q*(t, U(t))ll2 < 62. That implies

uw-uwe - [ " IG(C US(Q)) = T, U (3(0)))|dWa(0)

©QUU() - QL T (1)) fo E(C,U(S(0)))aWi ()

t

QU () - QT (D)) fo E(C,U(S(0)))dWi ()

Q) f IE(GU(S(0))) = E(G U (8(0)))]|dWs (0),

0
then

IU(t) - U (Bl < BVolU - Ullc +BVo(A+ Br)|U - Ulc
+ 8, Vo(A + Br) + B(A + Br) VolU — U||c
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arriving at
[1-BVo(1-2A+2Br)|U - U|lc <6 Vo(A+ Br),
resulting in
62 V(A + Br)

IU-Ulc s —F———=¢
‘ Vi

thus completing the proof. m]

Definition 4.3. The solution U € C([0, @], L2(Q)) of the problem (1.1)—(1.2) depends continuously on
the function F if for all € > 0, there exists 63 > 0 such that

[F(t, U(t)) —F(t, U(t))| < 63 implies that || U —U" ||c< e.

where U* be the solution of

U (1) = f " G, U (9(0)AWA(O) + QT (1)) fo F (6,1 (3(0)))dWA (0).

Theorem 4.3. The unique solution of the problem (1.1)- (1.2) is continuous dependent on the random

function F.

Proof. Let U" be the solution of

U (1) = f " GC, U (9(0)aWa(O) + QT (1)) fo F (6, U (3(0)))dWy (O),

such that ||F(t, U(t)) — F*(t, U(t))ll2 < 63. Then we get

u-uw) = [ 6EUE) - 6@ ()W

t

QU U) f (G US(Q))) - F(C U (S(0))IdWs (O)
V() f (G U (5(0))) = F* (G U (3(0)))JdWs (0)

+ QL U()) - QLU (1)) fOtF*(C,ﬂ*S(C)))dwl(C)
then
U -U B2 < BVo|U-Ulc +BVo(A+Br)|U-U|c
+ 63 V@(A + Br) + B(A + Br) Vol U — U|c

we get to
[1-BVo(1-2A+2Br)||U - Ullc <63 Vo(A+ Br),

resulting in
03 Vo(A+ B
-y < 2Y2ALED
Vi

and the proof is done. ]
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5. Hyers-ULAM STABILITY

One of the most important ways to study the stability of the problems of differential equations
is Hyers-Ulam stability (see [25]- [27]). Below we present our definition and theorem to discuss
Hyers-Ulam stability in relation to our problem (1.1)-(1.2).

Definition 5.1. Let the solution U € C([0, @], L2(Q)) of the problem (1.1)-(1.2) exists, then the problem
(1.1)-(1.2) is Hyers-Ulam stable if for every x > 0, 3 6(x) such that for any d—approximate solution Us of
the problem (1.1)-(1.2) satisfies,

implies || Us — U ||c < k.

U, - f " G0, U(S(0) AW D) — QL1 U (1) f F(C,Us(3(0)))dW4 (0)
t 0

<6 (5.1)
2

Theorem 5.1. Let the hypotheses of Theorem 2.1 be satisfied. Then the problem (1.1)-(1.2) is Hyers-Ulam
stable.

Proof. Let Uy and U be the approximate and exact solutions of the problem (1.1)(1.2), then
) -1) = 1)~ [ UMW) -0 uw) [ FC U)W ©
= - [ G U)W - Q1) [ FEUE0)aW 0
+ [T6@ @) - S U
b Q0w [ TFCAE0) - FC U0 W )

QU () - Q( UH))] f F(C,TU(5(0)))aWs (),

using (5.1), then we can get

o - < o+ [ "G U(S(0)) - G(T, U)W (Ol
U fo (F(C, U(S(D))) - (G, U(S(D)))JdWs (D)

QMU () — QU UM | fo F(C,U(S(C)))dW (Ol
6+ BIU — Ulle Vo + (A + BITLIC) (BIUs - Ulc) Vo
Bl — Ullc (A + BIUlc) Vo

6+ BVa(1 +2A + 2Br)|Us — Ullc.

IA

AN

This implies that

[1-BVo(1+2A+2Br)]||Us - Ullc = ullUs - Ulic < 6.
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Then
lUs — Ullc <

=x

ol

and the problem (1.1)-(1.2) is Hyers-Ulam stable. O

6. ExAMPLES
(I) Let Q(t,U(t)) = 1. Then our results can be applied to the delay Itd—differential equation
d(U(t) —a(t)) = F(t, US(t)))dW1(t), U(0) = a(0), t € (0, @] (6.1)
with stochastic feedback control
a(t) = [ Gleu@)aws(o

with the solution

U() = f " (6, U)W (O) + fo B U(3(0))aWs ). (62)

(I Let Q(t,U(t)) = 1, @ = 1, and 9 = %, @ > 1 . Then our results can be applied to the
delay Ito—differential equation

A(UE) —a(t)) = F(t, UE))dW1 (1), U0) = a(0), t € (0,1] 6.3)
with stochastic feedback control
1
o) = [ GleuE)aws (0
with the solution
1 ¢
() = [ GILUCNWAE) + [ FEUE))W (0. (6.49)

(ITI) Study the hybrid Ité—differential equation
U(t) —a(t) tU(tY) 1

(T ) = e uiey e =1 e (0] (6.5)
20(1+1U (1)lI2)
with stochastic feedback control
i Sy e
a(t) th %dwz(@, (6.6)
where
o U(t*) 1 Uk
NE(t, USE))) = E”m”z S6—4—|- od
-t Ut
G UCONE = Il )l < o,
L PHIUDIR 1.1
IQ(t, U(t)l = |20(1+W(t)”2)| < 5glgg HIUDI]
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Easily, the problem (6.5)- (6.6) satisfies all the hypotheses (A1) — (A5) of Theorem 2.1 with
A= 61—4, B= %, 1 = 0.9490625, we see that the problem (6.5)- (6.6) on [0, 1] has at least one
solution. In addition, the functions F, Q and G satisfy the Lipschitz conditions (A2*), (A3")

and (A4) then the solution is unique.

7. CONCLUSIONS

In this study, we investigated the uniqueness and stability of solutions U € C([0, @], L2(Q)) for
hybrid delay Iti—differential equations
U(t) —aft)
Q(t,U(t))

subject to the stochastic feedback control

d( ) = F(£, US(t)))dW1(t), U(0) = a(0), t € (0, @]

att) = [ " G U)W (D), t e (0,0,

By incorporating delay effects, we demonstrated sufficient conditions when the solution is unique
and explored the continuous dependence of the solutions on initial data and specific functions
such as G; Q and F. Additionally, the concept of Hyers-Ulam stability was analyzed to establish a
robust theoretical foundation. Our results provide a comprehensive framework that bridges theo-
retical findings with practical applications in different fields, such as engineering, ecology, physics,
biology and others. To illustrate the applicability of these results, we presented several examples
and spatial cases that validate the existence and uniqueness of solutions, further enhancing the
understanding of such problems. These examples not only highlight the relevance of our findings
but also offer a clear pathway for extending this work to broader contexts. Future research may
focus on refining these techniques or applying them to more complex problems with additional

stochastic influences.
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