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Abstract. The tripolar complex fuzzy set is a generalization of the tripolar fuzzy sets. In this paper, we introduce the
notion of tripolar complex fuzzy sets in ordered semigroups. The concepts of tripolar complex fuzzy subsemigroups
and tripolar complex fuzzy left (right, two-sided) ideals are introduced. Some algebraic properties of such tripolar
complex fuzzy subsemigroups and their tripolar complex fuzzy ideals are studied. We characterize subsemigroup and
left (resp., right, two-sided) ideals by using tripolar complex fuzzy subsemigroups and tripolar complex fuzzy left
(resp., right, two-sided) ideals. Finally, we characterized intra-regular ordered semigroups in terms of tripolar complex
fuzzy left ideals and tripolar complex fuzzy right ideals.

1. INTRODUCTION

The theory of fuzzy sets, which is the most appropriate theory for dealing with uncertainty, was
tirst introduced by Zadeh [1] in 1965. After Zadeh’s introduction of fuzzy sets, several researchers
explored generalizations of these notions, leading to significant applications in various fields such
as computer science, artificial intelligence, control engineering, robotics, automata theory, decision
theory, finite state machines, graph theory, logic, operations research, and many branches of pure
and applied mathematics.

The idea of a complex fuzzy set was first introduced by D. Ramot et al. [2,3]. The complex fuzzy

set is a generalization of fuzzy sets. Y. B. Jun and X. L. Xin [4] were the first applied complex fuzzy
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set theory to BCK/BCl-algebras theory. R. Rasuli [5] applied complex fuzzy sets to Lie algebras and
studied complex fuzzy ideals of Lie algebras with respect to t-norms. After that, many researcher
have applied complex fuzzy sets theory to many structures of algebras (see [6-11]).

M. Murali Krishna Rao and B. Venkateswarlu [12] were first introduced the concept of tripolar
fuzzy set theory. N. Wattanasiripong et al. applied the tripolar fuzzy set theory to the ordered
semigroup theory (see [13-16]). The tripolar complex fuzzy set is a generalization of tripolar fuzzy
sets. This present paper, we introduce the notion of tripolar complex fuzzy sets in ordered semi-
groups. The concepts of tripolar complex fuzzy subsemigroups and tripolar complex fuzzy left
(right, two-sided) ideals are introduced. Some algebraic properties of such tripolar complex fuzzy
subsemigroups and their tripolar complex fuzzy ideals are studied. We characterized subsemi-
groups and left (resp., right, two-sided) ideals by using tripolar complex fuzzy subsemigroups and
tripolar complex fuzzy left (resp., right, two-sided) ideals. Finally, we characterized intra-regular
ordered semigroups in terms of tripolar complex fuzzy left ideals and tripolar complex fuzzy right

ideals.

2. PRELIMINARY

In this section, we will recall the basic terms, and definitions from the ordered semigroup theory
and the tripolar complex fuzzy set theory that we will use in this paper.
Let S be a nonempty set, and a binary operation “-” on the set S. The structure (S;-) is called

7

groupoid. If the binary operation “-” satisfied associative property, that is

x-(y-z)=(xy)z

forall x, y,z € S, the groupoid (S; -) is called semigroup.

A binary relation < on S is called partial relation on S if it satisfies the following three properties:
(1) reflexive, i.e. a < aforalla € S. (2) antisymmetric, i.e.,, ifa < band b < g, thena = b for all
a,b € S. (3) transitive, i.e.,ifa < b, and b < ¢, thena < cfor all a,b,c € S. The structure (S; <) is

called a partially ordered set if the relation < is a partial relation on S.

Definition 2.1. [17] The structure (S;-, <) is called an ordered semigroup if the following conditions are
satisfied:

(1) (S;-) is a semigroup.

(2) (S; =) is a partially ordered set.

(3) Foreverya,b,c€ Sifa<b,thena-c<b-candc-a<c-b.

For simplicity, we denoted an ordered semigroup (S; -, <) by its carrier set as a bold letter S, and
ifa,b € S, we will instead of a - b by ab. Let A and B be two nonempty subsets of S. Then we define

AB:={ab : a€ Aand b € B}.

Let S be an ordered semigroup. A nonempty subset A of S is called a subsemigroup of S [17] if
AA C A.
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Definition 2.2. [17] Let S be an ordered semigroup. A nonempty subset A of S is called a left ideal of S if
it satisfies

(1) SACA.

(2) Forx,y€S,ifx <yandy € A, then x € A.

Definition 2.3. [17] Let S be an ordered semigroup. A nonempty subset A of S is called a right ideal of S
if it satisfies

(1) ASC A

(2) Forx,yeS,ifx<yandy € A, then x € A.

A nonempty subset of S is called two-sided ideal or simply ideal if it is both a left and a right ideal
of S.
A fuzzy subset (or fuzzy set) of a nonempty subset X is a mapping f : X — [0,1] from X to a

unit closed interval (see [1]).

Definition 2.4. Let X be a nonempty set. A tripolar complex fuzzy set f of X is an object having the form

Fro={(x fHe), f), () xeX, 0 f(x) + f(x) <1,

such that f(x) = pt(x) +ivt(x), f(x) = w(x) +iv*(x), and f~(x) = p (x) + v~ (x) where
ptvt, v X = [0,1], um,v- 1 X = [=1,0], and i = V=1 such that 0 < f*(x) + f*(x) < 1, it
means that 0 < u™(x) + p*(x) <1and 0 < v*(x) +v*(x) < 1.

For the sake of simplicity, we will use the symbol f = (ff,ff7) for f =
{(x, fH(x), f(x), f(x)) : x € X, 0 < f(x)+ f*(x) < 1} and throughout the paper, we write
f=U"ff ) instead of f = (f© = u +iv", f = p' + ", f~ = u” + 7).

Remark 2.1. It is easy to see that if v (x) = 0,v*(x) = 0and v~ (x) = 0 for all x € X, then by Definition
2.4, the tripolar complex fuzzy set f become tripolar fuzzy set. This means that the tripolar complex fuzzy

set is a generalization of tripolar fuzzy set.

Example 2.1. Let H = {ay,a2,4a3,4a4,a5} be the set of five employees in a company. We will characterize

them according to four qualities in the form of tripolar complex fuzzy set, given in the follows:

Honesty Punctual Communication Hardworking

aj 0.6 0.5 0.8 1

az 1 0.8 0.5 04
as 0.5 1 1 0.8
as 0.8 0.5 1 0.7

as 1 0.5 0 0.6
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We define tripolar complex fuzzy set f = (f, f*, f~) as follows.

X fr) f(x) f ()

a | 0.64i(05) 03+i(0.5) —0.2+i(—0.5)
@ | 1+i(08) 0+i(0.1) -1+i(-0.3)
a3 | 0.1+i(1) 08+i(0) —0.1+i(-0.5)
ay | 0.8+i(03) 0.1+i(03) -1+i(-02)
as| 1+i(0)  0+i(0.8) —0.7+i(-0.4)

We denoted by TCF(X) the set of all tripolar complex fuzzy sets of X. Now we will give the

relation, and the operation on TCF(X) as follows.

Definition 2.5. Let fy = (f;", f;, f{) and f» = (f,", f;, f; ) be elements of TCF(X). Then for each x € X,

M) AChif
(L) i (x) < o (x) and v (x) < v (
(12) 1) = py ) and vi (2) 2 v5(x).
(13) 1y () > iy (x) and v (x) > ;3 (x).

Q) ANfa= (05 UL f7Ufy) isan element of TCF(X), and is defined by
Q1) (70 £)@) = (] 0 @)+ (v ) (x) where

x).

(uf V1) (x) 2= min(pe (x), 3 (¥)) and (v (v3) (x) o= minfr (x), v ().
(22) (f; Uf)(x) = (1, U ) (x) +i(v}; Uvy) (x) where
(U ) (x) 1= ma(ys (x), 3 (x)) and (v} Uv3) (x) := maxtv; (x), vy (x))
(23) (f7 U f)(x) = (5 U a3 (x) + (v Uv;) (x) where
(5 U ) (x) = max{u; (x), i (¥)) and (v Uv;) (x) = maxiv] (x), v (x)).
It is easy to see that the structure (TCF(X);C) is a partially ordered set. Let S be an ordered
semigroup and a € S. We set
S, :={(x,y) € SX S :a < xy for some x, y € S}.

We now define operation on TCF(S) as follows.

Definition 2.6. Let fi = (f;", f;, f{) and fo = (f,, /5, f; ) be elements of TCF(S). The product of fy and
fa is an element of TCF(S), denoted by fi o fo := (f;" o f,7, f{ ¢ f5, f{ © fy ), and is defined as follows. For
eacha € S,

W (£ o £)(@) = (5 o ) a) +i(v} ov3)(a), where

V min{g” (x), 3 ()1} if Sa # 0
(‘uir o ‘u;) (a) ;=14 (wy)es ! ?

0 otherwise,
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and
V  {min{v; (x), v (y)}} if S #0
(v;r ov;) (a) :=1{ (xy)es, ! ?
0 otherwise,

Q) (f; 0 (@) = (15 0 13)(@) +i(v; o v3) (a), where

A tmaxiye (), gy ()1 if S, %0
(‘u; o P;) (a) :== < (wy)es,

1 otherwise,

and

A Amax{vy (x), vi(y)} if Sp# 0
(x,y)€Sa

(V’i o V;) (a) :=

1 otherwise,

i(vi ovy)(a), where

@) (fy o f)(a) = (17 o uy)(a)

1 %"
A Amax{py (x), wy (Y) if Sa # 0
(FI o ‘ug) (a) :=1{ (y)esS
0 otherwise,

and

A Amax{vy (x), v (y)}} if Sp# 0
(xy)€Sa

(VI o v;) (a) :==

——— —_— + — —

0 otherwise.

Let f, g and h be elements of TCF
operation ¢, it is easy to see that

—

S). If f C g, then by the definitions of the relation C, and the

fohEgoh,andho fEChog.

The structure (TCF(S); o, E) is an ordered semigroup, and its called a tripolar complex fuzzy ordered

semigroup.
3. MaiN Resurrs

In this main section, we introduce the concepts of tripolar complex fuzzy subsemigroups, tripo-
lar complex fuzzy left (right, two-sided) ideals, and study algebraic properties of tripolar complex
fuzzy subsemigroups, and their corresponding tripolar complex fuzzy ideals. The relations be-
tween subsemigroups (resp., left ideals, right ideals and two-sided ideals), and tripolar complex
fuzzy subsemigroups (resp., tripolar complex fuzzy left ideals, tripolar complex fuzzy right ideals,
tripolar complex fuzzy two-sided ideals) are investigated. Finally, we characterized intra-regular
ordered semigroups in terms of tripolar complex fuzzy left ideals, and tripolar complex fuzzy

right ideals.

Definition 3.1. Let S be an ordered semigroup. A tripolar complex fuzzy set f = (f*, f*, f~) of S is called
a tripolar complex fuzzy subsemigroup of S if the following conditions are satisfied. For each x,y € S,

(1) (xy) > minlp (x), 5 (y)) and v+ (xy) > minf* (x), v* ().

(2) p*(xy) <max{y*(x), u*(y)} and v*(xy) < max{v*(x),v*(y)}.
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(3) p(xy) < maxfu~(x), = (y)} and v~ (xy) < max{v~(x),v"(y)}.

Example 3.1. Let S = {a,b,c,d, e, k} with the following operation “+”, and the order “<” on S be defined

as follows:

*la b c d e k
ala a a d a a
bla b b dbb
cla b c d e e
dla a d d dd
ela b c d e e
kila b c d e k

and
<:={(ke)}UAs,

where Ag is the identity relation on S. It is easy to verify that S = (S;*, <) is an ordered semigroup. We
define tripolar complex fuzzy set f = (f, f*, f~) as follows.

S| ff) f(x) f(x)
a|04+i(05) 03+i(0.4) —0.1+i(—0.6)
b|04+i(05) 03+i(0.4) —0.1+i(-0.6)
c|04+i(05) 03+4i(04) —0.1+i(-0.6)
d]0.6+4i(03) 0.1+i(0.6) —0.3+i(—0.4)
0.6+i(03) 0.1+i(0.6) —0.3+i(—0.4)
k|0.6+i(03) 0.1+i(0.6) —0.3+i(—0.4)

It is easy to see that f is a tripolar complex fuzzy subsemigroup of S.

Definition 3.2. Let S be an ordered semigroup. A tripolar complex fuzzy set f = (f*, f*, f~) of S is called
a tripolar complex fuzzy left ideal of S if the following conditions are satisfied. For each x,y € S,

(1) ¢ (xy) 2 p*(y) and v* (xy) 2 v (y).
2) w*(xy) < @ (y) and v*(xy) < v*(y).
(3 w(xy) < - (y) and v (xy) < (y).
(4) Ifx <y, then
(4.1) pt(x) = ut(y) and vt (x) 2 vt (y).
42 1(3) £ () and v(2) £ ().
(4.3) p(x) < u(y) and v=(x) <v7(y)-
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“w_orr / ”

Example 3.2. Let S = {k, 1, m,n} with the following operation “+” and the order “<” on S be defined as
follows:

> o ow oA
L

—_ — X x| 3
N o= o x| =

and
<:={(k,n),(I,n), (m,n)} UAsg,

where Ag is the identity relation on S. It is easy to verify that S = (S;*, <) is an ordered semigroup. We
define tripolar complex fuzzy set f = (f+, f*, f~) as follows.

S| ) fr(x) f ()

k |0.4+i(05) 02+z(04) ~0.5 +i(-0.5)
1 103+i(04) 03+i(04) —0.5+i(—0.5)
m|02+4i(0.3) 05+i(05) —0.2+i(—0.4)
n|02+41i(03) 05+i(0.6) —0.2+i(-04)

It is easy to see that f is a tripolar complex fuzzy left ideal of S.

Definition 3.3. Let S be an ordered semigroup. A tripolar complex fuzzy set f = (f*, f*, f~) of S is called
a tripolar complex fuzzy right ideal of S if the following conditions are satisfied. For each x,y € S,

(1) g (xy) = it (x) and v (xy) = v (x).
@) p*(xy) < " (x) and v* (xy) <" (x).
(3) u(xy) < = (x) and v~ (xy) <v=(x).
(4) Ifx <y, then
(1) 1 (x) = () and v (x) 2 v* (1),
42 1(3) % () and v(2) £ ().
(43) 1 (x) < - (y) and v=(x) <v=(y).

Example 3.3. Consider the ordered semigroup S = (S;+, <) given in Example 3.2. We define a tripolar
complex fuzzy set f = (f, f*, f7) as follows.

S fr(x) f(x) f(x)

k | 040 4i(0.55) 0.09 +i(0.18) —0.40 4 i(—0.55)
I [0.29+i(0.45) 0.29+i(0.28) —0.29 + i(—0.45)
m | 0.19 4 i(0.42) 039 +i(0.35) —0.19 + i(—0.42)
n |0.19+i(0.42) 0.45+i(0.45) —0.19 + i(—0.42)

It is easy to see that f is a tripolar fuzzy complex fuzzy right ideal of S.
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A tripolar complex fuzzy set f of S is called a tripolar complex fuzzy two-sided ideal of S (or tripolar
complex fuzzy ideal of S) if f is both a tripolar complex fuzzy left and a tripolar complex fuzzy right
ideal of S.

Example 3.4. Consider the ordered semigroup S = (S;*, <) given in Example 3.2. We define a tripolar
complex fuzzy set f = (f, f*, f7) as follows.

S f(x) f(x) f(x)

k | 0.65+i(0.55) 0.35+i(0.45) —0.65+ i(—0.55)
I [035+i(0.45) 0.35+i(0.45) —0.35+ i(—0.45)
m | 0.35+1(0.45) 0.35+i(0.45) —0.35 4 i(—0.45)
n | 0.35+i(0.45) 0.65+i(0.55) —0.35+ i(—0.45)

It is easy to see that f is a tripolar complex fuzzy ideal of S.

Next propositions, we study the algebraic properties of tripolar complex fuzzy subsemigroups

and their tripolar complex fuzzy ideals as follows.

Proposition 3.1. Let S be an ordered semigroup and let f, fo be tripolar complex fuzzy subsemigroups of
S. Then f1 M f, is a tripolar complex fuzzy subsemigroup of S.

Proof. Let fi = (fi, £, f7), > = (f, £, ;) be tripolar complex fuzzy subsemigroups of S, and
x,y € S. Let us consider as follows,
(4 N )(xy) = minfu] (xy), 1 (xy))
()}, min{gy ) (x), 3 (¥)})
= minfmin{g (x), uy (x)}, min{u; (v), 13 ()}
= min{(uy Npy ) (), (1 Ny ) (W)}

> min{min{u; (x),

and
(vinvy)(xy) = minfv] (xy), vy (xy))
> rrun{rnin{vl+ (x),vl+ (y) ,mifl{VZr (X),VJ(y)}}
= min{min{vzr (x),v;r (x)},min{vj(y),@(y)}}
= rnm{(v;r ﬂV;)(X , (VIr nvy)(y)),
and

(L V) (xy) = max{u](xy), u;(xy)}
< max{max{u](x), u3 (y)}, max{y; (x), w5 (y)}

= max{max{u](x), u3(x)}, max{ui (v), 15 ()}
= max{(u3 U uy)(x), (13 Y 5) ()}
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and

(vuv)(xy) =

and

(b V) (xy) =

and

(M Uv)y) =

>(xy))

max{v] (x),v] (v)}, max{v;(x),v;(y)}}

), v3 (%)}, max{vi (y), v3(y)}}
(

max{(v] Uvy)(x), (v Uvs)(y)},

max{v] (xy),v
max{
{

max{max{vj (x

max{uy (xy), 15 (xy))
max{max{uy (x), uy (v)}, max{u, (x), uy (y)}}

max{max{p; (x), y; (x)}, max{uy (v), ps (y)}1}
max{(py Uy ) (x), (17 U py) (y)},

xy)}

max{v](xy), v(
max{max{vj (x),v] ()}, max{v;(x), v5(y)}}
)

1
max{max{v] (x), v5(x)}, max{ﬁ(y),VE(y)}}
V]

max{(vi Uvj)(x),

Therefore fi M f, is a tripolar complex fuzzy subsemigroup of S. m]

Proposition 3.2. Let S be an ordered semigroup, and let f1, fo be tripolar complex fuzzy left ideals of S.

Then f1 M f, is a tripolar complex fuzzy left ideal of S.

Proof. Let fi = (f;", f;, f7) and fo = (f,", f;, f;) be tripolar complex fuzzy left ideals of S, and

x,y € S. Let us consider as follows.

(W Ny )(xy) =

and

(vy Nvy)(xy) =

and

(L uw)(xy) =

min{uy” (xy), 13 (xy)}
> min{py (y), 1y ()}
= W )W),

rnin{v{r (xy),vf (xy)}
> min{v) (y),v; ()}

= (v nvy)(y),

max{u] (xy), 5 (xy)}
max{u (y), py(y)}

IA
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= (V)
and
(viuvy)(xy) = max{vi(xy),vy(xy)}
< max{vy(y),v3(v)}
= (1)),
and
(H7 Ypy)(xy) = max{uy (xy), py (xy)}
< max{uy (v), 1y ()}
= (b V)W),
and
(viUvy)(xy) = max{v](xy),v; (xy)}
< max{vy (y),v; (y)}
= (v Uvy)(y).

Let x, y € S be such that x < y. Then, we obtain

(4 Ny )(x) = minfu) (x), 4y (¥)}

and

(v nv)(x) = minfv] (x), v (x)}

and

(1 Vpy)(x) = max{p(x),
)

and

(viuvy)(x) = max{vj(x
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(py Vpz)(x) = maxiuy (x), gy ()
max{piy (y), # ()}
= (I vm)@).
and
(v Uvp)(x) = maxpry(x),v;(x)}
< max{vy(y),v; (y))
= (1 Un)©.
Therefore f; M f, is a tripolar complex fuzzy left ideal of S. m|

Similar to Proposition 3.2, we have the following proposition.

Proposition 3.3. Let S be an ordered semigroup, and let f1, f> be tripolar complex fuzzy right ideals of S.

Then f1 M f, is a tripolar complex fuzzy right ideal of S.

Combining Proposition 3.2 and Proposition 3.3, we obtain the following corollary.

Corollary 3.1. Let S be an ordered semigroup, and let fi, fo be tripolar complex fuzzy ideals of S. Then

f1 1 fo is a tripolar complex fuzzy ideal of S.

Let A be a subset of S. We define the tripolar complex fuzzy set x4 = ()(X, Xoar )(;‘) such
that x3 = x5 (ut) +ix; (vh), Xy = x5 (@) +ix,(v) and x; = x;(u7) +ix;(v") and, it called
characteristic tripolar complex fuzzy set of a subset A of S and is defined as follows. For each x € §,

1 ifxeA
) (x) =
XA(H )() {0 otherwise,
and
. . 0 ifxeA
X) =
XA(M )() {1 otherwise,
and

ifxeA

o _ -1
XA(“ )(x) _{ 0 otherwise,

X (v (x) =

Xa(v?)(x) =

1 ifxeA
0 otherwise,

ifxeA

B 0
)1 otherwise,

-1 ifxeA
0 otherwise.

Remark 3.1. Let A be a subset of S, and let x4 = ( )(X, X4 X3) be a tripolar complex fuzzy subset of S.

Suppose that one of the following statements holds: For any x € S,

1) () () = Land x5 (v)(x) = 1,
@ (1) (x) = 0and 1, () (x) =0,

®) X3 (1) (x) = ~Land x3 () (x) = -1.

Then x € A.
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We, now characterize subsemigroups, left (resp., right, two-sided) ideals by using tripolar
complex fuzzy subsemigroups, tripolar complex fuzzy left (resp., right, two-side) ideals as the
following theorems.

Theorem 3.1. Let S be an ordered semigroup. Then the following statements are equivalent:
(1) Lis aleft ideal of S.
2) xr=( )(Zr, X}, X7 ) is a tripolar complex fuzzy left ideal of S.

Proof. (1)=(2). Let L be a left ideal of S, and x, y € S. We consider two cases. If y € L, then since L
is a left ideal of S, we have xy € L, and then

Xp (W) () =1=x (")), x{y v xy) =1=x7 v )(y),
and
x (W) (xy) = 0= xp(u)(y), xL(v')(xy) = 0= x;(v')(¥),
and
X () (xy) = =1 = x; (1) (), xp ) (xy) = =1 = x; (v7)(v).
If y ¢ L, then we obtain
X (W) (xy) 20 =x (") (W), x; ) (xy) 20=x (v7)(y),

and

* *

X () (xy) <1 = x7(u)(y), xp(v)(xy) <1 = x7(v')(y),
and
XL () (xy) <0 = xp (u ) (), xp(vV7)(xy) <0 = x; (v7) ()

For any two cases, we obtain

X () ) = xq () () xp ) () = (V) (),
and
X () (xy) < xp (@) (W), xp (V) (xy) < 3. (V) (),
and
xp () (xy) < xp () (), x (V) (xy) < xp (v)(y):
Let x, y € S be such that x < y. Then, if y € L, then since L is a left ideal of S, we obtain x € L and
then

X HE) =1=x (")), x, vHx) =1=x (")),
and
XL () (x) =0=xp (1)), x,(v)(x) =0=x (v")(y),

and

X)) = =1=xp ()W), ap(v7)(x) = =1 = xp (v))(y)-
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If y ¢ L, then we obtain

and
and

For any two cases, we obtain

xp (W) @) 2 x (W) (), xf () () 2 a7 (vH)(y),
and
XL () () < x (W) (y), 2 (V) () < xp (V)(y),
and
XL () () < xp ()W), ap (v (%) < xp (vI)(y)-
Therefore x; is a tripolar complex fuzzy left ideal of S.
(2)=(1). Letx € Sand y € L. Then, let us consider as follows.

12 ) (0 (xy) 2 x (") (y) = 1.
It follows that ;" (u*)(xy) = 1 and
12 (")) 2 (v5)(y) = 1.

It follows that x; (v)(xy) = 1. By Remark 3.1, we have xy € L.
Let x, y € S be such that x < y. If y € L, then, let us consider as follows.

T2 x () 2 x (") (y) =1
It follows that ;" (u*)(x) = 1and

12 (") (x) 2 x; (vH)(y) = 1.

It follows that x; (v")(x) = 1. By Remark 3.1, we have x € L. Therefore L is a left ideal of S.

Similar to Theorem 3.1, we obtain the following theorem.

Theorem 3.2. Let S be an ordered semigroup. Then the following statements are equivalent:
(1) Ris aright ideal of S.
(2) xr = (X3, Xy, XR) is a tripolar complex fuzzy right ideal of S.

Combining Theorem 3.1 and Theorem 3.2, we have the following corollary.

Corollary 3.2. Let S be an ordered semigroup. Then the following statements are equivalent:

(1) Iisan ideal of S.
() x1 = (x], X, x7) is a tripolar complex fuzzy ideal of S.
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Remark 3.2. The characteristic tripolar complex fuzzy set of a subset A of S, xa = (X5, Xy, X3), in the
case of A = S, we denoted by 1 = (17,0%,07), and is defined by as follows.

17(x) = 1(x) +i(1(x)), 0°(x) = 0(x) +i(0(x)) and 0~ (x) = =1(x) +i(-1(x)),
where 1(x) =1,0(x) = 0and —1(x) = -1 forall x € S.

We, now characterize tripolar complex fuzzy subsemigroups and tripolar complex fuzzy left
(right, two-sided) ideals by using some properties of tripolar complex fuzzy subsemigroups, and
tripolar complex fuzzy left (right, two-sided) ideals, respectively.

Theorem 3.3. Let S be an ordered semigroup, and let f = (f, f*, f~) be a tripolar complex fuzzy set of

S. Then the following statements are equivalent.
(1) f is a tripolar complex fuzzy subsemigroup of S.
(2) f satisfies that f o f C f.

Proof. (1)=(2). Assume that (1) holds, and let 2 € S. We consider two cases as follows. If S, = 0,

we obtain
(utout)(a)=0<pu"(a), and (v ovt)(a) =0<vT(a),
and
(Wou)(a)=1=p"(a), and (v:ov')(a) =1=v'(a),
and
(Wou)(a)=0=p (a), and (v-ov™)(a) =0=1v"(a).
If S, # 0, we obtain that
(" opt)a) = \/ fmin{u* (x), 1" (n))}

(x,y)€S,

\/ ()

(x,y)€Sa

IA

IA
<
=

+
&

and

(vtovh)(a) = \/ {min{v ™ (x),v" (y)}}

IA I
<5<
= <

+ -
= =
= <

=
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and
(W o) (a)

and
(v ov)(a)

and
(0 ou™)(a)

and
(v ov7)(a)

For any two cases, we have f o f C f.

\%

v

\%

\%

\%

\%

\%

\%

(2)=(1). Assume that (2) holds, and leta, b € S. Then we obtain

(" o ™) (ab)

p (ab)

2
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= \/ iminfp* (@), 1t ()N

(x,y)€Sam
> min{u"(a),u" (b)),
and
vi(ab) > (v'ov')(ab)
= {min{v™ (x),v* (y)}}
(x,y)€Sap
> min{vT(a),v"(b)},
and
pi(ab) < (u*op")(ab)
=\ tmaxiu(x), 1" ()N
(x,)€Sam
< max{u*(a), u*(b)},
and
vi(ab) < (v ov')(ab)
= A {max{v*(x),v*(y)}}
(x%,y)€Sap
< max{v'(a),v(b)},
and
p(ab) < (o) (ab)
— /\ {max{u~(x), u=(y)}}
(x,y)€Sam
< max{y(a), u" (D)},
and
v (ab) < (v ov7)(ab)
- /\ {max{v™(x), v~ (y)}}
(%,y)€Sap
< max{v (a),v (b)}.
Therefore f is a tripolar complex fuzzy subsemigroup of S. =

Theorem 3.4. Let S be an ordered semigroup, and let f = (f, f*, f~) be a tripolar complex fuzzy set of
S. Then the following statements are equivalent.

(1) fisa tripolar complex fuzzy left ideal of S.
(2) f satisfies that
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(2.1) Foreachx,y €S, ifx <y, then
21.1) p*(x) = p* (y) and v* (x) = v* (y).
(212) w(x) < p(y) and v*(x) < v*(y).
(2.1.3) p™(x) < p”(y) and v~ (x) <v7(y).
(22) 1o fCf.

Proof. (1)=(2). Assume that (1) holds, and then (2.1) is clear. We will prove (2.2) holds. Leta € S.
We consider two cases as follows. If S, = (), we obtain

e (1o4")(a) = 0 < p*(a) and (1ov+)(a >—o<v+<>

e (Oou*)(a)=1=p*(a)and (0ov*)(a) =1=v*(

o (-lou™)(a)=0=>p (a)and (-1ov7)(a )—021/ (a).
If S, # 0, then we obtain that

(Topt)(a) = \/ (min{1(x),u*(y)}

(x,y)€Sa

\VARITRC)

(%,y)€Sa

IA

IA
<
S
+
=

and

(1ovF)@) = \/ (minfl(x),v"(y)}

IA
<
i) ? 2
+
=
s

IA
<
+
S
=

and

(Oou)(a) = /\ (max{o(x),u'(y)h

I\
= £
‘:—g‘

=

=

\
2

—_

=
*
—

AN
~—
—
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and

(0ov)(a) = /\ (max{o(x),v'(y)}

(x,y)€Sa

\Y4
=
=
=
=

v

<
*
—

[
~—

and

(<lop)(@) = /\ tmax{=1(x),u (y)}

\Y2
=
=
—
=
=

\Y
S
—_—
tl
—
AN
~—

and

(<1ev)(@) = /\ (max{-1(x),v ()}

\%
h?h
—~
=
NS

\Y2
=
=
!
i)
=

= v (a).

For any two cases, we obtain that 1 ¢ f C f.
(2)=(1). Assume that (2) holds, and a,b € S. Let us consider as follows.

wHab) = (Lou*)(ab)

=/ imin{1(x), g* ()}
(%,¥)€Sa

min{1(a), ™ (b)}
= ur(b),

v

and
vi(ab) > (1ov")(ab)
— \/ {min{1(x),v* (y)})

(xry) €Sy
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> min{1(a),v"(b)}

= v (b),
and
w(ab) < (0o u*)(ab)
= N\ tmax{o(x), i (m)})
(%, y)€Su
< max{0(a), u™ (b))}
= wi(b),
and
vi(ab) < (0ov")(ab)
— /\ {max{0(x),v*(y)}}
(x,y)€Sm
< max{0(a),v"()}
= V*(b),
and
uo(ab) < (=1op)(ab)
= /\ {max{-1(x), u~(y)}}
(x,y)€Sap
< max{-1(a), u"(b)}
= (),
and
v (ab) < (=1ov")(ab)
- /\ {max{-1(x), v~ (y)}}
(%,y)€Sap
< max{-1(a), v (b)}
= v (b).
By hypothesis (2.1), it follows that f is a tripolar complex fuzzy left ideal of S. o

Similar to Theorem 3.4, we obtain the following theorem.

Theorem 3.5. Let S be an ordered semigroup, and let f = (fT, f*, f) be a tripolar complex fuzzy set of
S. Then the following statements are equivalent.
(1) fisa tripolar complex fuzzy right ideal of S.
(2) f satisfies that
(2.1) Foreachx,y €S, ifx <y, then
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2.11) p*(x) 2 u*(y) and v*(x) 2 v* (y)
(2.1.2) p*(x) < p'(y) and v*(x) <v*(y).
(213) 4 (x) < - (y) and v-(x) < v-(y)

(22) folL f.
Combining Theorem 3.4 and Theorem 3.5, we have the following corollary.

Corollary 3.3. Let S be an ordered semigroup, and let f = (f, f*, f~) be a tripolar complex fuzzy set of

S. Then the following statements are equivalent.

(1) f is a tripolar complex fuzzy ideal of S.
(2) f satisfies that
(2.1) Foreachx,y €S, ifx <y, then

(21.1) pt(x) = ut(y) and v (x) = v (y).
(2.1.2) p*(x) < p(y) and v*(x) < v*(y).
(2.1.3) u=(x) < p~ (y) and v (x) < v~ (y).

(22) 1o fC fand fo1C f.

Lemma 3.1. Let S be an ordered semigroup, and let A, B be subsets of S. Then for each conditions are hold.

(1) xa = xgifand only if A = B.
(2) xaMxB = Xxans-
() X(aB] = Xa © X8

Proof. We will give a proof only (3), the rest, it is easy to verifies. Let A, B be subsets of S and x € S.
If x ¢ (AB], then x £ ab for alla € A and b € B and it also means that S, = ), and we obtain

X () () = 0= (x5 (™) o 2§ (1)) (),

and

X (VD (@) = 0= ()f () o x5 (1)) (),
and

Xoag () () = 1= (X5 () o x3(1) (),
and

Koy (V) () = 1= (33 (") 0 230)) (),

and

X () () = 0= (xz (1) 0 x5 (1)) (),
and
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If x € (AB], then there exista € A and b € B such that x < ab, and then S, # (), we obtain

1 =

min{x; (1) (a), xg (u") (b))
\/ tmin{x; (47 (), 2 (1) (@)

(u,0)€Sy
(eh (™) o xg (1)) ()

< L

It means that (x (u") o x5 (u*))(x) =1=x] B](pﬁ)(x), and

1 =

(A

min{x} (v*)(a), x (v*) (b))
\/ tmingic; () (), 1 () )

(u,0)eSy

(i) exi (vH) ()

< 1L

It means that (x} (v) o x5 (v1))(x) =1=x]

0 =

\%

>

It means that (7, (") © x5 (u*))(x)

0 =

>
It means that (x7, (v*) ¢ x5 (v*))(x)

-1 =

\%

X(aB) (v")(x), and

max{xy (1) (@), xp(1") (D)}
A\ tmax(icy (u) (), o () (@)

(u,0)€Sy
() o x3(1)) ()
0.

=0= XZAB] (u*)(x), and

max{x (v)(a), x5(v") (D)}
A\ tmin(c, () (), x5, (V) (@)

(u,0)€Sx
() 0 x5 (v) ()
0.

=0= )(’EAB] (v*)(x), and

max{x; (1) (@), x5 (17) (b))
A\ tmaxixg () (), 2 (1) (o))

(u,0)eSy
(a(u) o xp(u)) ()
-1.
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It means that (173 (4) © X (7)) () = 1 = 7 (47 (x), and

-1 = max{x,(v7)(a), x5 (v")(b)}
> A\ minf; () (), 25 (7) (@)
(u,0)€Sx
= (a0 oxz(v)) ()
> -1
It means that (x;(v7) o x5 (v7))(x) = -1 = X ag) (v7)(x). For any two cases, we obtain (45 =
XA © XB- mi

Let S be an ordered semigroup. Then S is called intra-reqular if for each a € S there exist x,y € S
such that a < xa?y.
Lemma 3.2. [18] Let S be an ordered semigroup. Then the following statements are equivalent.
(1) Sis intra-reqular.
(2) RNL C (LR] for every left ideal L of S and every right ideal R of S.
Finally of this present paper, we characterization of intra-regular ordered semigroups by using
tripolar complex fuzzy left ideals and tripolar complex fuzzy right ideals as follows.
Theorem 3.6. Let S be an ordered semigroup. Then the following statements are equivalent.
(1) Sis intra-regqular.
(2) AN f2 E f2 0 f1 for every tripolar complex fuzzy left ideal f, of S and every tripolar complex fuzzy
right ideal fi of S.
Proof. (1)=(2). Assume that (1) holds. Let fi = (f", f;, f;) and fo = (f,", f;, f;) be a tripolar
complex fuzzy right ideal of S and a tripolar complex fuzzy left ideal of S, respectively, and a € S.

Since S is intra-regular, there exist x,y € S such that a < xa’y = (xa)(ay), and then S, # 0. We
obtain that

(uf ou)(@) = \/ (min{uy (u), g} ()]

(u,0)€S,

min{uy (xa), i (ay))
min(y} (a), i} (a))
(py Oy (a),

vV IV

and

(v

N

oV

—~
N
—~
=
—
<
=+
—~
S
~—

)(a) = \/ {min{v

(1,0)€S,

> minfu] (va), v} (ay)
> min{v, (a),V;r (a)}

(vy ﬂvf)(a),
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and
(i opy)(a) =
<
<
and
(Vyovi)(a) =
<
<
and
(b opy)(a) =
<
<
and
(vy ovi)(a)
<
<
Therefore (2) holds.

A\ tmaxiuy (w), 1} (o))

(u,0)€S,

max{ys; (xa), iy (ay)}
max{s; (a), 7 (a)}
(3 U p13)(a),

/\ tmax{vy (), v (0)}

(u,0)€S,
max{v;(xa),v](ay)}

max{v;(a),vi(a)}

(v5uv)(a),

N\ tmaxiyz (u), 17 (@)

(11,0)€S0

max{; (xa), uy (ay)}
max{y, (a), u; (a))
(4y Y y)(a),

{max{v; (u),v] (v)}}
(u,0)€S,

max{v; (xa), vy (ay)}

max{v; (a), vy (a)}

(v Uvy)(a).

(2)=(1). Assume that (2) holds. Let L and Rbe aleftideal of S, and arightideal of S, respectively.

By Theorem 3.1 and Theorem 3.2, we obtain x; and xr is a tripolar complex fuzzy left ideal of

S, and a tripolar complex fuzzy right ideal of S, respectively. By hypothesis, and Lemma 3.1, we

have

XRNL

XRTTXL
XL ¢ XR

X (LR
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By Lemma 3.1, we obtain RNL € (LR], and by Lemma 3.2, we have that S is an intra-regular
ordered semigroup. m]

4. CONCLUSIONS

This present paper, we have presented the notion of tripolar complex fuzzy sets in ordered
semigroups. The concepts of tripolar complex fuzzy subsemigroups and tripolar complex fuzzy
left (right, two-sided) ideals are introduced. Moreover, we studied some algebraic properties of
tripolar complex fuzzy subsemigroups and tripolar complex fuzzy left (right, two-sided) ideals. We
also characterized subsemigroups and left (resp., right, two-sided) ideals by using tripolar complex
fuzzy subsemigroups and tripolar complex fuzzy left (resp., right, two-sided) ideals. Finally, we
used some properties of tripolar complex fuzzy left and tripolar complex fuzzy right ideals to
characterized intra-regular ordered semigroups. In the future our work, we will characterization
of some class of ordered semigroups by using other tripolar complex fuzzy ideals. These findings
may be extended to study more general algebraic structures or to develop decision-making models

under uncertainty.
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