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ABSTRACT. Generalizing the ideals of an algebraic structure has shown to be both beneficial and interesting for
mathematicians. In this context, the idea of the bi-interior ideal was introduced as a generalization of the bi-ideal and
interior ideal of a semigroup. By introducing "soft union (S-uni) bi-interior ideals of semigroups", we apply this idea to
semigroups and soft set theory in this study. Finding the relationships between S-uni bi-interior ideals and other
specific kinds of S-uni ideals of a semigroup is the main aim of this study. Our results show that an S-uni bi-interior
ideal is an S-uni subsemigroup of a special soft simple semigroup, and that the S-uni bi-interior ideal of semigroup is
a generalization of the S-uni left (right/two-sided) ideal, bi-ideal, interior ideal, and quasi-ideal, however, the converses
are not true with counterexamples. We demonstrate that the semigroup should be a special soft simple semigroup in
order to satisfy the converses. Furthermore, we present conceptual characterizations and analysis of the new concept

in terms of regarding soft set operations and notions supporting our assertions with particular, illuminating examples.

1. Introduction
In many areas of mathematics, semigroups have a crucial role given that they serve as the
abstract algebraic structure for "memoryless" systems that reset at each iteration. Originally
studied formally in the early 1900s, semigroups are crucial models for linear time-invariant

systems in practical mathematics. It is crucial to theoretical computer science to investigate finite
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semigroups since they are inseparable from finite automata. Furthermore, semigroups and
Markov processes are connected in probability theory. Since the idea of ideals is fundamental to
comprehending mathematical structures and their uses, many mathematicians have concentrated
a significant portion of their study on generalizing ideals in algebraic structures. In particular, the
generalization of ideals in algebraic structures is essential for further exploration of these
structures. Numerous mathematicians have established significant results and characterizations
of algebraic structures by utilizing the concept and properties of generalized ideals. For the theory
of algebraic numbers, Dedekind established the concept of ideals, and Noether expanded it to
include associative rings. The concept of an ideal is extended by the concept of a one-sided ideal
of any algebraic structure, and the concepts of a one-sided ideal and a two-sided ideal remain
central to ring theory.

Good and Hughes [1] proposed the notion of bi-ideals for semigroups in 1952. The concept
of quasi-ideals was initially introduced by Steinfeld [2] for semigroups and subsequently for rings.
Bi-ideals are generalizations of quasi-ideals, while quasi-ideals are generalizations of left and
right ideals. Lajos [3] established the concept of the interior ideal, and Szasz [4,5] expanded on it.
Interior ideals are generalizations of ideals. Several new various kinds of ideals of semigroup,
which are generalizations of the existing ones was defined by Rao [6-9]. Additionally, Baupradist
et al. [10] introduced the concept of essential ideals of semigroups.

In 1999, the "Soft Set Theory" was first presented by Molodtsov [11] in order to
comprehend and provide appropriate solutions for problems involving uncertainty. Since then,
a great deal of substantial study has been done on soft set notions and operations. Cagman and
Enginoglu [12] revised the notions and operations of soft sets. Sezgin [13] and Sezgin et al. [14]
using soft sets in the application of semigroup theory, defined various soft union (S-uni) ideals of
semigroups and thoroughly examined their fundamental properties. The soft forms of different
algebraic structures have been studied in [15-41].

As a generalization of bi-ideals and interior ideals of semigroups, Rao [6] established the
concept of bi-interior ideals of semigroups and examined their characteristics. The concept of bi-
interior ideals has also been studied by Rao and Venkateswarlu [42] for I-semirings, and Rao [43]
for I'-semigroup. By introducing "S-uni bi-interior ideals of semigroups", we apply this idea to
semigroups and soft set theory in this study. We obtain the relationships between S-uni bi-interior
ideals and various kinds S-uni ideals of semigroups. Our results show every S-uni bi-interior
ideal of a special soft simple semigroup is an S-uni subsemigroup and S-uni bi-interior ideal is a
generalization of S-uni left ideal, right ideal, ideal, bi-ideal, interior ideal, and quasi-ideal,
however, the converses are not true with counterexamples. We demonstrate that the semigroup
should be a special soft simple semigroup in order to satisfy the converses. Furthermore, we

present conceptual characterizations and analysis of the new concept in terms of regarding soft
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set operations and notions supporting our assertions with particular, illuminating examples.
There are four sections in this study. An introduction to the subject is given in Section 1. The basic
concepts of semigroup and soft sets, together with relevant definitions and implications, are
presented in Section 2. In section 3, the concept of S-uni bi-interior ideal of semigroups was
introduced and using specific examples to examine their characteristics and how they relate to
other kinds of S-uni ideals. Our findings are outlined in Section 4 along with some directions for

future study.

2. Preliminaries
Throughout this paper, S denotes a semigroup. @ # T € S is called a subsemigroup of Sif TT &
T, is called a bi-ideal of S if TT € T and TST € T, is called an interior ideal of S if TT € T and
STS € T, and is called a bi-interior ideal of S if STS N TST < T.
Definition 2.1. [11, 12] Let E be the parameter set, U be the universal set, P(U) be the power set
of U, and K € E. The soft set fix over U is a function such that fx: E = P(U), where for all v € K,
fic(v) = @. That is,
fic = {(v. fc(M): v € E, fie(v) € P(U)}
The set of all soft sets over U is designated by Sg(U) throughout this paper.
Definition 2.2. [12] Let f3 € Sg(U). If fy(v) = @ for allv € E, then fy is called a null soft set and
denoted by 0.
Definition 2.3. [12] Let f3, fr € Sg(U). If fy(w) € fr(w), for all weE E, then fj is a soft subset of fr
and indicated by f3 € fr. If fy(w) = fr(w), for all we E, then f; is called soft equal to fr and
denoted by f3 = f7.
Definition 2.4. [12] Let fp, fg € Sg(U). The union (intersection) of f5 and fg is the soft set fp U f3
(fs 0 fz) where (fpUfg)(h) = fa(W) U fg(h) ((fa N fa)() = fa(h) N fg()) , for all hEE,
respectively.
Definition 2.5. [15] Let f3; € Sp(U) and 6 € U. The lower 6-inclusion of f;;, denoted by $(f3; 0),
is defined as
A(f3;0) = {x € H | for(x) € 6}
Definition 2.6. [13] Let g, 65 € Sg(U). S-uni product Ag * fig is defined by
ﬂ {hg(w) U 65(d)}, if 3w, d. € S such that n = wd,
(hs = 6) () = 1,11,
U, otherwise
Theorem 2.7. [13] Let dg, 1, s € Sg(U). Then,
L (ds *ns) * ps = dg * (s * pis)

ii. dg * ns # ds * ng, generally.

fil. ds * (ns U pg) = (ds * 1) U (ds * pis) and (ds Ung) * ps = (ds * ps) U (s * ps)

iv. dg * (Ns N ps) = (ds *ns) N (ds * ps) and (ds N 1g) * s = (ds * us) N (s * ps)
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v. If dg € ng, then dg * pis € g * ps and pg * dg € pg * g
vi. If §05,ks € Sg(U) such that g5 € dg and kg € 7, then g x kg € dg * 1.
Definition 2.8. [13, 14] Let 95 € S¢(U). Then, 9 is called
i. an S-uni subsemigroup (88) if Ys(ab) € Is(a) U Is(b) forall a,b € S,
ii. an S-uni left (right) ideal (L(R)-ideal) if 95(nv) S 95(v) (Is(nv) S Is(n)) for all n,v € S, and
is called an S-uni two-sided ideal (S-uni ideal) if it is both S-uni t-ideal and S-uni B-ideal,
iii. an S-uni bi-ideal (B-ideal) if 95 is an S-uni 88 and J5(jnp) € Is(j) U ds(p) forallj,n,p € S,
iv. an S-uni interior ideal (I-ideal) if 95(jnp) € Is5(n) forallj,n,p € S.
Note that in [13], the definition of “S-uni 88” is given as “S-uni semigroup of S over U"; however
in this paper, without loss of generality, we prefer to use “S-uni 88”. Moreover, for the sake of
brevity, the phrases such “of S over U” is not used throughout this paper.
If95(x) = @ for all x € S, then Ysis an S-uni 88 (L-ideal, R-ideal, ideal, B-ideal, I-ideal). Such a
kind of S-uni 88 (L-ideal, R-ideal, ideal, B-ideal, I-ideal) is denoted by ©. It is obvious that 6(x) =
@ for all x € S [13, 14].
Definition 2.9. [14] A soft set 6 is called an S-uni quasi-ideal (-ideal) if (@ * 65) V] (65 * @) 3 ;.
Theorem 2.10. [13] Let 95 € Sg(U). Then,
i) 06+x630
ii) 0936 andds+O 3 O
iii) 95 N6 =0and 5 U O = I
Theorem 2.11. [13, 14] Let 95 € Sg(U). Then,
(1) 95 is an S-uni S8 iff 9 * 95 3 g
(2) Y5 is an S-uni L(R)-ideal iff © x 95 3 Ig (95 * © 3 )
(3) 95 is an S-uni B-ideal iff Ig * 9 3 95 and I * O * 95 3 I
(4) 95 is an S-uni I-ideal iff © x 95 * © 3 Vg
Theorem 2.12. [14] Every S-uni ()-ideal is an S-uni B-ideal.
Now, the concept of a special soft left (right) simple semigroup will be introduced in order to
characterize S-uni ideals.
Definition 2.13. Let fg € Sg(U). Then, S is called a special soft left simple semigroup (with respect
to fs) if © = O  f;, is called a special soft right simple semigroup (with respect to f;) if & = f x ©,
is called a special soft simple semigroup (with respect to ;) if & = & * f; = f5 * ©. If S is a special
soft (left/right) simple semigroup with respect to all soft sets over U, then it is called a special soft
(left/right) simple semigroup.
Special soft (left/right) simple semigroup is used in this paper as “special soft (left/right) simple”.
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Example 2.14. Consider the semigroup S = {A, B, M} defined by Table 1:
Table 1. Cayley table of ‘®” binary operation.

® A e Mm

A Mm e A

B B B B

Mm A e Mm

Let fg be soft set over U = D, = {{(x,y):x? = y? = e,xy = yx} = {e,x,y, yx} as follows:
fs = (A, {e}), (B, {x, ¥}), (M, {yx})}
By considering
6 ={(49), (& 0), (M 0)}
we obtain that S is special soft left simple with respect to fs. In fact, since
01y = {(4,0),(2,0), (M, 9)}
we obtain that & = © * f;. Similarly, S is special soft right simple with respect to fs. In fact, since
fs + © = {(A, ), (B, 0), (M, )}
we obtain & = fg x 0. Hence, © = O * fg = fg » O. Therefore, S is special soft simple with respect
to .
Theorem 2.15. Let S be special soft simple. Then, the following conditions hold.
i. Every S-uni B-ideal is an S-uni ()-ideal (Here, S is enough to be special soft left or right
simple).

ii. Every S-uni (-ideal is an S-uni ideal.

iii. Every S-uni B-ideal is an S-uni ideal.

iv. Every S-uni I-ideal is an S-uni ideal.
Proof: (i) The proof is presented only for special soft left simple semigroups, as the proof for
special soft right simple semigroups can be shown similarly. Let S be special soft left simple and
fs be an S-uni B-ideal. Then, & = & = fg and s * © = fg 3 fg. Thus,

(B+f)T(f+0)Df+xO=1x0xfs 3
is obvious. Hence, {5 is an S-uni (y-ideal.
(ii) Let S be special soft simple and f; be an S-uni Q-ideal. Then, & = & *f; = f; * & and
(6 +15) T (fs » ©) 3 f;. Since
Oxfg=(0xf)T(Oxfs) =(Oxf)A (s x0) 3f
fs is an S-uni L-ideal. Similarly, since
f 0= (fs+D) 0 (6 +8) = (B +f) A (T + D) 3 1

fs is an S-uni R-ideal. Hence, f5 is an S-uni ideal.
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(iii) Let S be special soft simple and fg be an S-uni B-ideal. Then, by Theorem 2.15 (i) fs is an S-uni
(Y-ideal. The rest of the proof is obvious from Theorem 2.15 (ii).
(iv) Let S be special soft simple and fs be an S-uni I-ideal. Then, & = © * fg = fg * © and O * f; *
© 3 f;. Since

Oxfg=0xfx0 3f
fs is an S-uni £.-ideal. Similarly, since

fi+xO=0xf+xODf

fs is an S-uni R-ideal. Hence, {5 is an S-uni ideal.

3. Soft Union Bi-interior Ideals of Semigroups
In this section, soft union (S-uni) bi-interior ideal of a semigroup is defined and its relations
between other certain soft union (S-uni) ideals are obtained.
Definition 3.1. A soft set fs over U is called a soft union (S-uni) bi-interior ideal of S over U if
(O+fs+0)T(fs+Oxfs) 3 fs.
For the sake of brevity, S-uni bi-interior ideal of S over U is abbreviated by S-uni BI-ideal.
Example 3.2. Let S = {, tt, H, v} be:

Table 2. Cayley table of ‘¢’ binary operation.

. ¢ it H v

C| ¢ t t v
it it it it M)
H it it it M)

Iy Iy Iy Iy Iy

Let og and ug be soft sets over U = Z as follows:
s = {(@' {1,3,4‘}), (Tt' {1,3}), (H, {1,2,3}), (D, {1})}
hg = {(@' {3,5}), (Tt' {3,5,7,8}), (H, {5'8})' (D' {3,5,7})}

Then, o is an S-uni BI-ideal. In fact;
[(© % 05 ©) U (05 * © x 05)|(2) = (6 % 0g * B) (@) U (05 * © x 05)(€) = [6(T) U (o5 *
6) (D] n [0s(@) U (8 * 05)(D)] = 05(€) U 05(2) = 05(2) 2 05(E)

[(é* ©g * é) U ((05 * O * cos)](rt) = (é* Og * é)(rt) U ((05 * O * ms)(n) = [[é(@) U ((05 *

0)(1)] n [6(2) U (0s * &) ()] n [B(1) U (05 * B)(@)] n [B(1) U (05 * &) ()] N [B(1) U (o5 *
B)()] n [B() U (w5 * B)@)] N [B(+) U (05 + B)(M)] N [B(H) U (w5 * B) (]| U [[0s(@) U
(0 * 05) (1] N [0s(@) U (6 * 05) ()] N [0s(1t) U (6 * 05)(@)] N [os(1t) U (6 * 0g) ()] N [0s(it) U



Int. J. Anal. Appl. (2025), 23:149 7

(é* (Ds)(H)] n [(DS(H) U (é* (Ds)(@)] n [(DS(H) U (é* (Ds)(f[)] n [(DS(H) U (é* (Ds)(H)]] =
[0s(@) N og(it) N 0s(H)] U [0s(€) N os(tt) N os(H)] = 0s(€) N og(it) N os(H) 2 og(it)

[(© % 05 ©) U (05 * O x 0g)|(H) = U 2 0s(H)

(B 05« B) T (0 * B % 05)| () = (B % 05 B) () U (w0 * B * 05)() = [[B(@) U (0 *
©)(W)] n [6(1) U (05 * B) ()] N [(H) U (05 * B) ()] N [B() U (05 * B)(X)] n [6(n) U (w5 *
8] n [B(w) U (05 *B)(D)] n [B(1) U (05 + B)W)]| U |[05(@) U (B * 05)(m)] n [05(1) U (& +
©0s)W)] N [os(H) U (6 * 05) ()] N [0s(0) U (6 * 05) ()] N [os(0) U (O * 0s) ()] N [os(v) U
(8 + 05) ()] N [05(0) U (B + 05) )] | = [05(€) N 05(1) N 05(+) N 05(1)] U [05(&) N 05(1t) N
05(H) N 0s(W)] = 05(@) N 0s(1) N 0s(H) N 05(1) 2 05(V)

Thus, ©g is an S-uni BI-ideal. However, since
[(© % us * ©) U (s * O * ug)|(0) = (O * ug * ©) (1) U (us * © * ug)(v)
= [us (@) Nug(tt) N ug(H) Nug()] U [us(@) Nug(tt) N ug(H) N ug(0)]
= ug(€) N ug(it) N ug(H) Nug(L) 2 ug(v)

ug is not an S-uni BI-ideal.

Corollary 3.3. © is an S-uni BI-ideal.
Now, we continue with the relationships between S-uni BI-ideals and other types of S-uni ideals
of S.
Theorem 3.4. Every S-uni BI-ideal is an S-uni S8 of a special soft simple semigroup.
Proof: Let fg be an S-uni BI-ideal of a special soft simple S. Then, (é xfgx0) U (O xfs) 3
and © = 6 = f; = fg + 6. Thus,
forfo=(s*xf) U (fs ) 3 (O+f5) T (fsx0)
=(Oxfsxf)U(fxOxf) 3 (Oxfx0) U (lg+Oxf5) Sfs
Hence, {5 is an S-uni SS.
Theorem 3.5. Every S-uni t-ideal is an S-uni BI-ideal.
Proof: Let f be an S-uni E-ideal. Then, & = f; 3 f5 and fg = f; 3 ;. Thus,
(Oxfs+O)U(fxOxfs) D+ Oxfg Shexfg S fs
Hence, {5 is an S-uni BI-ideal.

We present a counterexample to demonstrate that the converse of Theorem 3.5 is not valid:
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Example 3.6. Consider the semigroup S = {3, ¢4} defined by the following table:
Table 3. Cayley table of ‘©” binary operation.

© | © ¢
@ | ®© 0o
4 | ¥ 9

Let o5 be soft set over U = Z* as follows:
s = {(3,{4}), (¢,{1,19991)}
Then, g5 is an S-uni BI-ideal. In fact;
[(é* Os * é) U (Qs * O x 95)1(5) = (é* Os * é)(E) Y (Qs * O x Qs)(E)
= (95(5) n QS(“'})) U os(®) = 05(D) 2 05(d)
[(B+05%0) T (05 * O *05)](®) = (605 *8)(¥) U (05 * © % 05) () = (25(3) N 05(¥)) U 05()
= 05(¥) 2 05(9)
Thus, gs is an S-uni BI-ideal. However, since
05(D9) = 05(D) Z 05(¥)
0s is not an S-uni L-ideal.
Theorem 3.7 illustrates that the converse of Theorem 3.5 valid for the special soft simple
semigroups.
Theorem 3.7. Let i € Sg(U) and S be special soft simple. Then, the following conditions are
equivalent:
1. @k is an S-uni L-ideal.
2. W is an S-uni BI-ideal.
Proof: (1) implies (2) is obvious by Theorem 3.5. Assume that @k is an S-uni BI-ideal. By
assumption, 0 = 6 * s = ws * 6. Thus,
Ox = (0+ k)T (0 ws) = (0w k) U (th * O )
S(0+ws*0)U (O k) 3w
Hence, @) is an S-uni t-ideal.
Theorem 3.8. Every S-uni R-ideal is an S-uni BI-ideal.
Proof: Let fg be an S-uni R-ideal. Then, fs * & 3 fg and fg * fg 3 f. Thus,
(Oxfs+O)U(fxOxfs) D+ Oxfg Shexfg S fs
Hence, {5 is an S-uni BI-ideal.

We present a counterexample to demonstrate that the converse of Theorem 3.8 is not valid:
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Example 3.9. Let S = {3, ¢} be:
Table 4. Cayley table of ‘O’ binary operation.

o ¥ g
¥ ¥ g
g ¥ g

Let og be soft set over U = Z~ as follows:
os ={G{-1), (. {-2}}
Then, ©s is an S-uni BI-ideal. In fact;
[(é* ©g * é) U ((DS * O x (Ds)](}) = (é* Og * é)(i) U ((DS * O (Ds)(i) = ((Ds(i) N (05(9)) U os(3)

= 0s(}) 2 05(3)

[(B* 05 +0) T (05 * 0 * 05)](¢) = (O * 05 * B)(¢) U (05 * O * 05)(g) = (05(43) N 0s(¢)) U 05(¢)
= 05(g) 2 05(¢)

Thus, oy is an S-uni BI-ideal. However since,

0s5(¢) = 0s(¢) & 0s(3)
©g is not an S-uni R-ideal.

Theorem 3.10 illustrates that the converse of Theorem 3.8 is valid for the special soft simple
semigroups.
Theorem 3.10. Let i € Sg(U) and S be special soft simple. Then, the following conditions are
equivalent:

1. @k is an S-uni R-ideal.

2. W is an S-uni BI-ideal.
Proof: (1) implies (2) is obvious by Theorem 3.8. Assume that @) is an S-uni BI-ideal. By
assumption, 0 = 6 * s = ws * 6. Thus,

Wi+ 0 = (s +0) U (ws * ©)
= (Whxths*x0)U(ts*O*th) 3 (O ts*0) U (ts*0xtk) 3

Hence, @) is an S-uni R-ideal.
Theorem 3.11. Every S-uni ideal is an S-uni BI-ideal.
Proof: It follows by Theorem 3.5 and Theorem 3.8.
Note that the converse of Theorem 3.11 is not true follows from Example 3.6 and Example 3.9.
Theorem 3.12 illustrates that the converse of Theorem 3.11 valid for the special soft simple
semigroups.
Theorem 3.12. Let fs € Sg(U) and S be special soft simple. Then, the following conditions are
equivalent:

1. fsis an S-uni ideal.

2. fsis an S-uni BI-ideal.
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Proof: It follows by Theorem 3.7 and Theorem 3.10.
Theorem 3.13. Every S-uni B-ideal is an S-uni BI-ideal.
Proof: Let fg be an S-uni B-ideal. Then, fg * © * fg 3 f;. Thus,
(Oxfs+xO)U(f*Oxfs) D+ O S1;

Hence, {5 is an S-uni BI-ideal.
We present a counterexample to demonstrate that the converse of Theorem 3.13 is not valid:
Example 3.14. Let S = {p, o, u, 7} be:

Table 5. Cayley table of ‘@’ binary operation.

© | p o v 7

PP P P P
olp p p p
v|lp p o p

¥ | p p o o

Suppose that 6 is soft set over U = S; as follows:
tis = {(p, {(DD, (o, {(D), (123)}), (v, {(1), (132)}), (-, {(1), (12)})}
Then, 65 is an S-uni BI-ideal. In fact;
(8 + 65+ 8) T (6 * & + 65)] () = (1)} 2 i5(p)

[(6 %65 %x0) T (65 %O * 65)](0) = U 2 ()

[(© % 65+ ©) U (6 * O * 65)](v) = U 2 65(v)

[(6 %65 +0) T (65 %0 *65)](r) =U 2 65(r)
Thus, 6 is an S-uni BI-ideal. However, since

s(vv) = 65(0) € 65(v) U 65(v)
fis is not an S-uni 88. Hence, 65 is not an S-uni B-ideal.
Theorem 3.15 illustrates that the converse of Theorem 3.13 is valid for the special soft simple
semigroups.
Theorem 3.15. Let @k € Sg(U) and S be special soft simple. Then, the following conditions are
equivalent:
1. @k is an S-uni B-ideal.
2. Wk is an S-uni BI-ideal.
Proof: (1) implies (2) is obvious by Theorem 3.13. Assume that &% is an S-uni BI-ideal. Then, by
Theorem 3.4, s is an S-uni 88 and by assumption, 6 = 0 * W = ws * ©. Thus,
W x O x s = (W O * 1) U (s % O * )
=(Ortws*th)U(ws*O*th)3(O*tsx0)U(ws*Ox* k)3 wh

Hence, @k is an S-uni B-ideal.
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Theorem 3.16. Every S-uni [-ideal is an S-uni BI-ideal.
Proof: Let fg be an S-uni I-ideal. Then, & * fg * © 3 fg. Thus,
(Oxfg+O)A(f+xOxfs) 2O« xO 3
Hence, {5 is an S-uni BI-ideal.
We present a counterexample to demonstrate that the converse of Theorem 3.16 is not valid:
Example 3.17. Let the soft set ©s in Example 3.9. As seen in Example 3.9, ©s is an S-uni BI-ideal.
Since,
0s(g16) = 0s5(6) & 0s(})
©g is not an S-uni [-ideal.
Theorem 3.18 illustrates that the converse of Theorem 3.16 valid for the special soft simple
semigroups.
Theorem 3.18. Let «i € Sg(U) and S be special soft simple. Then, the following conditions are
equivalent:
1. @k is an S-uni [-ideal.
2. W is an S-uni BI-ideal.
Proof: (1) implies (2) is obvious by Theorem 3.16. Assume that & is an S-uni BI-ideal. By
assumption, 0 = 0 * s = ws * O. Thus,
OxthxO=(0xws*x0)U (0 s *0)
=0+ wsx0)U (s +0+0)3 (0 whs*0)U (s +0)
= (0 s x0) U (ths +O* ) 3t
Hence, @) is an S-uni I-ideal.
Theorem 3.19. Every S-uni (@-ideal is an S-uni BI-ideal.
Proof: Let f5 be an S-uni (p-ideal. Then, fs is an S-uni B-ideal by Theorem 2.12. The rest is obvious
by Theorem 3.13.
We present a counterexample to demonstrate that the converse of Theorem 3.19 is not valid:
Example 3.20. Let the soft set 6ig in Example 3.14. As seen in Example 3.14, i5 is an S-uni BI-ideal,
however, it is not an S-uni B-ideal. Since 5 is not an S-uni B-ideal, i is not an S-uni Q-ideal.
Theorem 3.21 illustrates that the converse of Theorem 3.19 is valid for the special soft simple
semigroups.
Theorem 3.21. Let @i € Sg(U) and S be special soft simple. Then, the following conditions are
equivalent:
1. @k is an S-uni (-ideal.
2. & is an S-uni BI-ideal.
Proof: (1) implies (2) is obvious by Theorem 3.19. Assume that &% is an S-uni BI-ideal. By
assumption, & = 0 * s = s * ©. Thus,
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(O ) U (s x0) = (0t x ) U (s x O x ths) 3 (0 ths xO) U (ths x O * ts) 3 s
Hence, &k is an S-uni (Y-ideal.
Theorem 3.22. Let s, 0\ € Sg(U). If & or 7g is an S-uni £-ideal, then ks * 7 is an S-uni BI-ideal.
Proof: Let @k be an S-uni L-ideal. Then, © * tf; 3 @k and @k * i D . Thus,
(8= (s *5) * B) T ((wh * mg) * B+ (ws * 1g) ) 3 (s * ig) & = (1 * 1)
= Wk Mg * (O k) * Mg 3w *x Mg * s * Ny 3w * (O % k) * Mg 3t * s * Mg 3 W * M
Hence, @ * 1\ is an S-uni BI-ideal. Also, the proof can be given similarly for 1. Let ng be an S-
uni £-ideal. Then, 6 * 75 3 1 and 1 * g 3 1. Thus,
(6 (s +15) +8) O (w5 +g) + B+ (s +715)) 3 (w5 + 1) + &= (s # )
Swsx(0*0)xOxn; 3 ws*(0x0)xng 3 ths*(O*1g) 3w * g
Hence, s * 114 is an S-uni BI-ideal.
Theorem 3.23. Let w, 0\ € Sg(U). If &k or 1 is an S-uni R-ideal, then &/ * 7 is an S-uni BI-ideal.
Proof: Let 1); be an S-uni R-ideal. Then, ng * © 3 1g and 7 * 15 3 7. Thus,
(O (ws*n,)*0)T (((’JS *75) * O * (W *ns)) U (ks * 1) * O * (ks * 1)
=t (Mg *O) * s ¥ Ng D tls * Ny * s ¥ Ng D s * (Mg *O) xNg D tls * Mg * Ng D W * N
Hence, tJs * 1\ is an S-uni BI-ideal. Also, the proof can be given similarly for «J. Let &/ be an S-
uni RB-ideal. Then, @/ * © 3 ) and @k * @k S wk. Thus,
(8 (s +15) +B) O (s # ) + B+ (s #115)) 3 (g 1)+ &= (s # )
Sws*(0x0)xOx0, 2 whx(0+0)xng 2 (h*x0)*1g 3t * g
Hence, w5 * 14 is an S-uni BI-ideal.
Theorem 3.24. Let f5, ¢cg, hs € Sg(U). If g5 is an S-uni ideal, then fs * ¢ * hg is an S-uni BI-ideal.
Proof: Let ¢g be an S-uni ideal. Then, & * ¢5 3 ¢, 65 * © 3 ¢5 and g * 65 2 ¢5. Thus,
(é*(fs*Gs*hs)*é)g((fs*cs*hs) *é*(fs*Gs*hs)) S (fs * 5 * hs) * O * (fs * 65 * hs)
Sfex(es*0)x(0%0)xgs*hg 3 fox (65 %0) %65 xhg 3 fo6g*6s*hg 3 fs * 6 * hg
Hence, fs * ¢5 * hg is an S-uni Bl-ideal.
Theorem 3.25. Let fg and ng be S-uni BI-ideals. Then, fg U 5 is an S-uni BI-ideal.
Proof: Let g and 75 are S-uni BI-ideals. Then, (O xf+©) U (fsxO ;) 3 f; and (6 *ng =
©) U (ns * © xng) 3 ns. Thus,
@+ (s Tns) «0) T ((fs Uns) « D * (;sUns)) 3 (O + L5« 0) T (fs+ O+ 5) 31
and
(é* (fs Ung) *é) y ((fsUUs) * 0 * (1 UT}S)) =) (é*ns *é) U (715 *é*ﬂs) =5

Hence,
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(é* (fs Ung) *é) U ((fs Ung) * O (fs GTIS)) S fsUns

Therefore, fg U ng is an S-uni BI-ideal.
Corollary 3.26. The finite union of S-uni BI-ideals is an S-uni BI-ideal.
Corollary 3.27. The union of S-uni t-ideal (R-ideal/ideal/B-ideal/I-ideal/(y-ideal) and S-uni .-
ideal (R-ideal/ideal/B-idel/I-ideal/(y-ideal) is an S-uni BI-ideal.
Theorem 3.28. Let @5 # fg € S (U). Then, every soft set containing fs which is the soft subset of
(O + 5+ 0) U (fs * O x f5) is an S-uni BI-ideal.
Proof: Let g5 3 fg soft subset (é * fg * é) U (fs * O * fs). Since,

(O f5%0)U (s *Oxgp5) 3 (Oxfsx0)T(f5xOxf5) 3 g
Hence, g is an S-uni BI-ideal.
Theorem 3.29. Let @5 # {5 € Sg(U). Then, every soft set containing s which is the soft subset of
(6 *fs x ©) A (fs * O * f5) is an S-uni BI-ideal.
Proof: Let o5 3 fg soft subset (6 * fg * ©) A (fs * O x f). Since

(Oxpsx0)3(Oxfs+x0)3(O*f5+0)N (fsxOx1s) 3 gog
Thus, (@ * ¢ * @) 3 5. Furthermore, since

(s *Oxgp5) D (s +Ox1fs) (O +O) N (g x O x 1) 3 o
Thus, (5 * O * p5) 3 5. Hence, (0 x g » ©) N (5 x O * f5) 3 5. Therefore, g is an S-uni
BTI-ideal.
Proposition 3.30. Let s € Sg(U), 6 € U, Im(fs) be the image of {5 such that 6 € Im(fs). If {5 is an S-
uni BI-ideal, then §(fs; 6) is a BI-ideal.
Proof: Since fg(v) =6 for some vES, @ # 4(f5;6) S S. Let ke [S-8(f5;6) -S| n [§(f5;6)-S -
8(f; 6)]. Then, there exist x, t, z € §(fs; 6) and a, b, ¢ € S such that k = xat = bzc. Thus, fg(x) € 6,
fs(t) € 6 and f5(2) < 6. Since f is an S-uni BI-ideal,

(@ +t5+B)) = ] Bm) v (85 «B) )

k=mn

c B(bh)U (fS * é) (zc)

=0u [ ﬂ {fs(s)u 6(r)}]

c f5(2) U B(c)
=f(z)VUD
= fs(2)
co
and

(fs 8+ £5) (k) = ﬂ {fs(m) U (8 * £5) ()

k=mn
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cfs(x) U (@ * fs)(at)

() Bwn &(q)}]

at=pq

c f5(x) U B(a) U f5(t)

=fs(x) VD U s(t)

= fs(x) U fs(0)

cCO6UO

=0
Thus, (0 = fs * ©)(k) U (fs x O * f5) (k) € 6. Since fs is an S-uni BI-ideal,

fs(k) © (é* fg * é)(k) U (fs * O x fs)(k) co

Thus, k € §(fs; 6). Therefore, [S - §(fs; 6) - ST N [§(f5; 6) - S - §(f5; 6)] < R(f5; 6). Hence, §(fs; 6) is a
BI-ideal.
We illustrate Proposition 3.33 with Example 3.34.

=f;(x) U

Example 3.31. Let the soft set ©s in Example 3.2. By considering the image set of g, that is,

Im(os) = {{1},{1,3},{1,2,3},{1,3,4}}
we obtain the following;:

{v}, 6=1{1}
), 6 = {1,3}
8(0530) ) 1y 41 43, 6 =1{1,2,3}
(@1, ), 6 = {1,3,4}

Here, {€, tt, H, v}, {€, t, H}, {H} and {¢} are all BI-ideals. In fact, since
(Se{Z t,0}eS)N (L tt,0} e S e {C it,0}) = {€,1t, 0} S {C, 1,0}
(Seftt,Hv}eS)Nn({it, H,n}eSe{it, H,0}) = {1t, v} C {it, H, 1}
(Seftt,v}eS)n ({tt,v}eSe{it,n}) = {it, v} S {1t L}
(Sefu}eS)n({v}eSe{v} = {v}Cc{v}
each §(wg; 6) is a BI-ideal.
Now, consider the soft set ug in Example 3.2. By taking into account
Im(us) = {{3,5},{5,8},{3,5,7},{3,5,7,8}}

we obtain the following;:

{e}, 6=1{3,5}
_ {1}, 6=1{5,8}
3si 03 00 1), 6=1{357)

{@J It! j_jl D}’ (’ = {3151718}
Here, {H} is not a BI-ideal. In fact, since
(Se{H}eS) N ({H}e S« {H}) = {it, 0} & {H}
one of the 8(ug; 6) is not a BI-ideal. It is seen that each of §(ug; 6)is not a BI-ideal. On the other

hand, in Example 3.2 it was shown that ug is not an S-uni BI-ideal.
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Definition 3.32. Let fs; be an S-uni BI-ideal. Then, the BI-ideals §(fs; 0) are called lower 6-BI-
ideals of fs.

Theorem 3.33. Let S be regular. Then, fg = (0 * f5 x ©) U (fs * © * f5) for every S-uni BI-ideal f;.
Proof: Let S be regular, fg be an S-uni BI-ideal and x € S. Then, (é * fg * é) V] (fS * O * fs) 3 fs,
and there exists an element y € S such that x = xyx. Since

(@ +5+8)00) = [ ]{(@+55)@ uB®)

x=ab

c (é * fs) (x) U B(yx)

C O(xy) U fs(x)
= QU f5(x)
= f5(x)

and

(5« B+ 15)00) = ] (5 +B) (@ U s}

x=ab

< (fs + 8) (y) U f5(x)

=[ (] tsomvdmy)
xy=mn

C [f5(x) U B(yxy)] U s (x)

= [fs(x) UB] U f5(x)

= f5(x)
(é * fg * @) (v (fS * O * fs) (x) € f5(x) implying that (é * fg * é) U (fs * O * fs) C f5. Therefore,
f=(0xfs+0) U (fsxOx1).
Theorem 3.34. Let S be regular, f; be an S-uni BI-ideal, and Usbe an S-uni ideal. Then,
fs Udg 3 (U * f5 * is) U (f5 * s * ).
Proof: Let S be regular, fg be an S-uni BI-ideal, Us be an S-uni ideal and r € S. Then,
(B+fs+x0)U(fxOx1Ls) 25, for p,q €S, Us(pq) S Us(p) and us(pq) S Us(q), and there exists
an element y € S such that r = ryr. Since

(s + s+ 0@ = [ (5@ U (B * i) (1)}

r=ab

€ Us(ry) U (fs * ds) (1)

(@ as(b)}]

r=ab

S s (ry) U [fs(r) U ds(yr)]

U f5(x)

= Ug(ry) v
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S ds(r) U [f5(r) U ds(r)]
= f5(r) U us(r)
= (s U dg)(r)

and

(R SO A (R SIOIAO),

r=ab

C (fs * us) (ry) U fs(r)

[ tsm v o3| vt
ry=mn
[fs(r) U ds(yry)] U fs(r)
< [fs(r) U ds(n)] U fs(r)
= fs(r) U ¥s(r)
= (fs U dg)(r)
Thus, (g * fg * ds)(r) U (fg * g * ) (r) € (fs U ds)(r). Hence, fg U g S (g * fg * g) U (fg * Ug * f5).

N

4. Conclusions

Rao [6] proposed bi-interior ideals of semigroups and examined the properties of bi-
interior ideals of semigroups as a generalization of the bi-ideals and interior ideals of semigroups.
In this paper, we appling the concept of bi-interior ideals of semigroups to semigroup theory and
soft set theory, introduced "S-uni bi-interior ideals (abbreviated by “S-uni BI-ideals” throughout
the text) of semigroups". The relations between different types of S-uni ideals of a semigroup and
S-uni bi-interior ideals were established. We demonstrated that an S-uni left ideal, right ideal,
ideal, bi-ideal, interior ideal, and quasi-ideal is an S-uni bi-interior ideal, however the opposite is
not true with counterexamples. For the converses, we illustrated that the semigroup should be
special soft simple. Furthermore, we present conceptual characterizations and analysis of the new
concept in terms of regarding soft set operations and notions supporting our assertions with
particular, illuminating examples. In later studies, various semigroup types can be used to
characterize S-uni bi-interior ideals.

The relation between several S-uni ideals and their generalized ideals is depicted in the

following figure, where A — B denotes that A is B but B may not always be A.
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> S-uni interior ideal

i

S-uni left ideal < S-uni ideal —> S-uni right ideal

@ ﬁ S special
soft simple

> S-uni quasi-ideal <

@ ﬁ S special
soft simple
S-uni bi-ideal
@ ﬁ S special
soft simple
S-uni BI-ideal <
ﬂ S special
soft simple

S-uni subsemigroup

S special soft simple
y
a|dwis Yyos [e1ads §

Figure 1. Diagram showing the relationships between the certain S-uni ideals
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