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Abstract. In this study, we explore the newly proposed bipolar Menger probabilistic b-metric spaces and present
several novel fixed-point theorems within this framework. We also provide a range of complex examples and apply
our main results to the analysis of the damped harmonic oscillator, modeled by second-order differential equations.
Furthermore, we demonstrate the applicability of our theoretical results to significant problem: Caputo fractional
differential equations with integral boundary conditions. The proposed methods and results contribute to the broader

understanding of probabilistic metric spaces and their utility in advanced mathematical modeling and analysis.

1. INTRODUCTION

The foundational theory of metric spaces was established by Fréchet in 1906 [3]. Since then, the
tield has seen various adaptations and expansions, including alterations to the metric function and
relaxations of traditional axioms, thereby broadening the concept’s applicability. This research
introduces an innovative structure that expands upon probabilistic metric spaces by allowing
metrics to encompass a product of two distinct nonempty sets. The concept of a bipolar metric,
essential to this study, was first introduced by Mutlu and Gurdal in 2016 [34], inspired by practical
scenarios where "distance" involves disparate set elements. Examples include measuring distances
between points and lines in Euclidean space, between sets and their elements, or between a group

of celestial bodies and the inverse luminosities of stars.
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Definition 1.1. [34] If E and © are nonempty sets, then a mapping p : E X © — [0; +o0) satisfying:

(u1) w(C, Q) =0forany L€ ENO;

(u2) if u(C,c) = u(c,C) =0 forsome L € Zand ¢ € O, then C = ¢;

(13) u(C,¢) = u(c, Q) forall(,c € ENO;

(ud) u(Ci,c1) < p(Cr,c2) +u(Co,c1) + u(la, c2) forall Gy, G € Eand ¢, ¢o € O.

is a bipolar metric and a triple (2, ©, u) is a bipolar metric space.

The notion of a b-metric space was originally put forward by Bakhtin [1] and later expanded by
Czerwik [29]. Subsequent research has delved into its properties, defining convergence, Cauchy
sequences, and establishing numerous fixed-point results with implications for nonlinear func-
tional analysis. For a comprehensive overview, readers are directed to extensive literature on the
subject [4-12]. Conversely, probabilistic metric spaces were initially conceptualized by Menger [15]
in 1942. Fixed-point theorems within these spaces were further explored by Sehgal and Bharucha-
Reid [16]. Schweizer and Sklar [18] have also extensively studied the characteristics of these spaces,
known as Menger probabilistic metric spaces (MPM-spaces), focusing on both single-valued and
multi-valued mappings [19-28]. In 2015, Hasanvand and Khanehgir [17] introduced the Menger
probabilistic b-metric space (MPbM-space), contributing a fixed-point theorem for single-valued
operators. The development of this area was significantly influenced by Branciari’s 2000 intro-
duction of the quadrilateral inequality, which was pivotal in generalizing the Banach contraction
theorem and developing the concept of rectangular metric spaces [13]. This paper presents the
integration of probabilistic b-metric spaces with bipolar metric concepts into what we term bipolar
Menger probabilistic b-metric spaces (BIMPM-spaces). These spaces are crucial in non-Hausdorff
topological contexts, particularly within the Tarskian framework for semantics in programming
languages in computer science.

For foundational concepts concerning b-metric spaces, bipolar metric spaces, MPM-spaces,
distribution functions, t-norms, and H-type (Hadzi¢ type) t-norms among others, references [1,13,
14,22,25,29] and their citations are recommended.

We will proceed by introducing the necessary definitions.

Definition 1.2. [17] Suppose & # 0, T is a continuous t-norm, F : 2X E — D™ (The set of all Menger
distance distribution functions is denoted by D) is a mapping, and o € (0,1]. Then, (E,F,T) is a
MPbM-space when for every C, ¢,z € Eand 1,k > 0,

(PM1)  Fec() =1iffC =g,
(PM2)  Fee(t) =Foe(t),
(PM3)  Fee(t+x) 2T (Frz(ot), Fez(ox)).

A MPM-space with ¢ = 1 is called a MPbM-space, meaning the class of MPbM-spaces encom-
passes a broader range than that of MPM-spaces. For more details on MPM-spaces, see [17].
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Example 1.1. [17] Let E = R and define 7 (u,v) = minf{u,v}. Define F : EXE — D™ for (,¢c € Xi
by,
. ,
Foo(1) = { e ifi>0
' 0 elswhere.

Then, (E,F,T") constitutes a complete MPbM-space with o = 1.

Next, we explore (®)-functions, defined as functions ¢ : [0, ) — [0, o) satisfying:

(1) ¢(r) <rforallr>0;
(2) limy—eed™(r) = 0 for all ¥ > 0.
These functions are called (®)-functions, and their collection is denoted by ®.

The structure of this document includes four sections. Section 2 introduces a novel FP theorem
applicable to single-valued mappings within the BIMPbM-space. Section 3 demonstrates the
application of our findings by establishing the existence of solutions for initial value problems
related to the damped harmonic oscillator, framed within second-order differential equations.

Section 4 offers a summary of the conclusions

2. New FP THEOREM IN BrroLArR MPbM-SprACES

This section presents essential definitions in bipolar MPbM-spaces.

Definition 2.1. Let 5,0 # 0, 7 is a continuous t-norm, 9 € (0,1] and F : ExXx© — DT, then
(E,0,F, T, 0) is defined as a bipolar Menger probabilistic b-metric (BIMPbM) space. ForallC € E,c € ®
the following properties hold:

(F1) Fee(t) =1forany Ce ENO;

(F2) if Fe (1) =F (1) =1forsome (e Eand c € ©, then C = ¢;

(F3) Fec(t) =F (1) forall(,c e ENG;

(F4) Fe, i1+ +1) =T (T (Feo(on),Foe(02)),Foye,(03)) forall G, C € Eand ¢1,¢o € O.

Example 2.1. Let E = {O,%,1,2,3,4_,5} and © = {0, %,%,%,6} be equipped with Fr (1) =
T (a,b) = minfa, b} and ¢ = }. Then, (£,0,F, T, 0) is a complete (BIMPbM) space.

Lt
+|C—cP>”

Definition 2.2. Let (E,©,F, 7T ,0) is a (BIMPbM)-space. Then the functions F* : EXE — D™ and
F® : ®x® — D' which are defined as F:CELCZ([) = minceofFc, (1), Fe, (1)} for all Gy, € E and
F® _ (1) = mingez{F.,c(1),Fe,c (1)} for all c1,co € ©, are called inner probabilistic metrics generated by

61,62

(E,0,F)

Definition 2.3. Let (E,0,F, T, 0) is a (BIMPbM)-space. If the inner probabilistic metric F* is a proba-
bilistic metric on B, then we say that © characterizes &, and if F© is a probabilistic metric, we say that &

characterizes © . If E and © characterize each other, then the space (8,0, F, T, o) is called bicharacterized.

In the following sections, we will discuss bipolar convergence, bipolar Cauchy sequences, and

bipolar completeness in the BIMPbM-space.
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Let (§,©,F,T,0) be a BIMPbM-space. A left sequence ((,) converges to a right point ¢ if and
only if for every 3 > 0 there exists an 19 € IN such that F¢, (1) > 1 -3 for all n > ny. Similarly a
right sequence (¢,,) converges to a left point C if and only if, for every J > 0 there exists an g € N

such that, whenever n > ng, F¢ ., (1) >1- 3.

Lemma 2.1. Let (E,0,F,T,0) be a BIMPbM-space. If (E,®,F,T,0) is bicharacterized then every

convergent sequence has a unique limit.

Proof. Let {C,} be a left sequence such thatboth (;, = ¢; € ®@and (, —» ¢, € ©. Then foreachC € &

we have
Foo(n+w+13) 2 T(T (Foe (1), Fe,e (2)),Fe,e(3))

and
Foo(ntwo+i) 2T (T (Foo, () Fo,e(2))Fo.e ()
Since
limy—eoFc,c (12) = limy—oofFec, o (13) =1
and

limy ol ¢, c,(13) = limy—ooFe, c,(12) = 1

s0, Fee, (1) = Fee,(1) for all C € E. Hence FO

gllgz(ll) = mingeziFec (11, Fcc, (1} = 1 and since B

characterizes © , F© is a probabilistic metric so that ¢; = ¢». O

Now we define the continuity of maps.

Definition 2.4. Let (E,0,F, 7, 9) be a BIMPbM-space.

e 1. A sequence (Cy,cp) on the set E X @ is called a bisequence on (E,®,F, T, 0).

e 2. if both sequences (Cy,) and (c,) converge, then the bisequence (Cy, ¢y ) is considered convergent.
Should (Cy,) and (¢, ) converge to the same point u in Z N O, the bisequence is deemed biconvergent.

e 3. a bisequence (Cn,cn) in (8,0,F, T, 0) qualifies as a Cauchy bisequence if, for any 3 > 0, there
exists an integer ng € IN such that for all integers n,m > no, F¢, .. (1) >1-3.

Definition 2.5. states that a BIMPbM-space is complete if every Cauchy bisequence within it converges.

We now introduce a new common FP theorem for single-valued mapping in a complete BIMPbM-
space as per

Theorem 2.1. Let (E,©,F, T, 0) be a complete BIMPbM-space with ¢ € (0, 1], satisfying T (a,
ain [0,1]. Assume further that a continuous operator @ : EU® — E U O exists, with @(E)
®(®) C O, such that:

a) > a for
C & and

Fococ(0)'p(1)) = Amin(Fe. (1 (),

_ L _ L
Feoc(d7'9(2) Face (67 ()

where A > 1 and c in (0,1). Then, this operator has a fixed point.
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Proof. With the initial points (p € Z and ¢y € ® we start by constructing an iterative bisequence
{(Cu, cn)} such that:

G =@y, & = @°Cy, (3 =@Co, ooy Gy = D" Cp, .
and

¢1 = @G, G2 = @°Co, €3 = @G0, oy Cn = D", o

Since ¢ is continuous at 0, we can find a r > 0 so that r > ¢(r). So, it yields
Fen (6"9(1) = Fat, 1,00, (6 (1)
> Amin{Fag, .., (670 (),
Fernanm (079(5),Fe, o0, (670 (2)
> Amin(F,q,., (60 (2),
Fornon (@790C) Fo (670 (0))
> min(Fe, ., , (60 (2),
Feriem (07 0(2), Fopp, (070 (2)
At this stage, we need to show that

_ r
Feuen(dp(1) 2 Fo,ocna (d70()- (2.1)

Now there are two situations that we will examine.
Case 1:

Let us assume that F¢, ., , (¢ 1o (L

r

C

SO FCH/CH (Qk(p (r)) 2 FCann—l (d(_l(P( )’ then
_ r
FCn/Cn (Qk(p(r)) 2 FCann—l (Qk 1(P(E)
_ r
FCnrgn—Z(Qk Z(P(C_z))

n_ 7
2.2 Foe(d7e(5))

) is a minimum.

\%

for every n € N. By letting n — oo we obtain F¢, ., (d*¢(r)) = 1. Therefore, we get (, = ¢,,, which
contradicts the condition (,, # ¢;.
Case 2:
Let us assume that F¢, , ., (o (L
r
c

SO FanCn (Qk(P(r>) 2 FCn—LCn (Qk_l(P( )’ then

) is a minimum.

_ r
FCnrQn (@k(P(r)) 2 FCn—lrQn (@k 1@(5)
_ r
2 FCn—Z/Cn (Qk Z(P ( C_z) )

| =

=
~—
~—

> 2 Fooe (6702
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for every n € IN. By letting n — oo we obtain F¢, ., (¢*¢(r)) > 1. Therefore, we get {, = ¢,, which
contradicts the condition ,, # ¢;,.
So, we obtain that F¢, , ¢, , (¢ 1¢(%) is a minimum, and (2.1) is true.

From (2.1) we have:

FCn/Cn (le) 2 FCann (Qk(p(r))
_ r
Z FC-n—lr;n—l (Qk 1(P(E)

_ r
22 FCO,CO(LOk n(P(C_n)/

that is, Fe, ¢, (0"t) > Fe, o ("9 (%) for any n € N. Also

Foenn (0(1) = Fag, 100, (d0(r))
> Amin(Fo, ,q, (670 (),
Feren (07 0(2),Fe, e (670 (D))
> min(Fac, 0,07 9(5),
Fornan(@79(5) Fe a0, (07 9(D))
> min(Fe, o, (6710 (5),
Fornen (07 0(2) Fe, i (07 (2)):

Now we need to show that

_ r
FCn/€n+1 (Qk(P(r)) Z FCn—ern (Qk 1(P(E) (22)

Now there are two situations that we will examine.
Casel:

Let us assume that F¢, ., (¢ ¢(%) is a minimum.

SO FCann+l (Qk(p(r)) = FCn;Cn (‘-Ok_l(lo(g)/ then

\Y

_ r
FCn/§n+1 (Qk(P(r)) FCn/Qn (Qk 1@(;)
_ r
Feoenr (0720(5))

_ r
>..> Fe o (dF ”(P(C—n))

\%

for every n € IN. By letting n — oo we obtain F, ., (¢*¢(r)) > 1. Therefore, we get Cy = Gu1,
which contradicts the condition ;, # ¢;41.
Case2:

Let us assume that F¢, , .., (6" 'p(%) is a minimum.
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80 Fe, e (0p(7)) 2 Fe, i,y (6 0(2), then
Foon(do() 2 Foon(@'0()
2 Frnen(d0(3))
> 2 Foen (070(5))

for every n € IN. By letting n — oo we obtain F, ., (¢*¢(r)) > 1. Therefore, we get Cy = Gu1,
which contradicts the condition C;,; # ¢j11.

So, we obtain that F¢, , ¢, (6" 1¢(%) is a minimum, and (2.2) is true.

From (2.2) we have:

FanCn+1 (Qk[> 2 FCH’C11+1 (Qk(P (r>
2 FCn—I/Cn (Qk_lqo(

22 FCO,C1(Qk_

)

@(C%),

S Ol

that is’ FCn/Cn+1 (le) Z FCOrCl (Qk_n(lo<c_};1) fOr any ne N'
We consider m,n € N, with m > n. Then, by (F4) and the strictly non-decreasing feature of ¢, it
yields

FCern((m - n)l) 2 min{FCern-H ((m —h-= Z)L)/
FCHzCn+1 (L)’FCn/Cn (L)}

2 min{FCer;Hd ((m —n- 2)1’)/

_ r _ r
Faoe (07"9(5), Faeo (0 "0( )

. -n r —-n r
2 mln{FCo,Cl(Ql (P(C_n)/FCO,gO(Ql (p(c_n)’

_ r _ r
o Foe (Ql H(P(Cm__z)rFCo,Co(Ql H(P<Cm__2)f

—-n r —-n 4
Feoa (Ql (P(cm—l )/FCOrCO(Ql go(cm—l)}
) I I
= min{Fe,, (¢! (P(C_H)IFCO,CO(@l ()}

Since p'™"p(L) — oo as n — oo, there exists a np € N so that F¢ ., (0! "¢(%) > 1—v and
Feoco (0" "@(Z%) > 1—v for a fixed v € (0,1), whenever n > ng. Thus, F¢, o ((m—n)t) > 1-v
for every m > n > ng. Since t > 0 and 0 < v < 1 are arbitrary, we conclude that {(C,,¢,)} is a
Cauchy bisequence in the complete BIMPbM-space (E,0©,F,7,0). So, there existsau € ENO
and @(¢,) = ¢py1 — u € EN O guarantees that (o(c,)) has unique limit. Since @ is continuous

(@(cn)) = @(u), so @(u) = u. Hence u is a fixed point of @. This complete the proof. O

Corollary 2.1. Let (E,©,F, T, o) is a complete BIMPbM-space with o € (0, 1], which satisfies T (a,a) > a
with a € [0,1]. Additionally, let us assume that @ : EU ® — E U © is a continuous operator that satisfies:
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Fococ(¢(t)) 2 Amin{Fc (1),
Focc (1), Frac(t)}

where A > 1. Then, ® has a FP.

Definition 2.6. Let (E1,01,F1,7,0) and (B, 02,F», T, 0) be two BIMPbM-space and @ : E1 U ©®1 —
Ep U Oy be a function. If ®(E1) C Ep and @(®1) C Oy, then @ is called a covariant map, or a map from
(E1,01,F1,T,0) to (Ep, ®2,F2,T,0). If @ : (E1,01,F1,T,0) = (O2,82,F2,T,0) is a map, then @ is
called a contravariant map from (E1,01,F1,T,0) to (O, Ea,F, T, 0) and this is denoted as

@ : (El,®1,F1,T,Q) = (®2/E2/F2/T/ Q)

Theorem 2.2. Let (E,®,F, T, 0) is a complete BIMPbM-space with ¢ € (0, 1], which satisfies T (a,a) > a
witha € [0,1]. Additionally, let us assume that ®@ : EU© — EU O is a contravariant continuous operator
that satisfies:

L
Facac((0)'p(0) 2 AFcc (67 (2))-
where A > 1. Then, ® has a FP.

Proof. Let Cp € B, @Cp = ¢o € ® and @¢o = ;. For each n € N define @C,;, = ¢, and @¢, = Cpy1.
Then (Cy, ¢ ) is a bisequence on (2,0, F, T, 0).

Since ¢ is continuous at 0, we can find a r > 0 so that r > ¢(r). So, it yields

FanCn (quo(r)) = F‘DCn—L(DCn (ngo(r))
2 AFanCn—l(Q - (p(

_ r
2 AFCn—lrgn—l(Qk ZQO(C—Z)

)

> Fe e (@"'z(p(c2
_ s
= Focy a0, (6° p(3))

\%
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Also
Fepnen(00(r) = Focyac, (o(r))
2 AFCH/gil (Qk_lq)(

2 FCn/Cn—l (Q - (P )

_ r
= FLDgn—lr(DCn—l (@k Z(P ( C_2 ) )

>

_ r
2 FCO/CO (Qk nqo(c_n)
We consider m, n € N, with m > n. Then, by (F4) and the strictly non-decreasing feature of ¢, it
yields
FCm/Cn((m - n)t) 2 min{FCern+1 ((m —n- Z)L)'

FCn+1/§n (")/ FCn+1/Cn+1 (L)}

Z min{FCern-H ((m —n- Z)L)/
_ r _ r
FCOrCU(Ql n(P(C_n)/FCo,GU(Ql H(P(C_n)}

. _ r _ r
Z mln{FCo,Co(Ql n(P(C_n)/FCo,Co(Ql H(P(C_n)r
_ r _ r
'FCO,GO(Ql n(P(Cm_Z)/FCO,CO(Ql n(P(Cm_z ),
_ r _ r
FCO/CO(Ql n(p(cm—l )’FCO/CO(Ql n@(cm_l)}

. -n r —n !
:mln{FCO,Co(Ql QD(C—n),FCO,Co(Ql QD(C_n)}

Since ' (%) — oo as n — oo, there exists a ny € IN so that Fg, ., (o' "@(%) > 1 - for a fixed
v € (0,1), whenever n > ng. Thus, F¢, ., ((m—mn)t) > 1—v for every m > n > ng. Since t > 0
and 0 < v < 1 are arbitrary, we conclude that {(C,,¢,)} is a Cauchy bisequence in the complete
BIMPbM-space (E,®,F, T, 0). So, there existsau € EN® and @(¢,) = { — u € EN O guarantees
that (@(cy)) has unique limit. Since @ is continuous (@(¢,)) — @(u), so ®(u) = u. Hence u is a

fixed point of @. This complete the proof.



10 Int. ]. Anal. Appl. (2025), 23:133

Example 2.2. Let & = [0,1] and © = [1,2] be equipped with F (1) = = foreach C€ E, ¢ € O,
T (a,b) = min{a,b} and p = 3. Then, (E,0,F, T, 0) is a complete BIMPbM-space. Define ¢(t) = * for
eacht € [0,00), A =1,c= %and@:EU@:&EU@by

L 1€ (0,1
o(1) = 4 (0,1)
1, 1€ [1,2].
Foreach C € E and ¢ € © we have
L
%
Fococ(dP() = —2——
F+13-1P
- L
L4 25 —1P2

L
2t - _ 1
L+ 5lC— 4P
L

1 4 2k=4)C - }1|2
L
2 -
14 2k-2|C - }1|2
L
2 -
142820 — ¢?
oL
= Feod o)
_ L _ L
2 {FC,C(@k 1¢(E)),F@C,;(Qk 1¢(E))r

Feoc(d19(2))).

Thus, all the criteria of Theorem 2.1 are satisfied and @ has a FP 1 = 1.

3. Two ILLUSTRATIVE APPLICATIONS

3.1. Damped Harmonic Oscillators. In classical mechanics, the harmonic oscillator is defined as
a system which, when displaced from its equilibrium position, experiences a restoring force F
directly proportional to the displacement x, represented as

F=—k¥

where kis a positive constant. If damping is present, characterized by a frictional force proportional
to velocity, the system is described as a damped oscillator. In such systems, friction or damping
reduces the motion’s speed proportionally to the frictional force applied. Unlike the simple
undriven harmonic oscillator where only the restoring force acts on the mass, the damped harmonic
oscillator also experiences a frictional force opposing the motion. Hence, the balance offorces for

damped harmonic oscillators is:

dw dw
F:Pext—ka)—cd— :mﬁ
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When there is no external force (i.e., Fext = 0),

d*w dw
) + ZUCUE + 02w =0 (3.1)
- k . . c .
where @ = /s is the undamped angular frequency of the oscillator and v = v 8 the

damping ratio. A damped harmonic oscillator is critically damped for v = 1, i.e., the system
comes back to the steady state as quickly as time permits without oscillation (however, overshoot
can happen as in the case of doors).

Green’s function associated to equation 3.1 in case of critically damped motion under conditions

w(0) =0, ®(0) = ais given by

—1ePU=0), 0<y
G((,)) = 3.2)
—tePU=0),  0<t<y<1.

where p > 0 is a constant, calculated in terms of v and @.
Let & = C([0,1],R™") be the set of all continuous functions on [0,1] and ® = C([0,1],R") be the

set of all continuous functions on [0, 1]. Consider p : EX ® — [0, ) to be defined by
(G, 6) = maxgeC(€) —c(O)Pe™!, (€& ce®,L>0.

One can see that p is a complete bipolar b-metrics with s = 2. Next, we define the mapping
F:Ex© — D" as
Foc(t) = x(t-u(Cc))
for 1 > 0, where
0 ift<0

x(1) =
1 ift>0.

We know that (E, ©,F, min) is a complete BIMPbM-space with coefficient g = % .
In the next theorem, we consider the equation of critically damped harmonic oscillators in which
the damping of an oscillator causes it to return as quickly as possible to its equilibrium position

without oscillating back and forth about this position

Theorem 3.1. Let (E,®,F, min) be a complete BIMPbM-space whit o = 1 and @ : EU® — EUO bea
self mapping such that:

A
ow(t) = f Gt ) ()))d) (33)

where Q) : [0,1] X R — R is an increasing function which satisfies

0L, 00(6)) - QL @) < gmaxlw(t) - (O low(6)) = (0)} w(2)) - @S(O))

Then the differential equation 3.1 has a unique solution
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Proof. Finding solution of equation 3.1 is equivalent to solving the integral equation

£
w(t) = fo Gt 1) 0()))d)

Therefore, z is a solution of equation 3.1 iff z is a fixed point of @. Now, forall w € Eand 9 € ©® we

have

p(0w,09) = maxey(0w(t) - @8(O)Pe ™)

£ 4
= maxgeoy f Gt ), w(7))d) - f Gt )Q(, S()d e )
4

IA

maxge[o,l]((fo G(f'])m(]rw(]))—Q(],S(]))I)ze‘mdj)

IA

4
1
masseon ([ G(E Dlzmaxtio®) = S(0),

l@w(€) = 3(C)], lw(€) — @8 (€)|}])*e M dy)
1 [
< Zmax{y(w,&),y(caa),S),y(w,@&)}maxge[o,l](ﬁ G(¢,1)dy)?
on the other hand maxc( 1) ng G(¢,7)dj < 1 so we have

p(ow,®9) < imax{y(a), 9), plow, V), u(w, @9)}

Putting ¢ = 1, for any r > 0 and k € N we derive

r r
Foves(55) = x(5; ~u(ew,@9))
roc
> X<§ - Emax{y(w,&), pow,d), ww,@9)})
r
= X —maxip(@, 9), u(@w, 9), plw, @9)})
. r r r

= mln{Fw,S(ﬂ)/Fch,S(ﬂ)-Fw,wS(ﬂ)}
Therefore, by Theorem 2.1, @ whit ¢(r) = r has a fixed point, which is a solution to the equation
3.1. m|

3.2. Fractional differential equations. Suppose the Caputo fractional differential equation defined

as follows, where Dj, denotes the Caputo fractional derivative of order ¢:
Dy (C(1)) = h(y, C(1)), (0<1<1,0<p<2), (3.4)

where /i : [0,1] X R — R is continuous and

(oy=o0, )= fo "Lk (0<p<1).

The Caputo derivative of order p for a continuous function @ : R™ — R is defined as follows:

Dio(t) = —— L fOL(LK)dK (n=[d +1),

T(n-)d" L— )¢
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where this expression is valid pointwise on (0, +c0). Here’s a captivating theorem related to the

topic:

Theorem 3.2. Let (E,0O,F, min) be a complete BIMPbM-space whit 9 = 1 and G: EU® — EUO bea
self mapping defined by G(C) = ( ) . Suppose the following conditions are met:

(i) Foreach{,c € Eand 1 € I(I = [0,1]), there exists L > 0 such that

1(1,02(0)) ~ (s, @e ()l < e D max(ic 1) — <)L koC () - (1) () ~ ()]

5
(ii) Exist @ : Rt — R such that
1 L
ol(t) = o) jo‘ (1—1%)2h(x, C(k))dK

2t

1
(@2-99r(0) fo (=) e, C(1) )i
+<2—;W fop(foK(“ = k) h(k, (k) ke

Thus, (3.4) has a solution in E.

Proof. If the following is satisfied:

vy = ﬁj:(t—K)@_ll’lOC,C(K))dK
1
# | = thn e

2 502 fpf ( — k)2 h(k, C(k))dk)dx

Then, (k) is a solution of (3.4). Define y(C,g) = max,e;(|C(1) — c(1)]Pe™) for (,¢c € &, where L
meets condition (7). Now, for all { € & and ¢ € © we have

u(ol, oc) <max—f e = x|e Mk (x, C(x)) = h(x, c(x))lldx

+_—2‘ f 1= &2 Mk (x, C(x)) = h(x, ¢ (x))ldx

2- goz <@>f”f = K)¢ (K, C(K)) = h(k, < (K)) )kl

rrl1€1x F_ i |L IQ_ )e_LS}Imax[IC(K) — (1)), l@Cl(x) — ¢c(x)|,1C(x) — @c(x)|]dx

0 f 11— 1<|@1 )—LS}Imax[m(K)—c(x)|,|coC(1<>—c(K)|,
|c() (K

L n f f|1c et T D e a1 1) - <o) oC () - ()

(2- 502
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IC(x) — @¢(x)|]dk)dx

I'le+1)1
< %Zmax[‘u(cl g)l“((DC/ C),M(C,(DC maX—f |L_K|@ ld‘K

el T
[1 - x|¢ tdx
(2- @2 f

—‘  — kle! "
T ()fo (fo' K dk)dx)

s
S}L ax[1(C, <), (@, <), p(C @c)],

forany C € E,¢ € ©. Putting ¢ = 3, for any r > 0 and k € N we derive

r

.
F@C,mc(?) = X(ﬁ - u(@C, c))
roc
> X(? - Emax{‘u(Crg)/ [J((DQC), [J(CMDC)})
r
= X<2k_1c _ma'x{u(CI g)/ ‘Ll(CDCI g)/ ‘U(C, CDG)})
. r r r
= mm{Fc,g(ﬂ),ch,c(ﬂ)fcwc(ﬂ)}
Theorem 2.1 ensures a FP of G, which solves the Caputo equation (3.4). m|
Example 3.1. Let us consider the following fractional differential equation :
2
Dgw(t) +w(t) = TG0 2704 3, (3.5)
with initial condition: w(0) = 0, w (0) = 0.
Equation 3.5 has the exact solution with o = 1.9:
w(t) =12
By Equation 3.4, we can express Equation 3.5 in the homotopy form;
Dgw(t) + uw(e) - F(32— 7 -3 =0, (3.6)
the solution of Equation 3.5 is:
w(t) = wo(1) + uwy (1) + vPwa (1) + ... (3.7)

Substituting Equation 3.7 in 3.6 and collecting terms with the power of u, we get
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Applying U? and the inverse operation of D¢, on both sides of Equation 3.1 and fractional integral operation

U? of order o > 0, we have

r'(4)
w1 (1) = —Uwo (1) + U°h(1)] = & + ————1T°
2 6
wy(1) = —Ullw; (1)] = ==——12T0 - ——— 372
2 6
= _U¢ — & 242 _ _ 2 @ 343
w31 w2 =5yt T
Hence the solution of Equation 3.5 is
w(t) = wo(t) +wi () +wa(t) + ... (3.8)
I'(4) 2 6
w(l) =2+ 3+0 _ 2o _ 3+2 3.9
W=t rary" TTere"  Ter20) 35)
when o = 1.9
6 2 6
- 2 49 _ 39__ 5 68
©W) = T et TTaet Ttoe)t
= (>~ small terms
= L2
For o = 1.9 and ~= 51, the results (both numerical and exact) using the matrix approach are presented in

Table 1 and the maximum error observed was ~= 51 is 0.039016195358901

C el [ wd) () - w)
0.10000 | 0.01000 | 0.00862 0.00138
0.20000 | 0.04000 | 0.03769 0.00231
0.30000 | 0.09000 | 0.08654 0.00346
0.40000 | 0.16000 | 0.15474 0.00526
0.50000 | 0.25000 | 0.24193 0.00807
0.60000 | 0.36000 | 0.34786 0.01214
0.70000 | 0.49000 | 0.47244 0.01756
0.80000 | 0.64000 | 0.61581 0.02419
0.90000 | 0.81000 | 0.77841 0.03159
1.00000 | 1.00000 | 0.96098 0.03902

TasLe 1. The numerical and exact solution using the matrix approach method where

~=51
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4. CONCLUSION

As the BIMPbM-spaces is relatively new addition to the existing literature, therefore, in this
note, we endeavor to further enrich this notion by introducing the idea of BIMPbM-space wherein
we combined concept of the MPbM-space with concept of the BIM-space. Then, by using these
concepts, new fixed point were proven. Section 2 introduces new FP theorems for single-valued
operators in BIMPbM-spaces, along with application for solving damped harmonic oscillator, as
second-order differential equations and we were able to investigate the existence of a solution for

the Caputo fractional differential equations and also give numerical example for equation.
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