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GROWTH AND COMPLEX OSCILLATION OF LINEAR
DIFFERENTIAL EQUATIONS WITH MEROMORPHIC
COEFFICIENTS OF [p,q] — ¢ ORDER

RABAB BOUABDELLI AND BENHARRAT BELAIDI*

ABSTRACT. This paper is devoted to considering the growth of solutions of
complex higher order linear differential equations with meromorphic coeffi-
cients under some assumptions for [p, g] — ¢ order and we obtain some results
which improve and extend some previous results of H. Hu and X. M. Zheng;
X. Shen, J. Tu and H. Y. Xu and others.

1. Introduction and main results

Throughout this paper, a meromorphic function will means meromorphic in the
whole complex plane. In this paper, we assume that readers are familiar with the
fundamental results and standard notations of the Nevanlinna’s theory of mero-
morphic functions (see [9, 18]).

Consider for n > 2 the linear differential equations

(1.1) FO 4+ Ay fTY 4 Af 4+ Aof =0,
(1.2) FO 4 Ay fD 4 Arf o+ Aof = F
where Ag, -+, A,—1, F are meromorphic functions. In [11, 12], Juneja, Kapoor and

Bajpai investigated some properties of entire functions of [p, gJ-order and obtained
some results concerning their growth. In [16], in order to maintain accordance with
general definitions of the entire function f of iterated p—order [13,14], Liu-Tu-
Shi gave a minor modification of the original definition of the [p, ¢]-order given in
[11,12]. By this new concept of [p, g]-order, the [p, g]-order of solutions of complex
linear differential equations (1.1) and (1.2) was investigated in the unit disc and in
the complex plane (see e.g. [2,3,4,15,16]). In [6], I. Chyzhykov, J. Heittokangas
and J. Rattyd introduced the definition of p—order of a meromorphic function in
the unit disc as follows.

Definition 1.1 ([6]) Let ¢ : [0,1) — (0,+00) be a non-decreasing unbounded
function, the p—order of f in the unit disc is defined by

+
o log™ T'(r, f)
7 (f.¢) = limsup ,
r—+oo  logo(r)
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and where in the following, T (r, f) is the characteristic function of Nevanlinna.

On the basic of Definition 1.1, recently in [17], X. Shen, J. Tu and H. Y. Xu
introduced the new concept of [p,q] — ¢ order of meromorphic functions in the
complex plane to study the growth and zeros of second order linear differential
equations.

For all r € R, we define exp, r := €" and exp,,, 7 := exp (expp 1") ,peN. We
also define for all r sufficiently large log, 7 := logr and log, ,r = log (logp r) ,
p € N. Moreover, we denote by expyr := r, logyr := r, log_; r := exp,; r and
exp_,r:=log; .

Definition 1.2 [17] Let ¢ : [0,4+00) — (0,+00) be a non-decreasing unbounded
function, and p, ¢ be positive integers and satisfy p > ¢ > 1. Then the [p,q] — ¢
order and [p, ¢] — ¢ lower order of a meromorphic function f are respectively defined
by

log T (Ta f)
Tp.q (f>) ey log, ¢ (r) ’

.. dog,T(r,f)
tpa (10) = it o)

Definition 1.3 Let f be a meromorphic function satisfying 0 < oy, 4 (f, ) =0 <
oo. Then the [p, g] — ¢ type of f(z) is defined by

1 10g — T (Ta f)
Tlp,q] (f,¢) = lim SupLa
r—+o00 [logq_l © (’I")]

Definition 1.4 Let p,q be integers such that p > ¢ > 1. Let f be a meromorphic
function satisfying 0 < pup,.q (f, ») = p < 0o. Then the lower [p, ] — ¢ type of f is
defined by

im i IOg T (T’, f)
Tipq (frp) =1lim meﬂ.
r——+o00 Dogq71 90(’)")]

Definition 1.5 ([17]) Let f be a meromorphic function. Then, the [p,q] — ¢
exponent of convergence of zero-sequence (distinct zero-sequence) of f is defined by

Ap.a (f>9) I 08, (n %)
, = limsup———*
[p.d] 4 r—+00 Iqu ' (T)

V) = tmenp " 03)
, = limsup——%
le-dl 4 r—+oo Iqu @ (r)

And the lower exponent of distinct zero-sequence of f is defined by

- log,, n (r, %)
Ap.q () = Eﬁi{gw

Remark 1.1. If ¢ (r) = r in the Definitions 1.2-1.5, then we obtain the standard
definitions of the [p, q] —order, [p, q] —type and [p, ¢] —exponent of convergence.
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Remark 1.2 [17] Throughout this paper, we assume that ¢ : [0, 400) — (0, +00)
is a non-decreasing unbounded function and always satisfies the following two con-
ditions :

. . log, 17
(1) 725{100 logg ¢(r) ™ 0-

.. . lo ar
(i) lim 2galen)
rotoo logge(r)

=1 for some o > 1.
From Remark 1.2, we can obtain the following proposition.

Proposition 1.1 Suppose that ¢ (r) satisfies the condition (i) — (ii) .
a) If f(z) is a meromorphic function, then

1
log,, n (n ?)

log, N (r, %)

A = i =i
pa) (f,©) i log, o () roter log,p(r)
S ) log, 7 (r, %) y log, N (7"7 %)
wa) (Fr0) = lmewp—o Gy = e oy

b) If f(z) is a meromorphic function, then

log,, 0 (r, %) log, N (r, %)

= lim inf

Apq (f ) = lim fnf rtoo log, ¢ (r)

r—+oo log, ¢ (r

)
Proof. We prove only b), for the proof of a) see [17]. We have
S ORGP AT
r= ) = (0, |logr.
f t f
0
It follows that for r > rg > 1
r o _ 1 — 1
(Y (L n(t})-n(03) 1
Nlr,— ) —=N/|ro :/ dt+n<0,)lo r
( f) (Of) f 7)e
0
)-n(07) 1
; dt+n <O, > log g

f

[

|
O\S
3
—
~+
e

n (t’ %) ; i (07 %> dt+n (O’ Jlf) (log 7 —log0)

(1.3)

. log, 17 .
Then by (1.3) and TEIEOO o, o(r) — 0, we obtain

logpN (r, %)
liminf —M—~———~%
r—+oo  log, ¢ (r)
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log, 7 (r, l) log .. 1 log, 7 (r, l)
(1.4) < max < lim infpif, lim supﬂ = lim infpif.
N o o ) P o, o () [ PoH Tog, 0 (1)

On the other hand, since a > 1, we have for r > 1

N (ar, ch> = Zn (t%) " (0’ %) dt+n (0, ch> log ar

t

>7n<t7}) _n(07})dt+ﬁ<0 l)logar

f

> (n (r,}lr) —n (0, ch>> loga +7n (0,;) log ar

(1.5) =n (r, }) loga + 7 (0, }) logr >n <r, ]10) log a.

.
By (1.5) and ngrnoo % =1, we get
> liminf

(o) fonn(n) et
liminf —————~ > : :
r—+oo  log, ¢ (ar) r—+oo log, ¢ (r) log, ¢ (ar)

log, n (r, l) lo r
> lim infpif.lim infM
r—+oo log, p(r) r—+oolog, ¢ (ar)

log, n (r, l.)
(1.6) — liminf—t—\ 1/
r—+oo log, ¢ (r)

By (1.4) and (1.6), it is easy to see that conclusion of b) holds.

Many authors have investigated complex oscillation properties of (1.1) and ob-
tained many results when the coefficients in (1.1) are entire or meromorphic func-
tions under some assumptions of [p, g] —order. Recently, Hu and Zheng investigated
the growth of solutions of (1.1) and obtained the following results.

Theorem A ([10]) Let p,q be integers such that p > q > 1 or p>q =1, and let
Ag, -+, An—1 be meromorphic functions. Assume that Ay, g (A%)) < fip,q (Ao) <
00, and that max {o, 4 (4;),j =1, ,n—1} < pppq (Ao) and
max {7p,q (4;) : 0p.q) (4;) = Hip,q) (Ao),j # 0} < Tip,q) (o) =T
If f(£0) is a meromorphic solution of (1.1) satisfying
N (s, )
N(r. f)

< expyyg {blog 7} (b < pppg (Ao) )

then we have

Api1a) (F =) = tpr1.q) (F) = Hip.q) (Ao)
< Ofp,q) (Ao) = Olp+1,q] (f)= 5‘[17+1,q] (f =),
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where 1) (z) (# 0) is a meromorphic function with o414 (V) < fp.q (Ao) -

Theorem B ([10]) Let p,q be integers such that p > q¢>1 or p > q =1, and let
Ao, , Ap_1 be meromorphic functions. Assume that App g (A%]) < pip,q (Ao) <
oo, and that max {0, q (4;),5 =1, ,n—1} < ppp g (Ao) and

lirilig) j; :Z(: 1‘20) < 1. If f(£0) is a meromorphic solution of (1.1) satisfying
N(r.f)
N(r.f)

< exp,i; {blogq 7} (b < ppp.g (Ao)) , then we have

i[p-H,q] (f =)= Hip+1,q] (f) = Hip,q] (Ao)

< Olp,q] (AO) = O[p+1,q] (f) = E‘[erl,q] (f - "/’) ,
where v (z) (# 0) is a meromorphic function with o, 41,4 (V) < pip,q (Ao) -

For the case that the dominant coefficient Ag is replaced by an arbitrary coeflicient
Ag (s €{1,--- ,n—1}), they obtained the following.

Theorem C ([10]) Let p,q be integers such that p > q > 1, and let Ag, -+, An_1
be meromorphic functions. Suppose that there exists one Ay (0 < s < n — 1)

with App.q) (%) < Pp,q (As) < 00 and that max{oyp, g (A;), J # s} < pp,q (As)

[p,q] (AJ) * Olp,q] (A]) = Hip,q] (As)7 J 7é 3} < Tip,q] (As) = 7. Then
N(r.f)
‘ N(r.f)
expy 41 {blog, 7} (b < pp,q) (As)) satisfies ppsr,q) (F) < pip,g) (As) < pipg (f) and
Tlpt+1,q) (f) L g (As) < opp g (f) . Moreover, every non-transcendental meromor-
phic solution f of (1.1) is a polynomial with degree deg (f) < s — 1.

and max{T

every transcendental meromorphic solution f(#0) of (1.1) satisfying

The main purpose of this paper is to make use of the concept of meromorphic
functions of [p, q] — p-order to improve the results above.

Theorem 1.1 Let p,q be integers such that p > g > 1 or p > q = 1, and let
Ag, -+, Ap_1 be meromorphic functions.

Assume that A\, (on‘p) < Hip,q) (Ao, p) < 00, and that max{oy, q (Aj,0),j =
1,---,nm—1} < u[p,q] (Ao, ¢) and max{7y, g (4j,¢) : opp.q (A, ) = Hpp.q (Ao, ),

J# 0} <1y, 0 (Ao, ) = 7, and where ¢ satisfies the conditions hrfOo llsgg:;zr) =0

1
and lim 7(1%7 1 elor)
rotoo 10841 ¢(r)

(1.1) satisfying NE ;; < exp,,; {blog, ¢ (r )} (b < pppq (Ao, 9)) , then we have

Apr1.g) (F=0,0) = pippr1,q (f:0) = pipp.g) (Ao, @)

< UP q] (AO’ ) - U[P+1,q] (f7 30) = S‘[P+1,q] (f - wa QD) 5
where 1) (2) (# 0) is a meromorphic function with 1.9 (1, ) < pip,q (Ao, @) -

=1 for some a > 1. If f(Z£0) is a meromorphic solution of

Theorem 1.2 Let p,q be integers such that p > q > 1 or p > q = 1, and let
Ag,- -, Ap_1 be meromorphic functions.

Assume that \p, g (A%]"P) < Wip,q (Ao, p) < 00, and that max{op, q (Aj,0),] =
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Lo n—1} < ppp g (Ao, @) and limsup Z :(: ﬁog < 1, and where ¢ satisfies the

r—+oo j=1
conditions (i) — (ii) of the Remark 1.2. If f(#0) is a meromorphic solution of

(1.1) satisfying NE g <exp,,; {blog, o (r)} (b < pp.q (Ao, 9)), then we have

Apit,g (F =0,0) = ppirq (F90) = tpp.q) (Ao, )

< U:D,q] (AO’ ) - U[P+1,q] (f7 30) = 5‘[10+1,q] (f - ¢a QO) 5
where 1) (z) (# 0) is a meromorphic function with o, 1.q (¥, ) < pip,q (Ao, @) -

Theorem 1.3 Let p,q be integers such that p > q > 1, and let Ag, -+, An_1
be meromorphic functions. Suppose that there exists one Az (0 < s <mn—1) with

Alp.dl (A%,cp) < Hip,q (As, ©) < 00 and that max{opq (Aj,9),5 # s} < lip.q (As, )

and max {T[p,q] (Aj ) g (Aji ) = pp.g (As, )5 T F# 5} < Iip,q (Asp) =7
and where @ satisfies the conditions (i) — (ii) of the Remark 1.2. Then every tran-
scendental meromorphic solution f (Z£ 0) of (1.1) satisfying

N (r,

NET ;3 < €XPpy {bIqu (r )} (b < Hip,q) (As, 80))

satisfies pp+1,q) (f,0) < Bip,q) (As; ©) < tifp,q) (f10) and oppi1,q) (f, ) < 0pp g (As, )
< Oppq (fy ) . Moreover, every non-transcendental meromorphic solution f(z) of
(1.1) is a polynomial with degree deg (f) < s—1.

Remark 1.3. If we put ¢ (r) = r in the Theorems 1.1, 1.2, 1.3, then we obtain
Theorems A, B, C.

2. AUXILIARY LEMMAS

We need the following lemmas to obtain our results.

Lemma 2.1 ([5]) Let f be a meromorphic solution of (1.1) assuming that not
all coefficients A; (z) are constants. Giwen a real constant v > 1, and denoting

n—1
T(r)= Y T(r,A;), we have
3=0

logm (r, f) < T (r){(logr)logT (r)}", if p=10
and

logm (r, f) < r** 77T (r) {log T (1)}, if p >0,
outside of an exceptional set E, with [ tP~ldt < +oo.

EP
Remark 2.1. Especially, if p =0, then the exceptional set Ey has finite logarith-
mic measure f % =mEy.
Eyo

Lemma 2.2 ([1],[8]) Let g : [0,4+00) = R, h : [0,400) = R be monotone increasing
functions. If (i) g (r) < h(r) outside of an exceptional set of finite linear measure,
or (i) g (r) < h(r),r ¢ E1U(0,1], where Ey C [1,00) is a set of finite logarithmic
measure, then for any B > 1, there exists ro = ro (8) > 0 such that g (r) < h(8r)
for all v > ry.
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Lemma 2.3 ([9]) Let f be a transcendental meromorphic function and n > 1 be
an integer. Then

m <7~, f;:”) — 0 (l0g (T (1. 1))

outside of a possible exceptional set Eo of r of finite linear measure, and if f is of

finite order of growth, then
(n)
m <r, ff> =0 (logr).

Lemma 2.4 Let p,q be integers such that p > q > 1, and let f be a meromorphic

function satisfying pp, q (f,0) = p < o0 (U[pﬂ] (f,p)=0< oo) , where o (r) only
. . log, p(ar) .

satisfies Tgrfoo W =1 for some o > 1. Then there exists a set E5 C (1,00)

of infinite logarithmic measure such that for all r € Es, we have

log, T (r, f) . log, T (r,f)
Ll e TSI KAt LB ey
rortoe logg o (r) oo logg o (r)

and for any given € > 0 and sufficiently large r € Fs

T (r,f) <exp, {(u+e)log,o(r)} (T (r,f) > exp, {(0 —¢)loggp(r)}) .
Proof. We prove only the first assumption, for the second we use the same proof.

By the Definition 1.2, there exists an increasing sequence {r,} -, tending to oo

satisfying (1 + %ﬂ) Trn < Tne1 and

log, T' (7, f)
= fppq (f,p) = lim —=F—m T
ra (f:0) = [ log, ¢ (rn)

Then for any given € > 0, there exists an ny such that for n > n; and any r €
[rn, (1 + %) rn] , we have

log, T'(r, f) < log, T ((1 + %) Tn, f) log, ¢ ((1 + %) rn)
log, ¢ (r) = log, e ((1+1)r,) log, o (rn)
When ¢ > 1, we have % — 1 (n — 400). Let
>~ 1
L3 = ngll |:Tn7 (1 + n)rn:| ,

for any given ¢ > 0 and all » € F5, we have

logy T(rf) _ o logy T((L+3)a, /)

- = bp,q (fr0),
T::,,S;)o logq o (r) Ty —00 logq 7 ((1 + %) rn) [p.q]
0o (1+%)r” o
where myE3 = ) J % = > log (1 + %) = 00. On the other hand, we
n=ni Tn n=ni

have

10 T T, 10 T T,

8, T S) il B T D)

iminf—ert "2 J)
oo loggp(r) T rmee logg o (1)
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['herefore,
log, T (r,
li gp (T f)

= M[p,q] (fa QO)
rofoo log, o (r)

and for any given € > 0 and sufficiently large r € Ej3

T (r, f) < exp, {(n+e)log, ()} .
Lemma 2.5 Let fi1, fo be meromorphic functions of [p,q] — ¢ order satisfying

. . lo, ar
Olp,q) (f1,90) > Opp.q (f2, ), where ¢ (1) only satisfies rggloo lfgqqif(r))

a > 1. Then there exists a set Ey C (1,400) having infinite logarithmic measure
such that for all r € E4, we have

=1 for some

lim T(r, f2)

rtoe T(r, f1) O

Proof. Set o1 = 0}, (f1,9), 02 = 0pp g (f2,¢) (01 > 02). By Lemma 2.4, there
exists a set £y C (1,400) having infinite logarithmic measure such that for any
given 0 < e < #1522 and all sufficiently large r € E,

T(r, f1) > exp,, {(01 —¢) log, ¢ (r)}

and for all sufficiently large r
T (r, fa) < exp, { (02 +¢)log, o (1)} .

From this we can get
T(r,f;) _ exp, {(02+2)log, ¢ (1))
T(r,f1) ~ exp,{(o1—¢)log, ¢ (r)}

B 1
exp {exp,_; {(01 —¢)log, ¢ (1)} —exp,_y { (02 +¢)log, ¢ (r)} }
Since 0 < ¢ < #5722, then we have

T (’I“, fz)

;
retoo T (1, 1)

,T€E4.

= O7 re E4.
Remark 2.2 If ppp, o (f1,9) > pp,q (f2,9), then we get the same result.

Lemma 2.6 Let p, q be integers such that p > q¢ > 1, and let Ag,- - , Ap—1, F (£0)
be meromorphic functions. If f is a meromorphic solution of (1.2) satisfying

max {U[p,q] (Fa SD) 7J[p,q] (AJWO) ,j = 0, e, — 1} < /u’[p,q] (fa 50) )
then we have

z[p,q] (fv 90) = A[p,q] (fv @) = Hip,q] (f, 30) ’
where @ satisfies the conditions (i) — (ii) of Remark 1.2.

Proof. By (1.2), we get

11 ) fr=1 1!
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It is easy to see that if f has a zero at zg of order a (o > n), and Ag,- -+, A,—1 are
analytic at zg, then F' must have a zero at zg of order @ — n. Hence

O Eed (O RR (SRS seee)

By the Lemma 2.3 and (2.1), we have
n—1

(2.3) m (r, }) <m (7’, ;) 4 ;Om (r, A;) + O (log T (r, f) + log ) (r ¢ Ea),

where Ey C (1,400) is a set of r of finite linear measure. By (2.2) and (2.3), we
get

T(r,f)T(r,}) +0(1) §nN<r,ch) +T(r,F)

n—1

(2.4) +Y T (r,A) +0{log (T (r, )} (r¢ Ea).

3=0
Since max{o(, q (F,¢), 0ppq (Aj,90), =0, ,n =1} < ppp.q (f,9), then
T(r,F) T(r,Aj)
@ ms{TEH T
Also, for all sufficiently large r, we have
(2.6) log (T (r, f)) = o{T (r, f)} .
By (2.4) — (2.6), for all |z| = r ¢ E2, we have

(j0,~'~,n1)}%0, r — +o0.

— 1
(2.7) 1—0o()T(r,f) <nN <1", f) + O (logr).
By Definition 1.2, Proposition 1.1, Lemma 2.2 and (2.7) , we get
(2.8) tipa) () < Aoy (Fr0) -

Since Hip,q] (fa 90) > A[p,q] (f7 90) 2 ;[p,q] (f7 (P) , then by (28) ; we have
At (F:0) = App gy (. 0) = bipg (£,90) -

Using the same method above, Lemma 2.5 and Lemma 2.2 we can prove the
following lemma.

Lemma 2.7 Let p, q be integers such that p > q > 1, and let Ao, , Ap—1, F (£ 0)
be meromorphic functions. If f is a meromorphic solution of (1.2) satisfying
max {ap, g1 (F,¢) , g (Aj,0) 7 =0, ;n =1} < op g (fr9) < +oo,

then we have

Aipsa) (F,0) = Apg) (f,0) = 01pq (£, 9) 5
where @ satisfies the conditions (i) — (ii) of Remark 1.2.

Lemma 2.8 Let p,q be integers such that p > q > 1 and let Ag,---,A,_1 be
meromorphic functions such that max {U[nq] (Aj,0) 1 j # s} < ifp,q) (As, ) < 00,
where @ satisfies the conditions (1)—(ii) of Remark 1.2. If f (£ 0) is a meromorphic



GROWTH AND COMPLEX OSCILLATION OF LINEAR DIFFERENTIAL EQUATIONS 187

solution of (1.1) satisfying NE ];; < exp,yq {blog, o (r)} (b < pp.q (As,9)) , then

we have

Hip+1,q) () < pipp,g) (As, @) -
Proof. By (1.1), we know that the poles of f can only occur at the poles of
Ag, -y Apo1. By K(r.]) < exXppyq {blqu ¥ (T)} (b < Hip,q] (Asa QD)) , we have

N(r.S)
N (r, f) < exp,yq {blog, ¢ (1)} N (r, f) < exp,,, {blog, ¢ ( nz_éN r,Aj)
o1
(2.9) < exp,; {blog, ¢ (r)} Z::OT(T, Aj).
Then by (2.9), we have ]
(2.10) T (r,f) <m(r, f) +exp,yq {blog, o ( )}ST(T,A]-)

By Lemma 2.4, there exists a set F5 of infinite logarithmic measure such that for
any given € > 0 and sufficiently large r € E3, we have

(2.11) T (r, As) < exp, {(N[p,q] (As, @) + 5) log, ¢ (r)} .

Since max {0y, ¢ (Aj,9) 1 j # 5} < pppq (As, @), for the above ¢ > 0 and suffi-
ciently large r, we have

(2.12) T(r,Aj) < exp,, {(,u[pyq] (As, @) + 5) log, ¢ (r)} , J# 8.

By (2.11),(2.12), Lemma 1.1 and Remark 1.2, there exists a set Fy of r of finite
logarithmic measure such that for sufficiently large r € E3\ Ey

n—1 n—1 v
m(r, f) <expQ > T (r,4;) |(logr)log [ > T (r, 4))
j=0 j=0
(2.13) < expyiy { (Bp.g) (As; @) +2¢) log, o (1)} -

From (2.10) and (2.13), we get

log . T
tim i Bt L (2 f)

r—+oe log, ¢ (r) !;?;‘);30 log, ¢ (r)

Since € > 0 is arbitrary, we have 41,4 (f, ) < pipp,q (As, @) -

Lemma 2.9 Let p,q be integers such that p > g > 1 or p > q¢ = 1 and let
Ao, -+, An—1 be meromorphic functions. Assume that \j, g (A%w go) < fp,q (Ao, ¥)
and that max {op, g (Aj,0) :j =1, ,n—1} < ppq (Ao, ) = p, 0 < p < oo,

and max {7, g1 (A7, 0) : 0. (Aj, ) = fiip.q (Ao, ), 7 # 0} < 7, 0 (Ao, ) = T,
0 < 7 < 00, where ¢ satisfies the conditions (i) — (ii) of Remark 1.2. If f(#0) is
a meromorphic solution of (1.1), then we have

Pipt1,q) (fs0) 2 ip.q (Ao, @) -
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Proof. Suppose that f (# 0) is a meromorphic solution of (1.1) . By (1.1), we obtain
£ Fln=1) /

(2.14) _AO:T“FAnfl 7 +"'+A17.

By Ap.q (A%"P) < Hip,q (Ao, ), we have N (r, Ag) = o(T (r,Ao)), r — +o0.
Then by (2.14), we get

(2.15) 1 1
= = (4)

T (r,Ag) =m(r,Ag) + N (r,Ag) <> m(r,A;)+> m (rff> +0(T (r, Ap)).
j=1 j=1

Hence, by (2.15) and Lemma 2.3 that

n—1
(2.16) T(r,40) <O | S m(r, A7) +log (4T (1, 1)) |

Jj=1

for sufficiently large r — 400, © ¢ E9, where Fj is a set of r of finite linear measure.

Set b = maX{U[p,q] (Aj7 30) * Olp,q] (Aja 90) < Hip,q] (Ao, 90) =pj=1-,n- 1} If
Opyq (A, 0) < tipp.q (Ao, ) = p, then for any € (0 < 2e < p —b) and all r — +o0,
we have

m (r, A;) < T (r,Aj) < exp, {(b+¢)log, ¢ (1)}

(2.17) < exp, {(n—e)log, ¢ (r)} = exp,_; {(logq_l ¢ (T))‘H} :

Set 11 = max {T[pvq] (Aj, ) o1p,q (Aj,0) = tp,qg (Ao, ), §# 0}, then 1 < 7. If
Tip,q) (A, 0) = pp.q (Ao, @), Tip.q (A, ) < 71 < 7, then for 7 — +00 and any
(0 <2 <7—m7), we have

(2.18) m (r,A;) <T(r,A;) <exp, ; {(r1 +¢) (log, ;¢ (r))”} .
By the definition of the lower [p, q] — ¢ type, for r — 400, we have
(2.19) T (r,Ao) > exp,_1 {(r —¢) (log,_, ¢ (r))"} .
When p>¢g>1orp>qg=1, we have for r — 400
exp,_ {(m1+¢e) (log, ¢ (r)'} =o (exp,_; {(r —¢) (log,_, ¢ ()"} .
By substituting (2.17) — (2.19) into (2.16) , we obtain
(2.20) exp, , {(7 —2¢) (log,_, ¢ (r))“} <O(og(rT (r,f))), r ¢ Ea,7 — +00.
Then by (2.20) , Remark 1.2 and Lemma 2.2, we have p,41,q (f,¢) > tp.q (Ao, @) -

Lemma 2.10 Let p, q be integers such that p > q > 1 and let f be a meromorphic

. . . . log,_1 ¢(ar)
function with 0 < o, 41 (f,0) < 00, where ¢ () only satisfies TBIJPOO m =1

for some « > 1. Then for every € > 0, there exists a set Es C (1,00) of infinite
logarithmic measure such that

. logpf1 T (r, f)
Tip.q (frp) = lim _ .
72-"}5? (logq71 %) (7")) [P,q](fﬂp)
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Proof. By the definition of the [p,q] — ¢ type, there exists a sequence {r,} -,
tending to co satisfying (1 + %) Tn < Tnt1, and

log,_1 T (rn, )
logq,l © (T‘n))a[p‘Q](fW)

Then for any given € > 0, there exists an n; such that for n > n; and any r €
[Tn, (1 + %) rn] , we have
1ng_1 T (Tm ) logq_1 o (Tn) Flp,q) (fr0)
(log,_1 ¢ (Tn))(’[p,qJ(f,so) log, 1 [(1+ )]
log, 1 T(r, f)

(logy1 () "7

log,_y ¢(rn)
Iqu71 @[(1+%)Tﬂ,]

B U [ (1)),

Tlp,q] (fa ‘P) = lim

rn—mo(

When g > 1, we have — 1, 7, = 00. Set

n=mni
Then, we have
log, T (r, log, T (rp,
TEI-POO ot (U[pfq])(f’@) 2 r ll>noo ot ( U[pfq])(f»W) = Tlp.al (f7 (P)
rens” (logg_y ¢ (1)) n 7% (log, 1 ¢ (rn))" ™
0 (H_%)T" 0
and [ & = [ % = 3 log(1+21) = cc. Therefore, by the evident
E5 n=ni Tn n=ni
fact that
log, T (r, log, T (r,
’I‘EIJPOO o (U[pJ:])(f,sa) < lim sup o (U[pJ:])(faw) = Tpa) (f:0),
rE€E;5 (logqfl ® (7')) ' T,«_é;é)o (logqfl ® (T)) Y
we have

. logIF1 T (r, f)
Tip.q (frp) = lim _ .
Tr_é-g:o (logq71 %) (7’)) [p.q] (f,)

The proof of the following two lemmas is essentially the same as in the corre-
sponding results for the usual order and lower order. For details, see Chapter 2 of
the book by Goldberg-Ostrovskii [7] and Chapter 1 of the book by Yang-Yi [18].
So, we omit the proofs.

Lemma 2.11 Let p > q > 1 be integers, and let f and g be non-constant mero-
morphic functions of [p,q] — ¢ order. Then we have

Plp,q] (f +9,$) <max {p[p,q] (f, %) ) Plp,q] (9 90)}
and

Pip.a) (f9,9) < max {pp, g (f,9) . Plp.g) (9,9)} -
Furthermore, if ppy.q (f,¢) > ppp.q (9,%) , then we obtain

Plp.g) (f +9,0) = Pip.q) (f9,0) = pp.q (f5 ) -
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Lemma 2.12 Let p > q > 1 be integers, and let f and g be non-constant mero-
morphic functions with pp, q (f, ) as [p,q]—¢ order of f and py,q (g,¢) as lower
[p,q] — ¢ order of g. Then we have

Hip,q] (f + g, QD) < max {p[p,q] (fv 90) y Hp,q] (97 50)}
and

fiip.q) (£, ) < max {ppp.q (f,0) . tip,q (9:0)} -
Furthermore, if iy, q (9,9) > pp.q (f, @), then we obtain

Pip.a) (f +9,90) = tp.q (f9:0) = tp.q (9,9) -

3. PROOF OF THEOREMS
Proof of Theorem 1.1 By Lemma 1.1 and (2.10), we have as in Lemma 2.8

T (’I“, < CXPp+1 {(U[p,q] (A07 ©) + 36) Iqu ¥ (7“)} )

for any e > 0 and r ¢ Ey,r — 400, where Ej is a set of r of finite logarith-
mic measure. By Lemma 2.2, we get o1, (f,0) < 0Oppg (Ao, ). Set d =
max{op, q (Aj,9) : 0p.q (Aj,0) < g (Ao, @), 5 =1, ,n=1}. If opp g (A, 0) <
Hip,q (AOa 410) < O[p,q] (A07 90) Or Tp,q] (Aj’ <P) < Hip,q] (A07 30) < O[p,q] (AOa 90) ) then
for any given ¢ (O < 26 < oppq (Ao, ) — d) and sufficiently large r, we have

(3.1) T (r, Aj) < exp, {(d +¢)log, ¢ (T)} = exp,_; {(logq_1 © (r))d+€} )

Set 71 = max{7y, q (Aj, ) : Opp.q (A5, 0) = p,q (Ao, ), J # 0}. If

Op,q] (Aj’ p) = Hip,q] (Ao, ) = Olp,q] (Ao, »),
then we have 71 < 7 < 71, 4 (Ao, ) . Therefore

(3.2) T (1, 4;) < exp,y { (71 +€) (log,y 0 (1) "0 L

holds for any » — 400 and any given & (0 < 26 < Tppq) (Ao, ) — 7'1) - By the defi-
nition of the [p, ¢] — ¢ type and Lemma 2.10, and sufficiently large r € Es5, where
FEs5 is a set of r of infinite logarithmic measure, we have

(83) T (rA0) > expy s { (Tipg (Ao,9) — ) (log, 1 0 (1)}

Then by (2.16) and (3.1) — (3.3), for all sufficiently large r, r € E5\ E2 and the
above ¢, we obtain

(34)  expy 1 { (7] (Ao, 0) — 2¢) (log, 1 ¢ (r) 7"} < O (logrT (1)),

where Fs is a set of r of finite linear measure. Then, we have

0[p+1,q] (fa <P) Z U[p,q] <A07 90) .
Thus, we have op,11,4 (f,¢) = 0pp.q (Ao, ). By Lemmas 2.8 and 2.9, we have

Bip+1,q) () = Hip,q) (Ao, ) . Now we need to prove A, 1 g (f = ¥, 9) = pipi1,q (f,9)

and Api1,q (f =¥, 9) = 0pr1,9 (f, @) . Setting g = f — 1, since oppi1,4 (¢, ) <
ip,q) (Ao, ®) , then by Lemmas 2.11 and 2.12 we have o[, 11,4 (9,¢) = Opy1,q (f; ) =
Op,q (Ao, @), and

Hip+1,q] (ga 90) = Hp+1,q] (f» 50) = Hp,q] (AO, 50) ; 5‘[])-&-1,(]] (ga QD) = 5‘[[)-&-1,(]] (f - 1/% 90)
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and Ay, (9:9) = Apirq (f —9,9). By substituting f = g+, f = ¢ +
e f =g 4™ into (1.1), we get

(8:5) g 4 Auorg® D et Agg = = [+ A e Ag)

IFF =944, 1 Dp. .4 Agp = 0, then by Lemma 2.9, we have Pip+1.q (Vs @) >
Hp,q) (Ao, @), which is a contradiction. Hence F'(z) # 0. Since F'(z) # 0 and

Olp+1,q] (F, 90) < O[p+1,q) (1/17 @) < U[p,q] (A07 @)
= H[p+1,q] (f5 90) = Hp+1,q] (gv 90) < O[p+1,q] (ga QD) = O[p+1,q] (f7 ()0) )

then by Lemma 2.7 and (3.5) , we have Ap+1.0) (9:0) = Apt1,9) (9,0) = Tppi1,q (9:0) =
O[p.q) (Ao, p),ie., )‘[p+1,q] (f —v,9) = )‘[p+1,q] (f =b,0) = Op+1,q] (f,0) = Olp,q] (Ao, ).

By Lemma 2.6 and (3.5) , we have A1 1 (9:9) = pppr1,q (9,9) s e,
z[p+1,q} (f—v,9) = Hip+1,q9] (f,) = Hip,q] (Ao, ).

Therefore -
Apitg (F = 0,0) = pipiag () = ppp.q) (Ao, )

< Olpgl (A0, 0) = Oppi1q) (> 0) = Apri,q) (F = ©10) = Apyrg (f — 0, 0).-
The proof of the theorem is complete.

Proof of Theorem 1.2 By the first part of the proof of Theorem 1.1, we can get
O[p+1,q) (f, ) < Olp,q] (Ao, ). By

g, (r,Aj)
3.6 lim su I
(36) H+£¥; m (r, Ao)
we have for r — 400
n—1
(3.7) > mi(r, Aj) < dm (r, Ag),
j=1

where § € (0,1). By A q (Aio, <p) < Hip,q (Ao, ), we have N (r, Ag) = o (T (r, Ao)) ,

r — 4o00. By (2.15) and (3.7), for » — +00,r ¢ E5, we obtain
(3.8)
T (r,Ag) =m(r,Ag) + N (r, Ag) < 0T (r, Ag) + O (logrT (r, f)) + o (T (r, Ao)),

where FEj is a set of r of finite linear measure. By Lemma 2.2 and (3.8), we have

Tpt1,q (f,0) = 0 (Ao, @) . Then we have opp11,q) (f,0) = opp.q (Ao, @) . By (3.8)
and Lemma 2.2, we have pp11.4 (f,©) > tpq (Ao, @) . By Lemma 2.8, we have

Bipr1.q (F59) < Bp.q) (Ao, ) , then we get
Hip+1,q) (f>0) = fip.q (Ao, ) -
By using the similar proof of Theorem 1.1, we can get
i[p-i-l,q] (f — 1, 90) = Mp+1,q] (fa QO) = H[p,q] (AOa QO) < O[p,q] (A07 QO)
= i1 (,0) = Aps1,q (f —0,0) = Api1.q (f =0, 90) -

The proof of the theorem is complete.

Proof of Theorem 1.3 Suppose that f is rational solution of (1.1). If f is either a
rational function with a pole of multiplicity n > 1 at zg or a polynomial with degree
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deg (f) > s, then f)(2) # 0. If max{oy,,q (4;,%),J # 5} < Hip.g (As, ) = i,
then we have

tip.) (0,) = i g (f(") F A fOTY 4 A, ) Pipal (As, ) = 1> 0,
which is a contradiction. Set

71 = max{7y g (4;,9) : Op.q (A),9) = Lijp,q (As, ) . J # s}

If opp.q (Aj,p) = Hip.q) (Ag, ), Tip,q] (Aj,9) < 1 < 7, then we may choose con-
stants 01, d2 such that 7 < §; < d2 < 7. For sufficiently large r, we have

(3.9) m(r,A;) <T(r,A;) < exp,_; {51 (log(F1 ¥ (r))“} .

If opp.q (A, ¢) < pip,q (As, @) , then for sufficiently large r
and any given £ (0 < 2e < ppp.q (As, ©) — [p.q (Aj,¢)) , We obtain

(3.10) m(r,A;) <T(r,A;) < exp, {(O’[pﬂ] (Aj,0) + 5) log, ¢ (r)} .
Under the assumption that Ap, g (A%, go) < fp,q (As, ), for sufficiently large r,
we have
(3.11) N (r,As) =o(T (1, As)) .
By the definition of the lower [p, q] — ¢ type, for sufficiently large r, we get
(3.12) T (r,As) > exp,_; {02 (log,_1 ¢ (1))"}.
By (1.1), we have
(3.13) T(r,As) < N (r,A) + Y _m(r,4;) + O (logr),
J#s

for sufficiently large r. Hence, by substituting (3.9), (3.10) and (3.11) into (3.13)
we have the contradiction. Therefore, if f is a non-transcendental meromorphic
solution, then it must be a polynomial with degree deg (f) < s — 1.

Now, we assume that f is a transcendental meromorphic solution of (1.1). By
(1.1), we have

(n)
(3.14) —A, = [f oo A ——

(s+1) (s—1)
f LA f

7 177 —|—--+A0]

Noting that

( >< (f(ls)> T )+ T (r /) +0(1)
ST+ E+D)T(rf)+o(T(r ) +0(1)

(3.15) =(4+2)T(r, f)+o(T(r,f)+0(1).
By Lemma 2.3, (3.14) and (3.15), we obtain

T(r,As) =m(r,As) + N (r, As)

(3.16) SN(rA)+ Y m(r,A) + (s+3)T(r, f) + O (log (rT (r, f))),
Jj#s
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for sufficiently large r ¢ Eo, where Fy is a set of r of finite linear measure. Then
by (3.9) —(3.12), (3.16) and Lemma 2.2, we can get g, o (f,©) > pp.q (As, ) and
Olp,gl (fs¢) = 0p.q (As, ) . By Lemma 1.1 and (2.10), we have

(3.17) T (r, f) < exppyy { (01p,q (As, ) +3¢) log, ¢ (1)}

for any € > 0, and r ¢ Ey, r — +00, where Ej is a set of r of linear logarithmic
measure. Then by (3.17) and Lemma 2.2, we have o114 (f,0) < 0 g (As, @) . By
Lemma 2.8, we obtain ju,41,q (f,¢) < pip,q (As, @) . Then we get op,41,q (f, ) <
Olp,q) (As, ) < 0ppq (f, ) and

Hip+1,q] (f7 90) < Hip,q] (AS, @) < Hip,q] (f7 90) .

The proof of the theorem is complete.
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