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Abstract. The Hyers-Ulam stability of functional equations is a subject of mathematical research that examines the
approximate validity of these equations. This notion investigates if a function that nearly fulfills a specified functional
equation must be near a precise solution of that equation. Numerous research have investigated this domain, examining
the stability of diverse functional equations under varying situations. In this present work, we investigated Hyers-Ulam
stability of a n-dimensional additive functional equation in modular spaces using the fixed point approach with the

help of Fatou property.

1. INTRODUCTION

Stability in functional equations occurs when an inequality serves as a perturbation. In 1940,

Ulam posed a question about the stability of functional equations [29], which Hyers responded
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to in [9]. Both Aoki [2] and Rassias [23] extended Hyers’ theorem to additive mappings and
linear mappings, respectively, by taking into account an unbounded Cauchy difference. Rassias
considered a mapping f : X — Y satisfying the condition

If (1 +x2) = f(x1) = f(x2)lle (lxall” + [lx2ll”)

for all x1,x; € X, where e > 0 and 0 < p < 1. Afterwards, other mathematicians generalized and
expanded this theorem for p # 1. In the last few decades, we have learned a lot about the stability
of various functional equations [1,6-8,11,12,26,27,30,31].

The modular theory of linear space was formulated by Nakano, with considerable developments
contributed by Amemiya, Koshi, Shimogaki, Yamamuro, and others. Orlicz, Mazur, Musielak,
Luxemburg, and Turpin [17,20,28], together with other researchers, have further and more compre-
hensively advanced these theories. Modular space theory is increasingly utilized, demonstrating
its importance in various Orlicz spaces [22] and [16, 18], which have extensive applications [20].
The significance of applications lies in the complex structure of modular function spaces, which
are also furnished with norm or metric concepts that are modularly equivalent to Banach Spaces.

In 1974, a comparable fixed point result was presented and proven by Ciri¢ in [3], relating to the
original Banach fixed-point contracting theorem. Razani [24] have recently sought to expand their
conceptual framework to include modular spaces. The results in metric spaces are comparable
to those of ¢iri¢; however, the A, condition remains unaddressed. The inquiry also pertained to
whether the results of Ciri¢ could be established without imposing a stringent A-condition within
the modular framework.

In 1950, Nakano introduced modular spaces in relation to order spaces [21]. The spaces were
established based on Orlicz Spaces theory, which substitutes an abstract functional with advan-
tageous qualities, namely an integrated nonlinear function that governs the evolution of space
elements. Readers are advised to refere [4], [5], [10], [15], and [25] for further insights into fixed
point theory in modular spaces, as detailed in those references. In the study cited in [25], Sadeghi
conducted an investigation into the Hyers-Ulam stability of the generalised Jensen functional

equation
f(rx+sy) = rg(x) + sh(x)
in modular spaces. In [13], Kim et al. explored the generalised Hyers-Ulam-Rassias stability of a
nonic functional equation
f(x+5y) —9f(x +4y) +36f(x+3y) —84f(x+2y) + 126 f (x + y)
—126f(x) +84f(x —y) =36 (x —2y) +9f(x = 3y) — f(x —4y) = 9f (y)
for mappings from linear spaces into modular spaces that satisfy the A,-condition, utilising a

fixed point theorem in modular spaces. Applying the fixed point theorem in probabilistic modular
spaces, Zolfaghari et al. investigated the Hyers-Ulam stability of the general mixed additive and
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quadratic functional equation

Fla+ky) + Flx—ky) = Flx+9) + =) + 2D flky) 20k 4+ 1)1 (y),

in [34].
Mohiuddine et al. presented a novel generalised quartic functional equation type and found

its general solution in [19]. In addition, they looked into the stability outcomes when applying
the Hyers technique in modular space without the Aj-condition, without the Fatou property, and
without both of these conditions. In addition, they used a fixed-point method based on the concept
of the Fatou property in modular spaces to study the stability results. The non-stability of a unique

case is further proven by demonstrating a relevant counter example.

2. PRELIMINARIES

We start by examining several critically significant concepts.

Definition 2.1. [33] Let V be a vector space over K (C or R). We called a generalized functional
f:V —[0,00] is a modular if every scalars aq,a, and for u,v € V,
(@ f(u)=0u=0,
(b) f(aiu) = f(u) with |;| =1,
(©) f(au+ax0) < f(u)+ f(v), VYay,ap>0anda; +ar =1.
If (c) is substituted by
(c') f(aru + axv) < a1 f(u) + asf (v) for every scalars ay,ay > 0 and ay + ap = 1, then f is thus said
to as convex modular.

The f is a modular that defines an appropriate modular space, i.e. a V¢ vector space provided with:
Vi={ueV|f(cu) » 0asc— 0}.

Definition 2.2. [33]If V¢ is a modular space and the sequence {v,} in V', then

(i) vy, i>viff(vn—v) —0asn — oo.
(i) {vn} is known as f-Cauchy if f(v; —v,) — 0as 1, n tends to co.
(iii) A subset A C V¢ is known as f-complete if and only if every f-Cauchy sequence is f-convergent in
A.

Definition 2.3. [33] Let V¢ be a modular space and a non-empty subset A C V. The mappingY : A — A
is referred to as a quasicontraction, if there is k < 1 satisfies

fl=Jm) < kmax{f(I=m), f(I=Jm), f(m =]I), f(L=]I), f(m = Jm)},
foranyl,m € A.

Definition 2.4. [33] Let Vs be a modular space, a non-empty subset A C V¢, and a function Y : A — A,

the Y orbit around a point v is

O(Y) := {u, Yu,Y?u,---},
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the quantity

Y¢(Y) :=suplf(p—q)lp.g € O(Y)},
is then related to Y and is referred to as the orbital diameter of Y at v. If Y¢(Y) < oo, in particular one says
that Y has an orbit of v that is limited to v.

Fatou property: The f-modular will have the Fatou property if and only if f(v) < limy—c0 inf f(vy,)

whenever {v,,} L v. A modular function is stated to fulfil the conditions A, if there is k > 0 which
satisfies f(2v) < kf(v), for every v € V.

Theorem 2.1. [33] Let a modular space Wy such that f fulfils the Fatou property and A C Wy be a
f-complete. If Y : A — A is a quasicontraction and Y has a bounded orbit at vy, then {Y"vo} N a, where

a € A.

In this work, we introduce new generalized additive functional equation
(Y i)=Y i), 2.1)
1<j<n 1<jsn
wheren > 2, and investigated Hyers-Ulam stability of this additive functional equation in modular
space by utilizing the fixed point theory with the help of Fatou property.

Theorem 2.2. If C is an odd mapping between two real vector spaces V and W, which fulfils the equation
(2.1) for all v1,v3,- -+ ,v, € V, then the function C is additive.

3. Hyers-UraMm STABILITY

Consider V as a linear space, W as a Banach space, W as a f-complete modular space, and f as
a convex modular on Wy with the Fatou property which fulfils the Ay-condition with 0 < k < 2.
For notational handiness, we can define the mapping C : V. — Wy as follows:
DC(v1,v2,+++ ,0n) = C( Z jvj) - Z jC(v;),
1<j<n 1<j<n

forall vy,vy,+- ,v, € V.

Theorem 3.1. Let a mapping T : V" — [0, +o0) such that

.1
Wlll_rgo 2—mF (2"vy,2"vy,- -+ ,2"0,) =0, (3.1)
and
I' (201,20, ,2v,) <2LT (01,02, ,0p), (3.2)
foreveryv; € V;i=1,2,--- ,n,with0 < L < 1. Ifan odd mapping C : V — W¢ with {(0) = 0 fulfils
f(DC(01/UZI"'/Un))Sr(’Z)l/UZ/"'/’UTl)I (33)

forallv;e V;i=1,2,--- ,n, then there is only one additive solution Q4 : V — We satisfies

f(Qa(v) -C(v)) <

2y 000, (3.4)
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foreveryv e V.

Proof. Let us define the set
E=1{p: V- W

and f is a function on & as
f(p) =:infla>0: f (p(v)) < al'(0,0,0,---,0), Yve V).

Now, We need to demonstrate that the function f is a convex modular on &. Clearly, f holds the
modular conditions (a) and (b). So that, it is enough to verify that the function f is convex, and so
(c’) is holds. For any given ¢ > 0, then there exist @; > 0 and @, > 0 which are real constants such
that

?(P) Sm < ?(p) + ¢ and ?(q) <ap < 17(6]) +e.
Also
f(p(v)) <ail(0,0,0,---,0), f(q(v)) < a2I'(0,0,0,---,0), vE V.

Let us consider for any ay,a, > 0 and a1 +a> = 1, then we have

a1 f(p(v)) +a2f(9(v))
(a1a1 + apa) T(0,0,0,---,0),

IA

f (a1p(v) + 29 ()

IA

so we get
flarp +a2q) <arf(p) +a2f(9) + (a1 + a2)e.
From this, we conclude that the function ? is convex modular on &. Next, we want to verify that
5? is f-complete.
Suppose {p,} is a f-Cauchy sequence in 57 and for every ¢ > 0. Then there is a non-negative

integer ny € IN satisfies

f(pn—pm) <& Y n,m=ny. (3.5)
We have
f(p”(v) _pm(v)) < EF(O,U,O,"' /0)/ (ZAS V/ n,m 2z ngp. (36)

Therefore, a f-Cauchy sequence {p,(v)} in W¢. As Wy is f-complete, thus {p,(v)} is convergent in
Wy, for every v € V. Now, let us define a mapping p : V — Wy by

p(o) = lim pu(v), v e V. (3.7)
As f holds the Fatou property, using (3.6), it arrives that
f(pa(©) =p(0)) <lim inf f (pa() = pm(v)) < €T'(0,2,0,---,0), (3.8)
SO

flpu—p) <e, (3.9)

for all n > ny. Thus, {p,} is f-converges. Hence 57 is f-complete.
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Next, we want to prove that f holds the Fatou property. Suppose that a f-convergent sequence
{pn} converges to a point p € 57.

For every ¢ > 0 and n € IN, let a real constant a;, such that

f(pn) < an < flpn) + & (3.10)

So
f (pn(v)) < a,I(0,v,0,---,0), Yoe V. (3.11)

We know that f holds the Fatou property, we get

flp(v)) < lim inf f(pa(0))
< lim infa,I'(0,9,0,---,0)
< |1iminfF(p) + g]r(o, 0,0,---,0).

Thus, we obtain
f(p) < lim inf £ (pu) + .
Hence, f also holds the Fatou property.
Let us define a mapping o : 57 - 57 by
1
op(0) = 5p(20),

forallv e Vandp € &~ Letp, g € &~ and an arbitrary constant a € [0, 1 with f(p —gq) < a. Utilizin
Pecy p.q 7 y p—q g

the definition of f, we obtain

f(p(v) —q(v)) <al'(0,v,0,---,0)
for every v € V. By inequality (3.2) and the above inequality, we reach

f (P(Zv) Q(Zv))

2 2

< 5F(p(20) - q(20))

IA

1
5T (0,20,0,-+-,0)

all(0,0,0,---,0),

IA

for every v € V. Hence,
flop—oq) <Lf(p—q), Vp,q €&

i.e, 0isa f-contraction. We are now proving that o has a C limited orbit. Replacing (v, 02, ,v,)
by (0,9,0,---,0) in (3.3), we get

f(C(20) -2C(v)) < I(0,9,0,---,0),
= f(@ - C(U)) < %F(O, v,0,---,0), ve V. (3.12)
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Replacing v with 2v in (3.12), we get
2
_f(c(z v)-—C(Zv)) < iro200,-,0),
2 2
(22 C(2 1
= f(% - %) < EF(O,%,O,--- ,0), veV. (3.13)
By using (3.12) and (3.13), we get
C(2%0) C(2%v) (C(20) C(20)
f( 22 - C(U)) = f( 22 - 2 + 2 - C(T))
C(2%v) ((20) C(20)
< f( TR +f T—C(U)
1 1
< EI’(O,%,O,--- ,0) + EF(O,U, 0,---,0), veV. (3.14)
We can easily see this through induction
C(2™) =1 .
f(—ar——c@ﬂ < Z;Eg(azluo,~,®
< —I(0,90,---,0) y L
L2 le
1
< 201 = )F(O,U,O,--- ,0), (3.15)

for all v € V. This results from (3.15) inequality

C(2") C(2"v)

f o om ) =
<
<
<

L2 o)+ (22 o)

G (FE2 - o)+ 5 (52 - o)

ko1 k1
" ro/ /O/'”/O ~ ro/ /O/"'/O
T A )+ 35a-p 0 )
k
ro/ /OI /0/ V/
3A-1) 0,0 ), vE

and n,m € IN. We conclude that by defining f,

TN m k
f(d"C-o C)SZ(l—L)'

This means that an orbit of ¢ at C is bounded. The sequence of {¢"C} 7-converges into Q4 € 57,

according to Theorem 1.5 in [33]. Now, we have the f-contractivity of o, that

f(0"C—0Qu) < Lf(0"'C— Qu).
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If we pass 11 — oo and apply f Fatou property, we get this

f(0Qs—Q4)

IA

lim inf f(06Q4—0"0)

Llim inf f(Qu-o"C) =0.

IA

Thus, Q4 is a fixed point of 0. Switching (v1,v2,--- ,v,) by (2101, 2y, -, Zlvn) in (3.3), we get
£(DC (201,205, ,2'0,)) < T (201,202, -+, 2'04),
for all v1,v5,--- ,v, € V. Therefore

1 1
f(EDC (201, 2"z, - - ,2’vn)) < 51"(2101,2102,--- ,2'v,). (3.16)

Employing the limit ] — oo, we get
DQ4 (’01102/' o /vi’l) - O/

for all v1,v,-+- ,v, € V. It follows from Theorem 2.2, that Q4 is additive. By using (3.15), we get
(3.4).

Let Q; : V. — Wy be another additive mapping that meets inequality (3.4) to proved the unique
character of Q4. Then Q4' is a ¢ fixed point.

F(Qi—Q}) = f(0Qs-0Q;) < Lf(Qs-Q}).
which implies that F(Q4 - Q;) = 0. This proves that Q4 = Q;. Therefore, the function Qy is the
unique solution. This completes the proof. m|

Corollary 3.1. Let a function T : V" — [0, +c0) such that

1
lim =T (2101,2102, - ,2lvn) =0,

Y l
and

[ (201,207, ,20,) < L2T (01,02, ,0y),

forall vi,vy,--- ,v, € Vwith0 <L < 1. If an odd mapping C: V — W with {(0) = 0 which fulfils
||DC(01/’02/' o /vn)” S r(vll UZI' o /vi’l)/ (3'17)

foreveryv; € V;i=1,2,--- ,n, then there is only one additive solution Q4 : V. — W satisfies

HQM@—C@MSZuiL)

r,v,0,---,0),
foreveryv e V.

Proof. Each normed space is known tobe a f(v) = [[v| modular space and to hold the A,-condition
with k = 2. m]
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Remark 3.1. If we replacing T(vy, vz, ,00) by a (L1, [[0ilP) and taking L = 2P~* in Corollary 3.1, we

arrive the stability results for the sum of norms that

104(0) - C(o)]] < -T2

< ,0EV,
2-2) "

where a and p are constants with p < 1.

Remark 3.2. If we replacing T'(v1,v2,- -+ ,v,) by a (L1, l0ill" + [T, lloilP) and taking L = 2"~ in
Corollary 3.1, we arrive the stability results for the sum of product of norms that

allo|"”?
1Q4(v) = C(v)]| < 22y veV,
where a and p are constants with np < 1.
Theorem 3.2. Let a mapping I' : V" — [0, +o0) satisfies
. U1 U2 Un

and

L

r(% 2 %) < ST (01,02, ,00) (3.19)

forallvy, vy, -+, vy € Vwith0 < L < 1. Ifan odd mapping C : V — Wy with C(0) = 0 which fulfils (3.3),
then there is only one additive solution Q4 : V. — W satisfies

L
2(1-1)

f(Qa(v) —C(v)) < (0,0,0,---,0), (3.20)

foreveryv e V.

Proof. Let us define a set
E={p:V > Wy}
and ? be a function on ¢ as,

F(p) = infla > 0: f(p(v)) < al(0,0,0,---,0), Vv € V).

We have the same evidence as Theorem 3.1:
1. The function ? is a convex modular on &.
2. 57 is f-complete.
3. f holds the Fatou property.
We now think of the mapping o : 5;_)57 defined by:

op(v) =2p (g), veV,

and p € &z Let p,q € &5 and an arbitrary constant o € 0,1] with f(p —q) < a. Utilizing the

definition of f, we obtain

fp(v) =q(v)) < al(0,2,0,---,0), veV.
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We get through assumption and above inequality, that

1lel5)-2(3)) = wle(5)-a(3))

v
< kal 0,—,0,---,0)
¢ ( 2
< all(0,0,0,---,0), ve V.

Hence,
flop—0q) <Lf(p-q), p.a€ s

i.e., 0isa f-contraction.

Next, we prove then that o has a bounded orbit at C. Setting (v1, vy, - -+ ,v,) by (0,9,0,---

(3.3), we get
f(2C(v) -C(20)) <T(0,9,0,---,0),
for every v € V. Replacing v with 5 in (3.21), we get
) <rfo 5o
for every v € V. Replacing v with 7 in (3.22), we get
) (2) = o o)
for allv € V. By using (3.21) , (3.22) and (3.23), we get
Helz) o) = selp)-2(5)) +rel5) o)
r(ec () - 3) + ()
)+ (o

0
< zr(o,z—z,o,---,o 4T

IA

IA

A

for every v € V. We can easily see this through induction

ORI R T
i=1

n

< %r(o,v,o,-- 0)Y L
i=1
< 2(1L_L)F(O,U,O,--- ,0),
for every v € V. It is the result of inequality (3.25) that
g e() « Ylee(g)-aun) aae() o)

kL
2(1-L)

IA

r,v,0,---,0),veV,

(3.23)

(3.24)

(3.25)
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and every n,m € IN. We can conclude that by defining 1,

TN m kL
f(d"C-0"0) < 20-0)"

That means that ¢ orbit is limited to C. The sequence {¢"C} f—converges to Q4 € Ej; from Theorem
1.51in [33].
Now, by the j_f-contractivity of o, we have

f(a“C —0Qy) < L? (Gn_lc - Q4) .
Taking n — oo and utilizing the Fatou property of f, we arrive
lim inf f(0Q4 —0"C)
Nn—00

Llim inf f(Qi-0o"C) =0.

f(0Qs—Q4)

IA

IA

Therefore, Q4 is a fixed point of 0. Replacing (v, v, -+ ,v,) by (g—}, Z—%, e, Z—’,’) in (3.3), we get

F(DC (201,270, -+, 2710,)) < T (2701, 2710g, -+, 27M04),

for all v1,v,,--- ,v, € V. Therefore,

i 01 02 Un (01 02 Uy
f(ZDC(E,E,”‘;E))Skr(y,a,“',y). (3.26)

Passing to the limit I — oo, we get
DQ4 (01102/' o /Un) = O/

for all v1,v,-+- ,v, € V. It follows from Theorem 2.2, that Q4 is additive. By using (3.25), we get
(3.20).
In order to prove that the uniqueness of Q4, consider another additive solution Q; 1V —> Wrto

satisfy the inequality (3.4). Then Q; is a fixed point of o.

F(Qi—Q}) = f(0Qs-0Q,) < Lf(Qs-Q}).
which implies that ? (Q4 - Q;L) =0o0rQy = Q;. Hence the proof is now completed. m]
Corollary 3.2. Let a mapping I' : V" — [0, +00) satisfies

. 01 02 0
lim 2'T u

fim 20 (5, 5500 ) =0

and
[ Uy L
L2, MY 2
r(zl 2/ ’ 2)— zr(01102/ /v}’l)/
foreveryvi € V;i=1,2,--- ,n,with 0 < L < 1. If an odd mapping C : V. — W with {(0) = 0 which

fulfils (3.17), then there is only one additive solution Q4 : V. — W fulfils

1Q4(v) = C(v)ll < I'0,0,0,---,0),

2(1-1)

foreveryv € V.
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Proof. Each normed space is known to be a f(v) = ||v] modular space and to hold the A,-condition
with k = 2. m]

Remark 3.3. If we replacing T(v1, vz, -+ ,00) by a (L1, [l0ilP) and taking L = 2'7P in Corollary 3.2, we
arrive the stability results for the sum of norms that

allo|lP

1Q4(v) = C(v)Il < m,

vevV,
where o and p are constants with p > 1.

Remark 3.4. If we replacing T'(vy, 02, -+ ,vy) by a (L1 10" + T1%; lloillP) and taking L = 21 in
Corollary 3.2, we arrive the stability results for the sum of product of norms that

allol["

1Q4(v) - C(v)ll < 2v-2)

, eV,
where o and p are constants with np > 1.

4. CONCLUSION

In this present work, we investigated Hyers-Ulam stability of a n-dimensional additive func-

tional equation in modular spaces using the fixed point approach with the help of Fatou property.
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