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Abstract. In this paper, the authors prove the boundedness of higher order commutators of Marcinkiewicz integral
operator under some proper assumptions on grand variable Herz-Morrey spaces. Then we obtain the estimates for the

Marcinkiewicz fractional operator of variable order in grand variable Herz spaces.

1. INTRODUCTION

In recent years, function spaces with variable exponents have gained increasing attention in
research due to their applications in a variety of fields for instance see [12]. Over time, there has
been significant theoretical work on variable Lebesgue, Orclicz, Sobolev and Lorentz spaces. This
work has helped to establish the properties and characteristics of these spaces, and has contributed
to our understanding of their potential applications. Some important references in this area include
articles published by researchers such as [1-3,6,7]. In harmonic analysis, Herz space are notable
for their norm which incorporates both local and global information. In [4] authors defined the
idea of variable Herz spaces.

We consider the Riesz potential operator
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&) g(z) = f &d,@, 0<(z) <n. (1.1)
Rr |21 — z|"~¢(=1)

In [8], Kokilashvili and Samko obtained the boundedness of Riesz potential operators 1) of
variable order on variable Lebesgue space.

More recently, in [13] variable parameters were used to define continual Herz spaces. Addition-
ally, the boundedness of sublinear operators on these continual Herz spaces was demonstrated.
Additionally, boundedness of other operators the Marcinkiewicz integral and Riesz potential op-
erator can be confirmed in [9,11]. For continual Herz-Morrey spaces see [10].

The grand variable Herz spaces are the generalization of variable Herz spaces and boundedness
of some operators can be checked in works such as [17,19,25,26,29]. Moreover the grand variable
Herz-Morrey spaces is the generalization of original grand variable Herz spaces and it was intro-
duced in [18]. The study of higher-order commutators of fractional integral operator can provide
important insights into the behavior of these operators in function spaces. For more results on
variable exponent function spaces see [15,16,20-22,22,24,27,28,31-34].

In fact in this article are aiming to prove the boundedness of higher order commutators of
Marcinkiewicz integral operator [U, uz]™ under some proper assumptions on grand Herz-Morrey
spaces with variable exponents. There are different sections of this paper. We have different sections
in this research paper to organize and present the information clearly. Apart from introduction, the
preliminaries section is important to establish the necessary background knowledge and definitions
that will be used throughout the paper. Another section is for the boundedness of Marcinkiewicz
fractional integral operator of variable order in grand variable Herz spaces. In the last section we
will focus on boundedness of higher order commutators of Marcinkiewicz integral operator on

grand variable Herz-Morrey spaces.

2. PRELIMINARIES

Definition 2.1. Let ‘A be measurable subset in R" and a measurable function p(-) : A — [1,00). Then

(a) Now Lebesgue space with variable exponent LPC) (A) is defined by

0 . FONY ,
LPY(A) = { f is measurable : f T di < oo where T is a constant ¢ .
A

Norm in LPU) (A) can be defined as,

ANPO
||f||Lp<.>(ﬂ)=inf{r>0:fﬂ('f§)') disl}.

(b) The space L} 0 (A) can be defined as

loc

LP(')(&Z() = {f . f € LPY)(K) for all compact subsets K C ﬂ}.

loc

We use these notations in this paper:
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(i) Suppose that f € Llloc(?l) now the Hardy-Littlewood maximal operator 9t can be given as

. 1 T
Mf (i) := sup — If(i)ldi (i€ A),
o<r T
B(i,r)
where B(i,r) :={x e A: |i—x| < r}.
(ii) Letp(-) be ameasurable function then the set B(A) is consists of those measurable functions
satisfying the following properties:
p-:=essinf p(x)>1, py :=esssup p(x) < oo. (2.1)
xXeA XeEA

(iii) Letp € B(A) then B8 = B°5(A) is the class of functions satisfying (2.1) and log-condition
given by,
C(n) 1
_ < = . .
e — -l <5, 1, €A (2.2)
(iv) For an unbounded set A in R", B, (A) is the subset of B(A) and values are in [1,0)

satisfying following condition

I7t(x1) — m(x2)] <

C

[T (x) — Too| < m/

(2.3)

where 7o € (1,00). By oo (A) is the subset of B(A) satisfying the following condition
1
lel' |x| < >
(v) For an unbounded set A in R”, then B, (A) and By o (A) are the subsets of B(A).
(vi) Consider an unbounded set A in R”, then B8 (A) is the set of exponent p € B, (A)
satisfying condition (2.1). B (A) is the subsets of exponents of L*(A) and its values are
in [1, o] satisfying both conditions (2.2) and (2.3),
(vii) p(-) € A then B(A) is the collection of p(-) where M is bounded on LF1) (A).
(viii) St = 8(0,2") ={z1 e R" : |z1| < 2} foralll € Z. F; = S \ Si-1, xr, = Xt-

|7t (x) — 10| < (2.4)

Lemma 2.1. [13] Let U > 1 and u € By (R"). Then

1 = _n
t_su(o) < ”XRS,Uq”u(') < tosr®, for 0<s<1 (2.5)
0 s
and
1 o
t_suw < ||XRS,US||M(~) < toosi, fors 21, (2.6)

respectively, where tg > 1 and to > 1 and depending on U but independent of s.
Lemma 2.2. [1]Let ACR", and1 < p_(A) < p4(A) < oo. Then

1 £1l0 ) < N8l 1Al

holds, where g € LPV)(A), f € q(-)(A) and % = p%.) + q(l—l.)for every i € A.
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Definition 2.2 (BMO space). Let u is a locally integrable function then a BMO function is consist of those
functions whose mean oscillation given by ﬁ fQ [u(i) — ugldi is bounded. A Mathematically,

1 . .
llullzvo = sup — flu(z) —uqldi < oo.
o A 2

Lemma 2.3. [5] Let w,] € Z withl < w, and U € BMO, then

1 1
—||7/{||k <sup—— |(U-U kX . -
cromo = S sy ( s) Xy 2.7)
<ClIUIE 00 -

(U =Us) sy < O =D IUolKs. - (2.9)

Lemma 2.4. [5] Consider a ball S in R" and p(-) € B(R"), then we have
|S|_1||XS”p(-)||XS||p’(~) <C (2.10)

Definition 2.3. Let y(-) € L*(R"), ¢ € [1,00),5s : R" — [1,00), 0 > 0,0 < A < co. We define the

homogeneous grand variable Herz-Morrey spaces can be defined by the norm:

V()€ ,6 n st n

where
ko e(1+@)
_ —koA | ~6 0y(") e(1+o)
I8l v (1606 oy = SUPSUP 2707 | @ z 1277 g Xoll 50 rom :
MKA,S(') (R) >0 k,eZ 0=—00 L‘O(R )

For A = 0, grand Herz-Morrey spaces becomes grand Herz spaces.

Non-homogeneous grand variable Herz-Morrey spaces can be defined in the similar way. For
more details we refer to [14-16, 18, 28]
Let "1 is denoting the unit sphere in R” with the normalized Lebesgue measure. E € L' (&" 1)

is a function of degree zero which is a homogeneous such that
f E(z5)dE(z5) =0, (2.11)

’
2

Littlewood-Paley g-function as:

where z, = z,/|z| and y is not zero. The Marcinkiewicz fractional operator is introduced with

where

|z1—22|<s
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Let us take a locally integrable function U on R"”, now define as higher order commutators of

Marcinkiewicz integral [U, uz|™ by using uz and U we have

o

witoe -\ [| [ %[wﬁ)—wngg(zZ)dzzg
0 kr1-zlss

The variable Marcinkiewicz fractional integral are given by:

2 2

r E(z1 —22) ds
f f |21 — zaf ¢ (1) ERC
0

21 —25|<s

Lemma 2.5 ([35]). Ifa>0,s€[1,00],0<d <sand —-m+ (m—1)ds < u < co, then
1/d
22" |E (21 — 22)ldza | < 2l TV E] s g
22| <alz|

Lemma 2.6 ( [35]). Let H C R" denotes an open set and F is a family. If for some qo with 0 < gy < co and
every w € Aw,

fg(zl)qoa)(zl)dzl < Cy f g(z1)Pw(z1)dz1, (f,g) €F
H H

Lemma 2.7 ([35]). Let & € L*(&"" 1) withs > 1and satisfying (2.1). If U(z1) € BMOand w € Ag/s,s" <

g < oo, then there exists a constant C, not depending on f, so that
[t EreE)E < [ 10 E ).
n RVI

3. MAIN RESULTS

Theorem3.1. Ift0<v <1, 7(:),q(:) € Poo (R withl <g~ <gt <co,meZ,1<e<00,0<p <0
and U € BMO. Let E € L*(S" '), and s > q'~. C denote the constant. Let y be such that :

(1) —ﬁ—v—g<y(0) <ﬁ—v—§
(ii) T TV Vo< gLV,

then operator [U, uz)|™ will be bounded on MKy( 2 ; 6 (R™).

Proof. If g € MKV( 2 )S) (R"),and g(x) = Y5 §(¥)Xiy(21) = L= &ig (1), for ko > 0 we have,

ko (1+@)
_ . e(1
U, 1] 81l 009 gy = SUp Sup 2797 ((DQ Y 17O x[u, ya]’”glqu)“”)]

Ba() >0 koeZ 0=—00

1
e(14+@)
SsupsupZ_kOﬁ[cDG E [ E 1127C) XolU, uz]" 8()(10)”5) CD)D

@>0 koeZ 0=—c0 \ jy=—0c0
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ko
< sup sup 27°F | o
@>0 koeZ 0=-00 | jg=—00
ko 0
+ sup sup 2P | ° Z
@>0 koeZ 0==00 \ jp=0+1
= El + E>.
For Eq, we get
-1
E; <sup sup 2| @? Z 207(0)e(1+o) Z llxo[U
@>0 koeZ 0=—00 ig=—00

0
Z 12770 xo [ U, uz]™ (8o )la(-

e(14+0)\ 7]
>J

e(1+0)\TT5o)
>]

1
] e(1+@)\ e(1+o)

1

1270 xo[U, ] ™ (8¢ )l

gXl(])”q

e(1+o)\ o)
+supsup27F| @ Z20V°°E (1+e) Z o[ U, uz]™ (8xio )y
>0 koeZ ip=—c0
=Eq1 + Eqp.
Letk € Z withip <0—2and a.e. z1 € Fy, 2 € F;,, it is easy to chech that |z1 — z5| = |z1]| = 2k,
jz1] 2 2
E(z1 —22) dt
pegr)@i | [ [ 22 U - Ule)"g z|
0 |z—z;|<t
o 2 1/2
(z1 - 22) dt
+ f f m[ﬂ(m =~ U(22))]" gig(2)dz2| 5
lz1l lz1—z2l<t
=:I1 + .
The mean value theorem yields
1 1 |22
- < . 3.1
lz1 — 22> |21 T |z - 22 &)
For I11, we get
& Al /2
(z1 — 22
I _f E—— T U (z1 — U(22)1"giy (22)] 5 dzp
\z1—22|
E(z1 ~ )] 1 1
———U(z1 — U(22)"gi, (2 - dz
J T e S PEr T
1Z(z1 — 22) Izl V2
< | ——— Uz — U () Mgir (22)| | ——=| dz
n |21—22|”‘1| (z1 — U(z2)I"Igiy (22)] R 2
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210/2
*I |n+1/2f|“ 2)IU(z1 = U(z2)I"18 (22) ldza
1

sz<f°—“>/220<—">{|wz1>—ws,.or" f IE(21 - 22)lIgio (22) 22

ip

‘|'f|(u(22) —Us, I"E(z1 — 22)|I8iy (z2)1dz2

Fi,

<2(10—o)/22o ||gzo (ZZ)”q ){|(L{(zl) - (L[Sio |m||E(Zl - ~)Xio(~)||q/(4)

HIUC) - Us, )" (E(z1 - ')Xio<')||q'(')}'

Similarly, we can consider I1,, we have
1/2

o0
|E(z—1-2z)] dt
Ip _f z1 — U(z2)I"1gi, (z2)l —=| dz
|z — 20! u il 3
z1]

Z1— Z
fl 1-22) U(z1) — U(z2)I"Igi, (22)ld2z2

|z1 — Zzl”

<™ f E(z1 - 22U (21) — U (z2) "I (22)ldz

<2lg;, (ZZ)Hq(.){ﬂ[(Zl) —Us, ["IE(z1 — Vi (W) + IUC) ~Us, )™ (E - -)xio(->||q,(.)}.
So we have,

= (8 ) (21)]

SZ'O”IIgio(Zz)llq(.){l(u(zl)—(Usiol’”IIE(Zl—')Xzo()Ilq + (U ()—(L{Sio)’”(E(zl—~);(1~0(~)||q,(,)}.

Let —— ( y = % + 1. Then (2.5) and Hélder’s inequality yields

I (21 = )i (Yl ) SUE (21 = )iy ()l ey iy (Vg
1/s
S I R CRES N R AR
i0—1<|22|<2i0
<2 102120 || ||Lq cn-1 ””XS ”q

Applying Lemma (2.3) we get

() = Us, )" (E(z1 = )xi (Ol )
I1E(z1 = ) Xio (s ey U () = Us, )™ xio (g

IA

[1]
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<ClUllgollxs; lla) IIE(Z1 = )Xo ()l ()

<ClIUIl 02 2 TN s oo lllxcs, g
Hence we have
WU, pz(8ip) I xlly )
< C2-0"||gio||q(.){||<w-> ~Us, )" Xo( Mgy 2 2 NE s oo s, Nl

U 02 020 CFNEN s ey s, oy ol
(&) ollq(-) q()
scz_ﬂ”ngiouq(.){(o—io)m||u||gMo||xBo||q(. 270020 NG e o) s, g

U2 22O NE N )X, ||q(.)||m||q(.>}

< C27lIgig gy (0 = i0) "IN Gpso I, gy 277 2° T2IZ s (e s, Ml
< C(0 = i0) "1 s g1y 1Ly o 22700205 ) 1B llg () 1183, g 118 g -
Applying results to E;; we can get

0

Z 20)/ 1+(D( Z (0—io)mllE”Ls(en_l)”q/l“?Mo

0=—00 ip=—00

Ey < Csupsup27™f|o
>0 koeZ

e(1+@) )
% 2io=0)(n/q'(0)- ”gXlqu ) ]

—1 0 , , (140) 17713
SCIEls (@) 1Ulgp10 SUP SuPZ_kOﬁ[we Z ( Z ZV(O)IOHgXiU”‘K')Z(H(ZO_O)(0_iO)m) ] .

@>0 koeZ

0=—00 \jp=—00

For q,% —v—%—-y(0) = b > 0. As we can see by the fact that 27¢(1+@) < 2=¢ Again using well
1
known Fubini’s theorem and Holder’s inequality to get

-1 0
Ext < ClEls (1)1 U0 sup sup 27 [@9 Y [Z 2y Q)i gy |+ gbe(1 o) io-o)/2
>0 koEZ

0=—00 \ jy=—00

1
e(1+o) e(1+@)
(1)’

X Z 2b€(1+®)'(io—0)/2(0_io)m€(1+®)'

i():—OO
1
-1 0 e(1+)
= —ki 0 (1 be(1 -0)/2
<ClIEs 1) [Ullyo sup sup 2™ |@” ' N 2 Ociralinjgy | freateltzallire)/
>0 koeZ 0=—00 jy=—c0

-1 -1 (1+a)
SC”(HHKMO sup sup z—koﬁ [09 Z 27/ e(14+@) 10“8)( ” Z 2bs(1+m)(io—o)/2)

®>0 koeZ ig=—00 o=I+2
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_1

-1 -1 (1+o)
<ClUIIFo sup sup 2 ko [ 59 Z 27(0)e(1+@) l°||g)(zg|| Z 2be(1+@)(io=0)/2
>0 koeZ ig=—00 o=I+2
-1 «(1+o)
<ClU|I3,0 Sup sup 27Ff | of Z 2r(0)e(1+a) “’Ilg)(zall
@>0 koeZ ig=—00
0 (1 ) (1+e)
< m 2=kop | o0 7o gy, jEFR
<CllUI%0 sup sup Z 127 gxilly .
0 1g=—00

<CIUIGpolIg 009 -
Bal)

Now for Eq; using Minkowski’s inequality we have

ko e(1+@) -E(l}H_D)
E1p <supsup 2F| o0 Z 20y=e(1+@) Z 1o [ U, =] (8xio)lg(.)
@>0 koeZ k=0 ip=—00
ko 0—-2 £(1+CD) m
+ sup sup 2708 | o Z 20y (1+0) Z o[ T4, =] (82630l
>0 ko€Z k=0 io=0

= A1 + Az.
Estimate of A; is easy to obtain. For A; we have

<C(0 = io) "Bl (1) 1 U102~ " 2702 g, [l s llg()l1&iollg(-)

gy

; = ] bto-
<C(0 = i0)™IZ (@) I o2 T2 g .
Now by using the fact —{% + % +0+ Y0 < 0we have,

e(14+0)\ {T5a)

>0 koeZ ig=—00

= —k
< C”\E‘”Ls(gn—l)”q/{”gMo sup sup 2FoP
@>0 koeZ

1
]8(1+(D) e(14+o)

Z 20)/005 (1+o) [ Z 210 )(0 - io)m”g)(io”q(-)

lp=—00
- (Yot E+v-T-e(1+w) 1
- —k 0 o(yeot§+o-te - \me(1+@
< ClIEls (g1 1UI g0 SUP SUP 2 o 22 dho (o—lo)mé( )
@>0 koeZ k=0

1
) e(1+@)1e(1+a)

( Y 2T gl

1p=—0
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10

1
e(14@)\ e(1+o)

-1
< ClIEl|s(@n-1) 1 UNIEy 10 SUp SUP 27koB | 9 [ Z zlo(m_v)ng)(iollq(.)
@>0 koeZ ig=—00

e(14@) \ e(T+a)

-1
< ClfUllyyo sup sup 2" @9[ Y, 20O gy 20707
i

@>0 koeZ — oo

As we can check that 5 — 5 -0 - y(0) > 0 and Holder's inequality we have

-1
0 y(0)ipe(14@) E(+o)
o Y 2O gl

ig=—00

<ClU|Igp 10 SUP SUP Pl
@>0 koeZ

-1 o)
x| Y 2ol eroear
i0:—00

1

ko e(1+@)
—k 0 Vi (1+o)
<Cl[Ully 0 sup sup 2707 [‘D [Z 12" gl ]]
1o

>0 koeZ — oo

<ClUlIg0ll8] MEDO (R
Bal)

Now we will find the estimate for E3. Let k € Z with ip > k +2 and a.e. z; € Fy, 2o € Fj, it is easy

to check that |z; — zo| ~ |zo| ~ 20, we consider

12| 2 \l/2
E(z1—22) dt
luz(8xip) (z1)] < f ET=E (22)dz2| 5
0 |z1—zp|<t
2 1/2

[o¢]

E(z1 —22) dt
+f f Izl—ZzI”‘lfi‘)(ZZ)dZZ I3

22| 1—z2|<t

=:I31 + I5.

Similarly using the estimate of 11, we get
I3y <20070)/ 2070 gy 1] )
{VU(Zl) —Us, I"E(z1 = )xi Olly U ) = (Us, )™ (E(z1 = ‘)Xio(')”q’(')}'
Similar to the arguments of 15, we have

Ip <27°"1gig o)
{1a0) s, PUECa = Ol + 1) = (0, ) 201 = i Ol
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Hence we get
U, p=] = (fi) (201 <27"lIgilly()
{Iﬂ(m) —Us, I"I1Z(z1 =) xio llg () +IIUC) = (Us, )™ (E(z1 - ')Xio(')”q’(-)}'
Thus we have
U, = (i)l xlly

< cz—iﬂnngionq(.){n(W(~) = Us, )" Xo (Mg 2727 FNE s ) llxs, N
- ||W||$Moz—i°”20<?+v>||E||Ls(gn-1)||||mo||q<.)||xo||q<.)}
< cz—iﬂnngz-onq(.){(o — i0) " UG o8, Ny 2727 FNE s o) s, Ny

- ||W||gMoz—i0”20<?+v>||a||Ls(gn-1)||||xS,,o||q<.)||xBo||,,(.)}

< C27Igiyllyey (0 = i) "I g0 llxmllyr 272" N s et s N
< C(0 = o) "1Els @) 1 Tl02 "2~ 27+, lg s s, g Iilac
< C(0 = o) "1l @) 1 U020 270725 220 1200 A g g

< C(0 = o) "I1Ells (1) 102" T 1 gl -

Now splitting E3 we have

>0 koeZ 0=—00 \ jp=k+2

ko o (14+@)\ (T +a)
E3 < sup sup 275 | ¢ Z [ Z ||20y(.))(o[(u,[JE]m(gXio)Hq(.)J

-1 © (14+@)\ e(1+a0)
< sup sup 27¥F | @ Z 20V(0)€(1+(D)[ Z X[, uz]™ (8o lg() J

>0 koeZ 0=—00 ig=k+2

e(14@)\ e(1+a)
+supsup2—k0ﬁ @ 220}/005 (1+w) ( Z ||Xo gXlo)”q ] ]

@>0 koeZ io=k+2
=E31 + E3p.
For E3, we have

Ez < Cl|U|Iy0 sup sup 2P
@>0 koeZ

e(1+0)\Tira)
x[(D 2207“5 (1+a) ( Z plomi) (S Hvtg )(O—io)m“g)(ioﬂq(.)] ]

0= k+2
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< Cl'UIIy,0 sup sup 2P
@>0 koeZ

[o¢]

e(14@)\ e(1+a)
x @92( )3 21"”’*ng»ao||q<.>2(“‘1°><?”%)<o—io>’”>]

1= =k+2

for qlim +a0 + 0+ L =d > 0. Again applying the Holder’s theorem and 27¢(1+®) < 27¢ to obtain

ko 00
E3 SCII‘LIIIZ@VIO sup sup 2~kop [@9 Z[ Z 2iywt(1+@) ||ngo|| 2d€(1+®)(0 10)/2]

0>0 koeZ =0 \ip=k+2

_1
e(14@) 1z(1+o)
’

0 (1+@)
% [ Z 2d£(1+(D)’(o—ig)/2 (O _ io)m(s(l-i-o)))’

io=k+2
> T+a)
SC”W”?MO sup sup 2_k05 @ Z Z 217/ooé (1+@) ”gXlo“ zdé (14+@)(0—ip) /2
@>0 koeZ 0=0 ip—k+2

_1

ko 00 iy (1+@)
<ClIUIIE 1o sup sup 275F | o? Z Z Z 2j7°°€(1+‘°)IIg)(jIIEE,l)m)zde(”@)(o—io)/zJ

@>0 koeZ 0=0 ig=k+2 j=—o0

ko 00 e(1+o)
SC”W”?MO sup sup 2—k0§ (De Z Z 2d€(1+®) (0—10)/2J “g”MKV(')@’e(]R")

@>0 koeZ 0=0 ig=k+2 Bal)

<CIU ol 100 g
(1)

Now for E3; using Minkowski’s inequality we have
1 e(1+o) a(ll+m)
E3; <sup sup 270 | @? Z 207(0)e(1+a) [ Z o [U, uz]™ (Xiy)llg(. ]

@>0 koeZ 0=—00 io=k+2

@>0 koeZ 0=—00

i e(14+@) m
—|—supsup2‘k05 @? Z 207(0)¢(1+a) [Z llxo U, uz] gXlo)“q ]

=B1 + B».
Estimate of B; is easy to obtain. For B, we have
N[, p=](8io) xillg()

scz-fo"ngionq(.){n(W(-)—(Llsi0>mxo(->||q(. 27002 E] e o), g

- ||W||§Moz—i°”2"<?+v>||E||Ls<@u-1>||||m,o||q<.>||xo||q<.)}
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< cz-ionngionq(.){(o — i0) " U o8, Ny 2727 TN E s o) lxs, N

U027 0727 s )””XS,-O”q(v)“XBg”q(-)}

10020

< C27Igigllg(y (0 = i0) ™I UN B 1ol llg( )2
< Clo=i0) "Il IUllgi02 "2 274, ly lxcs, o ||gi0||q |
< C0 = i0)"1Zllys g1 Uy 02 "2 702 +7) ool j20n/1em /a0

||u||Ls snllxs, llgc
0 q(-

< C(0~ i0) 1=l s 1y 1Tl 02~ 5220 5T ligr .

Next we have

B, <C||‘Ll||BMO ») SUP SUP Z_IOA[ Z 207 (0)e(1+o)
@>0 lpeZ 0=—00
00 e(1+o) s(llrm)
x| Y (0= i0) gl 2 ol )
io=0
SCIIWII?MO)(W) sup sup 27l

@>0 lyeZ

0=—00

_1 o)
x | @? Z (Z 2107/ 0—10> ||810||Lq

100

Where ;= +v+§ 1 —-y(0) =

B, < CII(LIIIZZMO) (Rn) SUP SUP 2

01 and ()+v~|— +7(0) =

07.

-1 0 e(1+o) ;(115)
! [@6 2. [2 2’”“’)(0—z'o>’”||gio||m<4>2‘l@12k62] ]

@>0 lheZ 0=—c0 | ip=0
-1 00
- j (1 . _ e(14+@)/2
<C||’LI||BMO )supsupz loA ] p9 Z Z iy (0)e(1+@) || 10” +®) ((o—zo)mz lelzkez)
>0 lpeZ 0=—00 jy—0
1
e(1+@) “(1+@)
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X Z ((o - io)m2—1612k92)€(1+¢0)’/2
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—IpA 9 - v ]+ 1+LD . 104 ~k6 6(1+CD)/2
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(o] io
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o i ooz )
_ e(1 ) _ €
<CIUI o) oy SUPsup2 0t | @0 YY" ol Ocitayg, FIEER) 3" (o —g)ra71019k02)
>0 [peZ ip=0 ip=—00 0=—00
Combining the estimates for E;, E; and Ej3 yields
L2, =)™ (@)llyr000 gy < HUIE OISy 0000 o
‘ e Bat)
which ends the proof m]

Theorem 3.2. Let 0 <v <1, y(+),g(+) € Bo,o(R") with1 < g~ < g7 < 00,1 < u < coandb € BMO.
Let & be homogenous of degree zero and B € L¥(S"1), s > q’~. C denote the constant. Let y be such that :

(i) —ql%—v—§<y(0) ﬁ—v—%

(i) ~7 —0-2<ym<F-ov-L,

(1l + 1)~z (g M0 sy < Cllglstne g
() 91()

Proof. Letg € K;Z(gf)'e, and g(z1) = X 8(21)Xis(21) = Li—_ 8ip(21), we have,

I(lzal + )7 ()l 00 g

1

00 (14+¢)
:?E(”be Z 1270 xo (21 + 1) g (g )|| ]
>

0=—00

(& EeEm)
<sup|y® )| ) II20”'>xo(|zl|+1)‘“Zl>ua(g)(xi[])nﬁfbw)]}

1/)>O 0=—00 iOZ—OO
- . (1+v) 1+4
<supl9? Y | D 1270kl 4+ )7 (gl ]
¢>O 0=—00 i0:—00

(1+9) 1+U/

+ sup 1/)9 Z Z ||20V(')X0(|le+1)_ UE g)(lo ||q2 ]

Y>0 o=—00 \ip=0+1
=: E1 + E>.
For E;, splitting Eq by using Minkowski’s inequality we have

1~Hp)

Y>0 0=-0c0

1'0:—00

. o e(1+y)\e
Eq <sup IPQ Z 20y(0)6(1+¢)( Z ”Xo(lZl' + 1)_/\(21)xu5(g)(1'0)”@(~)]

] (1+y)\ e 11+1b

+sup |y Z“Z"V"(’é 1+y) [ Z lIxo(lz1l + 1)~ E(gXio)||qz(~)
>0

=:Eq1 + Eq2.

ig=—00
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For estimating Eqq, Let k € Z with iy < kand a.e. z; € F, z0 € Fj, and |z1 — 22| =

2] = ) 2
wlZ1— 22
luz(gxiy) (z1)] < f f 7 — o S (z2)dz2
0 |z1—z;|<t
2
E(z1—22)
lz1] lz1—z2|<t
=: 111 + L15.
Again using the same arguments we get
1 1 |22
lz1 =22 2Pl T |z — 2P
For I11, 3.1, Minkowski inequaltiy and Holder’s inequality yields
( ) )2
|Z(z1 — 22)] dt
I < . —_
He |z — zp|"—1-C(z1) 183 (22)] 3 422
R" \z1 25|
|E(z1 — 22)] 1 1 |2
< | Xio (22)] -
| lz1 -zl e o(22) lz1 =22 |z
|E(z1 — 22)| 22l |2
| ) || dz
| |21 =zl 1-C(z 8% (z2) |z1 — 22
e [ -zise
< A |Z(z1 — 22)11g(22)ldz2
[z "2 |z [C(e) §

gz(io_o)/22_onlzl|c(21)||gXi0||L41<l)(Rn)”E(Z

For I, we get

E(z-1-2)

Iin _f
|z1 — zo|t1-C(

< |2(z1 — 22

3 lgxi, (22)]

21

)

| 21— zol"” 1-C(z

1/2

t_3 de

nglo (z2)ldzz

<Jzq ||z SV f 1Z(21 — 22)lIg(z2)dz2

Fij

<27z |“E) gy (22) g, (12 (21

Let

1 _ 1
71(x) @)
I1Z(z

+ % Then Lemma (2.5) yields

1= )Xo (Il g0 SNE(z1 = )X ()l oy g ()llgy )

=) Xio Ol g0

dt
I3

dt
B

de

1= X0 Ol o

1/2

1/2

|z1] ~ 2, we get

(3.2)
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1/s

<p~iov f 12(z1 — z2)Plz2ldz2 | XDy llgy ()

fo-1 <|z2|<2io

<2 10020 || ”Ls Sn- )””XDzO”lh()

It is known, see e.g. [36] that

1O (xs,) (z1) > I°O(x8,) (z1)-(x8,) (21)

1
‘fBu |21 — zo|C(z1)-n y-x8,(21)

> Clzt 1) xp, (21)

> C|Z1|C(Zl).)(k<z1).

Consequently, using the weighted Sobolev-type estimate for the fractional operator [8], we have

Xolz2 1“0 (1] + 1),y 2 (21l + 1) O (e oy 2 s, gy (-

Using these estimates we get

1

., (1_’_1#) 1+1b
0 Z 207(0) 1+¢( 2 2(io=0)(n/q3(0) ||ngo||q1 )

0=—00 ip=—00

o [ . e
<Csup [1})9 Z ( Z 2)/(0)10||gxl,0||q1(.)2b(zo—o)) ] '

>0 0=—00 \ jj=—00

Ej1 < Csup |y
>0

Letb = % —v—2-v(0) > 0, applying Holders inequality, 27 (1+9) < 27¢ and Fubini’s theorem

for series and we get,

Eq1 <Csup
>0

-1 0
v Z [Z 2V OV gy || +) pbe(14+9) (ig-0) /2

1
£149) 15T+
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X Z obe(14+) (ig—0) /2
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1
L T
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L -1 i
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_1

-1 )
<Csup|y? Z 27 O )ioj o | 1+¢)

>0 ig=—00

00 e(T+y)
<Csup|y? Y 12" Vogx Il T “”]

1[1>0 ig=—c0

<Cligll 1000

q91(-)

Now for Eqp, we get

- » (1) \elT+y)
Erp ssup|y® Y 2or=crv) Y ||xa(|21|+1)‘“Zl)ua(g)ao>llq2<->]

¥>0 k=0 —
) e(1+)\z 1‘*'1!’)
+sup | v Z 20w (1+¢) Z lxo(lz1] + 1)~ E(ngo)qu }
>0 —

=: A1 + Ay.

Estimate of A is easy to obtain. Next we find the estimate of A;, we get

I1Xo(Iz1] + 1)-A<Zl>uu(gxi0>||q2 .

<Conpiono(t ||XBO||,,1 llgs 18l ()

o(E+v-

<22 R gl -
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0yt oliHo-g-)
< Csup |y ZZ Veor(1+y) ( Z 2@ e 18X llg )
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1,[;>0 ]

1p=—00

£(1+y) |7
—e(1+y)
<Csup |y ZZ X Z 20 ”g)(l[)”q]
1/)>0 10——00
(1) T

< Csup|y? z 2°GT g xilor ()

1P>0 lo——OO
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Now by applying Holders inequality and using the fact that ﬁ -
1

S

—v—-y(0) >0 we have

1
e(14¢) V1e(1+0)

[ -1 «(1+9)
ioe € ' -0=y(0))e(1+¢)’
SCsl/}u}O) Yo Z 2r(Oio (Hlp)llg)(ioﬂql(z, (Z 27
>

ip=—00 ip=—00

1
00 e(T+y)
<Csup ybg( Z “2),(_)1082%”;Sf;w)]]

¢)>0 iO:—oo

<Cllgllys0
()

For E,, we have

1/2
22| 2

H(z1—z dt
lua(gxiy) (z1)] < f f G 2)(Zl)gxio<22)dzZ ad

|z — zo|"717C

0 |z—z|<t

2 1/2
)

E<Zl - Zz) gt
: f f |z1 —zz|ﬂ-1—C(z1)gXio(Zz)dzz 5

22| |1—2z2|<t

=:I31 + Isp.
Similarly for I;1, we get
Iy <2070/22702 <D g i gy () IE (21 = ) Xip ()l g0
For I, we get
Iz <270z 1g i, Ly, () 1E (21 — )Xo (Il g7

Consequently, we get

IDolza1“) (2l 4+ 1)l 2 11zl + 1) 7D (x5, )l ) 2 syl -
Hence we get
Ilxo(lz1l + 1)) uz (g gy
< C27|Igxip gy ”XBO”ql )2 oe(s ||Xl||q1
< C27 im0 gl oy gy () 18X llgy ()
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Now splitting E; we have

E, < max{ sup |y Z

>0 0=—c0

Y IO xo(lzal + 1)) s (g6, lga( ,

1
e(1+¢)\e(+9)
[10 =k+1
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1 -~ (1+y)\e 1+w
sup | ¢ Z ZOV(O)E(H‘P)( Z ||Xo(|zl|+1)_A(Zl)#E(gXio)”q2(~)]
>0 0=—00 io=k+1
(1+1p)\ e+9)
+sup | ZZO%"S 1+y) ( Z ||Xo |Zl|+1 E(gXio)”qz(-)]
Y>0 io=k+1
:1E21 + E22.
For E,, we have
e(1+9)\ e ()
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>0 0=0 io=k+1

- - (14+9)\ 7T
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0=0

>0 ig=k+1

whered = = + v+ £ > 0. Next we get
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>0

1
t‘(HLP)), e(1+9)
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SCsup 1 Z Z 2kyoo£ 1+1) ||ngO|| 2d£ 14+¢)(0—ig) /2
$>0 0=0 ip=k+1

oo )
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0=0

>0
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Now for E»; using Minkowski’s inequality we have
1
e(T+9)

| . (L4)y
Eyy <sup|y® Z ZOV(O)S(HW[ Z ||Xo(|21|+1)_A(ZI)HE(8Xio)||qz(-)]
0| ST io=k+1

(14+)\ 7T
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We will find the estimate of B, and for By we find easily. So we have

X0 (2l 4+ 1) ™) iz (gxi) oo )
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Now by the virtue of Holders inequality and we know that —7~ ( j+o + % +y(0) > 0yields

1 +¥)
By SCsup( Z 127 ngo” ]

Y>0 0=—00

<ligll K00
a1t

Combining the estimates for E; and E, we get

Il + )7 i (@l s < Cllletroo

which ends the proof. O

Authors’ Contributions: Contributions from all authors were equal and significant. The original

manuscript was read and approved by all authors.



Int. ]. Anal. Appl. (2025), 23:205 21

Acknowledgments: This research was supported by Princess Nourah bint Abdulrahman Univer-
sity Researchers Supporting Project Number (PNURSP2025R45), Princess Nourah bint Abdulrah-
man University, Riyadh, Saudi Arabia.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

REFERENCES

[1] D.V. Cruz-Uribe, A. Fiorenza, Variable Lebesgue Spaces, Springer, (2013).

[2] L. Diening, P. Hésto, A. Nekvinda, Open Problems in Variable Exponent Lebesgue and Sobolev Spaces, in: FS-
DONAO04 Proceedings, pp. 38-52, (2004).

[3] L. Diening, P. Harjulehto, P. Hasto, M. Ruzicka, Lebesgue and Sobolev Spaces with Variable Exponents, Springer,
(2011).

[4] M. Izuki, Boundedness of Vector-Valued Sublinear Operators on Herz-Morrey Spaces With Variable Exponent,
Math. Sci. Res. J. 13 (2009), 243-253.

[5] M. Izuki, Boundedness of Commutators on Herz Spaces with Variable Exponent, Rend. Circ. Mat. Palermo 59
(2010), 199-213. https://doi.org/10.1007/s12215-010-0015-1.

[6] V. Kokilashvili, A. Meskhi, H. Rafeiro, S. Samko, Integral Operators in Non-Standard Function Spaces, Vol.
1: Variable Exponent Lebesgue and Amalgam Spaces, Vol. 248, Springer, Cham, 2016. https://doi.org/10.1007/
978-3-319-21015-5.

[7] V. Kokilashvili, A. Meskhi, H. Rafeiro, S. Samko, Integral Operators in Non-Standard Function Spaces, Vol. 2:
Variable Exponent Holder, Morrey—campanato and Grand Spaces, Vol. 249, Springer, Cham, 2016. https://doi.org/
10.1007/978-3-319-21018-6.

[8] V. Kokilashvili, S. Samko, On Sobolev Theorem for Riesz-Type Potentials in Lebesgue Spaces with Variable Expo-
nent, Z. Anal. Anwend. 22 (2003), 899-910. https://doi.org/10.4171/zaa/1178.

[9] A. Meskhi, H. Rafeiro, M.A. Zaighum, On the Boundedness of Marcinkiewicz Integrals on Continual Variable
Exponent Herz Spaces, Georgian Math. J. 26 (2017), 105-116. https://doi.org/10.1515/gm;j-2017-0050.

[10] M. Sultan, B. Sultan, A Note on the Boundedness of Marcinkiewicz Integral Operator on Continual Herz-Morrey
Spaces, Filomat 39 (2025), 2017-2027.

[11] H. Rafeiro, S. Samko, Riesz Potential Operator in Continual Variable Exponents Herz Spaces, Math. Nachr. 288
(2014), 465-475. https://doi.org/10.1002/mana.201300270.

[12] M. Razicka, Electrorheological Fluids: Modeling and Mathematical Theory, Springer, Berlin, 2000. https://doi.org/
10.1007/bfb0104029.

[13] S. Samko, Variable Exponent Herz Spaces, Mediterr. J. Math. 10 (2013), 2007-2025. https://doi.org/10.1007/
s00009-013-0285-x.

[14] M. Sultan, B. Sultan, A. Khan, T. Abdeljawad, Boundedness of Marcinkiewicz Integral Operator of Variable Order
in Grand Herz-Morrey Spaces, AIMS Math. 8 (2023), 22338-22353. https://doi.org/10.3934/math.20231139.

[15] B. Sultan, M. Sultan, Boundedness of Higher Order Commutators of Hardy Operators on Grand Herz-Morrey
Spaces, Bull. Des Sci. Mathématiques 190 (2024), 103373. https://doi.org/10.1016/j.bulsci.2023.103373.

[16] M. Sultan, B. Sultan, A. Hussain, Grand Herz-morrey Spaces with Variable Exponent, Math. Notes 114 (2023),
957-977. https://doi.org/10.1134/s0001434623110305.

[17] M. Sultan, B. Sultan, A. Aloqaily, N. Mlaiki, Boundedness of Some Operators on Grand Herz Spaces with Variable
Exponent, AIMS Math. 8 (2023), 12964-12985. https://doi.org/10.3934/math.2023653.

[18] B. Sultan, . Azmi, M. Sultan, M. Mehmood, N. Mlaiki, Boundedness of Riesz Potential Operator on Grand
Herz-Morrey Spaces, Axioms 11 (2022), 583. https://doi.org/10.3390/axioms11110583.


https://doi.org/10.1007/s12215-010-0015-1
https://doi.org/10.1007/978-3-319-21015-5
https://doi.org/10.1007/978-3-319-21015-5
https://doi.org/10.1007/978-3-319-21018-6
https://doi.org/10.1007/978-3-319-21018-6
https://doi.org/10.4171/zaa/1178
https://doi.org/10.1515/gmj-2017-0050
https://doi.org/10.1002/mana.201300270
https://doi.org/10.1007/bfb0104029
https://doi.org/10.1007/bfb0104029
https://doi.org/10.1007/s00009-013-0285-x
https://doi.org/10.1007/s00009-013-0285-x
https://doi.org/10.3934/math.20231139
https://doi.org/10.1016/j.bulsci.2023.103373
https://doi.org/10.1134/s0001434623110305
https://doi.org/10.3934/math.2023653
https://doi.org/10.3390/axioms11110583

22 Int. ]. Anal. Appl. (2025), 23:205

[19] B. Sultan, M. Sultan, Boundedness of Commutators of Rough Hardy Operators on Grand Variable Herz Spaces,
Forum Math. 36 (2023), 717-733. https://doi.org/10.1515/forum-2023-0152.

[20] A.Hussain, G. Gao, Multilinear Singular Integrals and Commutators on Herz Space with Variable Exponent, ISRN
Math. Anal. 2014 (2014), 626327. https://doi.org/10.1155/2014/626327.

[21] A. Hussain, I. Khan, A. Mohamed, Variable Herz—morrey Estimates for Rough Fractional Hausdorff Operator, J.
Inequal. Appl. 2024 (2024), 33. https://doi.org/10.1186/s13660-024-03110-8.

[22] A. Ajaib, A. Hussain, Weighted Cbmo Estimates for Commutators of Matrix Hausdorff Operator on the Heisenberg
Group, Open Math. 18 (2020), 496-511. https://doi.org/10.1515/math-2020-0175.

[23] A. Hussain, A. Ajaib, Some Results for the Commutators of Generalized Hausdorff Operator, J. Math. Inequal.
(2019), 1129-1146. https://doi.org/10.7153/jmi-2019-13-80.

[24] J. Younas, A. Hussain, H. Alhazmi, A.F. Aljohani, I. Khan, Bmo Estimates for Commutators of the Rough Fractional
Hausdorff Operator on Grand-Variable-Herz-Morrey Spaces, AIMS Math. 9 (2024), 23434-23448. https://doi.org/
10.3934/math.20241139.

[25] B. Sultan, M. Sultan, I. Khan, On Sobolev Theorem for Higher Commutators of Fractional Integrals in Grand
Variable Herz Spaces, Commun. Nonlinear Sci. Numer. Simul. 126 (2023), 107464. https://doi.org/10.1016/j.cnsns.
2023.107464.

[26] B.Sultan, M. Sultan, Sobolev-type Theorem for Commutators of Hardy Operators in Grand Herz Spaces, Ukr. Mat.
Zhurnal 76 (2024), 1052-1068. https://doi.org/10.3842/umzh.v76i7.7546.

[27] M. Sultan, B. Sultan, R.E. Castillo, Weighted Composition Operator on Gamma Spaces with Variable Exponent, J.
Pseudo-Differ. Oper. Appl. 15 (2024), 46. https://doi.org/10.1007/s11868-024-00619-w.

[28] M. Sultan, B. Sultan, A Note on the Boundedness of Higher Order Commutators on Fractional Integrals in Grand
Variable Herz-Morrey Spaces, Kragujev. J. Math. 50 (2026), 1063-1080.

[29] B. Sultan, M. Sultan, A. Khan, T. Abdeljawad, Boundedness of Commutators of Variable Marcinkiewicz Frac-
tional Integral Operator in Grand Variable Herz Spaces, J. Inequal. Appl. 2024 (2024), 93. https://doi.org/10.1186/
s13660-024-03169-3.

[30] B. Sultan, M. Sultan, Q. Zhang, N. Mlaiki, Boundedness of Hardy Operators on Grand Variable Weighted Herz
Spaces, AIMS Math. 8 (2023), 24515-24527. https://doi.org/10.3934/math.20231250.

[31] B.Sultan, M. Sultan, A. Hussain, Boundedness of the Bochner-riesz Operators on the Weighted Herz-Morrey Type
Hardy Spaces, Complex Anal. Oper. Theory 19 (2025), 49. https://doi.org/10.1007/s11785-025-01671-0.

[32] B. Sultan, A. Hussain, M. Sultan, Chracterization of Generalized Campanato Spaces with Variable Exponents via
Fractional Integrals, J. Pseudo-Differ. Oper. Appl. 16 (2025), 22. https://doi.org/10.1007/s11868-024-00651-w.

[33] B.Sultan, M. Sultan, M. Mehmood, E. Azmi, M.A. Alghafli, N. Mlaiki, Boundedness of Fractional Integrals on Grand
Weighted Herz Spaces with Variable Exponent, AIMS Math. 8 (2023), 752-764. https://doi.org/10.3934/math.2023036.

[34] B. Sultan, EM. Azmi, M. Sultan, T. Mahmood, N. Mlaiki, N. Souayah, Boundedness of Fractional Integrals on
Grand Weighted Herz—morrey Spaces with Variable Exponent, Fractal Fract. 6 (2022), 660. https://doi.org/10.3390/
fractalfract6110660.

[35] H. Wang, Commutators of Marcinkiewicz Integrals on Herz Spaces with Variable Exponent, Czechoslov. Math. J.
66 (2016), 251-269. https://doi.org/10.1007/s10587-016-0254-1.

[36] J. Wu, W. Zhao, Boundedness for Fractional Hardy-Type Operator on Variable-Exponent Herz—morrey Spaces,
Kyoto J. Math. 56 (2016), 831-845. https://doi.org/10.1215/21562261-3664932.


https://doi.org/10.1515/forum-2023-0152
https://doi.org/10.1155/2014/626327
https://doi.org/10.1186/s13660-024-03110-8
https://doi.org/10.1515/math-2020-0175
https://doi.org/10.7153/jmi-2019-13-80
https://doi.org/10.3934/math.20241139
https://doi.org/10.3934/math.20241139
https://doi.org/10.1016/j.cnsns.2023.107464
https://doi.org/10.1016/j.cnsns.2023.107464
https://doi.org/10.3842/umzh.v76i7.7546
https://doi.org/10.1007/s11868-024-00619-w
https://doi.org/10.1186/s13660-024-03169-3
https://doi.org/10.1186/s13660-024-03169-3
https://doi.org/10.3934/math.20231250
https://doi.org/10.1007/s11785-025-01671-0
https://doi.org/10.1007/s11868-024-00651-w
https://doi.org/10.3934/math.2023036
https://doi.org/10.3390/fractalfract6110660
https://doi.org/10.3390/fractalfract6110660
https://doi.org/10.1007/s10587-016-0254-1
https://doi.org/10.1215/21562261-3664932

	1. Introduction
	2. Preliminaries
	3. Main results
	Authors' Contributions:
	Acknowledgments:
	 Conflicts of Interest:

	References

