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Abstract. In this paper, we study the geometry of moving spacelike curves in the three-dimensional de Sitter space
S‘;’. Then, the evolution equations of the pseudo-orthonormal frame and the curvatures for these curves are derived.
Moreover, some conditions for an inelastic curve flow in S? are presented. Finally, interesting illustrative examples of

the obtained results are given and plotted.

1. INTRODUCTION

One of the important topics related to curves is the geometry of curves evolution. Itis a quite area
of the differential geometry which deals with curves where the time plays the fundamental rule.
Geometrically, curves evolution means that deforming a curve into another curve in a continuous
manner. When we study some properties of curves in R?>, we find some links between the
geometry of the studied curves and integrable equations [1]. Such this study has been considered
by Lamb [2] who introduced a formalism in which certain exceptional kinds of movement of curves
can be planned to be completely integrable, solution-supporting [1], nonlinear partial differential
equations (NLPDEs) such as the nonlinear Schrodinger (NLS) equation, the Sine-Gordon equation,
the Hirota equation, the modified kdv equations, etc., indicating that the corresponding curve
motions are also integrable. This formalism arose as an extension of Hasimoto’s earlier work
[3]. After the work of Hasimoto’s, some interesting classes of moving space curves in a three-
dimensional space with soliton equations have been investigated [4,5]. The analysis is extended
to more general types of motion and other integrable systems [6,7]. For more details, one can
see [8-16].
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In this work, we shall present a study of evolving spacelike curves in de Sitter 3—space Si’ to
illustrate their behaviors during the evolution process.

The outline of this paper is as follows: In section 2, we have information about the Lorentzian
differential geometry of spacelike curves in S3. Section 3 describes the motion for the considered
model and provides some conditions for an inelastic curve flow in S} that represent the main
results. Section 4 is devoted to some examples as an application of our main results. Finally,

section 5 contains conclusion.

2. Basic NOTIONS OF DE SITTER SPACE Sti’

We start with a brief review for some basic concepts related to the theory of curves in Minkowski
4—space in for later use, for more details see [17].
Let E‘lL be Minkowski 4-space with the metric of signature (-, +,+,+). We say that a non-zero
vectorv € E‘i‘ is spacelike, lightlike (null) or timelike if (v, v) > 0, (v, v) = Oor(v,v) < 0, respectively.
In the light of this, we can define the signature of a vector v as:
1 v is spacelike,
sign(v) =3 0 v is lightlike,
-1 v is timelike.
Similarly, an arbitrary curve r = r(s) : I — E‘l1 can locally be spacelike, timelike or null, if all of
its velocity vectors r'(s) are, respectively spacelike, timelike or null. So, r(s) is a unit speed curve
if (r'(s),r'(s)) = 1, where s is the arc length parameter of r and dash » = %. Two vectors v and

wWE E‘l1 are called orthogonal if (v,w) = 0. The norm || v || of v € E‘lL isdefined as || v [|= V| (v, V) |.

We define the de Sitter 3-space (deS) of constant sectional curvature in E‘f by
deS =S} = {<x,x>=1:x€E]}. (2.1)
For any x1,x2,x3 € E* we define a vector x; A X2 A X3 by

—€1 €2 €3 é4

Yo x) K
X1 AXo AX3 = 1 > 3 4| (2.2)
X, X X X
1 2 3 .4
X3 X3 X3 X3

where {e1, e, e3,e4} is the canonical basis of E‘f. This vector is pseudo- orthogonal to any x;(i =
1,2,3).
Let us considerr: I C R — Si’ be a spacelike unit speed curve in Si’ . So we have the tangent vector
T(s) = fl—; with || T(s) ||= 1. In the case when <‘Z—I, ’%) # 1, we can define a unit spacelike vector
P(s) by
T (s) +r(s
g = T
I T(s) +x(s) |
and call it principal normal vector of r. Moreover, we define a vector Q(s) = r AT AP and call it

binormal vector of r.
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In this situation, we have a pseudo-orthonormal frame {r(s), T(s), P(s), Q(s)} of E] along r. The
vector T is a spacelike vector and tangent to each of r(s) and Si’ . On the other hand, since T is a
unit spacelike vector, its derivative % will be normal to T. The remaining vector Q of the pseudo-
orthonormal frame is taken as a timelike vector. Depending on the causal character of the vectors
T,P and Q, we have
(T,T) =(P,P) =1,(Q,Q) = -1(T", T') > 1,
and all the other products vanish. By the standard arguments, under the above assumption that
(fl—z, ‘;—Z} > 1, we have the following Frenet formulas that describe the geometry of the differentiable
curver(s) in S as
r'(s) = T(s),
T'(s) = —x(s) + x4 (s)P(s),
P'(s) = x¢(5)0(x(s))T(s) + 7¢4(s)Q(s),
Q'(s) = 14(s)P(s),

where 6(x(s)) = —sign (P(s)). As P(s) is spacelike, we have 6(x(s)) = —1.

The functions x4 (s) and 74(s) are defined to be the geodesic curvature and the geodesic torsion

(2.3)

scalars of the curve r(s), respectively, where

kels) =1 T'(5) +x(5) I, 4)
T4(s) = —6152((2))) det(x(s),1'(s),1"(s), 1"’ (s)), kg(s) =l T’(s) +x(s) [I> 0. (2.5)

Note that the condition (‘;—Z, Lfi_D > 11is equivalent to the condition x¢(s) # 0. In the rest of the paper,
we suppose everywhere that kg =|| T’(s) 4 1(s) [|> 0 and 7¢ # 0. In a matrix form, Egs. (2.3) can

be written as

Q. =E-0Q, (2.6)
where
r 0 1 0 0
T -1 0 0
= and E = K (s) 2.7)
P 0 —x¢(s) 0 7e(s)
Q 0 0 75(s) O

3. GEOMETRY OF INELASTIC FLOW OF SPACELIKE CURVES

In this section, we study the motion of spacelike curves in the three-dimensional de Sitter space
to establish the kinematics of these curves in terms of their intrinsic geometric formulas.
We assume thatr = r(u) : ] C R — Si’ is a differentiable spacelike curve parameterized by an
arbitrary parameter u € I moving in the de Sitter 3—space S3. Let r be given at any second in time
t by the position vector r = r(u, t), with initial curve r, = r(,0). The time parameter t is the

parameter for the deformation r(u, t) of the curve.
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The metric on r(u, t) is expressed as

d
g(U, t) = Iy, 1y); Ty = 8_:1 (3.1)

Further, the arc length of the moving curve r of metric g(1, t) is given by

L L 9 1 0
s(u, t) = L Ve, 1) du = fo \/gdu,g = Tg@, Su= g, (3.2)

where = r,, r,). I'hus the element of arc length 1s ds = u,t) du. With this metric, when
h g V¢ ). Th he el f lgh'd g du. With thi i h

the curve is given as r = r(s(u, t)), then Eq. (2.6) can be written as

Q.= V3E-Q, (3.3)

where () and E are given as in Eq. (2.7).
The requirement that the curve not be subject to any elongation or compression can be expressed

si(u,t) = jo‘ %,/g(@,t) do=0, o€ [0,u],u € [0, max]- (34)

The change (motion) of the curve with respect to the parameter ¢ is specified by the velocity fields:

by the condition:

ry = AT(u,t) + pP(u,t) +vQ(u,t), (3.5)
where A, u, v are the tangent, normal and bi-normal of r; velocities.
To study the motion of the considered curve r which described by the three functions y,v and A,
we seek to get the partial differential equations (PDEs), which describe the evolution of the frame
and the curvatures of the evolving curve. Each choice of these functions gives a different class of

curves in Si’.

Remark 3.1. The derivatives with respect to u and t commute; whereas the derivatives with respect to s and

t in general do not commute.
For this study it is important to give the following definition.

Definition 3.1. The curve r(u, t) is said to be inelastic curve if its length is preserved, i.e., it doesn’t evolve
in time. Then, we have
st =0, ie, g =0. (3.6)

3.1. The time evolution of metric and length. For a given spacelike curve in S% we calculate the

evolution equations for its metric and the length of the curve. Our results can be stated as follows:

Proposition 3.1. Let r = r(u,t) be a unit speed spacelike curve with kg # 0, moving in S?. Then the
evolution equation for the metric g of r is given by

gt = 28(As — pxcg(s))- (37)
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Proof. Since u and t are independent coordinates, for the derivatives in ¥ amd t to commute, the
congruence of curves r(u, t) must form a regular surface of type C?, so that the Schwarz theorem
can be applied. So, by differentiating Eq. (3.1), we have

8 = Dt m) = 2n, 21 = 2(r, 2w
= 2¢(rs, (AT + uP +vQ)s).
Frenet equations together with the last expression for the g; allow us to obtain
8t = 28(T, [(As — pieg) T + ©)),
where
O = —Ar+ (us + Axg +v1g)P+ (vs + ute) Q.
Therefore, we get
gt = 28(As — pig).
Hence, the result is clear. m]

Proposition 3.2. Suppose thatr: I C R — S? is a unit speed spacelike curve with (‘i—f, dd—D > 1, then the

time evolution of the arc length of r is given by

L
Ly = f(; (As—uxg)ds, se[0,L]. (3.8)

L(t) = f:mx Wdu = fOLds,

so, by differentiating concerning time the last integral definition and using Eq. (3.7) and Eq. (3.9),

Proof. Since,

we obtain
Umax a Umax gt<u, t) L
L :f — u,t du:f ————du = As — UK,) ds, (3.9)
=) F s a= [ S = -
where ds = +/g(u, t) du, then the proof is completed. o

In the light of Proposition 3.2, we can present the following result which is the main result of

this work.
Theorem 3.1. Let % be a smooth flow of ¥(u,t) in S%. Then, the flow of the curve is inelastic if and only if
As = pxg. (3.10)

Proof. Firstly, let the curve be an inelastic, then from Eq. (3.2), the time variation of the arc length

5 = f 8 (3.11)
0o 248

Substituting from Eq. (3.7) into Eq. (3.11), we find

L
Ly = f (As = urg)ds.
0

is
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According to Definition (3.1), we get
/15 - ‘LlKg.
Secondly, the argument can be reversed by direct computation to show sufficiency, completing the

proof. O

3.2. The time evolution for curve frame and curvatures.

Theorem 3.2. Let r(u, t) be an elastic spacelike curve in the de Sitter space Si’. Then
(i) The time evolution equations of the pseudo-orthonormal frame of the curve can be expressed in a matrix
form

) =F-Q, (3.12)

where F is the evolution matrix and Q) is the frame matrix, they are given by

0 A u v r
-A 0 T
F = a ﬁ , Q pum— y
-4 —a 0 T P
v p T 0 Q
Taking into account:
a = s+ Akg +VTq, B =Vs+ uty,
1
Kg

(ii) The time evolution equations of x(u, t) satisfy the following matrix equation

CHE ) e
g ), B 2g Tg I

Proof. Since the unit tangent vector T :%g dfi(;[) , then
= (VET) = VB (5. T+ T, (3.14)
where we used d;, = /g ds. On the other side, we have
T = Vg Its = E[—=Ar + (As — uxg)T + aP + BQ], (3.15)

where a and f are as in the above.
The following compatibility condition of Egs. (3.14) and (3.15),

d d

5 T = 5, (3.16)

gives rise to the following equations:

T; = —Ar + aP + BQ,

gt = 28(As — prcg). (3.17)
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The second equation of (3.17) is the same as we have obtained in Eq. (3.7).
Later on, by differentiating the second equation of (2.3) concerning time ¢, furthermore, change
the s—derivatives into u—derivatives through d,, = /g ds, we acquire

¢, = [—%r AT+ (= + (ko) + %Kg))P —vQ + KgPy]. (3.18)

Using the commutativity between derivatives, then substituting T; from Eq. (3.17), and utilizing

again Frenet frame, we find
g3 Ty = [~Asr+ (=4 — ag) T+ (as + Bt )P + (Bs + atg)Q). (3.19)
By recognizing of Egs. (3.18) and (3.19) and using Eq. (3.7), we get
P; = —ur—aT+T0Q, (3.20)

and
t
(Kg)t = as + Prg + p— f—gxg. (3.21)
Likewise, we are going to obtain the time evolution equations for the bi-normal vector Q and the

geodesic torsion 7 of r as follows:
Since Q(s) = r(s) A T(s) A P(s), then we have

Qi =t; ATAP+rAT; AP+rATAP;. (3.22)
By using Egs. (3.5), (3.17) and (3.20) and substituting in Eq. (3.22)
Qi =vr+pT+TIP. (3.23)

The compatibility condition: Qy, = Q,, where

Qu = VZI(vs = B)r + (v + Bs = Tkg) T + (Brg + T5)P + T75Q], (3.24)
and
Qut = VE[-uter—atyT+ ((1g): + %Tg)P +T7,Q], (3.25)
leads to
g
(te)s = g + T = 5t (3.26)

Egs. (3.17), (3.20), (3.21), (3.23) and (3.26) give the required result and complete the proof. ]

The following lemma is clear from Theorem 3.2.

Lemma 3.1. Let r(u, t) be an inelastic spacelike curve in S3, then the evolution equations for the xq(s) and

ke | [0 B[ xg | s TH (3.27)
¢ ), g 0 Tg T ' '

Proof. Because the curve is inelastic, gy = 0 i.e., As — uky = 0. Then, Eq. (3.13) together Definition

T4(s) of r are given by

3.1 complete the proof. m]
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3.3. Zero curvature condition. In this subsection, we discuss an interesting property for spacelike
curves r(s, t) in §3, so called the linear problem integrability of Egs. (2.6) and (3.12), and we are
considered that in the following theorem.

Theorem 3.3. Let x(s, t) be an inelastic spacelike curve in Sf and Q) be Frenet matrix that satisfies Egs.
(3.3) and (3.12). Then, we have the integrability condition:

E;—-F;+[E,F| =0, (3.28)
where

[E,F]=E-F-F-E,
is the Lie bracket of E and F.
Proof. Let {r, T, P, Q} be the pseudo-orthonormal frame of the given inelastic curve r such that the

frame satisfies Eqs. (3.3) and (3.12). Since r is inelastic, so (g; = 0) and the ordering of derivatives

commute, i.e.,

%Qu = %Qt. (3.29)

By differentiating Eq. (3.3) with respect to t and (3.12) with respect to u and using g; = 0, we get
respectively,

Ouw = VI(E+E-F)-Q, (3.30)

Qw = \g(Fs+F-E)-Q. (3.31)

By means of the obtained equations, the theorem holds. O

Lemma 3.2. According to Theorem 3.3, if the integrability condition of Eq. (3.28) is satisfied, then there

exists a system as a partial differential equation (PDE) can be derived as follows:

As we mentioned above, the matrices E and F are

0 1 0 0 0 A u v
-1 0 0 -A 0

E= g (5) and F — a P (3.32)
0 —kg(s) 0 174(s) -4 —a 0 T
0 0 Te(s) 0 v B T O

The t derivative of E and the s derivative of F are respectively, given by

0 0 0 0 0 A ps vs
0 0 0 -As 0

Ei- () andpo=| 0 a A 3:33)
0 (-xg)t 0 (7g) —us —as 0 T

Thus the Lie bracket [E, F] is obtained

[E,F] =ay], i,j=1,234, (3.34)
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where
a; = Oforalli,
a1y = kg, a13 = F1 = Akg +v14(s), a1g = F2— uty,
a1 = —UKg, a3 = —U —FZTg, drg = —V + rKg _Fng/
a1 = Mg —vig—F1, ax = —Fotg + 1, a3y = —Faxg,
ag1 = —utg—Fo, ap = —-F174 +v+Txg,a43 = Foxg.

Substituting from Egs. (3.32), (3.33) and (3.34) in Eq. (3.28), then the required system is achieved.

4. APPLICATIONS

We consider the motion of an inelastic spacelike curve in 57 (see Figure 1), to give some examples
of time evolution equations for this one. Different choices for the tangent, normal and bi-normal
components of the curve velocities will be considered to give various sorts of nonlinear equations

in terms of the geodesic curvatures of the curve.

Ficure 1. A spacelike curve in S7 (de Sitter space described by the hyperboloid of

one sheet).

Example 4.1. Consider an inelastic spacelike curve x(s, t) in Sf. If we choose the tangential component
of the curve velocity with A = A = const.# 0, zero normal component 1 = 0, and bi-normal component
v = Kg¢(s,t) + A, then the dynamical equations for the geodesic curvature and the geodesic torsion are given
by

(Ke)t = (A4 27¢)(xg)s + (kg + A)(Tg)s,

d. 1 (kg )ss
(Tg)t = —Kg(Kg)s + g[K—g(l + "Cé,) (Kg +A) +ATg + sg

!
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The solution of these PDEs is
Ke(s,t) = A,
€18
Te(s,t) = c3+cy sech(% + it +c),

where c1, ¢, c3 and ¢4 are constants. The time evolution of the geodesic curvatures for s € [0,7],t €
0,3, A=04,c1 =12,c0 = 1.1,c3 = 1.3 and ¢4 = 1.6., are shown in Figures (2a, 2b).

' y G
\ 1 S S S R o S

P S ST B
\\\»ﬁwﬁ

‘\\\\w -

¢

(a) (8)

FiGURE 2. (a) The time evolution of x4(s, t), (b) The time evolution of T4(s, t).

Example 4.2. Let x(s, t) be an inelastic spacelike curve in S7. Another possible choice for the tangential,
normal and bi-normal velocities is given as follows:
A=A u=0v= @, the differential equations for k¢ and T4 are obtained as follows:

(Kg)t = Kg(Tg)s +27¢(Kg)s,

() = —wslieg)s + (14 72) +

and the resulting solution equations for («); and (7g); are

Kg(S, t) = 2c1tanh(c1s + oot + C3),

A(—c1A+ )
Tg(S, t) = 2—(31’

where c1, 2, 3 are constants. The time evolution of the geodesic curvatures for s € [0,5],¢ € [0,4],
A =0.8,c1 =13,cp = 1.5and c3 = 1.7, are shown in Figures (3a, 3b).
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Fiure 3. (a) The time evolution of «¢(s, t), (b) The time evolution of 74(s, t).

Example 4.3. For a given an inelastic spacelike curve x(s, t) in de Sitter S3, choose A = s and p = v = 0,

we obtain the equations:
(Kg)t = S(Kg)s/
(Tg)r = %(STg).
They have the solutions:
Ke(s,t) = c1(t +Ins),
and
ro(s, ) = cl(t—l—lns),
respectively, where c; is a constant. The time evolutiosn of the geodesic curvatures fors € [1,4],t €
[0,2.5] and ¢; = 1.9, are shown in Figures (4a, 4b).

(a) (8)

FiGure 4. (a) The time evolution of «¢(s, t), (b) The time evolution of 74(s,t).
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5. CoNCLUSION

The study of curves in Lorentz geometry represents one of the important subjects, where the
curves have interesting uses in many fields such as computer vision, robotics and physical science.
This paper aims at studying a special type of curves, namely spacelike curves in de Sitter 3-space.
Then, a set of partial differential equations that characterize the time evolution equations of the
meant curves has been derived. Necessary and sufficient conditions, such as the curve flow is
inelastic and the integrability conditions for the evolutions, have been obtained. Finally, some
examples of motions of inelastic spacelike curves have been given and plotted.

In future works, we plan to study the geometry of moving spacelike and timelike curves in
different spaces for some queries and further improve the results in this paper, combined with the

techniques and results in [18-24].

Conflict of Interests: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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