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Abstract. Nowadays, most of the real time problems have been attempted by using well-known fixed point theorems.
Especially the Banach contraction theorem is a well-posted tool to solve many dynamical problems of applied mathe-
matics. This paper explores an idea in generalizing fixed point theorem to generate a proposed fractal type set called
Controlled Strong b—Kannan Fractal (CSbK-Fractal) through the dynamical system of Kannan contractivity function
in the Controlled Strong b—Metric Space (CSbMS). Furthermore, the collage type theorem is proved on CSbK-Fractal.
In this context, the interesting results and consequences of newly developing iterated function system and its fractal
attractor in the controlled strong b—metric space are discussed with examples. This theory can provide a novel direction

to construct a new kind of fractal set in generalized spaces.

1. INTRODUCTION

The concept of fractals was initially proposed by Mandelbrot in his vital book “The Fractal
Geometry of Nature” illustrates the non-linearity of many scientific events and real-life objects.
The fractal geometry has been demonstrated as extremely effective tool for modelling complex
structures with infinite details in the real world [1]. The fixed point theory is an essential technique
in the theory of Hutchinson’s iterated function systems (IFS). The construction of deterministic
fractals was studied by Barnsley in detail ( [2], [3], [4]). For generating various types of fractals, it
has been made IFS an invaluable tool. The few examples of IFS applications are image processing,
random dynamical systems, and stochastic growth models. The existence of an attractor or
deterministic fractal of IFS in a Complete Metric Space (CMS) follows the widely recognized
Banach contraction principle ( [5], [6], [7]). Researchers nowadays frequently use Fractals in

various scientific fields, such as Sierpinski-type fractal structures, fractal-time derivative operators,
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topological insulators, fractionally-perturbed systems, kinetic energy, quantum mechanics, time
evolution of quantum fractals and other physical problems applications ( [8], [9], [10], [11], [12],
[13]).

The theory of Hutchinson’s IFS is immensely extended to numerous generalized contractions
( [14], [15], [16], [17]) and various types of generalized spaces ( [18], [19], [20]), as well as to
multifunction systems and infinite IFS for generating generalized fractal sets ( [21], [22], [23]).

The Controlled Strong b—Metric Space (CSbMS) is a generalization of Strong b—Metric Space, by
introducing the variable control function instead of constant in the triangle inequality [24]- [25].
In the current scenario, the above described extensions indicate us in the direction of introducing
the concept of fractal structures in CSbMS using the Kannan contraction mapping. As a general
case, it also inspired us to discuss Hutchinson-Barnsley (HB) theory, and develop a novel type of
fractal attractor on CSbMS by constructing a system called Controlled Strong b—Kannan Iterated
Function System (CSbK-IFS).

The research work is expressed in the following manner. Section 2 explores fundamental
concepts of contraction, Hausdorff metric space, and IFS, which is vital to the present study. In
Section 3, the Hausdorff version of CSbMS is defined and the completeness of Hausdorff controlled
strong b—metric space (HCSbMS) is proved. In Section 4, it is shown that fractals exist in controlled
strong b—Metric space via the IFS of Kannan contractions, and some exciting outcomes were also

presented. Lastly, Section 5 summarizes the results obtained in the research work.

2. PRELIMINARIES

In this preliminary section, the fundamental concepts of iterated function systems are discussed,
which are essential to the present study.
Let (M, d) be a Metric Space (MS). Let I : M — M be a contraction, where the function I satisfies
d(T'(&),T(A)) <Bd(&E,A),VE,AeM, Bel0,1), where B represents contraction factor.

Theorem 2.1. Let I' : M — M be a contraction mapping on CMS. Then I has a unique fixed point. Then
{T™(&)},rq converges to &, That is, lim "' (&) = & forall & € M.
n—->00

The Theorem 2.1 demonstrates the existence and uniqueness of fixed points of Banach contrac-

tion.

Definition 2.1. (Hausdorff Metric Space) Let (M, d) be a CMS and Ko(M) be a collection of all nonempty
compact subsets of M. For & € M and A, B € Ko(M), define

d(&,B) = inf{d(&, 1) : A € B)

and

d(A,B) =supl{d(&,B) : & e A}.
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Then the Hausdorff metric between A and B is defined as
H;: KO(M) X KO(M) - [0,00) such that

H;(A, B) = max {sup d(&, B), sup d(/\,A)} .
EeA A€EB

The pair (Ko(M), Hy) is called a Hausdorff metric space.

Theorem 2.2. If (M, d) is a complete metric space then (Ko(M), Hy) is also a complete Hausdorff metric
space.

Theorem 2.3 ( [3]). A (hyperbolic) IFS is contained in CMS (M,d), together with a finite collec-
tion of continuous contraction mapping I', : M — M with contractivity factor {ﬁn}szl.
{M;T,,n=1,2,...,N} is the hyperbolic IFS and G : Ko(M) — Ko(M), which is defined by

The system

N
G(B) = | JTu(B), ¥ B € Ko(M),
n=1

where T'y(B) = {Ty(A) : A € B} and G is a contraction mapping on CMS (Ko(M), Hy) with contractivity
factor B.

i.e, Hi(G(B),G(C)) < BH4(B,C), where p = max Bu. Here, A* € Ko(M) is the one and only fixed point
for the set valued map G and such a unique fixedn ;cl)int is called as an attractor.

Furthermore, A* = r}glc}o I""(B) for any B € Ko(M), whereT" =T oT ol o---oT.

n times
Further, G(A™) = A" and hence A" may be called an invariant set.

Definition 2.2 (Controlled Strong b—Metric Space (CSbMS) [25]). Let M be a nonempty set,
d:MxM — [0,00) and a : M X M — [1, ) satisfies the given conditions
(a). d(&,A) =0iffE= A,

(b). d(&A) =d(A, &),
(0). d(&A) <d(&,z) +alz,A)d(z,A)VE A, ze M.

The pair (M, d) is called a CSbMS.
Definition 2.3 (Complete Controlled Strong b—Metric Space (CCSbMS) [25]). The CSbMS (M, d) is

said to be complete if for all Cauchy sequence, it is convergent.

Definition 2.4 (Kannan contraction [14]). Let (M,d) bea CMS. Let T : M — M if

d(T'(&),T(A)) <BlA(ET(E))+d(AT(A))], wherep e (0, %) and E,A € M.
Then T has the unique fixed point in M.

Theorem 2.4 (Controlled Strong b—Kannan Fixed Point Theorem [25]). Let I : M — M be a Kannan
mapping on CCSOMS (M, d) with contractivity factor B and o : M XM — [1,00). For & € M, take
En = T"(&o). Suppose that

sup lim a(&,41, &) <
kZl n—oo

1-5
=
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Also consider that, for all & € M, lim a(&,, &) and im a(é&,&,,) are exist. Then, T has a unique fixed

point.

Example 2.1. Let M = {0,1,2}. Defined : MXM — R" asd(&,&) = 0and d(&,A) = d(A, &) where
E,A e Mand
d(0,1) =9, d(1,2) = 4, d(0,2) = 6.
Definea : M XM — [1,00) as
5

4 7
0((5,5) = 1/ 0((0,1) == 57 0((1/2> = Z, 0((0,2) = 5

3
Thus (M, d) is a CSbMS. Consider a self mapping T : M — M such that

L if £=0
2;  if £e{1,2)

I(&) =

21
Choose p € [5’ E)' Thus, T follows all conditions of Theorem 2.4, so I is a Kannan mapping and T has a
unique fixed point, that is & = 2.

3. HAauspoRFF CONTROLLED STRONG b—METRIC SPACE

We denote a(&,C) = infa (&, n) and ay(B,C) = supa(é, C).
WEC EEB

Lemma 3.1. Let (M,d) be a CSbMS. Then d(&1,A) < d(&1,&2) + a(&r, A)d (&, A) forall &1,& € M
and A C M.

Proof. From the definition of controlled strong b—triangle inequality,

d(&,a) <d(&1, &) +a(éo,a)d(E,a), YV, &,aeM

Taking infimum over A, we get

infd(&y,a) <d(&1, &) + infa(éya) infd(Ep, a).

Therefore

d(&,A) <d(&1,&) +a(&r, A)d(E2,A) Vé, & € M. m

Here we can define the Hausdorff controlled strong b—metric space.

Definition 3.1. (Hausdorff Controlled Strong b-Metric Space) Let (M, d) be a CSbMS. Then the function
Hy : Ko(M) x Ko(M) — [0, 00) is defined as
H;(A, B) = max {sup d(u, B),sup d(v,A)}
ueA veB
where A, B € Ko(M)
Then, (Ko(M), Hy) is called as Hausdorff Controlled Strong b—Metric Space (HCSbMS).

Lemma 3.2. Let A,B,C C Ko(M) and v € B, then

H;(A,C) < H4(A, B) + max {a(v, C),sup a(w,v)}Hd(B, C).

weC



Int. J. Anal. Appl. (2025), 23:155 5

Proof. Let Hy(A, B) and H,(B, C) be finite. By using Lemma 3.1 then,
d(u,C) <d(u,v) + a(v,C)d(v,C) whereu € A,v € B.

As d(v,C) < Hy4(B,C), then

d(u,C) <d(u,v) + a(v,C)Hy(B,C),

Taking infimum over v € B on both sides of the above inequality,
d(u,C) <d(u,B) + ?i}rellgoc(v, C)H,(B,C).

d(u,C) <Hy(A,B) +a(v,C)Hy(B,C).

Taking supremum over u € A, we have

supd(u,C) < Hy(A,B) +a(v,C)Hy(B, C).
ueA

Analogously,

supd(w,A) < Hy(A,B) +sup a(w,v)Hy (B, C).

weC weC

SO

max {sup d(u,C),sup d(w,A)} < Hy(A, B) + max {a(v, C),sup a(w, v)} Hy(B,C).
ueA weC weC

Therefore, by Definition 3.1 we get

H;(A,C) < H4(A, B) + max {a(v, C),sup a(w, v)}Hd(B, C).

weC

O

Definition 3.2. Suppose, A= {a €A:Iay), jinA> lima, = a}, then A is said to be a closure of a
n—oo
set A € M. Denote for ¢ >0and Ac M, A, ={EeM:d(&,A) < ¢}.

Lemma3.3. If{ € A, then d(&,A) < e lim a(&,, A) where a(&,,A) = inja(én,a).
ae

n—-oo

Proof. Let & € A, then 3 {&,} in A such that lim &, = &.
n—oo
From Lemma 3.1, we have

d(&,A) <d(&,En) +a(En, A)d(En, A)

In the above inequality if n — oo, then
d(&,A) <elim a(éy, A). |
n—o0

Definition 3.3. Let (M, d) be a CSbMS. The upper topological limit of {A;};°, in M is denoted as LtA; and
defined by a € LtA,, iff lim infd(a,A;) = 0.

Theorem 3.1. If there exists a subsequence {&,,} in A is convergent to & and &,, € Ay, forl =1,2,3,...,
iff the point & € LtA,,.

Proof. Let & € LtA;, then d a subsequence {A,,} of A; such that llim d(&,Ay) = 0.

We have a sequence of positive integers {P;} that strictly increases for every /, where

d(é,Am) < %, Yn > Pl-
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1
l
Conversely, suppose that &, —» and &, € Ay, [ =1,2,3,....

Hence d(&, Ay,) <d(&,&y) — 0and lim infd(&,A;) = 0. Thus, & € LtA,. O

We can find {£,,} of points such that &, € A, and d(é, &n) < 7 for P < n < Ppyq. Hence llim En = &.

Theorem 3.2. L = Lt A, is closed.

Proof. Suppose ¢ is a limit point of L. Then J a sequence &;, € L — {&} such that &, — &.
By Theorem 3.1, for &, € L, 3 a subsequence {&;,} C A such that llim Em = &1 and &y, € Ay, for
1=1,2,3,...
Then by the controlled strong b—triangle inequality,
d(ém;r é) < d(ém,/ El) + a(gl/ £>d<€l/ g)

Clearly llgg\o Em, = &1 It follows that {&,,} — & and &y, € Ay, forl =1,2,3,.... From Theorem 3.1,

¢ € L. Hence L is closed. m]
Corollary 3.1. LtA; = m Alin
=1 n=0

Corollary 3.2. llirn A; = LtA; = LtA,.

Theorem 3.3. Let (M, d) be a CCSbMS with lkim (&, E)B < 1forall &y, & € M, where B > 1. Then
(Ko(M), Hy) is complete. ,

Proof. Let {A,};’_, be a Cauchy sequence in Ko(M). If ¥ ¢ > 0, 3 a positive integer P € N then,
Hd(An,Ak) <e§g, Vn,kZP. (31)

Let A = LtA,. We need to prove that A € Ko(M) and A, — A. From Theorem 3.2, L = LtA; is
closed and then we get A € Ko(M).

We will demonstrate that {A,} — A, i.e 3 P is a positive integer such that H;(A,,A) <&V n > P.
By triangle inequality, V 1,k > P,

Hy(An, A) < Hy(An, Ax) + max { sup a(ak,a),a(a,Ak)}Hd(Ak,A).

a€AL

For n,k > P, we have from Eqn. (3.1)
Hy(An, A) < €+ max{ sup a(ay,a), a(a, Ax)  Hi(Ar, A). (3.2)
ar€Ag
Next, we prove that
H;i(Ag, A) < max ] sup alag, an,, ), a(an,, A) ¢ €.

ar€Ay
At first, the following inequalities will be derived for proving the above inequality,

d(ag,a*) < a(ay, an,)e, Vag € Ay, (3.3)
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d(a*, Ax) < a(ay,, Ax)e. (3.4)

Fix a* € A. From Eqn. (3.1), we get A, C Ay, for all n > k > P. By Corollary 3.1, we have
Ac(AUA U ) C A;.

From Lemma 3.3, for a* € A, we get

d(a*, Ax) < alan, Ax)e.

Thus, Eqn. (3.4) is proved.

Now, we have to show Eqn. (3.3). since {A,} is Cauchy in Ko(M), we have a sequence of
positive integers that strictly increases {n,},,_, = {¢/™"}>’_; such that n,, > P, where P € N and
Hy(Ay, Ay) < el™™ for all n, k > ny,.

Take arbitrary a; € Ay, where a; = ay,.

Since Hy(An, Ay,) < € for n > ny, there exists a,, € Ay, such that d(a,,,a,,) < € for n = ny > ny.
Similarly, H;(An, An,) < %, so there exists a,,, € A, such that d(a,,,a,,) < % forn = ny > ny.

By following the same process, we can form a sequence {a,,,} witha,, € A,,, form =0,1,2,...and
€
(@, 1) < s Ay = 4 (3.5)
Now, we will confirm that {a,,,} is Cauchy using the controlled strong b—triangle inequality.

d(anm’ anm+l) S (anm’ anm+l ) + a(anm+1 4 unm+l )d(anm+1 4 a”m+l)

(ﬂnm, anm+1 ) + a (anm+1 4 anm+l )d(an;n+1 4 anm+2 )

+ a(a”nzﬂl Elnm+,)0( (a”m+2/ a”m-H )d(anm+2/ a”m+])
<

m4-1-2 i
< d(anm/ anm+1) + Z [ H a(anj’ anmﬂ)] d(['zni’ ani+1)

i=m+1\j=m+1
m+1-1
+ 1 ety an.)d@n,., 0 a0,.,)
j=m+1
m+I1-1 i
< d(anm’ a”m+l) + Z H a("z”j’ anmﬂ) d(a"i’ a”i+1 )
i=m+1\j=m+1
From Eqn. (3.5), we have
e m+I1-1 i ¢
d(anm’anm+1) < ﬁ + Z H a(an]'/aan) l_l . (36)
i=m+1\j=m+1

m—+1-1 i
As lim a(&y, &)B < 1, for all &,, & € M. Using ratio test, the series Z H a(an].,anmﬂ) ZEZ
nk—eo i=m+1\j=m+1
converges. As limit m — oo in Eqn. (3.6), we have lim d(ay,,, a4y, +1) = 0.
m—0o0
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Hence, we have {a,,,} is Cauchy. We have (M, d) is complete, 3 a* € M where a,,,, —» a* € M and
clearly a* € A. Using the controlled strong b—triangle inequality,

d(un()’ u”m) < d<an0’ unl) + [X(anl’ anm )d(unl’ u”m)

IA

d(”nor Ay )+ a(anl 7 Ay, )d(anl ’ anz) + “(anu any, )“(”nz/ n,, )d(”nzr Any, )

IN

-1

1
[T e(@ny a0, |d(an,an,) + | | (@, an,)d(an, . an,)
j

3
5
3

< d(anor anl) +

e

—.

—_
Il
—_

3
N

= d(a”O’an]) + a(anj’anm) d(ani’a”i+] )
j=1

Il
—_

i

By Eqn. (3.5), we get

“1( i
H a(anj,anm)] El (3.7)
=1 \j=1 !

m
Ay, an,) <€+ )
i=1

m—1 i
As 11m a(&y, &k)B < 1 for all &, & € M. Using ratio test, the series [ o an] an,, ]l—gl con-

nk—o0 i=1 \j=1
verges. As limitm — co in Eqn. (3.7), we get lim d (Any, An,,) < €. "
From the controlled strong b—triangle inequality, we have

d(a*,ax) <d(a*,ap,) + alan,, ar)d(an,, ax)

Hence, d(a", a;) < a(ay,,,ax)e, as m — co.

Hence from Eqn. (3.2), we obtain

€Ay

Hy(An,A) < &+ max {sup a(ag,a),a(a, Ak)} € (3.8)

Since lkim a(&n, &k)B < 1forall &,, & € M, and let n,k — oo in Eqn. (3.8), then we have a positive
n,k— oo

real number. Therefore, A, approaches A. Hence the proof. O

4. CoNTROLLED STRONG b—KaNNAN FrRaCTAL

In this section, we examined the HB theorem for constructing fractals on CCSbMS.

Theorem 4.1. Let T : M — M be a continuous Kannan mapping on CCSbMS (M,d) with the

contractivity factor p € (O,%) and bounded variable control functions ag = sup a(&,A) and
E,AeM
ag, = sup an(B,C), where |a(&, )] < g ¥ & A € Mand lag(B,C)| < ; Y B,C € Ko(M).

B,CeKo(M)
Then T : Ko(M) — Ko(M) is defined as T'(B) = {I'(&) : & € B}, VB € Ko(M), a Kannan contraction on

(Ko(M), Hy) with the contractivity factor C,0 < C =

1
1—2Bag—2pay, 2
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Proof. Consider that I' is a continuous map, it maps Ko(M) into itself. Let &, A € M. Then,

A(T(£),T(1)) < Bld(E T(E)) +d(2,T(1))),
< BlA(E,T(A)) + a(T(1), T(E))A(T(A), T(£)) + (A, T(E)) + a(T(€), T(A))A(T(E), T(A))),
— BId(E,T(1)) +d(A, T(&)] + 26a(T(£), T(A))A(T(E), T(1)).
<BlA(ET(A)) +d(A,T(E))] +2Bapd(T(E),T(A)), where ag = Es;\l}?wa(F(é),F(/\)).
A(E), T() = T A(E T + AT,
Then B, C € Ko(M)
sup Infd(I(&). T(1) = 1 _iﬁao | sup jofd(& T(1)) + sup %zéd@f“é»]-
Hi(T(8),1(©) < 5| e, 1(C)) + Halc, 18|
Hy(T(B),T(C)) < % H,(B,T(B)) + an(T(B),T(C))Hy(T'(B), T(C))
+HA(C,T(©)) + a(T(C), T(B) Ha(T(©), T(B)) |
< T B, T(B) + HalC,T(C)) + 20 a0 () T(C)) |
where a, = sup an(B,C).
B,CeKo(M)
1= 2P N rB),T(C) < [Hy(B,T(B)) + Ha(C,T(C))]
1-2Bag| V77 128 N air '
Then, Hy(T'(B), T(C)) < C[Hq(B, T(B)) + Hq(C,T(C))],
where = =280 — 28am, < % textfor 0 < < % Hence the proof. m|

Definition 4.1. (CSbK-IFS) If (M, d) is CCSObMS, and T,, : M — M, n = 1,2,3,...,N (N € IN)

are Kannan contractive functions in CCSbMS with the contractivity factors ,, n = 1,2,3,...,N. Then,

{M;Ty,n=1,2,3,...,N}isknownas CSbK-IFS of Kannan map with the contractivity factor p = ml\zlilx(ﬁn).
n=

Example 4.1. Let M = {0,1,2} and d : Mx M — R*. Thus, d is a CSbMS on M from Example (2.1).
We consider the self mappings I'y : M — M forn = 1,2.

1, if £€=0

2,  if £e{1,2)

Fz(é)z{o, if £€{0,1,2)

Thus the system with Kannan contractivity maps {M;1'1,I'2} is a Controlled Strong b—Kannan IFS.
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Theorem 4.2. Let (M, d) be a CCSbMS. Let {M; T, n = 1,2,..., N} be a CSbK-IFS of continuous Kannan
1
mappings on (Ko(M),H;), with the contractivity factor f = max {ﬁn}n v 0 < Bn < oL for all n.
Consider ap = sup a(&,A) and ag, = sup ag(B,C), where |a(&, )| < 5 Y EA € M and
&AeM B,CeKo(M) 2

Cz

), ¥ B € Ko(M). Then,

Bn
1-2Bua0 — 2Bnan,

(B, )| < g\{B,C € Ko(M). Define G : Ko(M) — Ko(M) by G(B

1’[:

G is a Kannan map with the contractivity factor C = max {C”}n 1, Where Gy =
Proof. Let B, C € Ko(M), then

Hd(G(B>,G<C)) = Hd(Fl(B) U rz(B) U...U FN(B),F1(C) U FZ(C) U...U FN(C))

< max{Hd(Fl (B),T1(C)),H4(T2(B),T2(C)),...,Hs(T'n(B), FN(C))}

By using the Theorem 4.1, we obtain

B
1-2B1a0 — 2P1axs,
B2
1- Zﬁzao - 2‘320(H0

Hy(G(B), G(C)) = m{ [Hdw, [)(B)) + Hal(C, r1<c>>],

[Hd(B, Fz(B)) + Hd(C, rz(C))],

BN
1- ZﬁNao - Z‘BN(XHO

125,18 + Ha(C, ()|

< 122%{ — zﬁnaf”_ T }[max{Hd(B, I'1(B)),Ha(B,T2(B)),...,Ha(B, FN(B))}

+ max{Hd(C, T1(C)), Ha(C,T2(C)), ..., Ha(C, FN(C))}]

< fﬁr}i)](\]{ln}[Hd(B/ ['1(B)UT2(B))...UIN(B) + Hy(C, T1(C)UT2(C))...U FN(C)]

< C[Hd(B,G(B)) +Hd(C/G<C))]

Pn 1

h = = -

where { E}%]{Cn} 13%%{1 2Bucto — 2pnary | 2
Hence, G is a Kannan map with the contractivity factor C. m]
Theorem 4.3. If {M; (I'1,T2,---,Ty)}, is an CSbK-IFS with the contmctivity factor B = max {ﬁn}g:1
Then, the transformation G : Ko(M) — Ko(M), defined by G(B UF ,¥B € Ko(M), is a

continuous Kannan mapping on CCSbMS (Ko(M), Hy) with the contmcthty factor C. Furthermore, G
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has a (unique) fixed point A € Ko(M), so it shows that

N
A=G(A) = JTa(4),
n=1

given by A = lim G°(B), Y A € Ko(M).

n—oo

Proof. Since (M, d) is CCSbMS, the (Ko(M), Hy) is also a CCSbMS. The HB operator, G by Theorem
4.2 is a Kannan contraction map on CSbMS. We conclude G is a fixed point (unique) from Theorem

2.4. This, completes the proof. ]

Definition 4.2 (Controlled Strong b—Kannan Fractals). The fixed point A € Ko(M) obtained in
Theorem 4.3 for CSbK-IFS of G is called Controlled Strong b—Kannan Fractal or Controlled Strong
b—Kannan Attractor in CSbMS. Thus A € Ko(M) is an attractor constructed by a CSbK-IFS on
CSbMS.

Theorem 4.4 (Collage Type Theorem). Let (M,d) be a CCSbMS. Let | € Ko(M) and ¢ > 0.
Suppose {M;T,,n = 1,2,..N} is a CSbK-IFS, with the contractivity factor p = max {ﬁn}fy:l, and

ayp = sup a(&A), ap, =  sup  an(B,C), where |a(&,A)] < > V& A € Mand |lag(B,C)| <
&,AeM B,CeKy(M) 2

g VB, C € Ko(M). Consider the continuous Kannan map on CCSbMS (Ko(M),Hy), G : Ko(M) — Ko(M)

N
such that G(B) = UFH(B),VB € Ko(M), with the contractivity factor { = max{C,}"_,, where
n=1

n=1’
_ Bn
G = 1= 28,0 — 2B’ then
Hd(]rG(])) = Hd(]/ UIn\I:11—~n(])) <E.
Then,
1
0.4) < | g e
C

where A is the attractor of CSbK-IFS and 1 = —C

Proof. From triangular inequality of CSbMS, we have
Ha(J,G"(])) < Ha(J, G(])) + an(G(]), G"(]))Ha(G(]), G"(])).
< Ha(J, G()) + an(G(]), G" (1)) Ha(G(]), G*()))
+an(G()), G"(N)an(GX()), G"(N)Ha(G*(]), G"(])),

<Hy(J,G(])) + au(G(]), G"(]))Ha(G(]), G*(]))
+au(G(])), G"(]))au(G*(]), G"(]))Ha(G*(]), G*(J)) + ...
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[y

n—

an(G'(J),G"(]))Ha(G"1(]), G™()))-

+
Il

<Hy(J,G())) + an,Ha(G()), G*())) + (an,)*Ha(G*(J), G*(])) + ...

+ (aHO)”_lHd(G”_l(]),G”(])), where apy, = sup ag(B,C).
B,CeKy(M)

Since G is Kannan mapping, then

Hy(G"(]), G"(1)) < C[Ha(G™1 (1), G"(])) + Ha(G"(]), G" ()],

iGN, G (),

< $HA(G" (1), GM(1), where § = 15—
[

1—y" n
< %HL{(},G(])), for plan,) <1,

Taking limit as n — oo, then
1 N
< - U .
O

The distance function in strong b—metric space is continuous, whereas b—metric function need
not be continuous. The controlled strong b—metric space is generalized from strong b—metric
space. A new kind of fractal structures are explored via the IFS of Kannan contraction maps in the

controlled strong b-metric space as a general case.

5. CONCLUSION

In this research article, the Hausdorff controlled strong b—metric space (HCSbMS) is newly
defined and it is proved that HCSbMS is complete. We developed controlled strong b—Kannan
iterated function system, a new class of iterated function system on controlled strong b—metric
space based on the Kannan contraction. Using controlled strong b—Kannan iterated function
system, we constructed the controlled strong b—Kannan fractals on controlled strong b—metric
space. This study is expected to lead us in a new direction for constructing the controlled strong

b—fractal interpolation function and controlled strong b—multifractals.
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