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ABSTRACT. Generalizing the ideals of an algebraic structure has shown to be both beneficial and interesting for 

mathematicians. In this context, the idea of the bi-interior ideal was introduced as a generalization of the bi-ideal and 

interior ideal of a semigroup. By introducing "soft union (S-uni) bi-interior ideals of semigroups", we apply this idea to 

semigroups and soft set theory in this study. Finding the relationships between S-uni bi-interior ideals and other 

specific kinds of S-uni ideals of a semigroup is the main aim of this study. Our results show that an S-uni bi-interior 

ideal is an S-uni subsemigroup of a special soft simple semigroup, and that the S-uni bi-interior ideal of semigroup is 

a generalization of the S-uni left (right/two-sided) ideal, bi-ideal, interior ideal, and quasi-ideal, however, the converses 

are not true with counterexamples. We demonstrate that the semigroup should be a special soft simple semigroup in 

order to satisfy the converses. Furthermore, we present conceptual characterizations and analysis of the new concept 

in terms of regarding soft set operations and notions supporting our assertions with particular, illuminating examples. 

 

 

1. Introduction 

In many areas of mathematics, semigroups have a crucial role given that they serve as the 

abstract algebraic structure for "memoryless" systems that reset at each iteration. Originally 

studied formally in the early 1900s, semigroups are crucial models for linear time-invariant 

systems in practical mathematics. It is crucial to theoretical computer science to investigate finite 
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semigroups since they are inseparable from finite automata. Furthermore, semigroups and 

Markov processes are connected in probability theory. Since the idea of ideals is fundamental to 

comprehending mathematical structures and their uses, many mathematicians have concentrated 

a significant portion of their study on generalizing ideals in algebraic structures. In particular, the 

generalization of ideals in algebraic structures is essential for further exploration of these 

structures. Numerous mathematicians have established significant results and characterizations 

of algebraic structures by utilizing the concept and properties of generalized ideals. For the theory 

of algebraic numbers, Dedekind established the concept of ideals, and Noether expanded it to 

include associative rings. The concept of an ideal is extended by the concept of a one-sided ideal 

of any algebraic structure, and the concepts of a one-sided ideal and a two-sided ideal remain 

central to ring theory. 

Good and Hughes [1] proposed the notion of bi-ideals for semigroups in 1952. The concept 

of quasi-ideals was initially introduced by Steinfeld [2] for semigroups and subsequently for rings. 

Bi-ideals are generalizations of quasi-ideals, while quasi-ideals are generalizations of left and 

right ideals. Lajos [3] established the concept of the interior ideal, and Szasz [4,5] expanded on it. 

Interior ideals are generalizations of ideals. Several new various kinds of ideals of semigroup, 

which are generalizations of the existing ones was defined by Rao [6–9]. Additionally, Baupradist 

et al. [10] introduced the concept of essential ideals of semigroups.  

In 1999, the "Soft Set Theory" was first presented by Molodtsov [11] in order to 

comprehend and provide appropriate solutions for problems involving uncertainty. Since then, 

a great deal of substantial study has been done on soft set notions and operations. Çağman and 

Enginoğlu [12] revised the notions and operations of soft sets. Sezgin [13] and Sezgin et al. [14] 

using soft sets in the application of semigroup theory, defined various soft union (S-uni) ideals of 

semigroups and thoroughly examined their fundamental properties. The soft forms of different 

algebraic structures have been studied in [15-41]. 

As a generalization of bi-ideals and interior ideals of semigroups, Rao [6] established the 

concept of bi-interior ideals of semigroups and examined their characteristics. The concept of bi-

interior ideals has also been studied by Rao and Venkateswarlu [42] for Γ-semirings, and Rao [43] 

for Γ-semigroup. By introducing "S-uni bi-interior ideals of semigroups", we apply this idea to 

semigroups and soft set theory in this study. We obtain the relationships between S-uni bi-interior 

ideals and various kinds S-uni ideals of semigroups. Our results show every S-uni bi-interior 

ideal of a special soft simple semigroup is an S-uni subsemigroup and S-uni bi-interior ideal is a 

generalization of S-uni left ideal, right ideal, ideal, bi-ideal, interior ideal, and quasi-ideal, 

however, the converses are not true with counterexamples. We demonstrate that the semigroup 

should be a special soft simple semigroup in order to satisfy the converses. Furthermore, we 

present conceptual characterizations and analysis of the new concept in terms of regarding soft 
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set operations and notions supporting our assertions with particular, illuminating examples. 

There are four sections in this study. An introduction to the subject is given in Section 1. The basic 

concepts of semigroup and soft sets, together with relevant definitions and implications, are 

presented in Section 2. In section 3, the concept of S-uni bi-interior ideal of semigroups was 

introduced and using specific examples to examine their characteristics and how they relate to 

other kinds of S-uni ideals. Our findings are outlined in Section 4 along with some directions for 

future study. 

 

2. Preliminaries 

Throughout this paper, 𝑆 denotes a semigroup. ∅ ≠ Ҭ ⊆ 𝑆 is called a subsemigroup of 𝑆 if ҬҬ ⊆

Ҭ , is called a bi-ideal of 𝑆  if ҬҬ ⊆ Ҭ  and Ҭ𝑆Ҭ ⊆ Ҭ , is called an interior ideal of 𝑆  if ҬҬ ⊆ Ҭ  and 

𝑆Ҭ𝑆 ⊆ Ҭ, and is called a bi-interior ideal of 𝑆 if 𝑆Ҭ𝑆 ∩ Ҭ𝑆Ҭ ⊆ Ҭ. 

Definition 2.1. [11, 12] Let 𝐸 be the parameter set, 𝑈 be the universal set, 𝑃(𝑈) be the power set 

of 𝑈, and Ԟ ⊆ 𝐸. The soft set 𝑓Ԟ over 𝑈 is a function such that 𝑓Ԟ: 𝐸 → 𝑃(𝑈), where for all ѵ ∉ Ԟ, 

𝑓Ԟ(ѵ) = ∅. That is, 

𝑓Ԟ = {(ѵ, 𝑓Ԟ(ѵ)): ѵ ∈ 𝐸, 𝑓Ԟ(ѵ) ∈ 𝑃(𝑈)} 

The set of all soft sets over 𝑈 is designated by 𝑆𝐸(𝑈) throughout this paper.  

Definition 2.2. [12] Let 𝑓₿ ∈ 𝑆𝐸(𝑈). If 𝑓₿(𝜐) = ∅ for all 𝜐 ∈ 𝐸, then 𝑓₿ is called a null soft set and 

denoted by ∅𝐸.  

Definition 2.3. [12] Let 𝑓₿, 𝑓𝒯 ∈ 𝑆𝐸(𝑈). If 𝑓₿(⩊) ⊆ 𝑓𝒯(⩊), for all ⩊∈ 𝐸, then 𝑓₿ is a soft subset of 𝑓𝒯 

and indicated by 𝑓₿ ⊆̃ 𝑓𝒯 . If 𝑓₿(⩊) = 𝑓𝒯(⩊) , for all ⩊∈ 𝐸 , then 𝑓₿  is called soft equal to 𝑓𝒯  and 

denoted by 𝑓₿ = 𝑓𝒯. 

Definition 2.4. [12] Let 𝑓Ꭿ, 𝑓ᗽ ∈ 𝑆𝐸(𝑈). The union (intersection) of 𝑓Ꭿ and 𝑓ᗽ is the soft set 𝑓Ꭿ ∪̃ 𝑓ᗽ 

(𝑓Ꭿ ∩̃ 𝑓ᗽ)  where (𝑓Ꭿ ∪̃ 𝑓ᗽ)(ℏ) = 𝑓Ꭿ(ℏ) ∪ 𝑓ᗽ(ℏ)  ((𝑓Ꭿ ∩̃ 𝑓ᗽ)(ℏ) = 𝑓Ꭿ(ℏ) ∩ 𝑓ᗽ(ℏ)) , for all ℏ ∈ 𝐸 , 

respectively. 

Definition 2.5. [15] Let 𝑓ℋ ∈ 𝑆𝐸(𝑈) and Ỽ ⊆ 𝑈. The lower Ỽ-inclusion of 𝑓ℋ, denoted by ₰(𝑓ℋ; Ỽ), 

is defined as 

₰(𝑓ℋ; Ỽ) = {𝑥 ∈ ℋ | 𝑓ℋ(𝑥) ⊆ Ỽ} 

Definition 2.6. [13] Let ℏ𝑆, ճ𝑆 ∈ 𝑆𝑆(𝑈). S-uni product ℏS ∗ ճS is defined by 

(ℏ𝑆 ∗ ճ𝑆)(𝜂) = {
⋂ {ℏ𝑆(ɯ) ∪ ճ𝑆(ȡ)},   

𝜂=ɯȡ

𝑖𝑓 ∃ɯ, ȡ ∈ 𝑆 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜂 = ɯȡ 

𝑈,                                         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                         

 

Theorem 2.7. [13] Let 𝒹𝑆, 𝜂𝑆 , 𝜇𝑆 ∈ 𝑆𝑆(𝑈). Then,  

i. (𝒹𝑆 ∗ 𝜂𝑆) ∗ 𝜇𝑆 = 𝒹𝑆 ∗ (𝜂𝑆 ∗ 𝜇𝑆) 

ii. 𝒹𝑆 ∗ 𝜂𝑆 ≠ 𝒹𝑆 ∗ 𝜂𝑆, generally. 

iii. 𝒹𝑆 ∗ (𝜂𝑆 ∪̃ 𝜇𝑆) = (𝒹𝑆 ∗ 𝜂𝑆) ∪̃ (𝒹𝑆 ∗ 𝜇𝑆) and (𝒹𝑆 ∪̃ 𝜂𝑆) ∗ 𝜇𝑆 = (𝒹𝑆 ∗ 𝜇𝑆) ∪̃ (𝜂𝑆 ∗ 𝜇𝑆) 

iv. 𝒹𝑆 ∗ (𝜂𝑆 ∩̃ 𝜇𝑆) = (𝒹𝑆 ∗ 𝜂𝑆) ∩̃ (𝒹𝑆 ∗ 𝜇𝑆) and (𝒹𝑆 ∩̃ 𝜂𝑆) ∗ 𝜇𝑆 = (𝒹𝑆 ∗ 𝜇𝑆) ∩̃ (𝜂𝑆 ∗ 𝜇𝑆) 
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v. If 𝒹𝑆 ⊆̃ 𝜂𝑆, then 𝒹𝑆 ∗ 𝜇𝑆 ⊆̃ 𝜂𝑆 ∗ 𝜇𝑆 and 𝜇𝑆 ∗ 𝒹𝑆 ⊆̃ 𝜇𝑆 ∗ 𝜂𝑆 

vi. If ℘𝑆, ꞣ𝑆 ∈ 𝑆𝑆(𝑈) such that ℘𝑆 ⊆̃ 𝒹𝑆 and ꞣ𝑆 ⊆̃ 𝜂𝑆, then ℘𝑆 ∗ ꞣ𝑆 ⊆̃ 𝒹𝑆 ∗ 𝜂𝑆. 

Definition 2.8. [13, 14] Let 𝜗𝑆 ∈ 𝑆𝑆(𝑈). Then, 𝜗𝑆 is called  

i. an S-uni subsemigroup (ꞨꞨ) if 𝜗𝑆(𝑎𝑏) ⊆ 𝜗𝑆(𝑎) ∪ 𝜗𝑆(𝑏) for all 𝑎, 𝑏 ∈ 𝑆, 

ii. an S-uni left (right) ideal (Ɫ(℞)-ideal) if 𝜗𝑆(ռ𝜐) ⊆ 𝜗𝑆(𝜐) (𝜗𝑆(ռ𝜐) ⊆ 𝜗𝑆(ռ)) for all ռ, 𝜐 ∈ 𝑆, and 

is called an S-uni two-sided ideal (S-uni ideal) if it is both S-uni Ɫ-ideal and S-uni ℞-ideal, 

iii. an S-uni bi-ideal (Ꞗ-ideal) if 𝜗𝑆 is an S-uni ꞨꞨ and 𝜗𝑆(ϳռρ) ⊆ 𝜗𝑆(ϳ) ∪ 𝜗𝑆(ρ) for all ϳ, ռ, ρ ∈ 𝑆, 

iv. an S-uni interior ideal (I-ideal) if 𝜗𝑆(ϳռρ) ⊆ 𝜗𝑆(ռ) for all ϳ, ռ, ρ ∈ 𝑆. 

Note that in [13], the definition of “S-uni ꞨꞨ” is given as “S-uni semigroup of 𝑆 over 𝑈"; however 

in this paper, without loss of generality, we prefer to use “S-uni ꞨꞨ”. Moreover, for the sake of 

brevity, the phrases such “of 𝑆 over 𝑈” is not used throughout this paper. 

If 𝜗𝑆(𝑥) = ∅ for all 𝑥 ∈ 𝑆,  then 𝜗𝑆 is an S-uni ꞨꞨ (Ɫ-ideal, ℞-ideal, ideal, Ꞗ-ideal, I-ideal). Such a 

kind of S-uni ꞨꞨ (Ɫ-ideal, ℞-ideal, ideal, Ꞗ-ideal, I-ideal) is denoted by Ꝋ̃. It is obvious that Ꝋ̃(𝑥) =

∅ for all 𝑥 ∈ 𝑆 [13, 14]. 

Definition 2.9. [14] A soft set ճ𝑆 is called an S-uni quasi-ideal (Ꝙ-ideal) if (Ꝋ̃ ∗ ճ𝑆) ∪̃ (ճ𝑆 ∗ Ꝋ̃) ⊇̃ ճ𝑆. 

 Theorem 2.10. [13] Let 𝜗𝑆 ∈ 𝑆𝑆(𝑈). Then, 

i)  Ꝋ̃ ∗ Ꝋ̃ ⊇̃ Ꝋ̃ 

ii)  Ꝋ̃ ∗ 𝜗𝑆 ⊇̃ Ꝋ̃ and 𝜗𝑆 ∗ Ꝋ̃ ⊇̃ Ꝋ̃ 

iii)  𝜗𝑆 ∩̃ Ꝋ̃ = Ꝋ̃ and 𝜗𝑆 ∪̃ Ꝋ̃ = 𝜗𝑆 

Theorem 2.11. [13, 14] Let 𝜗𝑆 ∈ 𝑆𝑆(𝑈). Then, 

(1) 𝜗𝑆 is an S-uni ꞨꞨ iff 𝜗𝑆 ∗ 𝜗𝑆 ⊇̃ 𝜗𝑆 

(2) 𝜗𝑆 is an S-uni Ɫ(℞)-ideal iff Ꝋ̃ ∗ 𝜗𝑆 ⊇̃ 𝜗𝑆 (𝜗𝑆 ∗ Ꝋ̃ ⊇̃ 𝜗𝑆) 

(3) 𝜗𝑆 is an S-uni Ꞗ-ideal iff 𝜗𝑆 ∗ 𝜗𝑆 ⊇̃ 𝜗𝑆 and 𝜗𝑆 ∗ Ꝋ̃ ∗ 𝜗𝑆 ⊇̃ 𝜗𝑆 

(4) 𝜗𝑆 is an S-uni I-ideal iff Ꝋ̃ ∗ 𝜗𝑆 ∗ Ꝋ̃ ⊇̃ 𝜗𝑆 

Theorem 2.12. [14] Every S-uni Ꝙ-ideal is an S-uni Ꞗ-ideal. 

Now, the concept of a special soft left (right) simple semigroup will be introduced in order to 

characterize S-uni ideals. 

Definition 2.13. Let ẝ𝑆 ∈ 𝑆𝑆(𝑈). Then, 𝑆 is called a special soft left simple semigroup (with respect 

to ẝ𝑆) if Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆, is called a special soft right simple semigroup (with respect to ẝ𝑆) if Ꝋ̃ = ẝ𝑆 ∗ Ꝋ̃, 

is called a special soft simple semigroup (with respect to ẝ𝑆) if Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆 = ẝ𝑆 ∗ Ꝋ̃. If 𝑆 is a special 

soft (left/right) simple semigroup with respect to all soft sets over 𝑈, then it is called a special soft 

(left/right) simple semigroup. 

Special soft (left/right) simple semigroup is used in this paper as “special soft (left/right) simple”. 
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Example 2.14. Consider the semigroup 𝑆 = {Ѧ, ⅊, ₼} defined by Table 1: 

Table 1. Cayley table of ‘⍟’ binary operation. 

⍟ Ѧ ⅊ ₼ 

Ѧ ₼ ⅊ Ѧ 

⅊ ⅊ ⅊ ⅊ 

₼ Ѧ ⅊ ₼ 

Let ẝ𝑆 be soft set over 𝑈 = 𝐷2 = {⟨𝑥, 𝑦⟩: 𝑥2 = 𝑦2 = 𝑒, 𝑥𝑦 = 𝑦𝑥} = {𝑒, 𝑥, 𝑦, 𝑦𝑥} as follows: 

ẝ𝑆 = {(Ѧ, {𝑒}), (⅊, {𝑥, 𝑦}), (₼, {𝑦𝑥})} 

By considering 

Ꝋ̃ = {(Ѧ, ∅), (⅊, ∅), (₼, ∅)} 

we obtain that 𝑆 is special soft left simple with respect to ẝ𝑆. In fact, since 

Ꝋ̃ ∗ ẝ𝑆 = {(Ѧ, ∅), (⅊, ∅), (₼, ∅)} 

we obtain that Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆. Similarly, 𝑆 is special soft right simple with respect to ẝ𝑆. In fact, since 

ẝ𝑆 ∗ Ꝋ̃ = {(Ѧ, ∅), (⅊, ∅), (₼, ∅)} 

we obtain Ꝋ̃ = ẝ𝑆 ∗ Ꝋ̃. Hence, Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆 = ẝ𝑆 ∗ Ꝋ̃. Therefore, 𝑆 is special soft simple with respect 

to ẝ𝑆. 

Theorem 2.15. Let 𝑆 be special soft simple. Then, the following conditions hold. 

i. Every S-uni Ꞗ-ideal is an S-uni Ꝙ-ideal (Here, 𝑆 is enough to be special soft left or right 

simple). 

ii. Every S-uni Ꝙ-ideal is an S-uni ideal. 

iii. Every S-uni Ꞗ-ideal is an S-uni ideal. 

iv. Every S-uni I-ideal is an S-uni ideal. 

Proof: (i) The proof is presented only for special soft left simple semigroups, as the proof for 

special soft right simple semigroups can be shown similarly. Let 𝑆 be special soft left simple and 

ẝ𝑆 be an S-uni Ꞗ-ideal. Then, Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆 and ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆. Thus,  

(Ꝋ̃ ∗ ẝ𝑆) ∪̃ (ẝ𝑆 ∗ Ꝋ̃) ⊇̃ ẝ𝑆 ∗ Ꝋ̃ = ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆 

is obvious. Hence, ẝ𝑆 is an S-uni Ꝙ-ideal. 

(ii) Let 𝑆  be special soft simple and ẝ𝑆  be an S-uni Ꝙ-ideal. Then, Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆 = ẝ𝑆 ∗ Ꝋ̃  and 

(Ꝋ̃ ∗ ẝ𝑆) ∪̃ (ẝ𝑆 ∗ Ꝋ̃) ⊇̃ ẝ𝑆. Since  

Ꝋ̃ ∗ ẝ𝑆 = (Ꝋ̃ ∗ ẝ𝑆) ∪̃ (Ꝋ̃ ∗ ẝ𝑆) = (Ꝋ̃ ∗ ẝ𝑆) ∩̃ (ẝ𝑆 ∗ Ꝋ̃) ⊇̃ ẝ𝑆 

ẝ𝑆 is an S-uni Ɫ-ideal. Similarly, since 

ẝ𝑆 ∗ Ꝋ̃ = (ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃) = (Ꝋ̃ ∗ ẝ𝑆) ∩̃ (ẝ𝑆 ∗ Ꝋ̃) ⊇̃ ẝ𝑆 

ẝ𝑆 is an S-uni ℞-ideal. Hence, ẝ𝑆 is an S-uni ideal. 
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(iii) Let 𝑆 be special soft simple and ẝ𝑆 be an S-uni Ꞗ-ideal. Then, by Theorem 2.15 (i) ẝ𝑆 is an S-uni 

Ꝙ-ideal. The rest of the proof is obvious from Theorem 2.15 (ii). 

(iv) Let 𝑆 be special soft simple and ẝ𝑆 be an S-uni I-ideal. Then, Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆 = ẝ𝑆 ∗ Ꝋ̃ and Ꝋ̃ ∗ ẝ𝑆 ∗

Ꝋ̃ ⊇̃ ẝ𝑆. Since 

Ꝋ̃ ∗ ẝ𝑆 = Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃ ⊇̃ ẝ𝑆 

ẝ𝑆 is an S-uni Ɫ-ideal. Similarly, since 

ẝ𝑆 ∗ Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃ ⊇̃ ẝ𝑆 

ẝ𝑆 is an S-uni ℞-ideal. Hence, ẝ𝑆 is an S-uni ideal. 

 

3. Soft Union Bi-interior Ideals of Semigroups 

In this section, soft union (S-uni) bi-interior ideal of a semigroup is defined and its relations 

between other certain soft union (S-uni) ideals are obtained. 

Definition 3.1. A soft set 𝑓𝑆  over 𝑈  is called a soft union (S-uni) bi-interior ideal of 𝑆  over 𝑈  if 

(Ꝋ̃ ∗ 𝑓𝑆 ∗ Ꝋ̃) ∪̃ (𝑓𝑆 ∗ Ꝋ̃ ∗ 𝑓𝑆) ⊇̃ 𝑓𝑆. 

For the sake of brevity, S-uni bi-interior ideal of 𝑆 over 𝑈 is abbreviated by S-uni ᙝᏆ-ideal. 

Example 3.2. Let 𝑆 = {₡, ₶,អ,ນ} be: 

Table 2. Cayley table of ‘•’ binary operation. 

• ₡ ₶ អ ນ 

₡ ₡ ₶ ₶ ນ 

₶ ₶ ₶ ₶ ນ 

អ ₶ ₶ ₶ ນ 

ນ ນ ນ ນ ນ 

Let ⱷ𝑆 and ꭎ𝑆 be soft sets over 𝑈 = ℤ as follows: 

ⱷ𝑆 = {(₡, {1,3,4}), (₶, {1,3}), (អ, {1,2,3}), (ນ, {1})} 

ꭎ𝑆 = {(₡, {3,5}), (₶, {3,5,7,8}), (អ, {5,8}), (ນ, {3,5,7})} 

Then, ⱷ𝑆 is an S-uni ᙝᏆ-ideal. In fact; 

 [(Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃) ∪̃ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)](₡) = (Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃)(₡) ∪ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)(₡) = [Ꝋ̃(₡) ∪ (ⱷ𝑆 ∗

Ꝋ̃)(₡)] ∩ [ⱷ𝑆(₡) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(₡)] = ⱷ𝑆(₡) ∪ ⱷ𝑆(₡) = ⱷ𝑆(₡) ⊇ ⱷ𝑆(₡) 

 

 [(Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃) ∪̃ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)](₶) = (Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃)(₶) ∪ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)(₶) = [[Ꝋ̃(₡) ∪ (ⱷ𝑆 ∗

Ꝋ̃)(₶)] ∩ [Ꝋ̃(₡) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(អ)] ∩ [Ꝋ̃(₶) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(₡)] ∩ [Ꝋ̃(₶) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(₶)] ∩ [Ꝋ̃(₶) ∪ (ⱷ𝑆 ∗

Ꝋ̃)(អ)] ∩ [Ꝋ̃(អ) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(₡)] ∩ [Ꝋ̃(អ) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(₶)] ∩ [Ꝋ̃(អ) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(អ)]] ∪ [[ⱷ𝑆(₡) ∪

(Ꝋ̃ ∗ ⱷ𝑆)(₶)] ∩ [ⱷ𝑆(₡) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(អ)] ∩ [ⱷ𝑆(₶) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(₡)] ∩ [ⱷ𝑆(₶) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(₶)] ∩ [ⱷ𝑆(₶) ∪
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(Ꝋ̃ ∗ ⱷ𝑆)(អ)] ∩ [ⱷ𝑆(អ) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(₡)] ∩ [ⱷ𝑆(អ) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(₶)] ∩ [ⱷ𝑆(អ) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(អ)]] =

[ⱷ𝑆(₡) ∩ ⱷ𝑆(₶) ∩ ⱷ𝑆(អ)] ∪ [ⱷ𝑆(₡) ∩ ⱷ𝑆(₶) ∩ ⱷ𝑆(អ)] = ⱷ𝑆(₡) ∩ ⱷ𝑆(₶) ∩ ⱷ𝑆(អ) ⊇ ⱷ𝑆(₶) 

 

 [(Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃) ∪̃ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)](អ) = 𝑈 ⊇ ⱷ𝑆(អ) 

 

 [(Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃) ∪̃ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)](ນ) = (Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃)(ນ) ∪ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)(ນ) = [[Ꝋ̃(₡) ∪ (ⱷ𝑆 ∗

Ꝋ̃)(ນ)] ∩ [Ꝋ̃(₶) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(ນ)] ∩ [Ꝋ̃(អ) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(ນ)] ∩ [Ꝋ̃(ນ) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(₡)] ∩ [Ꝋ̃(ນ) ∪ (ⱷ𝑆 ∗

Ꝋ̃)(₶)] ∩ [Ꝋ̃(ນ) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(អ)] ∩ [Ꝋ̃(ນ) ∪ (ⱷ𝑆 ∗ Ꝋ̃)(ນ)]] ∪ [[ⱷ𝑆(₡) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(ນ)] ∩ [ⱷ𝑆(₶) ∪ (Ꝋ̃ ∗

ⱷ𝑆)(ນ)] ∩ [ⱷ𝑆(អ) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(ນ)] ∩ [ⱷ𝑆(ນ) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(₡)] ∩ [ⱷ𝑆(ນ) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(₶)] ∩ [ⱷ𝑆(ນ) ∪

(Ꝋ̃ ∗ ⱷ𝑆)(អ)] ∩ [ⱷ𝑆(ນ) ∪ (Ꝋ̃ ∗ ⱷ𝑆)(ນ)]] = [ⱷ𝑆(₡) ∩ ⱷ𝑆(₶) ∩ ⱷ𝑆(អ) ∩ ⱷ𝑆(ນ)] ∪ [ⱷ𝑆(₡) ∩ ⱷ𝑆(₶) ∩

ⱷ𝑆(អ) ∩ ⱷ𝑆(ນ)] = ⱷ𝑆(₡) ∩ ⱷ𝑆(₶) ∩ ⱷ𝑆(អ) ∩ ⱷ𝑆(ນ) ⊇ ⱷ𝑆(ນ) 

 

Thus, ⱷ𝑆 is an S-uni ᙝᏆ-ideal. However, since 

[(Ꝋ̃ ∗ ꭎ𝑆 ∗ Ꝋ̃) ∪̃ (ꭎ𝑆 ∗ Ꝋ̃ ∗ ꭎ𝑆)](ນ) = (Ꝋ̃ ∗ ꭎ𝑆 ∗ Ꝋ̃)(ນ) ∪ (ꭎ𝑆 ∗ Ꝋ̃ ∗ ꭎ𝑆)(ນ)

= [ꭎ𝑆(₡) ∩ ꭎ𝑆(₶) ∩ ꭎ𝑆(អ) ∩ ꭎ𝑆(ນ)] ∪ [ꭎ𝑆(₡) ∩ ꭎ𝑆(₶) ∩ ꭎ𝑆(អ) ∩ ꭎ𝑆(ນ)]

= ꭎ𝑆(₡) ∩ ꭎ𝑆(₶) ∩ ꭎ𝑆(អ) ∩ ꭎ𝑆(ນ) ⊉ ꭎ𝑆(ນ) 

ꭎ𝑆 is not an S-uni ᙝᏆ-ideal. 

 

Corollary 3.3. Ꝋ̃ is an S-uni ᙝᏆ-ideal. 

Now, we continue with the relationships between S-uni ᙝᏆ-ideals and other types of S-uni ideals 

of 𝑆. 

Theorem 3.4. Every S-uni ᙝᏆ-ideal is an S-uni ꞨꞨ of a special soft simple semigroup.  

Proof: Let ẝ𝑆 be an S-uni ᙝᏆ-ideal of a special soft simple 𝑆. Then, (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 

and Ꝋ̃ = Ꝋ̃ ∗ ẝ𝑆 = ẝ𝑆 ∗ Ꝋ̃. Thus,  

ẝ𝑆 ∗ ẝ𝑆 = (ẝ𝑆 ∗ ẝ𝑆) ∪̃ (ẝ𝑆 ∗ ẝ𝑆) ⊇̃ (Ꝋ̃ ∗ ẝ𝑆) ∪̃ (ẝ𝑆 ∗ Ꝋ̃)

= (Ꝋ̃ ∗ ẝ𝑆 ∗ ẝ𝑆) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 

Hence, ẝ𝑆 is an S-uni ꞨꞨ. 

Theorem 3.5. Every S-uni Ɫ-ideal is an S-uni ᙝᏆ-ideal. 

Proof: Let ẝ𝑆 be an S-uni Ɫ-ideal. Then, Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆 and ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆. Thus, 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆 

Hence, ẝ𝑆 is an S-uni ᙝᏆ-ideal. 

We present a counterexample to demonstrate that the converse of Theorem 3.5 is not valid: 
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Example 3.6. Consider the semigroup 𝑆 = {ᘕ,Ꮰ} defined by the following table: 

Table 3. Cayley table of ‘◎’ binary operation. 

◎ ᘕ Ꮰ 

ᘕ ᘕ ᘕ 

Ꮰ Ꮰ Ꮰ 

Let 𝜚𝑆 be soft set over 𝑈 = ℤ+ as follows: 

𝜚𝑆 = {(ᘕ, {4}), (Ꮰ, {1,1999})} 

Then, 𝜚𝑆 is an S-uni ᙝᏆ-ideal. In fact; 

[(Ꝋ̃ ∗ 𝜚𝑆 ∗ Ꝋ̃) ∪̃ (𝜚𝑆 ∗ Ꝋ̃ ∗ 𝜚𝑆)](ᘕ) = (Ꝋ̃ ∗ 𝜚𝑆 ∗ Ꝋ̃)(ᘕ) ∪ (𝜚𝑆 ∗ Ꝋ̃ ∗ 𝜚𝑆)(ᘕ)

= (𝜚𝑆(ᘕ) ∩ 𝜚𝑆(Ꮰ)) ∪ 𝜚𝑆(ᘕ) = 𝜚𝑆(ᘕ) ⊇ 𝜚𝑆(ᘕ) 

[(Ꝋ̃ ∗ 𝜚𝑆 ∗ Ꝋ̃) ∪̃ (𝜚𝑆 ∗ Ꝋ̃ ∗ 𝜚𝑆)](Ꮰ) = (Ꝋ̃ ∗ 𝜚𝑆 ∗ Ꝋ̃)(Ꮰ) ∪ (𝜚𝑆 ∗ Ꝋ̃ ∗ 𝜚𝑆)(Ꮰ) = (𝜚𝑆(ᘕ) ∩ 𝜚𝑆(Ꮰ)) ∪ 𝜚𝑆(Ꮰ)

= 𝜚𝑆(Ꮰ) ⊇ 𝜚𝑆(Ꮰ) 

Thus, 𝜚𝑆 is an S-uni ᙝᏆ-ideal. However, since 

𝜚𝑆(ᘕᏠ) = 𝜚𝑆(ᘕ) ⊈ 𝜚𝑆(Ꮰ) 

𝜚𝑆 is not an S-uni Ɫ-ideal. 

Theorem 3.7 illustrates that the converse of Theorem 3.5 valid for the special soft simple 

semigroups. 

Theorem 3.7. Let ຟ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be special soft simple. Then, the following conditions are 

equivalent: 

1. ຟ𝑆 is an S-uni Ɫ-ideal. 

2. ຟ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: (1) implies (2) is obvious by Theorem 3.5. Assume that ຟ𝑆  is an S-uni ᙝᏆ-ideal. By 

assumption, Ꝋ̃ = Ꝋ̃ ∗ຟ𝑆 = ຟ𝑆 ∗ Ꝋ̃. Thus, 

Ꝋ̃ ∗ຟ𝑆 = (Ꝋ̃ ∗ຟ𝑆) ∪̃ (Ꝋ̃ ∗ຟ𝑆) = (Ꝋ̃ ∗ຟ𝑆 ∗ຟ𝑆) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) 

⊇̃ (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ ຟ𝑆 

Hence, ຟ𝑆 is an S-uni Ɫ-ideal. 

Theorem 3.8. Every S-uni ℞-ideal is an S-uni ᙝᏆ-ideal. 

Proof: Let ẝ𝑆 be an S-uni ℞-ideal. Then, ẝ𝑆 ∗ Ꝋ̃ ⊇̃ ẝ𝑆 and ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆. Thus, 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆 

Hence, ẝ𝑆 is an S-uni ᙝᏆ-ideal. 

We present a counterexample to demonstrate that the converse of Theorem 3.8 is not valid: 
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Example 3.9. Let 𝑆 = {ɟ, ꞔ} be: 

Table 4. Cayley table of ‘⎔’ binary operation. 

⎔ ɟ ꞔ 

ɟ ɟ ꞔ 

ꞔ ɟ ꞔ 

Let ⱷ𝑆 be soft set over 𝑈 = ℤ− as follows: 

ⱷ𝑆 = {(ɟ, {−1}), (ꞔ, {−2})} 

Then, ⱷ𝑆 is an S-uni ᙝᏆ-ideal. In fact; 

[(Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃) ∪̃ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)](ɟ) = (Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃)(ɟ) ∪ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)(ɟ) = (ⱷ𝑆(ɟ) ∩ ⱷ𝑆(ꞔ)) ∪ ⱷ𝑆(ɟ)

= ⱷ𝑆(ɟ) ⊇ ⱷ𝑆(ɟ) 

[(Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃) ∪̃ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)](ꞔ) = (Ꝋ̃ ∗ ⱷ𝑆 ∗ Ꝋ̃)(ꞔ) ∪ (ⱷ𝑆 ∗ Ꝋ̃ ∗ ⱷ𝑆)(ꞔ) = (ⱷ𝑆(ɟ) ∩ ⱷ𝑆(ꞔ)) ∪ ⱷ𝑆(ꞔ)

= ⱷ𝑆(ꞔ) ⊇ ⱷ𝑆(ꞔ) 

Thus, ⱷ𝑆 is an S-uni ᙝᏆ-ideal. However since, 

ⱷ𝑆(ɟꞔ) = ⱷ𝑆(ꞔ) ⊈ ⱷ𝑆(ɟ) 

ⱷ𝑆 is not an S-uni ℞-ideal. 

Theorem 3.10 illustrates that the converse of Theorem 3.8 is valid for the special soft simple 

semigroups. 

Theorem 3.10. Let ຟ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be special soft simple. Then, the following conditions are 

equivalent: 

1. ຟ𝑆 is an S-uni ℞-ideal. 

2. ຟ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: (1) implies (2) is obvious by Theorem 3.8. Assume that ຟ𝑆  is an S-uni ᙝᏆ-ideal. By 

assumption, Ꝋ̃ = Ꝋ̃ ∗ຟ𝑆 = ຟ𝑆 ∗ Ꝋ̃. Thus, 

ຟ𝑆 ∗ Ꝋ̃ = (ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃)

= (ຟ𝑆 ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ ຟ𝑆 

Hence, ຟ𝑆 is an S-uni ℞-ideal. 

Theorem 3.11. Every S-uni ideal is an S-uni ᙝᏆ-ideal. 

Proof: It follows by Theorem 3.5 and Theorem 3.8. 

Note that the converse of Theorem 3.11 is not true follows from Example 3.6 and Example 3.9. 

Theorem 3.12 illustrates that the converse of Theorem 3.11 valid for the special soft simple 

semigroups. 

Theorem 3.12. Let 𝑓𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be special soft simple. Then, the following conditions are 

equivalent: 

1. 𝑓𝑆 is an S-uni ideal. 

2. 𝑓𝑆 is an S-uni ᙝᏆ-ideal. 
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Proof: It follows by Theorem 3.7 and Theorem 3.10. 

Theorem 3.13. Every S-uni Ꞗ-ideal is an S-uni ᙝᏆ-ideal. 

Proof: Let ẝ𝑆 be an S-uni Ꞗ-ideal. Then, ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆. Thus, 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆 

Hence, ẝ𝑆 is an S-uni ᙝᏆ-ideal. 

We present a counterexample to demonstrate that the converse of Theorem 3.13 is not valid: 

Example 3.14. Let 𝑆 = {բ, ℴ, ʊ, 𝓇} be: 

Table 5. Cayley table of ‘◎’ binary operation. 

◎ բ ℴ ʊ 𝓇 

բ բ բ բ բ 

ℴ բ բ բ բ 

ʊ բ բ ℴ բ 

𝓇 բ բ ℴ ℴ 

Suppose that ճ𝑆 is soft set over 𝑈 = 𝑆3 as follows: 

ճ𝑆 = {(բ, {(1)}), (ℴ, {(1), (123)}), (ʊ, {(1), (132)}), (𝓇, {(1), (12)})} 

Then, ճ𝑆 is an S-uni ᙝᏆ-ideal. In fact; 

[(Ꝋ̃ ∗ ճ𝑆 ∗ Ꝋ̃) ∪̃ (ճ𝑆 ∗ Ꝋ̃ ∗ ճ𝑆)](բ) = {(1)} ⊇ ճ𝑆(բ) 

[(Ꝋ̃ ∗ ճ𝑆 ∗ Ꝋ̃) ∪̃ (ճ𝑆 ∗ Ꝋ̃ ∗ ճ𝑆)](ℴ) = 𝑈 ⊇ ճ𝑆(ℴ) 

[(Ꝋ̃ ∗ ճ𝑆 ∗ Ꝋ̃) ∪̃ (ճ𝑆 ∗ Ꝋ̃ ∗ ճ𝑆)](ʊ) = 𝑈 ⊇ ճ𝑆(ʊ) 

[(Ꝋ̃ ∗ ճ𝑆 ∗ Ꝋ̃) ∪̃ (ճ𝑆 ∗ Ꝋ̃ ∗ ճ𝑆)](𝓇) = 𝑈 ⊇ ճ𝑆(𝓇) 

Thus, ճ𝑆 is an S-uni ᙝᏆ-ideal. However, since 

ճ𝑆(ʊʊ) = ճ𝑆(ℴ) ⊈ ճ𝑆(ʊ) ∪ ճ𝑆(ʊ) 

ճ𝑆 is not an S-uni ꞨꞨ. Hence, ճ𝑆 is not an S-uni Ꞗ-ideal. 

Theorem 3.15 illustrates that the converse of Theorem 3.13 is valid for the special soft simple 

semigroups. 

Theorem 3.15. Let ຟ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be special soft simple. Then, the following conditions are 

equivalent: 

1. ຟ𝑆 is an S-uni Ꞗ-ideal. 

2. ຟ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: (1) implies (2) is obvious by Theorem 3.13. Assume that ຟ𝑆 is an S-uni ᙝᏆ-ideal. Then, by 

Theorem 3.4, ຟ𝑆 is an S-uni ꞨꞨ and by assumption, Ꝋ̃ = Ꝋ̃ ∗ຟ𝑆 = ຟ𝑆 ∗ Ꝋ̃. Thus, 

ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆 = (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆)

= (Ꝋ̃ ∗ຟ𝑆 ∗ຟ𝑆) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ ຟ𝑆 

Hence, ຟ𝑆 is an S-uni Ꞗ-ideal. 
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Theorem 3.16. Every S-uni I-ideal is an S-uni ᙝᏆ-ideal. 

Proof: Let ẝ𝑆 be an S-uni I-ideal. Then, Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃ ⊇̃ ẝ𝑆. Thus, 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∩̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃ ⊇̃ ẝ𝑆 

Hence, ẝ𝑆 is an S-uni ᙝᏆ-ideal. 

We present a counterexample to demonstrate that the converse of Theorem 3.16 is not valid: 

Example 3.17. Let the soft set ⱷ𝑆 in Example 3.9. As seen in Example 3.9, ⱷ𝑆 is an S-uni ᙝᏆ-ideal. 

Since, 

ⱷ𝑆(ꞔɟꞔ) = ⱷ𝑆(ꞔ) ⊈ ⱷ𝑆(ɟ) 

ⱷ𝑆 is not an S-uni I-ideal. 

Theorem 3.18 illustrates that the converse of Theorem 3.16 valid for the special soft simple 

semigroups. 

Theorem 3.18. Let ຟ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be special soft simple. Then, the following conditions are 

equivalent:  

1. ຟ𝑆 is an S-uni I-ideal. 

2. ຟ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: (1) implies (2) is obvious by Theorem 3.16. Assume that ຟ𝑆  is an S-uni ᙝᏆ-ideal. By 

assumption, Ꝋ̃ = Ꝋ̃ ∗ຟ𝑆 = ຟ𝑆 ∗ Ꝋ̃. Thus, 

Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃ = (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃)

= (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃) ⊇̃ (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃)

= (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ ຟ𝑆 

Hence, ຟ𝑆 is an S-uni I-ideal. 

Theorem 3.19. Every S-uni Ꝙ-ideal is an S-uni ᙝᏆ-ideal. 

Proof: Let 𝑓𝑆 be an S-uni Ꝙ-ideal. Then, 𝑓𝑆 is an S-uni Ꞗ-ideal by Theorem 2.12. The rest is obvious 

by Theorem 3.13. 

We present a counterexample to demonstrate that the converse of Theorem 3.19 is not valid:  

Example 3.20. Let the soft set ճ𝑆 in Example 3.14. As seen in Example 3.14, ճ𝑆 is an S-uni ᙝᏆ-ideal, 

however, it is not an S-uni Ꞗ-ideal. Since ճ𝑆 is not an S-uni Ꞗ-ideal, ճ𝑆 is not an S-uni Ꝙ-ideal. 

Theorem 3.21 illustrates that the converse of Theorem 3.19 is valid for the special soft simple 

semigroups.  

Theorem 3.21. Let ຟ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be special soft simple. Then, the following conditions are 

equivalent:  

1. ຟ𝑆 is an S-uni Ꝙ-ideal. 

2. ຟ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: (1) implies (2) is obvious by Theorem 3.19. Assume that ຟ𝑆  is an S-uni ᙝᏆ-ideal. By 

assumption, Ꝋ̃ = Ꝋ̃ ∗ຟ𝑆 = ຟ𝑆 ∗ Ꝋ̃. Thus, 
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(Ꝋ̃ ∗ຟ𝑆) ∪̃ (ຟ𝑆 ∗ Ꝋ̃) = (Ꝋ̃ ∗ຟ𝑆 ∗ຟ𝑆) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∪̃ (ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆) ⊇̃ ຟ𝑆 

Hence, ຟ𝑆 is an S-uni Ꝙ-ideal. 

Theorem 3.22. Let ຟ𝑆,ຖ𝑆 ∈ 𝑆𝑆(𝑈). If ຟ𝑆 or ຖ𝑆 is an S-uni Ɫ-ideal, then ຟ𝑆 ∗ ຖ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: Let ຟ𝑆 be an S-uni Ɫ-ideal. Then, Ꝋ̃ ∗ຟ𝑆 ⊇̃ ຟ𝑆 and ຟ𝑆 ∗ຟ𝑆 ⊇̃ ຟ𝑆. Thus, 

(Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃) ∪̃ ((ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆)) ⊇̃ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) 

= ຟ𝑆 ∗ ຖ𝑆 ∗ (Ꝋ̃ ∗ ຟ𝑆) ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ ຖ𝑆 ∗ຟ𝑆 ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ (Ꝋ̃ ∗  ຟ𝑆) ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ຟ𝑆 ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ ຖ𝑆 

Hence, ຟ𝑆 ∗ ຖ𝑆 is an S-uni ᙝᏆ-ideal. Also, the proof can be given similarly for ຖ𝑆. Let ຖ𝑆 be an S-

uni Ɫ-ideal. Then, Ꝋ̃ ∗ ຖ𝑆 ⊇̃ ຖ𝑆 and ຖ𝑆 ∗ ຖ𝑆 ⊇̃ ຖ𝑆. Thus, 

(Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃) ∪̃ ((ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆)) ⊇̃ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) 

⊇̃ ຟ𝑆 ∗ (Ꝋ̃ ∗ Ꝋ̃) ∗ Ꝋ̃ ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ (Ꝋ̃ ∗ Ꝋ̃) ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ (Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຟ𝑆 ∗ ຖ𝑆 

Hence, ຟ𝑆 ∗ ຖ𝑆 is an S-uni ᙝᏆ-ideal. 

Theorem 3.23. Let ຟ𝑆,ຖ𝑆 ∈ 𝑆𝑆(𝑈). If ຟ𝑆 or ຖ𝑆 is an S-uni ℞-ideal, then ຟ𝑆 ∗ ຖ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: Let ຖ𝑆 be an S-uni ℞-ideal. Then, ຖ𝑆 ∗ Ꝋ̃ ⊇̃ ຖ𝑆 and ຖ𝑆 ∗ ຖ𝑆 ⊇̃ ຖ𝑆. Thus, 

(Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃) ∪̃ ((ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆)) ∪̃ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) 

= ຟ𝑆 ∗ (ຖ𝑆 ∗ Ꝋ̃) ∗ຟ𝑆 ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ ຖ𝑆 ∗ຟ𝑆 ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ (ຖ𝑆 ∗ Ꝋ̃) ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ ຖ𝑆 ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ ຖ𝑆 

Hence, ຟ𝑆 ∗ ຖ𝑆 is an S-uni ᙝᏆ-ideal. Also, the proof can be given similarly for ຟ𝑆. Let ຟ𝑆 be an S-

uni ℞-ideal. Then, ຟ𝑆 ∗ Ꝋ̃ ⊇̃ ຟ𝑆 and ຟ𝑆 ∗ຟ𝑆 ⊇̃ ຟ𝑆. Thus, 

(Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃) ∪̃ ((ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆)) ⊇̃ (ຟ𝑆 ∗ ຖ𝑆) ∗ Ꝋ̃ ∗ (ຟ𝑆 ∗ ຖ𝑆) 

⊇̃ ຟ𝑆 ∗ (Ꝋ̃ ∗ Ꝋ̃) ∗ Ꝋ̃ ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ (Ꝋ̃ ∗ Ꝋ̃) ∗ ຖ𝑆 ⊇̃ (ຟ𝑆 ∗ Ꝋ̃) ∗ ຖ𝑆 ⊇̃ ຟ𝑆 ∗ ຖ𝑆 

Hence, ຟ𝑆 ∗ ຖ𝑆 is an S-uni ᙝᏆ-ideal. 

Theorem 3.24. Let 𝑓𝑆, ɕ𝑆 , ℎ𝑆 ∈ 𝑆𝑆(𝑈). If 𝜚𝑆 is an S-uni ideal, then 𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: Let ɕ𝑆 be an S-uni ideal. Then, Ꝋ̃ ∗ ɕ𝑆 ⊇̃ ɕ𝑆, ɕ𝑆 ∗ Ꝋ̃ ⊇̃ ɕ𝑆 and ɕ𝑆 ∗ ɕ𝑆 ⊇̃ ɕ𝑆. Thus, 

(Ꝋ̃ ∗ (𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆) ∗ Ꝋ̃) ∪̃ ((𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆) ∗ Ꝋ̃ ∗ (𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆)) ⊇̃ (𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆) ∗ Ꝋ̃ ∗ (𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆) 

⊇̃ 𝑓𝑆 ∗ (ɕ𝑆 ∗ Ꝋ̃) ∗ (Ꝋ̃ ∗ Ꝋ̃) ∗ ɕ𝑆 ∗ ℎ𝑆 ⊇̃ 𝑓𝑆 ∗ (ɕ𝑆 ∗ Ꝋ̃) ∗ ɕ𝑆 ∗ ℎ𝑆 ⊇̃ 𝑓𝑆 ∗ ɕ𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆 ⊇̃ 𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆 

Hence, 𝑓𝑆 ∗ ɕ𝑆 ∗ ℎ𝑆 is an S-uni ᙝᏆ-ideal. 

Theorem 3.25. Let ẝ𝑆 and 𝜂𝑆 be S-uni ᙝᏆ-ideals. Then, ẝ𝑆 ∪̃ 𝜂𝑆 is an S-uni ᙝᏆ-ideal. 

Proof: Let ẝ𝑆  and 𝜂𝑆  are S-uni ᙝᏆ-ideals. Then, (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆  and (Ꝋ̃ ∗ 𝜂𝑆 ∗

Ꝋ̃) ∪̃ (𝜂𝑆 ∗ Ꝋ̃ ∗ 𝜂𝑆) ⊇̃ 𝜂𝑆. Thus, 

(Ꝋ̃ ∗ (ẝ𝑆 ∪̃ 𝜂𝑆) ∗ Ꝋ̃) ∪̃ ((ẝ𝑆 ∪̃ 𝜂𝑆) ∗ Ꝋ̃ ∗ (ẝ𝑆 ∪̃ 𝜂𝑆)) ⊇̃ (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 

and 

(Ꝋ̃ ∗ (ẝ𝑆 ∪̃ 𝜂𝑆) ∗ Ꝋ̃) ∪̃ ((ẝ𝑆 ∪̃ 𝜂𝑆) ∗ Ꝋ̃ ∗ (ẝ𝑆 ∪̃ 𝜂𝑆)) ⊇̃ (Ꝋ̃ ∗ 𝜂𝑆 ∗ Ꝋ̃) ∪̃ (𝜂𝑆 ∗ Ꝋ̃ ∗ 𝜂𝑆) ⊇̃ 𝜂𝑆 

Hence, 
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(Ꝋ̃ ∗ (ẝ𝑆 ∪̃ 𝜂𝑆) ∗ Ꝋ̃) ∪̃ ((ẝ𝑆 ∪̃ 𝜂𝑆) ∗ Ꝋ̃ ∗ (ẝ𝑆 ∪̃ 𝜂𝑆)) ⊇̃ ẝ𝑆 ∪̃ 𝜂𝑆 

Therefore, ẝ𝑆 ∪̃ 𝜂𝑆 is an S-uni ᙝᏆ-ideal. 

Corollary 3.26. The finite union of S-uni ᙝᏆ-ideals is an S-uni ᙝᏆ-ideal. 

Corollary 3.27. The union of S-uni Ɫ-ideal (℞-ideal/ideal/Ꞗ-ideal/I-ideal/Ꝙ-ideal) and S-uni Ɫ-

ideal (℞-ideal/ideal/Ꞗ-idel/I-ideal/Ꝙ-ideal) is an S-uni ᙝᏆ-ideal. 

Theorem 3.28. Let ∅𝑆 ≠ ẝ𝑆 ∈ 𝑆𝐸(𝑈). Then, every soft set containing ẝ𝑆 which is the soft subset of 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) is an S-uni ᙝᏆ-ideal. 

Proof: Let ℘𝑆 ⊇̃ ẝ𝑆 soft subset (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆). Since, 

(Ꝋ̃ ∗ ℘𝑆 ∗ Ꝋ̃) ∪̃ (℘𝑆 ∗ Ꝋ̃ ∗ ℘𝑆) ⊇̃ (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ℘𝑆 

Hence, ℘𝑆 is an S-uni ᙝᏆ-ideal. 

Theorem 3.29. Let ∅𝑆 ≠ ẝ𝑆 ∈ 𝑆𝑆(𝑈). Then, every soft set containing ẝ𝑆 which is the soft subset of 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∩̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) is an S-uni ᙝᏆ-ideal. 

Proof: Let ℘𝑆 ⊇̃ ẝ𝑆 soft subset (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∩̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆). Since 

(Ꝋ̃ ∗ ℘𝑆 ∗ Ꝋ̃) ⊇̃ (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ⊇̃ (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∩̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ℘𝑆 

Thus, (Ꝋ̃ ∗ ℘𝑆 ∗ Ꝋ̃) ⊇̃ ℘𝑆. Furthermore, since 

(℘𝑆 ∗ Ꝋ̃ ∗ ℘𝑆) ⊇̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∩̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ℘𝑆 

Thus, (℘𝑆 ∗ Ꝋ̃ ∗ ℘𝑆) ⊇̃ ℘𝑆 . Hence, (Ꝋ̃ ∗ ℘𝑆 ∗ Ꝋ̃) ∩̃ (℘𝑆 ∗ Ꝋ̃ ∗ ℘𝑆) ⊇̃ ℘𝑆 . Therefore, ℘𝑆  is an S-uni 

ᙝᏆ-ideal. 

Proposition 3.30. Let ẝ𝑆 ∈ 𝑆𝑆(𝑈), Ỽ ⊆ 𝑈, 𝐼𝑚(ẝ𝑆) be the image of ẝ𝑆 such that Ỽ ∈ 𝐼𝑚(ẝ𝑆). If ẝ𝑆 is an S-

uni ᙝᏆ-ideal, then ₰(ẝ𝑆; Ỽ) is a ᙝᏆ-ideal. 

Proof: Since ẝ𝑆(𝜐) = Ỽ  for some 𝜐 ∈ 𝑆 , ∅ ≠ ₰(ẝ𝑆; Ỽ) ⊆ 𝑆 . Let 𝑘 ∈ [𝑆 ∙ ₰(ẝ𝑆; Ỽ) ∙ 𝑆] ∩ [₰(ẝ𝑆; Ỽ) ∙ 𝑆 ∙

₰(ẝ𝑆; Ỽ)]. Then, there exist 𝑥, 𝑡, 𝑧 ∈ ₰(ẝ𝑆; Ỽ) and 𝑎, 𝑏, 𝑐 ∈ 𝑆 such that 𝑘 = 𝑥𝑎𝑡 = 𝑏𝑧𝑐. Thus, ẝ𝑆(𝑥) ⊆ Ỽ, 

ẝ𝑆(𝑡) ⊆ Ỽ and ẝ𝑆(𝑧) ⊆ Ỽ. Since ẝ𝑆 is an S-uni ᙝᏆ-ideal, 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃)(𝑘) = ⋂ {Ꝋ̃(𝑚) ∪ (ẝ𝑆 ∗ Ꝋ̃)(𝑛)}

𝑘=𝑚𝑛

 

⊆ Ꝋ̃(𝑏) ∪ (ẝ𝑆 ∗ Ꝋ̃)(𝑧𝑐) 

= ∅ ∪ [ ⋂ {ẝ𝑆(𝑠) ∪ Ꝋ̃(𝑟)}

𝑧𝑐=𝑠𝑟

] 

⊆ ẝ𝑆(𝑧) ∪ Ꝋ̃(𝑐) 

= ẝ𝑆(𝑧) ∪ ∅ 

= ẝ𝑆(𝑧) 

⊆ Ỽ 

and 

(ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆)(𝑘) = ⋂ {ẝ𝑆(𝑚) ∪ (Ꝋ̃ ∗ ẝ𝑆)(𝑛)}

𝑘=𝑚𝑛
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⊆ ẝ𝑆(𝑥) ∪ (Ꝋ̃ ∗ ẝ𝑆)(𝑎𝑡) 

= ẝ𝑆(𝑥) ∪ [ ⋂ {Ꝋ̃(𝑝) ∩ ẝ𝑆(𝑞)}

𝑎𝑡=𝑝𝑞

] 

⊆ ẝ𝑆(𝑥) ∪ Ꝋ̃(𝑎) ∪ ẝ𝑆(𝑡) 

= ẝ𝑆(𝑥) ∪ ∅ ∪ ẝ𝑆(𝑡) 

= ẝ𝑆(𝑥) ∪ ẝ𝑆(𝑡) 

⊆ Ỽ ∪ Ỽ 

= Ỽ 

Thus, (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃)(𝑘) ∪ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆)(𝑘) ⊆ Ỽ. Since ẝ𝑆 is an S-uni ᙝᏆ-ideal, 

ẝ𝑆(𝑘) ⊆ (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃)(𝑘) ∪ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆)(𝑘) ⊆ Ỽ 

Thus, 𝑘 ∈ ₰(𝑓𝑆; Ỽ). Therefore, [𝑆 ∙ ₰(ẝ𝑆; Ỽ) ∙ 𝑆] ∩ [₰(ẝ𝑆; Ỽ) ∙ 𝑆 ∙ ₰(ẝ𝑆; Ỽ)] ⊆ ₰(ẝ𝑆; Ỽ). Hence, ₰(ẝ𝑆; Ỽ) is a 

ᙝᏆ-ideal. 

We illustrate Proposition 3.33 with Example 3.34. 

Example 3.31. Let the soft set ⱷ𝑆 in Example 3.2. By considering the image set of ⱷ𝑆, that is, 

𝐼𝑚(ⱷ𝑆) = {{1}, {1,3}, {1,2,3}, {1,3,4}} 

we obtain the following: 

₰(ⱷ𝑆; Ỽ) {

{ນ},                    Ỽ = {1}               
{₶,ນ},                Ỽ = {1,3}            
{₶,អ,ນ},           Ỽ = {1,2,3}        
{₡, ₶,ນ},            Ỽ = {1,3,4}        

 

Here, {₡, ₶,អ,ນ}, {₡, ₶,អ}, {អ} and {₡} are all ᙝᏆ-ideals. In fact, since 

(𝑆 • {₡, ₶,ນ} • 𝑆) ∩ ({₡, ₶,ນ} • 𝑆 • {₡, ₶,ນ}) = {₡, ₶,ນ} ⊆ {₡, ₶,ນ} 

(𝑆 • {₶,អ,ນ} • 𝑆) ∩ ({₶,អ,ນ} • 𝑆 • {₶,អ,ນ}) = {₶,ນ} ⊆ {₶,អ,ນ} 

(𝑆 • {₶,ນ} • 𝑆) ∩ ({₶,ນ} • 𝑆 • {₶,ນ}) = {₶,ນ} ⊆ {₶,ນ} 

(𝑆 • {ນ} • 𝑆) ∩ ({ນ} • 𝑆 • {ນ}) = {ນ} ⊆ {ນ} 

each ₰(ⱷ𝑆; Ỽ) is a ᙝᏆ-ideal. 

Now, consider the soft set ꭎ𝑆 in Example 3.2. By taking into account 

𝐼𝑚(ꭎ𝑆) = {{3,5}, {5,8}, {3,5,7}, {3,5,7,8}} 

we obtain the following: 

₰(ꭎ𝑆; Ỽ) {

{₡},                      Ỽ = {3,5}        
{អ},                     Ỽ = {5,8}        
{₡,ນ},                 Ỽ = {3,5,7}     
{₡, ₶,អ,ນ},       Ỽ = {3,5,7,8} 

 

Here, {អ} is not a ᙝᏆ-ideal. In fact, since 

(𝑆 • {អ} • 𝑆) ∩ ({អ} • 𝑆 • {អ}) = {₶,ນ} ⊈ {អ} 

one of the ₰(ꭎ𝑆; Ỽ) is not a ᙝᏆ-ideal. It is seen that each of ₰(ꭎ𝑆; Ỽ)is not a ᙝᏆ-ideal. On the other 

hand, in Example 3.2 it was shown that ꭎ𝑆 is not an S-uni ᙝᏆ-ideal. 
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Definition 3.32. Let 𝑓𝑆 be an S-uni ᙝᏆ-ideal. Then, the ᙝᏆ-ideals ₰(𝑓𝑆; Ỽ) are called lower Ỽ-ᙝᏆ-

ideals of 𝑓𝑆. 

Theorem 3.33. Let 𝑆 be regular. Then, ẝ𝑆 = (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) for every S-uni ᙝᏆ-ideal ẝ𝑆. 

Proof: Let 𝑆 be regular, ẝ𝑆  be an S-uni ᙝᏆ-ideal and 𝑥 ∈ 𝑆. Then, (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 , 

and there exists an element 𝑦 ∈ 𝑆 such that 𝑥 = 𝑥𝑦𝑥. Since  

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃)(𝑥) = ⋂ {(Ꝋ̃ ∗ ẝ𝑆)(𝑎) ∪ Ꝋ̃(𝑏)}

𝑥=𝑎𝑏

 

⊆ (Ꝋ̃ ∗ ẝ𝑆)(𝑥) ∪ Ꝋ̃(𝑦𝑥) 

= [ ⋂ {Ꝋ̃(𝑎) ∪ ẝ𝑆(𝑏)}

𝑥=𝑎𝑏

] ∪ ∅ 

⊆ Ꝋ̃(𝑥𝑦) ∪ ẝ𝑆(𝑥) 

= ∅ ∪ ẝ𝑆(𝑥) 

= ẝ𝑆(𝑥) 

and 

(ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆)(𝑥) = ⋂ {(ẝ𝑆 ∗ Ꝋ̃)(𝑎) ∪ ẝ𝑆(𝑏)}

𝑥=𝑎𝑏

 

⊆ (ẝ𝑆 ∗ Ꝋ̃)(𝑥𝑦) ∪ ẝ𝑆(𝑥) 

= [ ⋂ {ẝ𝑆(𝑚) ∪ Ꝋ̃(𝑛)}

𝑥𝑦=𝑚𝑛

] ∪ ẝ𝑆(𝑥) 

⊆ [ẝ𝑆(𝑥) ∪ Ꝋ̃(𝑦𝑥𝑦)] ∪ ẝ𝑆(𝑥) 

= [ẝ𝑆(𝑥) ∪ ∅] ∪ ẝ𝑆(𝑥) 

= ẝ𝑆(𝑥) 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃)(𝑥) ∪ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆)(𝑥) ⊆ ẝ𝑆(𝑥)  implying that (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊆ ẝ𝑆 . Therefore, 

ẝ𝑆 = (Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆). 

Theorem 3.34. Let 𝑆  be regular, ẝ𝑆  be an S-uni ᙝᏆ-ideal, and մ𝑆 be an S-uni ideal. Then, 

ẝ𝑆 ∪̃ մ𝑆 ⊇̃ (մ𝑆 ∗ ẝ𝑆 ∗ մ𝑆) ∪̃ (ẝ𝑆 ∗ մ𝑆 ∗ ẝ𝑆).  

Proof: Let 𝑆  be regular, ẝ𝑆  be an S-uni ᙝᏆ-ideal, մ𝑆  be an S-uni ideal and г ∈ 𝑆 . Then, 

(Ꝋ̃ ∗ ẝ𝑆 ∗ Ꝋ̃) ∪̃ (ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆) ⊇̃ ẝ𝑆 , for ṕ, 𝑞 ∈ 𝑆, մ𝑆(ṕ𝑞) ⊆ մ𝑆(ṕ) and մ𝑆(ṕ𝑞) ⊆ մ𝑆(𝑞), and there exists 

an element 𝑦 ∈ 𝑆 such that г = г𝑦г. Since 

(մ𝑆 ∗ ẝ𝑆 ∗ մ𝑆)(г) = ⋂ {մ𝑆(𝑎) ∪ (ẝ𝑆 ∗ մ𝑆)(𝑏)}

г=𝑎𝑏

 

⊆ մ𝑆(г𝑦) ∪ (ẝ𝑆 ∗ մ𝑆)(г) 

= մ𝑆(г𝑦) ∪ [ ⋂ {ẝ𝑆(𝑎) ∪ մ𝑆(𝑏)}

г=𝑎𝑏

] 

⊆ մ𝑆(г𝑦) ∪ [ẝ𝑆(г) ∪ մ𝑆(𝑦г)] 
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⊆ մ𝑆(г) ∪ [ẝ𝑆(г) ∪ մ𝑆(г)] 

= ẝ𝑆(г) ∪ մ𝑆(г) 

= (ẝ𝑆 ∪̃ մ𝑆)(г) 

and 

(ẝ𝑆 ∗ մ𝑆 ∗ ẝ𝑆)(г) = ⋂ {(ẝ𝑆 ∗ մ𝑆)(𝑎) ∪ ẝ𝑆(𝑏)}

г=𝑎𝑏

 

⊆ (ẝ𝑆 ∗ մ𝑆)(г𝑦) ∪ ẝ𝑆(г) 

= [ ⋂ {ẝ𝑆(𝑚) ∪ մ𝑆(𝑛)}

г𝑦=𝑚𝑛

] ∪ ẝ𝑆(г) 

⊆ [ẝ𝑆(г) ∪ մ𝑆(𝑦г𝑦)] ∪ ẝ𝑆(г) 

⊆ [ẝ𝑆(г) ∪ մ𝑆(г)] ∪ ẝ𝑆(г) 

= ẝ𝑆(г) ∪ մ𝑆(г) 

= (ẝ𝑆 ∪̃ մ𝑆)(г) 

Thus, (մ𝑆 ∗ ẝ𝑆 ∗ մ𝑆)(г) ∪ (ẝ𝑆 ∗ մ𝑆 ∗ ẝ𝑆)(г) ⊆ (ẝ𝑆 ∪̃ մ𝑆)(г). Hence, ẝ𝑆 ∪̃ մ𝑆 ⊇̃ (մ𝑆 ∗ ẝ𝑆 ∗ մ𝑆) ∪̃ (ẝ𝑆 ∗ մ𝑆 ∗ ẝ𝑆). 

 

4. Conclusions 

Rao [6] proposed bi-interior ideals of semigroups and examined the properties of bi-

interior ideals of semigroups as a generalization of the bi-ideals and interior ideals of semigroups. 

In this paper, we appling the concept of bi-interior ideals of semigroups to semigroup theory and 

soft set theory, introduced "S-uni bi-interior ideals (abbreviated by “S-uni ᙝᏆ-ideals” throughout 

the text) of semigroups". The relations between different types of S-uni ideals of a semigroup and 

S-uni bi-interior ideals were established. We demonstrated that an S-uni left ideal, right ideal, 

ideal, bi-ideal, interior ideal, and quasi-ideal is an S-uni bi-interior ideal, however the opposite is 

not true with counterexamples. For the converses, we illustrated that the semigroup should be 

special soft simple. Furthermore, we present conceptual characterizations and analysis of the new 

concept in terms of regarding soft set operations and notions supporting our assertions with 

particular, illuminating examples. In later studies, various semigroup types can be used to 

characterize S-uni bi-interior ideals.  

The relation between several S-uni ideals and their generalized ideals is depicted in the 

following figure, where A → B denotes that A is B but B may not always be A. 
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Figure 1. Diagram showing the relationships between the certain S-uni ideals 
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