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Abstract. In this manuscript, we propose a proximal gradient type algorithm together with a two step inertia method
for approximating solution of convex minimization problem in real Hilbert spaces. The proposed proximal gradient
type method is designed in such a way that it does not depend on the Lipschitz constant. Using a self-adaptive rule,
we obtain a weak convergence result under the condition that the gradient function of one of the convex functions
is uniformly continuous. Preliminary numerical results show that our proposed method has a better convergence in

comparison to some other related results in the literature.

1. INTRODUCTION

In recent years, the importance of studying the structure of convex optimization problems have
become a topic of intense research in machine learning, signal processing and intensity modulated
radiotherapy. This is particularly true of techniques for non-smooth optimization, where taking
advantage of the structure of non-smooth terms seems to be crucial to obtaining better performance.
Let H be a real Hilbert space, the convex minimization problem (CMP) is to find:
min g(x) + h(x) (1.1)
xeH
whereh : H — (Yoo, +0c0] is a proper, closed and convex function which is possibly nonsmooth and

g : H — R s a proper, closed, convex and continuously differentiable function with its gradient
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Vg being Lipschitz continuous on H. We denote the set of minimizing of CMP (1.1) by Q. It is

well-known that
x'eQ & 0¢e (Vg+dh)(x),

where dh is the subdifferential of . One of the most well-studied instances of CMP (1.1) is the
basic pursuit denoising (BPDN), (see [1,7,15,23]) which is of the form:

. (1 2
min (5l ~ AxlF® + <llxl]),

where 7 is a parameter that control the trade-off between sparsity and reconstruction fidelity, x
is an N x 1 solution vector, g is an M X 1 vector of observation, A is an M X N transform matrix and
M < N. The proximal gradient method (PGM) is an appealing technique for solving CMP (1.1)
due to their fast theoretical convergence rates and strong practical performance. The PGM can be
formulated as follows:- Given the initial point w; € H, compute

Wi1 = proxy, (wr — Ve (wy)), k=1, (1.2)

where prox,,, (x) :=arg mifrll{h(x) + %Tkllx —w|[?} and 7} > 0 is the stepsize. If ¢ = 0, then the PGM
X€

reduces to the classical proximal point algorithm (PPA), (see [12]). In addition, if Vg in (1.2) is

L-Lipschitzian and {7} is such that 0 < liminf 7x < limsup 7 < %, then the sequence {wy} defined

k—o0 koo

in (1.2) converges weakly to x*, where x* is a solution of (1.1). In 2018, Guo and Cui (see [10])
proposed the following PGM with perturbation for solving CMP (1.1):

wir1 = Ok f(wi) + (1 — ag)proxz,, (I — 1,Vg)wi + ok (1.3)

where {0} € [0,1],0 < a < klim inft, < %, f:H — His a contraction and 9 : H — His a

peturbation operator satisfying Y. ||lo(w)|| < +co. They established a strong convergence result
k=0

in the setting of real Hilbert space;s.

In optimization theory, authors are not only after the convergence analysis of iterative methods
but the rate at which these iterative methods converge. Fast converging iterative algorithm
have gained the attention of numerous researchers in recent years, (see [4]). Many authors have
employed the one step inertial method to expedite the rate of convergence of different iterative
algorithms, (see [18]). Recently, Alvarez and Attouch [4] employed the heavy ball technique which
was examined in (see [24]) for maximal monotone operators by applying the method of proximal

points. The inertial PPA is generated as follows:

Yk = Gk + Oc(qk — Gr—1)

(1.4)
g1 = (I+1B) yp k> 1

then (1.4) weakly converges to a zero of a maximal monotone operator B. In (1.4), O is called
the extrapolation factor and the inertial term is represented by Ok (gx — gx—1). It was stated in (see
[14,24]) that one-step inertial does not provide acceleration. Moreover, the sequences generated by

the one-step inertial iteration method were shown to converge more slowly that their non-inertial
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counterpart. This indicates that the inertial iteration method in one step might not be able to
provide sufficient acceleration. Employing the following two-step inertial method introduced in
(see [11]) could address the issue of lack of acceleration. Research on two-step inertial methods
revealed that using two-step inertial method speeds up iterative method (see [11]). In 2019,
Jolaoso et al. [12] proposed the following proximal gradient algorithm together with an inertial
extrapolation term for solving CMP (1.1) and fixed point of 5-demimetric mapping in the settings

of real Hilbert spaces: Given wy, w; € H arbitrarily and let {wy} be generated by

Yk = W + Pr(wr — wi—1),
O = (1= b)yx + brproxe, (yx — 7 Vg(yk)), (1.5)
Wrr1 = Pe(arer f(wr) + Orwy + (1= ) — axB) Ty vx), k > 1

where Ty, = (1 — )l + T for i € (0,1), T : H — H is a 6—demimetric mapping for 6 € (-0, 1),
f +H — H is a Meir keeler contraction and B is a strongly positive bounded linear operator
with coefficient T > 0 such that 0 < & < 7. The authors established a strong convergence results
under some mild conditions. It can be easily observed that Algorithm 1.4 and 1.5 rely on a fixed
constant step size, necessitating knowledge or an approximation of the Lipschitz constant of Vg.
From a computational standpoint, the use of a fixed stepsize can be problematic, potentially
impacting the convergence rate and the overall suitability of the method. Therefore, the reliance
on a fixed step size introduces challenges that need careful consideration in practical applications.
To overcome this difficulty, Chen and Duan (see [8]) proposed the following inertial self-adaptive

proximal gradient methods for solving CMP (1.1):

Algorithm 1.1. Step 0: Given € > 0, B > 3, initialize wg, wq € H and t1 > 0, set k = 1.

Step 1: Given wy_1, wy and compute
Yk = Wy + Ap(wy — wy_1)
sk = proxe, (I -1 Vg)yk (1.6)
w1 = agh(ye) + (1 - a)sp + (1= ax) 1 (Vg (vk) — V8(sk)),

where A satisfies 0 < |Ay| < A with Ay defined by

= e } ”
— min —, - , W wp #F wi_q,
Ak — {k+ﬁ 1 ”wk wk—l” (1'7)
kf%, Wk = Wi-1-
Step 2 : Update step-size
-5
Tit1 = min{ty, ey = sl (1.8)

IVg(yx) = V8(s)ll”
where {u} € (0,1).
Step 3: If |lwy 1 — will < €, then the iterative process stops. Otherwise, set k = k 4 1 and go to step 1.
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In Algorithm 1.1, Vg is L-Lipschitz and & is a o-contraction mapping with constant 0 < ¢ < 1. The
authors established a strong convergence results under some suitable conditions.

In this paper, we propose a two step inertia proximal gradient method for solving CMP (1.1) where
the gradient function Vg is uniformly continuous. Our method generates variable step sizes at
each iteration based on some previous iterates, without employing any line-search procedure. The
convergence of our proposed method is established under suitable conditions. We present some
numerical examples to illustrate the computational effectiveness of our method in comparison to
some existing ones in the literature. Our results extend and complement many related results in

the literature.

2. PRELIMINARIES

Definition 2.1. Let H be a real Hilbert space H. The mapping T : H — H is said to be:
(1) L-Lipschitz continuous, where L > 0, if

ITx = Tyll < Liix - yll, Vx, y € H. (2.1)
(2) Uniformly continuous, if for every € > 0, there exists 6 = 6(€) > 0, such that

ITx — Tyl| < € whenever ||x —y|| < 6,Yx,y € H. (2.2)

Remark 2.1. It is well known that if D is a convex subset of H, then T : D — H is uniformly continuous
if and only if, for every € > O, there exixts a constant K < 4-co, such that

ITx — Tyl < K|lx — y|| + € ¥x,y € D. (2.3)

Definition 2.2. Let h : H — (—co, +co] be proper, convex, and lower semi-continuous function and ¢ > 0.
The proximity operator of h of order ¢ is defined by

. , LT
proxg, := argrtrg?{h(t) + 2EIIS tI°}, (2.4)
foralls € H.
Definition 2.3. B is said to be
(i) monotone if for all (s, u),(t, v) € gra(B) (the graph of mapping B),
(u—v,s-1) (2.5)
(i) maximal monotone if for every (s,u) € H X H,
(s,u) € gra(B) = (u—v,s—ty > 0forall (t,v) € gra(B).
Definition 2.4. A convex function ¢ : H — R is said to be subdifferentiable at a point k € H if the set
de(x) ={ue Hlc(y) = c(x) +<u,y—x),¥VyeH} (2.6)

is nonempty , where each element in dc(x) is called a subgradient of ¢ at x ,dc(x) is called the subdifferential
of c at x, and the inequality in (2.6) is called the subdifferential inequality of c at x. We say that c is
subdifferentiable on H if c is subdifferentiable at each x € H



Int. J. Anal. Appl. (2025), 23:160 5

Lemma 2.1. [5] Let B : H — 2" be a maximal monotone mapping and A : H — H be a hemicontinuous,
monotone, and bounded operator. Then, the mapping A + B is a maximal monotone mapping.

Lemma 2.2. [3] The following identities holds for all a,b,c € H and AR
(i) 2(a,b) = llall* + [1bI* = lla = bIP* = lla + BI* ~ ||all* - |Ib>
(i) 2(a—b,a—c) =lla—blP+ lla —cl? = lla - cl?
(iif) fIAa+ (1= A)blP= Allall® + (1= )lIbI? = A(1 = A)lla — bl

Lemma 2.3. [22] Suppose Ay and Oy are two nonegative real sequences, such that

A1 < A+ O, Ve > 1. (2.7)
If Y. ¢x, then klim Ay exists.
k=1 —00
Lemma 2.4. [13] Suppose {Sx},{pk} and {1} be sequences in [0, co) such that,

—+o00
1 < S+ 4 (Sk = S-1) +pr Yk 2 112 Pk < +00, (2.8)
k=1

and there exists a real number 1 with 0 < y <1 <1 for all k € IN. Then one has:
“+o00
(1) Y [9% — O 1]+ < +oo, where [m] : max{m,0};
k=1

(ii) kli_m 8=9" with 9" € [0, +-00).

Lemma2.5. [6] Let {s,} beasequence in H and ¥ be a nonempty subset of H. If, for every s* € ¥, {lls, —s*|l}
converges and every weak sequential cluster point of {s,} belongs to ¥, then {s,} converges weakly to a point
in¥.

3. MaIN ResuLrts

Assumption 3.1.

(A1) g h: H — R U {+oo} are proper, convex and lower semi-continuous functions.
(A2) g is differentiable and its gradient Vg is uniformly continuous.

(A3) Suppose that T := argmin(g + h) is nonempty and the following condition holds:

(i) 0<6r <01 <1,
e=V2e

(ii) 0 < B < min{0;, =Y with ¢ > 2,

(iii) 0 <6 < 0 < 01 < T/
(iv) Ay is a nonegative sequence such that ), Ay < +oo.
k=1

We present the following algorithm.
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Algorithm 3.1. Self adaptive step-size with two step inertial for CMP.

Initialization:- Given T1 > 0 and u € (0,1). Let wo, w1, € H be two initial points and set k =1
Step1:- Compute

zy = Wi + B(wr — wi—1),
ug = wi + Ok (wi — wi—1), (3.1)
Y = Proxq,p,(I - 1 Vg) .

where

min{%}' if Vg (u) # Vg(yr),

Te+1 = (3.2)
Tk + A otherwise.
If yx = uy, then stop. Otherwise proceed to the next step.
Step 2:- Compute
o = Yk + (Ve (1) = Vg (yx)) (33)
Step 3:- Compute
Wrr1 = (1= 06¢)zk + Ok (3.4)

Set k « k+1, and go to step 1.

Lemma 3.1. Suppose 7y is a sequence generated by Algorithm (3.1) such that Assumption (3.1) holds.

Then 7 is well defined and klim T=TE€ {min{%, 11}, T1 + ¢}, for some k > 0 where Y=} A.
—00 k=1

Proof. From the condition on Vg in Assumption 3.1, we have that for any given ¢ > 0, there exists

M < +oo such that

IVg(ux) = Ve (yill < Ml — yill + . (3.5)
Therefore for the case where Vg (uy) # Vg(yx) and k > 1, we obtain

il = i I L _H e —yell - pll =yl u (3.6)
IVg (1) = Vg (yll ~ Mllug — yill + € '

(M + 1)l —yell - K
where ¢1 =¢lluy — yill for some €1 € (0,1) and K = M + &1 with k > 0. Thus, using the definition
of Ti41, the sequence 7, has a lower bound min{%, 71} and upper bound 71 + ¢. By Lemma 2.3,

lim 74 exists and lim 7, = 7. Clearly, we obtain
k— o0 k—o0

Te {min{%,’[l}, 1+ ). (3.7)

O
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Lemma 3.2. Suppose that Assumption (3.1) hold and let {wy} be a sequence generated by Algorithm (3.1).
Then for all x* € T, we have

2,[2

* * ‘Ll
o = 212 < Mot = 717 = (1 = == et — il (3.8)
k+1
and
Tk
o = yell < 25l = (3.9)
Tk+1

Proof. Let x* € T, then this implies that x* = Prox,,(I — ©Vg)x*, where © > 0. Also from the
definition of 7y, it is obvious that for Vg (ux) = Vg(yx),

Vg () = Vg (y)ll < —— I — yill, V k € N (3.10)
Tk+1

Now, if Vg(ux) # Vg(yx), then

el — vl il — vl
IVg(ur) = Vg(yi)ll Vg (ur) = Vg (yi)ll’

which implies that [[Vg(ux) — Vg(yi)ll < |l - ykll. Hence, we conclude that (3.9) holds when

= Tkl
Vg(ur) = Vg(yk) and Vg(ux) # Vg(yx)-
Now, let x* € T, then from Lemma 2.2 and (3.9), we have

s Tk + Ak} < (3.11)

Trr1 = min{

l[ox = 1% = llyx + (Vg (x)) = Vg (yi) — I
= llyx = %" + (Vg () = Vg (yi))IP
= (yx = ) + (i =3I + eIV () = V(i) IP + 27iye — x°, Vg (1tx) = Vg (k)
= llyk — well + e = x°N| + 7V (i) = V(i) IF + 2¢yxe — age, e — x7)
+ 20y — ¥, Vg () = Vg (k)
= g = x*|| = llyx = uil® + eIV (1) = V(yio)IP + 2(yk — 1, yie — x°)
+ 27(yi — x°, Vg (uk) — Vg (k)
= llux — 2"l = llyi — il > + TeIVg (k) — Vg ()
+ 2y = X", yi — uie, + (Vg (k) = V& (W) )- (3.12)

2
[

Now, we need to show that
2y = x", Yk — i, +Te(V () = Vg(yk))) < 0 (3.13)
By using the definition of v, we deduce that
(I -t V) ur € (I+ 140h)yy.

Thus, we can write

U= Yk
Tk

Tk — Vg(ux), where 7 € dh(yy).
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By applying Lemma 2.1, we that Vg + dh is maximal monotone. This implies that
(=", Vg(yx) + t) = 0, (3.14)

and thus

(Y= 2", Y — we + (Vg (ur) — V(i) < 0. (3.15)

Hence, on substituting (3.10) and (3.15) into (3.12), we obtain
2,2
* * ‘u T
log = 271 < llag = 21 = (1 = =) e = el (3.16)
k+1
Using Algorithm 3.1 and (3.10), we get

ok = yill = llyk + (V8 (ur)) = Vg (yk) — vkl
< lIVg(ux) = Vg (i)l

ek — yill. (3.17)

o
<
_Tka+1

Hence, the proof completes. o

Lemma 3.3. Suppose that Assumption 3.1 holds and let {wy} be a sequence generated by Algorithm 3.1
exists. Then klim |lwy — x*||, where x* € T.

Proof. Using Algorithm (3.1) and Lemma (3.2) we have.
o1 = 1P < (1= k)2 + Sx0x — x|
= (1= 0p)llzi = X1 + Ogllog — x°11> = 6 (1 = &)z — oxll?
< (1= 0p) 2k = X1 + Selluge — X717 = 6, (1 = 8¢ llzx = ol (3.18)
From Algorithm 3.1 and Lemma 2.2 (iii), we have
lzi = 1 =leog + B a0k + wie 1) = I

=11+ B) (wi = x°) = plavgy = 7)1

= (14 B)llwx — Xl = Bllwg—r — I + (1 + B)llwi — wie |- (3.19)
Similarly,
lluge = x> = Iy + O (wi = wis1) — 7|2
= (14 O llwg = x*|P = Ogllw—y = x'II* + O (1 + Op)llwi — wi - (3.20)
Observe that
W1 = (1= 0p)zk + Oy, k=1, (3.21)
and this implies
o= 22l = 5wt -z

52
O
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= |wgyq — wg — B(wg — wyy1)I?

S
O
1 2, 2 2
=3 g1 = will™ 4 Bk — wi—111° — 2B{Wys1 — Wi, Wi — Wr—1)}
p
1 2, 2 2
> P g1 — wiell” + Bollwk — wie—a 117 = 2Bllwi1 — willllwx — wy—1}
k
1 2, 22 2 2 2
> P w1 — wiell” + Bllwy — w1 II* = Bllwir1 — will” — Bllwi — wy—111°}
%
w1 —wel® B » P 2
- E—— §||wk — Wi—llI° = (§||wk — Wil
k p k
- B> - B
= 5—||wk+1 — will* + ———lwg — wy_1]l. (3.22)
k O

On substituting (3.19),(3.20) and (3.22) into (3.18), we get
[wisr = 21 < (1= O )llzk = %11 + Oxlluag — I = Sk (1 = 0x) Iz — vl
< (1= 00) (14 B)llwg = x> = B(1 = &) llwg—q — x|
+ (1= 8)B(1 + B)llwe = wi |
+ 0k Ok (1 + O llwg — we|I” = (1 = 8)
B> - B

— —lwesr — wil® = (1 = ) g — w1 12
O O
= (14 60k + B(1 = &) Il — x°I2 = (8xOk + B(1 = 8¢ llewy— — x°IF
+ Vil — w1 |* = wgllwg 1 — will?, (3.23)
where
1-0
Vi =1 = 5B+ B) + 6xOk(1 + 6x) — ——= (B2 = B)},
and
1-90
e = ——(1-p).
k
Define

O := llwg = x> = [6xOk + B(1 = 60) ]l — X°I* + yillwo — wial? Ve = 1.
consider with (3.23), one obtain.
Ok+1 = O = llwer1 — x'11* = [Ok110k+1 + B(L = k1) Iy — x|
+ Vi tllwes1 — wel® = llwg — 1 + [6x0k + B(1 = &) llwg—y — x|
— illwy = wy4]?
= |[wes1 — X1 + [6x6x + P(1 = &) llwe—y = x> = yellwg — wiq]?

— [1+ Ok 10k1 + B(L = k1) llwe = X112 + Vi llwe1 — will®
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<14 6k0k + B(1 = 6k)] = [1 + 6k 116k 1 + B(1 = Oky1)] llewg — x°|1P

+ Viallwgs 1 — wrll? = ppllwg1 — will?. (3.24)

Since 0 < B <01 <0k VY >1,and Oy < Oxy1, 6x= Or+1, we obtain Oy -p=0 and Oyq -p=0 such
that 6 — B < Ox1 — B and Ok (O — B) < Ok41(Ok4+1 — B) for any k > 1. So

Ok (Ok = B) — Ox11(Ok1 — B) < 0. (3.25)
Combine (3.25) with (3.24) for any k > 1 we obtain that,
Ok11— Ok < [6k(6k — B) — 041 (Bry1 — B) ]Il — x|
+ Vi rllwes 1 — wel® = pellwi 1 — will?
< = (k= Vir1)lwg1 = wilP. (3.26)

Based on the condition (ii) and (iii) of Assumption (3.1), one gets

Hi = Vi+1 = gkék (1-B) = (1= 6k1B(1 + B) = k1 0k1 (1 + Op1))
1-9
+ 5—H1(52 -p)
k1

> e(1-B) —2(1 = k1) — 20541 + (B2 = B)
=e—ef—2+ep*—¢p
= ef*—2ep-2. (3.27)
We have that ¢f? — 2¢ -2 > 0 since § < g_é—@ Substituting (3.27) into (3.26), we have
Ors1 — Ok < —Nllwey1 — will?, (3.28)

where 71 := 6[32 —2¢B —2 > 0. Therefore, {®} is non-increasing.

By definition of yy, there is
Ok = llwy — x*|I* = [6x6k + B(1 = )] llwy—q — x°|I?
+ Vullwy — wi_1 2
> [[wy — X7 = [6x6k + B(1 = 6k) Il — x"|I%. (3.29)
Which can imply that
llwi — x°|* < Ok + [6kOk + B(1 = Sk ) llwi—1 — x|
< Ok + B(1 = &) llwg—q — x|

1 .
<O+ [m +B(1 - 5k)]“wk—1 — x|

= 01 + cllwi_g — x|
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<OI(1+c+ o + 2+ 5D + Kl — x|

e .
< ﬁ + Mo — x| (3.30)

Where ¢ := ﬁ +B(1-06) € (0,1) since B < E_Q/Z < (1—5)8(1—5)'6 < 1 from the choice of . So,

{lleox — x*||} is bounded. In fact,
—cllwg_y — x| < llwg = x*1* = cllwg_g — x| < O < ... < Oy.
and,
Ors1 = g1 = X1 = [0 116k 41 + B(1 = O 1)llewg — 7P
+ Viallwi1 — well®

> —[Ok110k41 + B(L = k1) Iy — x|

2
> —cllwy — x|l

. e
> ¢ Mlwp = 2| = 7= (3:31)
By (3.28) and (3.31), one has
k
N Y wer — will> < ©1 = By
k=1
®
< vy — x|P + ——. (3.32)
1-¢
It means that
S e
Z lwer1 —xll* < - L <o (3.33)
— n(1-c)

Therefore, klim llwy+1 — will = 0. Similarly, according the expression of z; and (ii) of Assumption

3.1, we get
kll_{g llz — wil* = kll_{l(f)lo llwg — wea|* = kll_{zlo Il — will = 0 (3.34)
From (3.23), we have
i1 =717 < [1 4 6¢Bx + B(1 = 0wy —x°I17

— [6kOk + B(1 = 8 llwi—y — x|

+ villwi — W I = prllwgesq — wil?

< 14 6x0k + B(1 = 8)]llwy — x°|I?

— [6k0k + B(1 = i) llwi—y — X1 + yilleo — wie |1

< llwg = 1P + [6k6k + B(1 = 0)] (1w = x| = llwg—y — x°II7)
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(a0 48+ g + 15206 ) .39
Where i < (1-8)B(1+B) + 122 + 52(B = B), Vi > 1. And also 6 + (1 - 8) < 7= +B(1-0) <
since f < E_;/Z < Toapforalld e (0,1) and ¢ € (2, 00).

Invoking Lemma (2.4) in (3.35) it is clear to conclude that

kh_)rg [y — x7|| = I < oo. (3.36)
Hence, the proof completes. m]
Lemma 3.4. Let {wy} be a sequence generated by Algorithm 3.1, then we have that,

lim [lyx — will = 0,
k— o0

(3.37)
]}Lrgo lok = yill = 0,
Proof. Using (3.34) and (3.36), we have from (3.21),
1
ok — zll = 6—||wk+1 — zl
k
1 p
< sl =il 4+ ok = il = 0,k = oo.
(3.38)

Also
lox — will < Mok = zill + [z — will — 0 as k — oo.
etk — vkl < o — will + g — will = 0 as k — oo.

Since {wy} is bounded, we have that both {1} and {v;} are bounded. Hence, from (3.16), we have

for some M > 0 that,
2,2

KT 2 2 2
(1= 55 e = il < Mg = 71 = oy — °l
k+1

= (Ihuge = 21l + o = x°11)(1ate = 711 = lloe — x°11)

< Mllug — vl = 0,k — oo.

Thus,
lim g = yill = 0. (3.39)
It is obvious from (3.9) and (3.39), we have that
]}LIEIO llok = yill = 0. (3.40)
O

Theorem 3.1. Let {wy} be generated by Algorithm 3.1 such that Assumption 3.1 hold. Then, every weak
cluster of point {wy} belong to I'.
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Proof. Let X be a weak sequential cluster point of {wy}, meaning that wy, — X as [ — oo for some
subsequence {wy,} of {wy}. Let (v, u) € Gra(Vg + dh),thatis , u — Vg(v) € dh(v). By the difination of
Yk, we have that,

uk] - ]/k; - Tklvg(uk])
Tk,

€ ah(ykl)

)

Using the maximal monotonicity of dh, we have

U, — Yi, — T, Vg (U,
Tk

(0= yx, Vg(v) - ) > 0.

1

Thus, by monotonicity of Vg, we have

Uk, — Yk, — Tkzvg(ukz) >

<v = Yi, u) 2 (0 = yi, Vg(0) +

Tk,
= (0= yia, V(0) = V(3 )) + 0 = i, V5 (i) = V8 15)) + 0 = i, = _Zykl )
> (0= i, V8 (k) = V& (ui)) + Tik[@ = Yk Uiy — Yio)-
Using the continuity condition on Vg, llgg 371 > 0, (3.39) and (3.40) that,
(v—X%X,u) = Ilir?o(v = Yi ) 20, (3.41)

from which, together with the maximal monotonicity of Vg + dh, we obtain that X € argmin(g +h).
Therefore, X € I, lastly by appliying Lemma 2.5, we conclude that {wy} converges weakly to a

solution of I'. O

4. NuMEeRicAL ExaMPLE

In this section, we showcase two numerical experiments to illustrate the effectiveness of our
algorithms. We utilize the MATLAB software to carry out these experiments. We compare our
proposed method with the methods given in [8] and [20]. We choose the control parameters as
follows:

O = k%, O = k%l, Br = k%z and A, = k% We also let 1 = 0.07, u = 0.5. For [8, Algorithm 3], we
setp=5,q, = ﬁ +1, f: C - Cis defined by f(x) = ﬁx. We chooseo =2, 6 =0.1,t; = 1,
Vi = ﬁ and € = kl—z in [20, Algorithm 7].

Example 4.1. Let H = R™. We consider the LASSO problem formulated as follows:
1 2
min >[1Bx - dI* + Alllh, (1)

where A > 0is a regularization parameter. To apply this formulation, we set g(x) = ||Bx —d||* and h(x) =
Allxlly in (1.1), where B € R™™ is a random matrix and d € R" is a random vector. It is easy to see that
Vg(x) = BT(Bx—d). By letting A = 1, we also have that prox,;(x) = arg min,eg» {;Tk“y —x|]® + ||y||1} )
Furthermore,

T
proxe,;(X) = [proxe, X1, proXq X, -+ , ProXe, | Xm)
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where prox.,.;x; = max{x; — 1x, 0}sign(x;). We select the initial points wo and wy randomly in R" and
then vary the values of n and m as follows:

Case 1 n = 400 and m = 500;

Case 2 n = 300 and m = 700;

Case 3 n = 500 and m = 800;

Case 4 n = 700 and m = 1000.

The execution of the process is stopped at |[wy1 — wll < 107%. The result of this example is given in figure
1.

Example 4.2. Suppose H; = R™ and H, = R". Let us consider the objective function given as follows:
S(x) := dcx + do(Ax),

where A € R™™ is a random matrix, dc and dg denote the indicator function of two nonempty, closed and
convex subsets C and Q of Hy and Hy, respectively. Then, the problem (1.1) reduces to

1
in =||(I - Ppo)Ax||.
r){lelgzll( 0)Ax]|

S 1001

Numerical illustration
T T

T
Algorithm 3.2
iPGAAS

SUANTAI

S 100F

Numerical illustration
T T

T
Algorithm 3.2
iPGAAS

SUANTAI

105 . . . . 105 . . . .
0 50 100 150 200 250 50 100 150 200 250
Number of iteration Number of iteration
Numerical illustration Numerical illustration
10° : : 10° : :

[

o° 100+

T
Algorithm 3.2

iPGAAS
SUANTAI

50 100 150 200 250
Number of iteration

[

° 100+

T
Algorithm 3.2
iPGAAS
SUANTAI

50 100 150 200 250
Number of iteration

Ficure 1. Numerical results for Example, Top Case I; Bottom Case II
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Numerical illustration Numerical illustration
T T

10! T T T T T T 102 T T T T T T
Algorithm 3.2 Algorithm 3.2
iPGAAS ; iPGAAS

100 F SUANTAI | 107 £ SUANTAI

1 0,5 L L L L L L L 1 0,5 L L L L L L L
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Number of iteration Number of iteration

5 Numerical illustration 5 Numerical illustration

10 T T T T 10 T T T T
Algorithm 3.2 Algorithm 3.2

; iPGAAS ; iPGAAS

107 SUANTAI |7 10" SUANTAI

I I I I I -5 I I I I
10
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80

Number of iteration Number of iteration

Ficure 2. Top left: Case 1, Top right: Case 2, Bottom left: Case 3, Bottom right: Case 4.

For this formulation to hold, we set n = m and A is the identity matrix. LetC = {x e R™ : ||x|| < 1}
with a random number r > 0, Q = {y € R" : {4, y) < b} with a random vector a € R" and a random

b € R. We choose the initial points wp and w; randomly in R™ and then vary the value m as follows:

Case I m = 200;
Case II m = 400;
Case III m = 700;
Case IV m = 1000.
The execution of the process is stopped at ||w, 1 — wi|| < 1074, The result of this example is given

in figure 1.
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