Int. J. Anal. Appl. (2025), 23:140

International Journal of Analysis and Applications

Nearly Lindel6fness in N"-Topological Spaces

Jamal Oudetallah!, Rehab Alharbi?*, Salsabiela Rawashdeh?, Iqbal M. Batiha*®,
Ala Amourah®, Tala Sasa’

'Department of Mathematics, University of Petra, Amman, 11196, Jordan
2Department of Mathematics, Jazan University, Jazan 2097, Saudi Arabia
3Department of Mathematics, Irbid National University, Irbid 21110, Jordan
4Department of Mathematics, Al Zaytoonah University of Jordan, Amman 11733, Jordan
>Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman 346, UAE
6 Mathematics Education Program, Faculty of Education and Arts, Sohar University, Sohar 3111, Oman
7 Applied Science Research Center, Applied Science Private University, Amman, Jordan

*Corresponding author: ralharbi@jazanu.edu.sa

Abstract. The concepts of approximately Nth-Lindelof spaces, introduced in [15] and [16], represent weaker forms of
single Lindel6f spaces and have since attracted significant attention. In this paper, we revisit these spaces through the
lens of a particular type of cover, known as a normal cover. The primary objective is to explore the properties of a new

generalization, termed nearly nth-Lindelsf spaces.

1. INTRODUCTION

Topology, often described as “rubber-sheet geometry,” is a fundamental branch of mathematics
that studies the properties of space preserved under continuous deformations such as stretching
or bending, but not tearing or gluing. It provides a flexible and abstract framework to formalize
concepts like convergence, continuity, and compactness across diverse mathematical and applied
disciplines. Over the years, numerous generalizations and refinements of topological concepts
have emerged, especially in the study of multi-topological structures and bitopological settings,
which allow for richer investigations of separation axioms, compactness variations, and open set
structures [1-11]. Recent research has demonstrated that topological structures play a foundational
role in the qualitative analysis of complex systems governed by differential and integro-differential
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equations. For instance, the behavior of solutions to Volterra-type equations, fractional-order mod-
els, and systems influenced by noise can often be better understood when analyzed within suitable
topological frameworks [12-14]. The application of topological concepts—such as compactness,
continuity, and convergence—provides theoretical guarantees for the existence, uniqueness, and
stability of solutions, while advanced numerical algorithms tailored to these models help simulate
such systems under topologically meaningful constraints.

Lindelofness, originally studied by Katétov and L. Krajewski, is one of the most prominent
concepts in general topology. Over time, numerous generalizations of Lindelof spaces have been
explored, including compactness, paracompactness, and local finiteness. An n''-topological space
(4,71, V2,---,Vn) is said to be y;-expandable with respect to y; if it is y;-m-expandable for every
cardinal m, where i # jand i,j € {1,2,...,n}. A bitopological space (y,y1,V2,...,Vn) is called an

n'" expandable (or P-expandable) space if it satisfies the P-T, separation axiom and is:

e yi-expandable with respect to ) or y3,
e yr-expandable with respect to y; or y3, and
e y3-expandable with respect to y1 or y».

A subset A of u = (i, y1,72,...,7n) is called y;-regularly open with respect to y; if
Int’i(Cl"1(A)) = A,

where i # jand i,j € {1,2,...,n}. Moreover, A is said to be a pairwise regularly open set in u if
it is both y;-regularly open with respect to > and y,-regularly open with respect to y;. Clearly,
every pairwise regularly open set is also a pairwise open set. Similarly, a subset B C y is called a
pairwise regularly closed set if it is the complement of a pairwise regularly open set.

2. LiTERATURE REVIEW

The study of n'-topological spaces is built upon foundational work in single, bi-topological,
and tri-topological spaces, which themselves are extensions of classical topological spaces. In this
context, we consider a non-empty set u endowed with n distinct topologies denoted by y;, for
i=1,2,...,n, forming what is termed an nth-topological space (L, Y1, Y2, -, Vn)-

The concept of n''-topological spaces emerged around the year 2000 and has since been explored
primarily in relation to separation axioms. In the present study, we extend this framework by ap-
plying it more comprehensively to various separation axioms. These axioms comprise a collection
of conditions or properties used to classify topological spaces based on their ability to distinguish
between distinct points or sets. Specifically, separation axioms define how points or sets may be
separated using open sets. Their importance in topology stems from their role in elucidating the
geometric structure of a space and the relationships among its points and subsets. These axioms
differ in the extent to which they enable such separation.

The concept of nearly Lindelof spaces in the classical topological setting (u,y) was first intro-
duced in [17]. Subsequent studies [15,18,19] have further developed this notion. The current paper
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investigates the extension of this idea to the framework of n'-topological spaces and presents new
results related to n'-nearly Lindelof spaces.

The topologies Y., Vdis, Vcof, and ycoc refer to the usual (standard) topology, discrete topology, co-
finite topology, and co-countable topology, respectively. An n'-topological space may be denoted
as u = (W4, Y1,Y2 ---,Vn), Where each y; is a topology on y, for all i = 1,2,...,n. This framework
connects directly to prior research in the area, wherein each topology satisfies the usual topological
axioms. In particular, the work in [16] discusses key separation properties such as n'-Hausdorff,
nf-regular, and n'"-normal spaces, leveraging a collection of classical results including the Tietze

extension theorem.

3. PRELIMINARIES
Definition 3.1 ( [20]). Let u be a non-empty set, and let y C P(u) = {A | A C u}. Then y is called a
topology on u if the following conditions are satisfied:
(1) uyeyand @ € y;
(2) Forall W,L € y, we have WNL € y;
@) IM={W, W, ey, yeylthnUM=,e, Wy €.

Definition 3.2. Let u be a non-empty set, and let y; C P(u) = {A|A C u} foreachi=1,2,...,n. Then
the ordered tuple (u,y1,V2, .-, yn) is called an n'™-topological space if each ; is a topology on .

Example 3.1. Let u = {1,2,3}. Consider the following topologies:

r1 =12, u {1} S Pu),
v2 = {2, u {1},{2},{1,2}} < P(p),
y3 =12, 1,{2},{3},12,3}} € P(u).
Each y; satisfies the conditions for a topology on u for i = 1,2, 3. Hence, the structure (u,y1,y2,73) forms

a tri-topological space. However, consider y = {@,{1}}. This is not a topology on u, as it does not contain
the whole set 1, violating the first axiom of topology.

Definition 3.3. Let (1, y1,V2,...,Vn) bean n”‘—topological space, and let E C u. Then:
. th . . .
- 1 — L, 4.0, 0
(1) Eis called an n*""-open set if E € y; for some i = 1,2 n
(2) E is called an n''-closed set if E € y; for somei =1,2,...,n;
Y
(3) E is called an n'"-clopen set if both E and E€ belong to y; for somei = 1,2,...,n.

Example 3.2. Let 1 = {x, y, z}, and consider the topologies:

V1= {®/ 2% {X}}, V2 = {®/ U, {]/}}, V3 = {®/ , {Z}}

Then the sets @, u, {x},{y}, {z} are nth-open sets in .
The sets @, u, {y, z}, {x, z}, {x, y} are nt"-closed sets in .
The sets @ and p are n'"'-clopen sets in .
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Definition 3.4. Let (1,71,72,...,Vu) be an n''-topological space with u # @, and let A C u. A point

d €  is called an n™-limit point of A if for every n'"*-open set u; containing d, we have
ug N (A\{d}) # @.
The set of all n''-limit points of A is called the n'"-derived set of A, denoted by
A’ = (d € u : d is an n™-limit point of A}.

Remark 3.1. The derived set operator in an n~topological space satisfies the following properties for all
W,M C u:

(1) The derived set of @ is @, i.e., @ = @.

(2) f WC M, then W C M.

B WuUM) =W UM

4) WnM) =W nM.

Example 3.3. Let u = {x,y, z,q}, with topologies:

V1= {®/ u, {x}/ {x/ y}}/ V2 = {®I u, {X}}, V3 = {®I u, {x}/ {xlz}}l

and consider the set A = {x, z}.

Let y € u. The set {x, y} € y1 is an n'"-open set containing y, and we observe:
o yin (AN y) = {x # 2.
Thus, y is an n''-limit point of A. Similarly, x and z are also limit points. Therefore, the derived set is
A ={x,y,z}.

Definition 3.5. Let (i, 71,)2,...,Yn) be an n'-topological space with u # @, and let W C u. The
n'-closure of W, denoted W, is defined by:

W=WUW.

Remark 3.2. The set W is called the n''~closure of W, and it satisfies the following properties:

(1) W is an n''-closed set.
) W'isan n'-open set.
(3) A point w € W if and only if for every y-open set uy, with w € Uy, we have uy, "W # @.
(4) A point w ¢ W if and only if for every y;-open set uy, with w € Uy, we have u, "W = @.

Definition 3.6. Let (y,y1,72,...,yn) be an n'-topological space with y # @, and let W C u. A point
d € W is called an n''-interior point of W if there exists at least one neighborhood N(d, ) such that
N(d, &) C W. The set of all n'"'-interior points is called the n"-interior set of W, and is denoted by:

W° =Int(W) = (W)C
Remark 3.3. Properties of the n''-interior: Let (1, 7v1,Y2,...,Yu) be an n'’-topological space and
X,Y C p. Then:



Int. J. Anal. Appl. (2025), 23:140 5

(1) @° =@and u° = u.

2 (XNY)>=X°NY° and X°UY° C (XUY)°.

(8) X°isa yj-open set for somei € {1,2,...,n}.

(4) x € X° if and only if there exists a y;-open set Uy such that x € U, C X.

Definition 3.7. Let (y,y1,72,...,¥n) be an n'"-topological space with . # @, and let W C u. A point
d € u is said to be an n''-exterior point of W if there exists at least one neighborhood N(d, ) such that
N(d, &) "W = @. The set of all such points is called the n''-exterior set of W, and is denoted by:

Ex(W) = Int(W°) = (W) .
Remark 3.4. Note that Ex(W) is an n'"-open set.

Remark 3.5. Properties of the exterior set: Let (i1,71,72,--.,vn) be an n-topological space, and let
W, M C u. Then:

(1) The exterior set of @ is 1, and the exterior set of i is @.

(2) If W C M, then Ex(M) € Ex(W).

(3) Ex(W) is a y;-open set for somei =1,2,...,n.

(4) A point m € Ex(W) if and only if there exists a y;-open set U,y such that m € U, C W€,

Proof of (3). Since Ex(W) = Int(W¢), we can write:
—\¢C —\C
Ex(W) = (W) = (W) .
By the definition of the nth-closure set, W is a yi-closed set. Therefore, its complement, (W)C =

Ex(W),is a y;-opensetfori=1,2,...,n. O

Definition 3.8 (Boundary Set). Let (i, 71,72, --.,Va) be an n''-topological space with u + @, and let
W C . A point d € y is said to be an n'"-boundary point of W if every neighborhood N(d, €) of d satisfies:

N(d,e)NW#@ and N(d,e)NW°# @.
The set of all such points is called the n'-boundary set of W, denoted by:
Bd(W) = W\ W° = WNWe,
Remark 3.6. Bd(W) is an n''-closed set.

Remark 3.7 (Properties of the Boundary Set). Let (u,y1,V2,...,Vn) bean nth—topological space and let
X,Y C u. Then:
(i) Bd(@) =Bd(u) = 2.
(i) BA(X) is a yj-closed set for eachi =1,2,...,n.
(iii) A point y € BA(X) if and only if for every y;-open set u, with y € u, it holds that:

uyNX#@ and u,NX" + 0.
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Proof of (iii). Let y € Bd(X). Then by definition:
yeXnNXe.
This implies that y € X and y € X¢, so every y;-open neighborhood uy of y intersects both X and

X°. Hence:
uyNX#@ and u,NX" #0.

O

Definition 3.9 (T.-Space). An n''-topological space (u, 1,72, .- .,Vn) is called a To-space if for all distinct
points c # d in u, there exists a y;-open set u. such that c € u. and d & uc, or a y;-open set vy such that

d €vgand c ¢ vy, for somei=1,2,...,n.

Theorem 3.1. Let (11, %1,72,--.,Vn) be an n''~topological space. The following statements are equivalent:
(i) wis an n'"-T space.
(ii) Forall m # n in y, we have m ¢ {n} orn ¢ {m}.

(iif) Forall m # n in p, we have {m} # {n}.

Proof. (i) = (ii): Let m # n € u. Since u is an n'"-T, space, there exists a y;-open set u,, such that
either:

meu, and né¢u, or nev, and m¢ov,,

for some y;-open set v,. Hence, either u, N {n} = @ or v, N {m} = @, implying that m ¢ {n} or
n ¢ (m).

(ii) = (iii): Assume m # n. If m ¢ {n} and m € {m}, then clearly {m} # {n}. Similarly, if n ¢ {m}

and n € m, the conclusion follows.

(iii) = (): Assume {m} # {n} for all m # n in u. Without loss of generality, suppose there exists
apointp € {m}\ {n}. Since {m} is yi-closed for some i, its complement v, = \ {m} is yi-open, and
n € v, while m ¢ v,. Hence, u satisfies the Ty condition for alli = 1,2,...,n, proving that u is an

nh-T, space. O

Definition 3.10. A n'’-topological space (1,71,V2,.--,Vn) is called a Ty-space if for all ¢ # d in p, there

exist y;-open sets u. and vy such that c € u., d ¢ uc, d € vg, andc ¢ vy, foralli =1,2,...,n.

Definition 3.11. A n''-topological space (1, 1,72, --.,Vx) is called a To-space (Hausdorff space) if for all
c # d in y, there exist y;-open sets u. and vy such that ¢ € uc,d € vg, andu. Nvy = @, foralli =1,2,...,n.

Definition 3.12. A n''-topological space (y, 1,72, ...,V is called a TZ%-space if forall c # d in u, there
exist y;-closed sets A and By such that c € A, d € By, and AcN By = @, foralli =1,2,...,n.

Definition 3.13. A n'-topological space (i1, v1,72, - - .,Vn) is said to be n'-regular if for every point c €

and every n'’'-closed set A C p with c ¢ A, there exist y;-open sets u. and v4 such that:
CEU, ACuvs and u.Nvy =09,

forsomei€{1,2,...,n}.
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Theorem 3.2. Let (4,71,72,---,Vn) be a n'~topological space. Then the space is n''-reqular if and only if

for every point m € uy,, where u,, is a y;-open set, there exists a y;-open set w, such that
M € Wy C Wy C Uy,

Proof. (=) Suppose the space is n''-regular. Let m € u,, where u,, is a y;-open set. Then the
complement ug, is y;-closed. By regularity, since m ¢ uj,, there exist y;-open sets w;, and v,c such
that:

mE Wy, U, Cuye, and wy, NV, = .

c .
Hence, w,, C Ly and taking closures,

W C U,

C
=0 .
m Up

But uj, C vy = UZC C Uy, SO Wy, C Uy,. Thus,

m

m € Wy, C Wy C Upy.
(&) Conversely, suppose that for every point m € u,,, there exists a y;-open set w,, such that
m € Wy, C Wy C Upye

Let m ¢ M, where M is a y;-closed set. Then m € M¢, a y;-open set. By hypothesis, there exists
yi-open wy, such that
m € wy,, C W, C M°.

This implies M C Wy, and both wy, and W,," are y;-open. To prove regularity, it suffices to show
that

Wi N Wy = D.
Suppose not. Then there exists y € w, N Wn', e, Y € wy, and y ¢ wy,,. But every point of wy, is in
Wy, a contradiction. Hence,

Wiy N ZU_mC = Q.
Thus, w,, and W, are disjoint y;-open sets separating m and M, proving that the space is n"-

regular. m]

Definition 3.14. A n''-topological space (u, 1,72, ..., yn) is called a Ts-space if it is both a n'"*-regular

space and a Tq-space.

Definition 3.15. A n'"'-topological space (i, y1,v2, - - -, Vn) is called n'-normal if for every pair of disjoint
nt"-closed sets M and W in u, i.e., MNW = @, there exist y;-open sets uyg and vy such that

MCuy, WCow, and upmnNow =&,
forsomei=1,2,...,n.

Definition 3.16. A n'''-topological space (1, 1,72, .-, vn) is called a Ty-space if it is both n'"-normal and
a Ty-space.
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Definition 3.17. Let (i, 71,)2,--.,vn) be a n'-topological space and let A C u. The complement of a

h

n'-a-open set is called a n'"-a-closed set.

4. N™ LINDELOF SPACES

This section introduces the concept of n' Lindelof spaces. Furthermore, we address other related

notions derived from the concept of n' Lindelof spaces and investigate related hypotheses.

Definition 4.1. A n'-open cover is a disjoint collection of n'"-open sets that collectively cover the space y,

and is induced by an arbitrary open cover.

Definition 4.2. Let (1, 71,Y2,--.,x) be a n'!-topological space. A cover U of  is called a n-open cover
of (1, V1,72, ---,Vn) if there exist open covers Uy, Uy C y; such that:

Ucu,ul,, UNU;#0, and UNU, #0.

Definition 4.3. A n''-topological space (y,y1,72,...,yn) is called y;-Lindelof with respect to y; if for
every yi-open cover of , there exists a countable 'y i-subcover. This holds for some i,j € {1,2,...,n}, where
i #].

Definition 4.4. Let (u,y1,Y2,--.,Vn) be a B-compact space, and (B, A1, Az, ..., Aw) be a B-Lindeldf space.
Then the product topology

([JXﬁ,yl XA1,)/2XA2,...,)/Y, X/\m)
is also B-Lindelof.

Definition 4.5 ( [21]). A tri-topological space (u,y1,y2,v3) is called a tri-Lindelof space if for every
y1-open cover of u, there exists a countable y,-subcover of 1, and conversely.

Definition 4.6 ( [18]). Let (u,1,y2) be a bitopological space, and let U be a cover of y. Then U is said to
be y1y2-open if U C y1 U ya.

Definition 4.7. A n'’'-topological space (1, 1,Y2,---,yn) is called second countable (or 2" countable)
if u has a countable base with respect to each y; foralli =1,2,...,n.

Definition 4.8. A n''-topological space (i, 1,72, --.,Vn) is said to be S-Lindelof if and only if it is both
Lindelof and n''-Lindelof.

Theorem 4.1. If a n''-topological space (i, y1,V2,---,yn) is second countable, then it is n'"-Lindelof.

Proof. Let u be a n' second countable space. Then y has a countable base

B=(B)Y,
with respect to each y; fori =1,2,...,n. Let

U={U,:acA}
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be a y;-open cover of u for some i. Since 8 is a base, for each x € y, there exists some B; € 8
such that x € B; C U, for some @ € A. Collecting all such B;’s gives a countable subcollection
of U that still covers u, because the base is countable and every point is covered. Therefore, y is
n"-Lindelof. o

Remark 4.1. Every n' compact space is a n'"* Lindelof space, but the converse is not necessarily true.

Proof. Let u be a ' compact space. Then every y;-open cover of y has a finite yj-subcover for all
i#j,i,j=1,2,...,n. Since finite sets are countable, it follows that u is nth Lindelsf. However, the

converse does not necessarily hold. m]

Example 4.1. Let y, be the usual topology on R. The space (R, V., Vuy, - -, Vu,) is 0 Lindelof but not

th

n™ compact. Since

B={(a,b)|a<b,abeqQ)

is a countable base for R, we have that R is second countable. Hence, it is Lindeldf in each y,,, and therefore
the space is n'" Lindelof. However, R is not compact under the usual topology, and thus not n'" compact.

Theorem 4.2. Let (i, y1,V2,.--,Yn) be a n-topological space. If u is a hereditary Lindelof space, then u
is S-Lindelof.

Proof. Assume U = {u, : @ € T} U{vg : B € A} is a y;-open cover of (u,y1,¥2,...,Vn), such that
uy € y1 forevery a € I'and vg € y» for every g € A. Since i is hereditary Lindelof and U = (,er Ua

is a y1-open cover, there exists a countable subset I'1 C I' such that

Ben,
Therefore,
{ug :a €T} Ufog : B € Ay}
is a countable subcover of U that covers u. Hence, u is S-Lindelof. m]

Corollary 4.1. Every second countable space (i,v1,72,--.,Vu) is a n'-topological space. Thus, u is
n'"-S-Lindeldf.

Example 4.2. Let 1 be a set and 1 be the topology on u generated by the basis 1, where

Br=1{xy):x<y xyeu.
Then, (u,v1,72,---,Vn) is not hereditary Lindelof but it is S-Lindelof.

Theorem 4.3. A n''-Lindelof space is preserved under an onto n''-continuous function.



10 Int. ]. Anal. Appl. (2025), 23:140

Proof. Leti # jwherei, j€{1,2,...,n},and let

f: ([J/)/LVZ/“-/)/n) - (Y101/G2/“'/G1’l)

be a surjective n'h

-continuous function. Suppose u is a Lindelof space. We aim to show that Y is
also a Lindelof space. Let U = {u, : a € I'} be a o;-open cover of Y. Since f is continuous, the
preimage f~!(u,) is y;-open in y for each & € T'. As f is surjective, the collection {f~!(u,) : @ € T}
forms an open cover of u. Since u is Lindelof, there exists a countable subcover {f~(u,) : @ € T}

with Ty c T and |T'g| £ 8. Then,
ne | F(ua),

ael

Applying f on both sides, and using surjectivity, we get

Y:f(:u)gf(Uf_l(”a))g U”a'

ael ael

Therefore, U has a countable oj-subcover of Y, and so Y is a Lindel6f space with respect to ;. O

Remark 4.2. We know that a compact subset in a n'* Hausdorff space is closed. However, a Lindeldf subset
in a nth Hausdorff space need not be closed. For example, (R, Vi, Viy,---,Vu,) 1S a nth Hausdorff space,
and (0,1) is a Lindeldf subset of R. However, (0,1) is not n''-closed in R.

Definition 4.9. A space (i, 1,72, --.,Vu) is called a n''-space if and only if the countable intersection of

open sets is open.
Theorem 4.4. Every n'™ Lindelof subset of a T»-space is n'"*-closed.

Proof. Let i # j with i,j € {1,2,...,n}, and let A be a Lindelof subset of the n'' Tp-space
(4, v1,72,---,vn). To show that A is nth-closed, it suffices to show that pu\Ais nth—open. Let
x € u\A. Thenx ¢ A, and for each a € A, we have x # a. Since p is a T space, there exist y;-open
sets u, and v, such that x € u,, a € v,, and u; Ny, = 0. Thus, the collection V = {v, : a € A} is

a y;-open cover of A. Since A is a n'" Lindelof subset of y, the cover V reduces to a countable

AcC Uvua.

ael"o

For each v,,, there exists a corresponding u,, such that x € u,, and u,, Nv,, = 0. Let
* *
vt = Uy, U = Ug,, -
a€ely a€ly

Then A C v" and x € u*, with u* Nv* C u,, Nv,, = 0 for all a. Hence, w*NA =0, and u* C u\ A.
th

yj-subcover {v,, : a € To}. Therefore,

Since u is a n""-space, u* is y;-open as a countable intersection of y;-open sets. Thus, for every
x € u\ A, there exists a y;-open neighborhood contained in u \ A, and therefore, u \ A is nth—open.

This implies that A is n'-closed. O

Theorem 4.5. If A is a Lindelof subset of a ' Hausdorff space u, then for each x ¢ A, we can separate x
and A into two disjoint open sets in .
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Proof. Leti # jwithi,j € {1,2,...,n}. Foreacha € A, we have a # x since x ¢ A. Since u is a
n™ Hausdorff space, there exist n''-open sets u,(x) and v(a) such that x € u,(x), a € v(a), and
ug(x) Nov(a) = 0. Hence, the collection V = {v(a) : a € A} forms a y;-open cover of A. Since A is a

n'" Lindelof subset of u, the cover 7V reduces to a countable yj-subcover {v(a,) : @ € To}, where

AC U v(ay) = V.

ael

For each v(a,), there exists a corresponding n'f'-open set u,, (x) such that x € u,, (x) and u,, (x) N
v(a,) = 0. Define

Since i is a nth space, u is nth—open. Moreover, for all « € Ty we have:

uCiu (x) and unov(ay) Cug (x) Nov(a,) = 0.

Thus,
unV=un U v(ay) = 0.
a€ely
Therefore, x € u and A C V, with u NV = 0. This implies that x and A can be separated by two
disjoint n'M-open sets in . O

Theorem 4.6. Let u be a n'"* Lindelof space, and let Y be a n™ topological space. Then, the projection map
P:uxu— Yisaclosed map.

Proof. Leti # j,withi,j€({1,2,...,n},andlety € Y. Suppose Gis openin u x usuch that P! (y) C G.
We aim to show that there exists a n'"-open set v containing y in Y such that P! (v) € G. Since G is
openin u X , for every (x,y) € G with (x, y) € u XY, there exist basic P-open sets u, in y and v, in
Y such that x € uy, y € vy, and (x, y) € uy X v, € G. Hence, the collection U = {uy : x € u} forms a
y;i-open cover of u. Since u is a n'' Lindelof space, there exists a countable subcover {u,, : a € Ty}

with |Ty| < Ry, such that
U< U Uy, -

a€eTy

For each a € Ty, the corresponding vy, contains y, and so we define:

Since Ty is countable and Y is a n" space, v is n'"-open in Y. Now, we have

Plv)Cpuxovc quaxvxagG.

D(ETO

Therefore, P~1(v) C G, and hence P is a closed map. O

Theorem 4.7. The product of two n'" Lindeldf spaces, one of which is a P-y,-space, is n'" Lindelf.
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Proof. Let uand Y be two n'h Lindelof spaces, and suppose Y is a P-y»-space. By the known result:
if for all y € Y, the fibers f~1(y) are n" Lindelsf and Y is n Lindelof, then p is n Lindelof,
provided f : p — Yis a closed, continuous, and surjective function. Now consider the projection

function P : p XY — Y. This function is continuous and surjective. For each y € Y, we have

P7H(y) = px(y) = p.
Since u is nth Lindelof, it follows that each fiber P‘l(y) is nth Lindeléf. Moreover, since P is

continuous and closed, it is a perfect map. Therefore, by the aforementioned result, the product
space i x Y is nh Lindelof. O

Definition 4.10. Let u = (4, Y1, 72,--.,¥n) be a nth-topological space. A subset A C p is called a

7,lth

-nearly open set if
A=(a),
where A denotes the n'"-closure of A, and (Z)O denotes the n"-interior of A.

Definition 4.11. Let u = (i, 71,Y2,--.,Vn) be a n'-topological space. A subset A C  is called a n'"
nearly open set if
A= (Z)o iny; and A= (Z)O inys,

where A denotes the closure of A, and (Z)o denotes the interior of A in the respective topologies.

5. On n™-NEgaRrLy LINDELOF SPACES

h

In this section, we explore n'" nearly Lindelof spaces, which extend the notion of nearly Lindelof

h

spaces into the framework of n'-topological spaces. We define n'" nearly open covers and examine

their role in characterizing n'h nearly compact and Lindelof spaces. Furthermore, the relationship
between n'" nearly Lindel6f spaces and 7" continuous functions is established. The investigation
focuses on the preservation of the n'" nearly Lindelof property under specific mappings and its
applications in bitopological structures. Examples and counterexamples are presented to illustrate

h

the distinctions between n'" nearly compact and n'' nearly Lindelof spaces, emphasizing the

implications of these properties in general topology.

Definition 5.1. A collection U = {u, : o € T'} is called a n'"-nearly open cover of i if:
(1) uy is a n'" nearly open set for all a« € T, and
(2) Uger tta = p-

Definition 5.2. Let u = (g, y1,Y2,-..,Yn) bea nth—topological space, and let U = {u, : a € '} be a nth
nearly open cover of u. A subcollection St = {uq, : p € A, A C T} is called a n'" nearly subcover of u if
ey = 1

BeEN

Definition 5.3 ([16]). Let u = (u,y) be a topological space. We say that u is a nearly compact space if
every nearly open cover of u has a finite nearly subcover.
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Definition 5.4. Let u = (y,y1,72,-..,¥n) be a n''~topological space. Then, u is called a n'" nearly

compact space if every n' nearly open cover has a finite n'* nearly subcover.

Definition 5.5 ( [17]). Let u = (u,y) be a topological space. Then, u is called a nearly Lindelof space if
every nearly open cover of u has a countable nearly subcover.

h

Definition 5.6. Let i = (u,y1,72,-..,yn) be a n''-topological space. Then, p is called a n'™ nearly

Lindelof space if every n'" nearly open cover has a countable nearly subcover.

Definition 5.7. A n'"'-topological space (1, 71,72, -.,Vn) is called n't S-nearly Lindelof if and only if it
is both nearly Lindelof and n™ nearly Lindeldf.

h

Theorem 5.1. Every n'" nearly compact space is a n'* nearly Lindeldf space, but the converse is not

necessarily true.

Proof. Let u be a n' nearly compact space. Then, every nearly y;-open cover of u has a finite
yj-subcover of u. Thus, for each nearly y;-open cover of y, there exists a countable y;-subcover of

h

p foralli # j, where (i,j = 1,2,...,n). Hence, p is n' nearly Lindel6f. The converse, however, is

not necessarily true. m|

Example 5.1. Consider the space (R, Vu,, Vuy,---,Vu,), Where y, is the usual topology on R. Since
the set B = {(a,b) : a < b, a,b € Q} is a countable base for (R,y,), the space is second countable.
Every second countable space is Lindelof, hence (R, y,,) is Lindelof. Therefore, (R, Vu,, Viys - -+, Vu,) 1S nth
Lindeldf, and consequently n' nearly Lindelof. However, (IR,y,,) is not compact because the open cover
U = {(-n,n) : n € N} does not admit a finite subcover. Hence, (R, V1, Vuys -+, Vu,) is not n' compact

and thus not n™ nearly compact.

Theorem 5.2. Let (u,1,72,--.,Vu) be a n'~topological space. If u is a hereditary n''-nearly Lindelof
space, then u is n'" S-nearly Lindelof.

Theorem 5.3. A n'" nearly Lindelof space is preserved under an onto n'* continuous function.
Proof. Leti # j, where (i,j =1,2,...,n). Let
F : (‘ll/)/ll)/Z/' . '/‘)/Tl) - (Y101102/~ . ~/(7n)

be a surjective continuous function, and suppose that y is a n'h

h

-nearly Lindelof space. We aim to
show that Y is also a nt -nearly Lindelof space. Assume U = {u, : @ € A}is a nearly y;-open cover
of Y. Then each u, is open for all @ € A. Since F is continuous, the preimage F~!(u,) is open in
foreach a € A. As F is surjective, the collection {F! (1y) : a € A} forms an open cover of p. Because
(t is a nearly Lindelof space, there exists a countable subcover {F~!(u,) : @ € T} with T c A and
IT'| € Np, such that

ue | JF ().

ael
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Since F is surjective, we have

Y =F(u) C F(U F‘l(ua)] c | e
ael ael

Hence, U has a countable y j-subcover of Y, which proves that Y is a nearly Lindel6f space. m]

th th

Remark 5.1. A compact subset in a n"* nearly To-space is closed, but a nearly Lindeldf subset in a n

h

nearly Ta-space need not be closed. For example, (R, Vu,, Vuy, - -, Vu,) is a n' nearly ya-space, and (0,1)

is a nearly Lindelof subset of R. However, (0,1) is not n'" nearly closed in R.

Definition 5.8. A space (,y1,V2,--.,yn) is called a n' nearly n'* space if and only if the countable

h

intersection of nearly open sets is n' nearly open.

Theorem 5.4. Every nearly Lindelof subset of a nearly n''-T, space is n'"* nearly closed.

Proof. Leti # j, where (i,j = 1,2,...,n), and let A be a nearly Lindel6f subset of a nearly nth-T,
space p. To show that A is n'h nearly closed, it suffices to prove that u \ A is n'" nearly open. Take

h

x € p\ A. Then x ¢ A, and for each a € A, we have x # a. Since u is a n'" nearly T space, there

exist nearly open sets 1, and v, in p such that x € u,, a € v,, and u, Nv, = 0. Thus, V = {v, : a € A}

forms a nearly y;-open cover of A. Since A is a n'" nearly Lindelof subset of y, this cover admits a

countable subcover {v,, : @ € Ty}, where Ty is countable, such that:
AC U Vg, -
aeTy

For each v,,, there exists a corresponding nearly open set u,, such that x € u,, and u,, N v,, = 0.

V= U vy, U = ﬂ Ug,,.

aeTy aeTy

Define

Then A C V¥, x € U*, and

Uunv cu, Nv,, =0 foralla e Ty.

Hence, ' NA C U NV* =0,s0 U" C u\A. Since U* is the countable intersection of nearly open

sets and y is a n' nearly space, U* is n' h

h

nearly open. Therefore, i\ A is n™ nearly open, which

proves that A is n' nearly closed. m]

Theorem 5.5. Let A be a nearly Lindeldf subset of a n'" nearly Ty-space y. Then, for each x ¢ A, we can

separate x and A into two disjoint nearly open sets in L.
Proof. Leti # j, where (i,j = 1,2,...,n). For eacha € A, since x ¢ A, we have x # a. As pis a n'

nearly Tp-space, there exist n" nearly open sets u,(x) and v(a) in u such that:

x€uy,(x), acv(a), and u,(x)No(a)=70.
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Thus, the collection V = {v(a) : a € A} forms a nearly y;-open cover of A. Since A is a n'" nearly

Lindel6f subset of y, there exists a countable subcover {v(a,) : a € To} such that:
Ac| Jola)=v.
a€eTy

For each a € T, there exists a corresponding n'" nearly open set u,, (x) satisfying:

X €U, (x), Ug(x)Nov(ay) =0.

u= ﬂ Uy, (x).

aeTy

Since u is a n' nearly space and Ty is countable, U is n'" nearly open. Moreover,

Define

UNo(ay) Cug, (x)Nov(a,) =0 forall a € Ty,

and hence,

unv =0.
Therefore, x € U, A C V, and UNV = 0, which shows that x and A can be separated into two
disjoint n'" nearly open sets in . m|

Theorem 5.6. Every pair of disjoint nearly Lindelof subsets in a ' nearly Hausdorff space can be separated

by disjoint nearly open sets in (.

Proof. Leti # j, where (i,j = 1,2,...,n). Assume A and B are disjoint nearly Lindelof subsets of
a n'" nearly Hausdorff space . For each a € A, we have a ¢ B since ANB = . By a previous

theorem, there exist nearly y;-open sets u, and v, in u such that:
a€u;, BCv, and u,Nv, =0.

Thus, the collection U = {u, : a € A} forms a nearly y;-open cover of A. Since A is nearly Lindelof,
there exists a countable subcover {u,, : @ € Ty}, where Ty is countable. Define:
u= U U,
aeTy
Then A C U and U is nearly open. For each a € Ty, there exists a corresponding nearly open set
U,, such that:
BCuv, and u, Nv, =0.

V= m Vg, -

a€eTy

Let
Since Ty is countable and u is a n'" nearly space, V is nearly open. Moreover, B C V and:
VNu,, Cou,, Ny, =0 forall a € T,

SO:
VnUu =0.



16 Int. ]. Anal. Appl. (2025), 23:140

Therefore, U and V are disjoint nearly open sets in u such that A € U and B C V, completing the
proof. m]

h

Theorem 5.7. Let u be a n''-nearly Lindelof space and Y a n'" nearly space. Then, the projection

P:uxyu—Yisnclosed.

Proof. Leti # j, where (i,j =1,2,...,n). Let y € Y and suppose G is an open set in p X p such that

P7'(y) € G. We aim to show that there exists a nh

nearly open set v containing y in Y such that
P~1(v) € G. Since G is open in u X , for each (x,y) € G, where (x,y) € u X Y, there exist nh nearly

open basic sets 1, in y and v, in Y such that

X€uUy, YEU, and (x,y)€u,xo,CG.

Then, the collection U = {u, : x € u} forms a y;-nearly open cover of u. Since u is a n'" nearly
Lindeldf space, this cover admits a countable y ;-subcover
{uy, : a € To}, where |Tp| < No.
Thus, u € U aeT, Ux,- For each uy , there exists a corresponding vy, such that y € vy,. Let
v = ﬂ Vx,-

[XGTO

Since Ty is countable and Y is a n'" nearly space, v is nearly open in Y. It follows that
P'(v) Cuxvc U (ty, X 0x,) C G.

a€Ty

Hence, P~!(v) C G, which shows that P is n'-closed. O

Theorem 5.8. Let f : u — Y be a n''~closed, continuous, and surjective function. If for all y € Y, the
fibers f~1(y) are n'"-nearly Lindeldf, and Y itself is n''-nearly Lindelof, then p is n''-nearly Lindelof.

Proof. Leti # j, wherei,j = 1,2,...,n. Let U = {u, : @« € A} be a nearly y;-open cover of u.

For each y € Y, we consider the fiber f~}(y) C p. Then U is a cover for f~!(y). Since f~!(y) is

nth-nearly Lindelof, there exists a countable subfamily {ug,} from U such that

f_l(y) < U Un,,

ay€Ty

where T), is a countable index set. Define

Fy=u\ U Ug,, so that f‘l(y)ﬂFy:(Z).

ayETy
Therefore,

yé f(Fy) = yeY\f(Fy)=:0y.
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Since F), is closed and f is closed, f(F,) is closed in Y, making O, open in Y. Thus, the collection

th

O = {Oy : y € Y} is a nearly y;-open cover of Y. Because Y is n"'-nearly Lindelof, there exists a

countable subcover {O,, : r € To} such that:

ye| Jo.

I’ETO

u=rmelJrronel) U v,

reTy r€Ty ay, €Ty,

Then,

h

This shows that p is covered by a countable subcollection of U. Hence, p is n''-nearly Lindelsf. O

h h

Theorem 5.9. The product of two n''-nearly Lindeldf spaces, one of which is a n™ nearly T, space, is

n'"-nearly Lindeldf.

Proof. Let u and Y be two n'-nearly Lindelof spaces, and suppose Y is a nh nearly T, space.

Consider the projection function

P:uxY—-Y, Plxy) =y

h

Then P is continuous and surjective. Since Y is a n'" nearly T; space, it follows that P is n'-closed.

For each y € Y, we have:
P y) = pxiyl =g,
which implies that the fiber P~!(y) is homeomorphic to y, and hence is n'"-nearly Lindelof. Since P

is a continuous, closed, and surjective map with nt"-nearly Lindelof fibers, and Y itself is n"-nearly

Lindeldf, it follows that the product space u X Y is also n''-nearly Lindelof. m]

6. CoNCLUSION

In this paper, we have investigated several properties and results concerning nearly Lindelof
spaces within the framework of general topology and n''-topological spaces. By extending classical
notions such as Lindeldfness and compactness to the context of nearly open sets and n''-topological
structures, we have developed a deeper understanding of the behavior and structure of these
generalized spaces. Notable results include the preservation of the n'-nearly Lindelof property
under continuous and surjective mappings, the separability of disjoint nearly Lindeldf subsets
in n'"-nearly Hausdorff spaces, and the conditions under which product spaces retain the nearly
Lindelof property. Through the use of illustrative examples and counterexamples, we have clarified
distinctions between nearly Lindelof spaces, compact spaces, and nearly compact spaces. These
contributions not only enrich the theoretical development of generalized topological spaces but
also suggest potential applications in functional analysis and mathematical modeling. Future
research directions may include the study of further generalizations, the interplay between nearly
Lindel6fness and other topological properties, and the extension of these results to more complex

structures such as fuzzy topologies and multi-topological frameworks.
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