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Abstract. An attenuated lymphocytic choriomeningitis virus (r3LCMV) has shown safety and efficacy in treating cancer.

This paper develops a within-host r3LCMV cancer immunotherapy model. The model considers the interconnection

between nutrient, normal cells, tumor cells, infected tumor cells, viral vector, and virus-specific CTLs. The nonnegativity

and boundedness of the solutions are verified. The equilibrium points with the biological acceptance conditions are

calculated. The global stability of each point is demonstrated. Numerical simulations are implemented to ratify the

theoretical results. It is found that the equilibria exhibit four main states: a healthy individual who does not have

cancer, a cancer patient who does not receive any treatments, a cancer patient who receives r3LCMV cancer therapy

with inactive immunity, and a cancer patient who receives r3LCMV therapy with active virus-specific CTLs. The

parameters that control the transition between these states need to be carefully chosen. Increasing the stimulation rate

of CTLs induced by r3LCMV viral vector reduces the concentration of infected tumor cells. The attenuation rate of the

viral vector affects its ability to eliminate tumor cells from the body. Therefore, these rates need to be cautiously selected

and tested.

1. Introduction

Cancer is a major contributor to global deaths. In 2022, approximately 20 million cancer cases

were detected, and 9.7 million people died from cancer [1]. The number of cancer cases is expected

to reach 35 million by 2050 [1]. Immunosuppression in cancer patients affects the ability of the

immune system to eliminate tumor cells [2]. Immunotherapies like immune checkpoint inhibitors

have been developed to overcome immunosuppression. However, this type of treatment has been

effective in only 30% of patients [2]. Oncolytic virotherapy (OV) has emerged as a promising

cancer treatment [3, 4]. It depends on using oncolytic viruses that selectively infect and replicate

in tumor cells without harming normal cells [2–5]. Talimogene laherparepvec (T-VEC), an engi-

neered oncolytic virus, has been approved to treat melanoma patients [3]. However, patients with
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impaired immune systems are usually ineligible for this treatment [2]. This highlights the need

for more effective cancer therapies.

Lymphocytic choriomeningitis virus (LCMV) is a nonlytic RNA virus [6, 7]. It primarily infects

rodents and causes either asymptomatic infection or influenza-like illness in humans [6,7]. LCMV

has been engineered to produce replication-attenuated viral vectors for cancer immunotherapy

[2,7]. These vectors can express tumor antigens that activate cytotoxic T lymphocytes (CTLs) [2,7].

Also, LCMV can evade antibody immune responses [2]. However, there are safety issues regarding

the utilization of live LCMV, as it may cause chronic infection [2]. Chronic LCMV infection can

make the cancer patient more susceptible to other infections [2]. A recent study has explored an

attenuated r3LCMV vector that replicates at lower rates than the wild-type LCMV and does not

produce any tumor antigens [2]. Based on this study, injecting tumor-bearing mice with r3LCMV

vector enhances tumor control and improves survival [2]. r3LCMV kills tumor cells indirectly

through activating virus-specific CTLs that eliminate infected tumor cells, even in the absence of

adaptive immune responses [2]. This study has reported the safety and efficacy of r3LCMV vector

in mice [2]. However, more studies are needed to examine the safety of this viral vector in greater

depth.

Mathematical models have been employed to support clinical studies in testing new promising

cancer therapies. For example, Wang et al. [8] developed an oncolytic M1 virotherapy model to

determine the minimum dose of M1 needed for tumor elimination. Elaiw et al. [9] extended the

model in [8] by considering the diffusion of particles and the effect of CTL immune response.

Malinzi et al. [10] proposed a model that examines the combination of OV with chemotherapy.

Alzahrani et al. [11] developed a multiscale model that explores the interactions between cancer

and oncolytic viruses. Guo and Dobrovolny [12] fitted mathematical models to data from tumors

treated by oncolytic adenoviruses. They observed that the data are best fit by a system with

immune response [12]. Abernathy et al. [13] used a model to evaluate the sufficient amount of OV

required to eradicate tumor cells. Malinzi [14] proposed a model to test the impact of viral spread

on tumor cells. Wang et al. [15] studied a virotherapy model with time delays.

In this paper, we continue the work in this field by constructing a within-host r3LCMV cancer

immunotherapy model. As mentioned above, an attenuated r3LCMV vector represents a promis-

ing cancer treatment, as it has shown safety and efficacy in experimental studies [2]. Therefore,

models can help in understanding the interactions between r3LCMV and tumor cells, and the func-

tion of immune responses stimulated by this vector. To the best of our knowledge, no r3LCMV

immunotherapy model has been formulated yet. The developed model is composed of six ordi-

nary differential equations that explore the relations between nutrient, normal cells, tumor cells,

infected tumor cells, viral vector, and virus-specific CTLs. For this model, we

(i) confirm the nonnegativity and boundedness of the solutions, as unbounded or negative

solutions are not biologically acceptable,

(ii) compute the equilibrium points along with their existence conditions,
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(iii) prove the global stability of equilibria, and

(iv) implement numerical simulations.

2. r3LCMV cancer immunotherapy model

The proposed model takes the form:

dU(t)
dt

= µ− η1UM− η2UE− γ1U,

dM(t)
dt

= α1η1UM− γ2M,

dE(t)
dt

= α2η2UE− βEV − γ3E,

dF(t)
dt

= βEV − ρFL− γ4F,

dV(t)
dt

=
r
a

F− γ5V,

dL(t)
dt

= cρFL− γ6L,

(2.1)

where (U, M, E, F, V, L) = (U(t), M(t), E(t), F(t), V(t), L(t)) express the densities of nutrient, nor-

mal cells, tumor cells, infected tumor cells, viral vector, and virus-specific CTLs. Nutrient is

produced at rate µ. Normal cells clean out nutrient at rate η1UM and grow at rate α1η1UM. Tumor

cells clean out nutrient at rate η2UE and reproduce at rate α2η2UE. Viral vector infects tumor cells

at rate βEV and replicates at rate
r
a

F. CTLs are stimulated at rate cρFL to kill infected tumor cells at

rate ρFL. Nutrient, normal cells, tumor cells, infected tumor cells, viral vector, and virus-specific

CTLs decay at rates γ1U, γ2M, γ3E, γ4F, γ5V, and γ6L, respectively. The parameter a stands for the

attenuation rate of the viral vector, where 0 < a ≤ 1.

3. Properties of solutions

Theorem 3.1. The set K =

{
(U, M, E, F, V, L) ∈ R6

+ : 0 ≤ U ≤
µ

ω
, 0 ≤ M ≤

µα1

ω
, 0 ≤ E, F ≤

µα2

ω
, 0 ≤

V ≤
rµα2

aωγ5
, 0 ≤ L ≤

cµα2

ω

}
is positively invariant set for system (2.1).

Proof. From system (2.1), we obtain

dU
dt
|U=0 = µ > 0,

dM
dt
|M=0 = 0,

dE
dt
|E=0 = 0,

dF
dt
|F=0 = βEV ≥ 0 ∀ E, V ≥ 0,

dV
dt
|V=0 =

r
a

F ≥ 0 ∀ F ≥ 0,
dL
dt
|L=0 = 0.

This implies that (U, M, E, F, V, L) ∈ R6
+ for t ≥ 0 whenever (U(0), M(0), E(0), F(0), V(0), L(0)) ∈

R6
+.

For boundedness, we pick up the function

Zb = U +
1
α1

M +
1
α2

E +
1
α2

F +
1

cα2
L.
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By evaluating dZb
dt , we get

dZb

dt
=µ− γ1U −

γ2

α1
M−

γ3

α2
E−

γ4

α2
F−

γ6

cα2
L

≤µ−ω
(
U +

1
α1

M +
1
α2

E +
1
α2

F +
1

cα2
L
)

=µ−ωZb,

where ω = min
{
γ1,γ2,γ3,γ4,γ5,γ6

}
. This implies that

0 ≤ Zb ≤
µ

ω
if Zb(0) ≤

µ

ω
, for t ≥ 0.

Hence, U ≤
µ

ω
, M ≤

µα1

ω
, E ≤

µα2

ω
, F ≤

µα2

ω
, and L ≤

cµα2

ω
. From the fourth equation of (2.1), we

have
dV
dt

=
r
a

F− γ5V

≤
rµα2

aω
− γ5V.

This leads to V ≤
rµα2

aωγ5
. This proves that K is a positively invariant set. �

Theorem 3.2. Model (2.1) has six equilibrium points:
(1) The trivial equilibrium Q0 is always defined;
(2) The normal-cells equilibrium Q1 exists if R0 > 1;
(3) The tumor-cells equilibrium Q2 exists if R1 > 1;

(4) The infected tumor-cells immune-free equilibrium Q3 exists if R1 > 1 +
aη2γ4γ5

rβγ1
;

(5) The infected tumor-cells equilibrium Q4 exists if R1 > 1 +
rβγ6

acργ3γ5
and R1 > 1 +

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
;

(6) The infected normal-tumor-cells immune-free equilibrium Q5 exists if R0 > 1+
aη2γ4γ5

rβγ1
and

α2η2γ2

α1η1γ3
>

1.

Proof. To obtain the equilibria of (2.1), we solve

0 = µ− η1UM− η2UE− γ1U,

0 = α1η1UM− γ2M,

0 = α2η2UE− βEV − γ3E,

0 = βEV − ρFL− γ4F,

0 =
r
a

F− γ5V,

0 = cρFL− γ6L.

This gives the following points:

(1) The trivial equilibrium Q0 = (U0, 0, 0, 0, 0, 0) =
(
µ

γ1
, 0, 0, 0, 0, 0

)
. This point always exists.
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(2) The normal-cells equilibrium Q1 = (U1, M1, 0, 0, 0, 0) =
(
γ2

α1η1
,
γ1

η1
(R0 − 1), 0, 0, 0, 0

)
, where

R0 =
µα1η1

γ1γ2
.

Thus, Q1 is biologically accepted when R0 > 1. This point simulates the senario of a person

who does not have cancer or any signs of disease.

(3) The tumor-cells equilibrium Q2 = (U2, 0, E2, 0, 0, 0) =
(
γ3

α2η2
, 0,

γ1

η2
(R1 − 1), 0, 0, 0

)
, where

R1 =
µα2η2

γ1γ3
.

Hence, Q2 is biologically accepted when R1 > 1. This point simulates the scenario of a cancer

patient who has not yet received treatment.

(4) The infected tumor-cells immune-free equilibrium

Q3 =(U3, 0, E3, F3, V3, 0)

=

(
rβµ

rβγ1 + aη2γ4γ5
, 0,

aγ4γ5

rβ
,

aγ1γ3γ5

rβγ1 + aη2γ4γ5
(R1 − 1−

aη2γ4γ5

rβγ1
),

rγ1γ3

rβγ1 + aη2γ4γ5
(R1 − 1−

aη2γ4γ5

rβγ1
), 0

)
.

Thus, Q3 is biologically accepted if R1 > 1 +
aη2γ4γ5

rβγ1
. This point simulates the situation of a

cancer patient who receives r3LCMV cancer immunotherapy, while virus-specific CTLs have

not yet been activated.

(5) The infected tumor-cells equilibrium

Q4 =(U4, 0, E4, F4, V4, L4)

=

(
acργ3γ5 + rβγ6

acρα2η2γ5
, 0,

acργ1γ3γ5

η2(acργ3γ5 + rβγ6)
(R1 − 1−

rβγ6

acργ3γ5
),
γ6

cρ
,

rγ6

acργ5

,
crβγ1γ3

η2(acργ3γ5 + rβγ6)
(R1 − 1−

rβγ6

acργ3γ5
−

aη2γ4γ5

rβγ1
−
η2γ4γ6

cργ1γ3
)

)
.

Hence, Q4 is biologically accepted if R1 > 1 +
rβγ6

acργ3γ5
and R1 > 1 +

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+

η2γ4γ6

cργ1γ3
. This point simulates the scenario of a cancer patient who receives r3LCMV cancer

immunotherapy with active CTLs stimulated by viral vector.

(6) The infected normal-tumor-cells immune-free equilibrium

Q5 =(U5, M5, E5, F5, V5, 0)

=

(
γ2

α1η1
,
γ1

η1
(R0 − 1−

aη2γ4γ5

rβγ1
),

aγ4γ5

rβ
,

aγ3γ5

rβ
(
α2η2γ2

α1η1γ3
− 1),

γ3

β
(
α2η2γ2

α1η1γ3
− 1)

)
.

Hence, Q5 exists when R0 > 1 +
aη2γ4γ5

rβγ1
and

α2η2γ2

α1η1γ3
> 1. This point simulates the scenario of

a patient who has normal and tumor cells and receives r3LCMV cancer immunotherapy with

inactive immunity.

�
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4. Global properties

Let G
′

i be the largest invariant subset of Gi =

{
(U, M, E, F, V, L) |

dΩi

dt
= 0, i = 0, 1, ..., 5

}
.

Theorem 4.1. The point Q0 is globally asymptotically stable (GAS) when R0 ≤ 1 and R1 ≤ 1. It becomes
unstable when R0 > 1 or R1 > 1.

Proof. Take

Ω0(t) = U0

( U
U0
− 1− ln

U
U0

)
+

1
α1

M +
1
α2

E +
1
α2

F +
aγ4

rα2
V +

1
cα2

L.

By evaluating the derivative, we get

dΩ0

dt
=

(
1−

U0

U

)
(µ− η1UM− η2UE− γ1U) +

1
α1

(α1η1UM− γ2M) +
1
α2

(α2η2UE− βEV − γ3E)

+
1
α2

(βEV − ρFL− γ4F) +
aγ4

rα2

( r
a

F− γ5V
)
+

1
cα2

(cρFL− γ6L)

= −
γ1 (U −U0)

2

U
+
µη1

γ1
M +

µη2

γ1
E−

γ2

α1
M−

γ3

α2
E−

aγ4γ5

rα2
V −

γ6

cα2
L

= −
γ1 (U −U0)

2

U
+
γ2

α1
(R0 − 1)M +

γ3

α2
(R1 − 1)E−

aγ4γ5

rα2
V −

γ6

cα2
L.

We observe that
dΩ0

dt
≤ 0 when R0 ≤ 1 and R1 ≤ 1. Additionally,

dΩ0

dt
= 0 at U = U0 and

M = E = V = L = 0. This implies that
dV
dt

= 0. We conclude from the 5th equation of (2.1) that

F = 0. Hence, G
′

0 = {Q0} and by LaSalle’s invariance principle (LP) [16], Q0 is GAS if R0 ≤ 1 and

R1 ≤ 1.

To examine the local instability of Q0 when R0 > 1 or R1 > 1, we use the characteristic equation.

The Jacobian matrix at any equilibrium Q∗ = (U∗, M∗, E∗, F∗, V∗, L∗) of system (2.1) is given by

J(Q∗) =



−η1M∗ − η2E∗ −γ1 −η1U∗ −η2U∗ 0 0 0

α1η1M∗ α1η1U∗ −γ2 0 0 0 0

α2η2E∗ 0 α2η2U∗ − βV∗ −γ3 0 −βE∗ 0

0 0 βV∗ −ρL∗ −γ4 βE∗ −ρF∗
0 0 0 −

r
a −γ5 0

0 0 0 cρL∗ 0 cρF∗ −γ6


.

The characteristic equation at Q0 is computed as

(λ− α1η1U0 + γ2) (λ− α2η2U0 + γ3) (λ+ γ1) (λ+ γ4) (λ+ γ5) (λ+ γ6) = 0. (4.1)

The first two eigenvalues of (4.1) are

λ1 =α1η1U0 − γ2 = γ2

(
µα1η1

γ1γ2
− 1

)
= γ2 (R0 − 1) > 0 if R0 > 1,

λ2 =α2η2U0 − γ3 = γ3

(
µα2η2

γ1γ3
− 1

)
= γ3 (R1 − 1) > 0 if R1 > 1.
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Thus, Q0 is unstable when R0 > 1 or R1 > 1. �

Theorem 4.2. Let R0 > 1. Then, Q1 is GAS when
α2η2γ2

α1η1γ3
≤ 1. It becomes unstable when

α2η2γ2

α1η1γ3
> 1.

Proof. Consider

Ω1(t) = U1

( U
U1
− 1− ln

U
U1

)
+

1
α1

M1

( M
M1
− 1− ln

M
M1

)
+

1
α2

E +
1
α2

F +
aγ4

rα2
V +

1
cα2

L.

The derivative of Ω1(t) is given by

dΩ1

dt
=

(
1−

U1

U

)
(µ− η1UM− η2UE− γ1U) +

1
α1

(
1−

M1

M

)
(α1η1UM− γ2M)

+
1
α2

(α2η2UE− βEV − γ3E) +
1
α2

(βEV − ρFL− γ4F) +
aγ4

rα2

( r
a

F− γ5V
)
+

1
cα2

(cρFL− γ6L) .

(4.2)

At equilibrium, Q1 fulfills 
µ = η1U1M1 + γ1U1,

η1U1M1 =
γ2

α1
M1.

By applying these conditions and collecting terms, Eq. (4.2) becomes

dΩ1

dt
= −

γ1 (U −U1)
2

U
+ η1U1M1

(
2−

U1

U
−

U
U1

)
+
γ3

α2

(
α2η2γ2

α1η1γ3
− 1

)
E−

aγ4γ5

rα2
V −

γ6

cα2
L.

We see that
dΩ1

dt
≤ 0 if

α2η2γ2

α1η1γ3
≤ 1. Moreover,

dΩ1

dt
= 0 when (U, M, E, F, V, L) = (U1, M1, 0, 0, 0, 0).

Hence, G
′

1 = {Q1} and Q1 is GAS when
α2η2γ2

α1η1γ3
≤ 1 based on LP [16].

To check the instability of Q1 when
α2η2γ2

α1η1γ3
> 1, we calculate the characteristic equation. The

characteristic equation at Q1 is given by[
α1η

2
1U1M1 + (λ+ η1M1 + γ1) (λ− α1η1U1 + γ2)

]
(λ− α2η2U1 + γ3) (λ+ γ4) (λ+ γ5) (λ+ γ6) = 0. (4.3)

One of the eignevalues of (4.3) is

λ = α2η2U1 − γ3 = γ3

(
α2η2γ2

α1η1γ3
− 1

)
> 0 if

α2η2γ2

α1η1γ3
> 1.

Hence, Q1 is unstable if
α2η2γ2

α1η1γ3
> 1. �

Theorem 4.3. Let R1 > 1. Then, Q2 is GAS when
α1η1γ3

α2η2γ2
≤ 1 and R1 ≤ 1 +

aη2γ4γ5

rβγ1
.

Proof. Let

Ω2(t) = U2

( U
U2
− 1− ln

U
U2

)
+

1
α1

M +
1
α2

E2

( E
E2
− 1− ln

E
E2

)
+

1
α2

F +
aγ4

rα2
V +

1
cα2

L.

Then, we get

dΩ2

dt
=

(
1−

U2

U

)
(µ− η1UM− η2UE− γ1U) +

1
α1

(α1η1UM− γ2M)
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+
1
α2

(
1−

E2

E

)
(α2η2UE− βEV − γ3E) +

1
α2

(βEV − ρFL− γ4F)

+
aγ4

rα2

( r
a

F− γ5V
)
+

1
cα2

(cρFL− γ6L) . (4.4)

Q2 fulfills the following equilibrium conditions
µ = η2U2E2 + γ1U2,

η2U2E2 =
γ3

α2
E2.

This will convert Eq. (4.4) to

dΩ2

dt
= −

γ1 (U −U2)
2

U
+ η2U2E2

(
2−

U2

U
−

U
U2

)
+
γ2

α1

(
α1η1γ3

α2η2γ2
− 1

)
M

+
βγ1

α2η2

(
R1 − 1−

aη2γ4γ5

rβγ1

)
V −

γ6

cα2
L.

We note that
dΩ2

dt
≤ 0 if

α1η1γ3

α2η2γ2
≤ 1 and R1 ≤ 1+

aη2γ4γ5

rβγ1
. Also,

dΩ2

dt
= 0 when (U, M, E, F, V, L) =

(U2, 0, E2, 0, 0, 0). Therefore, G
′

2 = {Q2} and Q2 is GAS when
α1η1γ3

α2η2γ2
≤ 1 and R1 ≤ 1 +

aη2γ4γ5

rβγ1
according to LP [16]. �

Theorem 4.4. Let R1 > 1 +
aη2γ4γ5

rβγ1
. Then, Q3 is GAS if R0 ≤ 1 +

aη2γ4γ5

rβγ1
and R1 ≤ 1 +

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
.

Proof. Consider

Ω3(t) =U3

( U
U3
− 1− ln

U
U3

)
+

1
α1

M +
1
α2

E3

( E
E3
− 1− ln

E
E3

)
+

1
α2

F3

( F
F3
− 1− ln

F
F3

)
+

aγ4

rα2
V3

( V
V3
− 1− ln

V
V3

)
+

1
cα2

L.

Then, we obtain

dΩ3

dt
=

(
1−

U3

U

)
(µ− η1UM− η2UE− γ1U) +

1
α1

(α1η1UM− γ2M)

+
1
α2

(
1−

E3

E

)
(α2η2UE− βEV − γ3E) +

1
α2

(
1−

F3

F

)
(βEV − ρFL− γ4F)

+
aγ4

rα2

(
1−

V3

V

) ( r
a

F− γ5V
)
+

1
cα2

(cρFL− γ6L) . (4.5)

At equilibrium, Q3 satisfies 

µ = η2U3E3 + γ1U3,

η2U3E3 =
β

α2
E3V3 +

γ3

α2
E3,

β

α2
E3V3 =

γ4

α2
F3,

γ4

α2
F3 =

aγ4γ5

rα2
V3.



Int. J. Anal. Appl. (2025), 23:147 9

By applying these conditions to (4.5), we get

dΩ3

dt
= −

γ1 (U −U3)
2

U
+ η2U3E3

(
2−

U3

U
−

U
U3

)
+

rβγ1γ2

α1(rβγ1 + aη2γ4γ5)

(
R0 − 1−

aη2γ4γ5

rβγ1

)
M

+
aργ1γ3γ5

α2(rβγ1 + aη2γ4γ5)

(
R1 − 1−

rβγ6

acργ3γ5
−

aη2γ4γ5

rβγ1
−
η2γ4γ6

cργ1γ3

)
L.

We see that
dΩ3

dt
≤ 0 if R0 ≤ 1+

aη2γ4γ5

rβγ1
and R1 ≤ 1+

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
. Furthermore,

dΩ3

dt
= 0 at Q3. This implies that G

′

3 = {Q3} and Q3 is GAS when the above conditions are met

based on LP [16].

�

Theorem 4.5. Let R1 > 1 +
rβγ6

acργ3γ5
and R1 > 1 +

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
. Then, Q4 is GAS

when 1 +
rβγ6

acργ3γ5
≤
α2η2γ2

α1η1γ3
.

Proof. Take

Ω4(t) =U4

( U
U4
− 1− ln

U
U4

)
+

1
α1

M +
1
α2

E4

( E
E4
− 1− ln

E
E4

)
+

1
α2

F4

( F
F4
− 1− ln

F
F4

)
+

aγ4

rα2
V4

( V
V4
− 1− ln

V
V4

)
+

1
cα2

L4

( L
L4
− 1− ln

L
L4

)
.

At equilibrium, the following conditions are hold

µ = η2U4E4 + γ1U4,

η2U4E4 =
β

α2
E4V4 +

γ3

α2
E4,

β

α2
E4V4 =

ρ

α2
F4L4 +

γ4

α2
F4,

γ4

α2
F4 =

aγ4γ5

rα2
V4,

ρ

α2
F4L4 =

γ6

cα2
L4.

By applying these conditions and collecting terms,
dΩ4

dt
is given by

dΩ4

dt
= −

γ1 (U −U4)
2

U
+ η2U4E4

(
2−

U4

U
−

U
U4

)
+
ρη1γ3

α2η2

(
1 +

rβγ6

acργ3γ5
−
α2η2γ2

α1η1γ3

)
M.

Thus,
dΩ4

dt
≤ 0 if 1 +

rβγ6

acργ3γ5
≤
α2η2γ2

α1η1γ3
. Additionally,

dΩ4

dt
= 0 at Q4. Hence, G

′

4 = {Q4} and Q4

is GAS when 1 +
rβγ6

acργ3γ5
≤
α2η2γ2

α1η1γ3
based on LP [16]. �

Theorem 4.6. Assume that R0 > 1 +
aη2γ4γ5

rβγ1
and

α2η2γ2

α1η1γ3
> 1. Then, Q5 is GAS when

α2η2γ2

α1η1γ3
≤

1 +
rβγ6

acργ3γ5
.
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Proof. Take

Ω5(t) =U5

( U
U5
− 1− ln

U
U5

)
+

1
α1

M5

( M
M5
− 1− ln

M
M5

)
+

1
α2

E5

( E
E5
− 1− ln

E
E5

)
+

1
α2

F5

( F
F5
− 1− ln

F
F5

)
+

aγ4

rα2
V5

( V
V5
− 1− ln

V
V5

)
+

1
cα2

L.

At equilibrium, Q5 satisfies 

µ = η1U5M5 + η2U5E5 + γ1U5,

η1U5M5 =
γ2

α2
M5,

η2U5E5 =
β

α2
E5V5 +

γ3

α2
E5,

β

α2
E5V5 =

γ4

α2
F5,

γ4

α2
F5 =

aγ4γ5

rα2
V5.

By applying these conditions, we get

dΩ5

dt
= −

γ1 (U −U5)
2

U
+ η2U5M5

(
2−

U5

U
−

U
U5

)
+ η2U5E5

(
2−

U5

U
−

U
U5

)
+
ρaγ3γ5

rβα2

(
α2η2γ2

α1η1γ3
− 1−

rβγ6

acργ3γ5

)
L.

Thus,
dΩ5

dt
≤ 0 if

α2η2γ2

α1η1γ3
≤ 1 +

rβγ6

acργ3γ5
. Additionally,

dΩ5

dt
= 0 at Q5. Hence, G

′

5 = {Q5} and Q5

is GAS when
α2η2γ2

α1η1γ3
≤ 1 +

rβγ6

acργ3γ5
based on LP [16]. �

5. Numerical simulations

This section simulates the results obtained in the previous sections. The MATLAB solver ode45

is used to execute the simulations. To ensure the global stability with any initial conditions, we

randomly choose three sets of initial values:

I-1 : (U(0), M(0), E(0), F(0), V(0), L(0)) = (0.1, 0.2, 0.1, 0.01, 0.03, 0.1).

I-2 : (U(0), M(0), E(0), F(0), V(0), L(0)) = (0.3, 0.1, 0.03, 0.02, 0.01, 0.2).

I-3 : (U(0), M(0), E(0), F(0), V(0), L(0)) = (0.2, 0.3, 0.05, 0.03, 0.04, 0.07).

The results are partitioned into six cases that correspond to the stability of each equilibrium point.

We consider a = 1 and vary β, ρ, η1, η2, γ5, and γ6. The remaining parameters are fixed to the

values presented in Table 1. The cases are:

(1) We opt β = 0.55, ρ = 0.5, η1 = 0.03, η2 = 0.03, γ5 = 0.5, and γ6 = 0.1. This gives R0 = 0.8 < 1

and R1 = 0.4 < 1. Hence, Q0 = (1, 0, 0, 0, 0, 0) is GAS as proved in Theorem 4.1 (Figure 1).
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(2) We opt β = 0.55, ρ = 0.5, η1 = 0.05, η2 = 0.03, γ5 = 0.5, and γ6 = 0.1. The thresholds are

R0 = 1.33 > 1 and
α2η2γ2

α1η1γ3
= 0.3 < 1. Thus, Q1 = (0.75, 0.13, 0, 0, 0, 0) is GAS as proved in

Theorem 4.2 (Figure 2). The person either does not have cancer or has been healed from it.

(3) We opt β = 0.55, ρ = 0.5, η1 = 0.03, η2 = 0.09, γ5 = 0.5, and γ6 = 0.1. This gives R1 = 1.2 > 1,
α1η1γ3

α2η2γ2
= 0.6667 < 1, and R1 < 2.0227 = 1 +

aη2γ4γ5

rβγ1
. Therefore, Q2 = (0.83, 0, 0.04, 0, 0, 0) is

GAS as indicated in Theorem 4.3 (Figure 3). In this case, the cancer patient has not yet received

treatment.

(4) We opt β = 0.99, ρ = 0.5, η1 = 0.03, η2 = 0.09, γ5 = 0.09, and γ6 = 0.1. The thresholds are

R1 = 1.2 > 1.1023 = 1 +
aη2γ4γ5

rβγ1
, R0 = 0.8 < 1.1023 = 1 +

aη2γ4γ5

rβγ1
, and R1 < 98.1023 = 1 +

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
. Hence, Q3 = (0.91, 0, 0.0227, 0.002, 0.005, 0) is GAS as indicated

in Theorem 4.4 (Figure 4). Here, the cancer patient receives r3LCMV cancer therapy. However,

CTLs have not yet been activated.

(5) We opt β = 0.9, ρ = 2.9, η1 = 0.01, η2 = 0.2, γ5 = 0.09, and γ6 = 0.003. This gives

R1 = 2.6667 > 1.4138 = 1 +
rβγ6

acργ3γ5
, R1 > 1.7672 = 1 +

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
, and

1 +
rβγ6

acργ3γ5
< 10 =

α2η2γ2

α1η1γ3
. Thus, Q4 = (0.53, 0, 0.089, 0.01, 0.028, 0.05) is GAS as proved in

Theorem 4.5 (Figure 5). The cancer patient here receives r3LCMV therapy with active CTLs.

(6) We opt β = 0.9, ρ = 2.9, η1 = 0.08, η2 = 0.2, γ5 = 0.09, and γ6 = 0.1. The thresholds are

R0 = 2.1333 > 1.25 = 1 +
aη2γ4γ5

rβγ1
,
α2η2γ2

α1η1γ3
= 1.25 > 1, and

α2η2γ2

α1η1γ3
< 14.7931 = 1 +

rβγ6

acργ3γ5
.

Thus, Q5 = (0.47, 0.22, 0.025, 0.006, 0.017, 0) is GAS as proved in Theorem 4.6 (Figure 6). Here,

the patient has normal and tumor cells, and he receives r3LCMV therapy with inactive CTLs.

Effect of the parameters a and c on tumor cells. To note the effect of changing the value of the

attenuation rate (a) on tumor cells, we consider the same values used in case (5) and vary only the

value of a. Figure 7 shows that large values of a increase the concentration of tumor cells. Thus,

the attenuation rate of viral vector can have a large impact on its role in eliminating tumor cells

from the body.

To observe the impact of changing the stimulation rate of virus-specific CTLs (c) on tumor cells,

we consider the same values used in case (5) and vary only the value of c. Figure 8 shows that

increasing the value of c decreases the concentration of infected tumor cells. Hence, the stimulation

rate of virus-specific CTLs induced by viral vector plays a key role in eliminating tumor cells from

the body.

6. Discussion and future works

An attenuated r3LCMV vector has demonstrated safety and efficacy in treating cancer [2]. Math-

ematical models have supported experimental studies in testing and investigating new promising

cancer therapies. In this work, we construct a within-host r3LCMV cancer immunotherapy model.
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The model is composed of six equations that describe the interactions between nutrient, normal

cells, tumor cells, infected tumor cells, viral vector, and virus-specific CTLs. It has six equilibria as

the following:

(1) The trivial equilibrium Q0 is defined and GAS when R0 ≤ 1 and R1 ≤ 1.

(2) The normal-cells equilibrium Q1 is defined and GAS when R0 > 1 and
α2η2γ2

α1η1γ3
≤ 1.

(3) The tumor-cells equilibrium Q2 is defined and GAS when R1 > 1,
α1η1γ3

α2η2γ2
≤ 1, and R1 ≤

1 +
aη2γ4γ5

rβγ1
.

(4) The infected tumor-cells immune-free equilibrium Q3 is defined and GAS when R1 > 1 +
aη2γ4γ5

rβγ1
, R0 ≤ 1 +

aη2γ4γ5

rβγ1
, and R1 ≤ 1 +

rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
.

(5) The infected tumor-cells equilibrium Q4 is defined and GAS when R1 > 1 +
rβγ6

acργ3γ5
, R1 >

1 +
rβγ6

acργ3γ5
+

aη2γ4γ5

rβγ1
+
η2γ4γ6

cργ1γ3
, and 1 +

rβγ6

acργ3γ5
≤
α2η2γ2

α1η1γ3
.

(6) The infected normal-tumor-cells immune-free equilibrium Q5 is defined and GAS when R0 >

1 +
aη2γ4γ5

rβγ1
,
α2η2γ2

α1η1γ3
> 1, and

α2η2γ2

α1η1γ3
≤ 1 +

rβγ6

acργ3γ5
.

We found a perfect match between theorems and numerical simulations. The equilibria of model

(2.1) simulate four main states: a healthy individual without cancer, a cancer patient who does

not receive any treatments, a cancer patient who receives r3LCMV cancer therapy with inactive

immunity, and a cancer patient who receives r3LCMV therapy with active virus-specific CTLs. The

conversions between these states depend on the model’s parameters. In addition, we observe that

increasing the stimulation rate of CTLs induced by r3LCMV viral vector reduces the concentration

of infected tumor cells. Thus, the stimulation of CTLs can eliminate the tumor. Furthermore, we

note that the attenuation rate of the viral vector affects its ability to eliminate tumor cells from

the body. Therefore, the values of these parameters need to be carefully picked. The model can

support experimental studies in understanding the role of r3LCMV in eliminating tumor cells.

Also, it can help in identifying the most effective attenuation and stimulation rates of viral vector

and CTLs, respectively. The principal limitation of the current work is the lack of real data for

simulations. We took values from previous studies as no real data are available. When real data

become available, fitting the model with real data can give a deeper insight into the role of r3LCMV

in treating cancer. Model (2.1) can be developed by:

(i) Fitting with real data to get a better estimation of model’s parameters;

(ii) Taking into consideration the diffusion of viral vectors, which will convert the equations into

partial differential equations;

(iii) Considering the time delay that may happen within some biological processes;

(iv) Comparing the model results with real data.
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Table 1. Parameters’ values of model (2.1).

Parameter Value Reference

µ 0.02 [8]

η1 Varied –

η2 Varied –

α1 0.8 [8]

α2 0.8 [8]

β Varied –

ρ Varied –

r 0.24 [17]

a 0 < a ≤ 1 –

c 0.1 [18]

γ1 0.02 [8]

γ2 0.03 [8]

γ3 0.06 [8]

γ4 0.06 [8]

γ5 Varied –

γ6 Varied –
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Figure 1. The numerical results of model (2.1) for β = 0.55, ρ = 0.5, η1 = 0.03,

η2 = 0.03, γ5 = 0.5, and γ6 = 0.1 The point Q0 = (1, 0, 0, 0, 0, 0) is GAS.
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Figure 2. The numerical results of model (2.1) for β = 0.55, ρ = 0.5, η1 = 0.05,

η2 = 0.03, γ5 = 0.5, and γ6 = 0.1. The point Q1 = (0.75, 0.13, 0, 0, 0, 0) is GAS.
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Figure 3. The numerical results of model (2.1) for β = 0.55, ρ = 0.5, η1 = 0.03,

η2 = 0.09, γ5 = 0.5, and γ6 = 0.1. The point Q2 = (0.83, 0, 0.04, 0, 0, 0) is GAS.
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Figure 4. The numerical results of model (2.1) for β = 0.99, ρ = 0.5, η1 = 0.03,

η2 = 0.09, γ5 = 0.09, and γ6 = 0.1. The point Q3 = (0.91, 0, 0.0227, 0.002, 0.005, 0) is

GAS.
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Figure 5. The numerical results of model (2.1) for β = 0.9, ρ = 2.9, η1 = 0.01,

η2 = 0.2, γ5 = 0.09, and γ6 = 0.003. The point Q4 = (0.53, 0, 0.089, 0.01, 0.028, 0.05)

is GAS.
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Figure 6. The numerical results of model (2.1) for β = 0.9, ρ = 2.9, η1 = 0.08,

η2 = 0.2, γ5 = 0.09, and γ6 = 0.1. The point Q5 = (0.47, 0.22, 0.025, 0.006, 0.017, 0)

is GAS.
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Figure 7. The impact of varying the attenuation rate of viral vector (a) on the

concentration of tumor cells. The parameters are β = 0.9, ρ = 2.9, η1 = 0.01,

η2 = 0.2, γ5 = 0.09, and γ6 = 0.003.
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Figure 8. The impact of varying the stimulation rate of virus-specific CTLs (c) on

the concentration of infected tumor cells. The parameters are β = 0.9, ρ = 2.9,

η1 = 0.01, η2 = 0.2, γ5 = 0.09, and γ6 = 0.003.
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