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Abstract. We discussed that the concept of multi-fuzzy cubic vague subbisemiring (MFCVSBS) is a novel generalized
hybrid structure of vague subbisemiring. The MFCVSBS and level sets using MFCVSBS of bisemirings are discussed.
We define some simple operations on them, including intersection and Cartesian product, to discuss some of their basic
properties under MFCVSBS. It is assumed that Z = (]]; ORZ, [1; 037) is the multi-fuzzy cubic vague subset of k.
Assuming that any non-empty level set Z ¢ 5)(C, 0 € D[0,1]) is an SBS, it can be demonstrated that Z is an MFCVSBS.
It will be demonstrated that MFCVSBS is both its homomorphic image and pre-image. Examples are given to illustrate

our conclusions.

1. INTRODUCTION

The subject of fuzzy sets (FS) was first established by Zadeh [10] in 1965. The membership
grade (MG) of x belonging to X is p(x). An FS on a set X is a mapping p onto the interval
[0,1] for x € X. The MG does not provide information about not belonging; it just provides an
estimate of belonging. Gau et al. (1993) extended the FS to the vague set (VS) [3], which has
two MGs, such as true (TMG) and false (FMG). To a certain extent, VSs are more capable than

FSs at processing ambiguous data. Typically, human intellect develops gradually. This raises the
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question of how to define a vague term and quantify its uncertainty, an intriguing issue that merits
further research. Palanikumar et al. discussed the vague set and their extensions, such as square
root vague sets [4] and neutrosophic vague set [7]. Rosenfeld was a pioneer in fuzzy algebraic
structures [8]. Biswas [2] discussed the theory of vague algebra, including ambiguous groups,
normal groups, and other related concepts. Interval-valued FS and FS, a more generic tool, were
used to describe the idea of a cubic set. This is because FS works with a single value, whereas
IVES ranges the MG in the form of intervals. The primary benefit of the cubic set is that it includes
both FS and an IVFES. In 1993, Ahsan and colleagues [1] presented the fuzzy semiring theory. Sen
and colleagues presented bisemirings research in 2001 [9]. Palanikumar et al. [5, 6] discussed the
concept of spherical vague sets and their extension. This study aims to further develop the concept
of imprecise SBS theory in relation to MFCVSBS theory and explore some of its key characteristics.
The article is divided into the following five sections. The introduction is given in Section 1, and
the preliminary discussion of vague sets and multi-fuzzy cubic vague sets is covered in Section 2.
MEFCVSBS is presented along with examples of its features in Section 3. The concept of MFCVSBS
homomorphism and its characteristics are presented in Section 4. Section 5 provides a conclusion
for more research. Additionally, a few numerical examples are provided to assess the multi-fuzzy

cubic ambiguous subbisemirings.

2. PRELIMINARIES

Definition 2.1. [3] The vague set (VS) Z in the universe U is [1z,F 7] it consists of two MG called as
TMG 17 : U — [0,1] and FMG F 7z : U — [0,1], such that 0 < 1 7[1] + Fz[1] < 1, for all T € U, where
1 z[7] is a lower bound of MG of u derived from the “evidence for u”, and F z[t] is a lower bound of FMG
of u derived from the “evidence against v”. The VS Z as Z = {1, [t z[t]|,1 =F z[7]]It € U}, the interval
[1z[7],1 =FZ|[7]] is called the vague value of u in Z. That is 3z[t] = [t 7[1],1 =F z[7]].

Definition 2.2. [3] The complement of a VS Z is defined by 1 7o =Fzand1-Fzc =1- 1.

Definition 2.3. [3] Let Z and I be any two V'Ss in U.
(1) AVS Zis contained in the other VST, Z C T if and only if 2z[t] < Jr|t],
ie, 1z[t] < trlt] and —F z[t] <1 —Fr (1], for all u € U.
(2) The union of two VSs ZandT,as Y = ZUT, 1y = max{yz, 7y} and
| =Fy = max{i —=F z,1 —=Fr} = 1 —min{F £, Fr}.
(3) The intersection of two VSs ZandT'asY = ZNT, 1y = min{t, tr} and
| =Fy = min{i =F z,1 —=Fr} = 1 —max{F z, Fr}.
Definition 2.4. [2] Let Zbea VS of U, C,0 € [0, 1] with C < g, the [C, 0]- cut or vague cut of a VS Z is
the crisp subset of U is given by Zj¢ o = {t € U|dz[7] 2 [C, 0]}
That is, Zj,5) = (T € Ul7 £[1] 2 C, 1 =Fz[t] > 0]}.

Definition 2.5. [2] Let Z and T be any two VSs in U.
(1) ZnT = {<T,min{TZ[T], trlt]}, minfi —=F z[7], 1 —Fr[T]}>}
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(2) ZUTl = {<T,max{TZ[T], trit]}h, max{i —=F z[t],1 —Fr[T]}>}
(3) 0Z = {<T, TZlT)0 —TZ[T]>|T € U}
(4) ©Z = {(T,| —Fz[t],FZ[t]) It € U}forall'c e u.

Definition 2.6. Let X be a nonempty set. An multi-IFS f = {t,ft[t],f*[tr] : 7 € X,0 <

frr] 8 fr] < 1}, where f* : X — [0,1]",f* : X — [0,1]™ and 0 € {0} and 1 € {1}". The
value of f+ and f* are defined as fH[t] = [mi-fT][z], [m2- fF] (7], o0 [7om - fT][7], and f*[z] =
[ty - ] [7], [m2 - £*] (2], o) [70m - f¥] [T], such that m; : [0,1)™ — [0,1] is a projection i-th mapping and
0<[fT]lr] @ [f*][t] < 1. It means that 0 < [rt- fT][t] + [r- f*][7] < 1,Vie{1,2,..m)}

3. MULTI-FUZZY SET APPLIED TO CUBIC VAGUE SUBBISEMIRINGS

Definition 3.1. A multi-fuzzy cubic vague set Z = (] 1; OFC)Z, [1; 03z of k is called an MFCVSBS if

and

ie.,

and

forall ¢1,¢o € k.

- , — -
H oNz[c1 W23 2] = Minl{H oN z[c1, H oN z[c2]}

1

1

H odz[c1 W) c2] = min{H odzlc1), H oZz[col),

1 1 1

— — —

H o1, 61104 2] = Mini{]_[ ot x, [c1), H o1y, [c2])

1 1 1

— ) — —
I — H of Ty, [c1 W23 2] = Min'{i — H of Ty, [e1],1 - H of *x [cal}
i

1 1

[Tor'a,lc1¥pas 2l = min{] Jor*a, [aa), [ [ or'a, lcal)

i i i

1 1

I = H of, [¢1 W12, G2] = min{i - H of5, 1], - H of, [c2]}
1

Example 3.1. Let k = {c1, ¢2, ¢3, ¢4} be the bisemirings.

Wy G162 |3 |Ca||Wo|G1|G2|C3|Ca||Ws|G1|Ca]|C3]Ga

C1 |C61(¢C¢1|6C1]|¢1 C1 |61 |C2|C3|¢C4 1 |61 (C¢1|6C1]|¢1

C2 | C1 (G2 |C1]|¢C2 C2 | G2 | C2|C4|C4 C2 | C1|C2|C3|C4

C3 | C1(C1|6C3|¢C3 C3 | C3|C4|C3|C4 C3 | C4|C4|Cq|C4

G4 [ C1 | C2|C3 |64 C4 | G4 | G4 |Ca|C4 G4 | G4 | G4 |GCa|C4

_ Table 2 -
k Nt~ 3} Nz J*Z
¢1 ([0.29,0.39],[0.44,0.49]) [0.30,0.35] ¢[0.25,0.35],[0.40,0.45]) [0.3,0.35]
¢ ([0.24,0.34],[0.39,0.44]) [0.20,0.40] ([0.20,0.30],[0.35,0.40]) [0.2,0.4]
¢z ([0.14,0.19],[0.29,0.34])  [0,0.50]  ([0.10,0.15],[0.25,0.30]) [0, 0.47]
cs ([0.19,0.24],[0.34,0.39]) [0.1,0.45] ([0.15,0.20],[0.30,0.35]) [0.1,0.42]
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Hence, Z is an MFCVSBS.
Theorem 3.1. The intersection of an infinite collection of MFCVSBSs is again an MFCVSBS.

Proof. Let {9 : ¢ € C} be an infinite collection of MFCVSBSs, put Z = ﬂpc. For ¢1,¢7 € k. Now,
ceC
H

—
H o1 Nz [61 1,25 C2] = inf H 0T 8, [61 W10, 2]
i

1

. —> —
> inf Minl{H OT+NW [Cl]/ ]_[ OT+NWC [GZ]}

ceC

i i

. — -2
= Minl{igcf H °T+Nw [Cl],glcf H °T+Nm [CZ]}
' i

1
—_ —_

= Mini{H °T+Nz [c1], H °T+NZ 2]},

1 1

N —
I = H OF+NZ [c1 Wi1,2,3] G2 = g‘g 1 - H °F+Nw [c1 Y123 c2]
i .

1

. — —
A f M 7 7
= inf Min'{i - H oF Ty, [c1],1 — ]T[ ofF ", [e2]}

. H H
= Minl{inf | — H oF+xW [61],22(1? | = H OF+NW [GZ]}

ceC
i i

= Min'{i — H oF_+>NZ [c1], 1= H oF_+>x7_ (2]},

i 1

— i Y4 <
Thus, []; 0N z[c1 Wy 53 c2] = Min'{[]; 0N z[c1], [1; 0N z[c2]}. Now,

[[erzclorvpa el = inf [ [ o, l61 U2 2
i

i

> inf min{H or*5 [c1], H oT's, 2]}
ceC - ve ; ve

1

_ . . fH * " f H * }
mm{irgc | oT gm[Cl] nt : °oT :W[CZ]

1

= min{H OT*gz [c1], H OT*:IZ (=1}

1

1

> i?g min{I — H OFEW [c1],1 - H OFEW [ca]}

1 1

= min {gg | — H OFEW [Cl]/zgcf = ]T[ OF*:W [CZ]}
= min{I — H OFEZ [Cl]ﬂ - H OFEZ [GZ]}-

1 1

Hence, [[;0Z[c1 W123 ¢2] = min{[[; 0Z[c1], [1;2Z]ca]}. Hence, Z is an MFCVSBS. O

I — H of 7, [C1W[125 C2] = g‘g (- H oF7, [¢1¥p23 c2]]
1
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Theorem 3.2. The Cartesian product of MFCVSBSs is also an MFCVSBS.

Proof. Let Y and T be two MFCVSBSs of k; and k;, respectively. Let €1,€2 € ky and ¢y, € k.
Then [e1, €2] and [¢1, ¢] are in kg X ky. Now,

_}
H °T+NYXr[[€1rC1] W1,2,3] €2, ¢2]]

i
=
- H OT z"Y)(l" [61 L-5[1/2/3] €2, gl w[1’2’3} gZ]
i

—

. e d
= Miﬂz{H o Ry [€1 W €2, H o1 xe[c1 Wz G2l

1 1

> Min'(Min' | [ o7 len), [ [ o sy lealh, Min'(] [ or s eal, [ [ o e [eall

i i i i

= Min'(Min' | J ot sy lenl, [ o1 selanll, Mini(] [ or wyleal, [ ot e leall

1 1 1
— —

= Min'(] [ ot sy lev cal [ JorFsvuler ),

i i

H
| = H oF "Ryr €1, €1] Wi p3) [€2, 2]
i

__)
=l - H °F+NM €1 Wi1,2,3] €2, 61 W1 23] )

1

, — —
> Min'{i — H oF Ty, [€1 W03 €2),1 - H oF "5 [c1 W o3 col}

i i

> Min'{Min'{i — H o,:_+>NY le1],1— H OF_J:NY [62]},Mi7’li{l - H OF_J:Nr [c1],1 — H OF_JF)NF [c2] 1}

1 1 1 1
= Min'tMin'(i = | [ oF ", lex]1 = | [ oF " [ca]l, Min'ti = | [ oF P, [ea,1 = [ | oF " [l
i i i i
) — —
= Min'{i - H oF txy.rl€1,c1),1 — H oF *xy.r €2, C2])-
i i

— . — —
Thus, []; oNyxr([e1, 1] W o) [€2, c2]] = Min'{[T; oNyxrler, c1], IT; o Nyxr[€2, c2]}. Now,

H o1 5y [[€1,61] W23 €2, C2]]

i

= H oT*Jyxr [61 Lﬂ[1,2,3] €2,C1 L+J[1,2,3] GZ]
i

= min{H o1"g, [€1 W23 €2, H o1"5.[61 W) 2}

i i

> minfmin{[ J o5, le1], [ [ ov"5, [ealh, min{] Jor*z [ca], [ [ or's, 2l

1 1

1

= min(min([ [ o1z, [ea], | [ or's, [eall, min(] [ or's, [ea], | [ o775, 2l

i i i
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= min{H o', l€1,¢1], H o', [€2, 2]},

i i

I = H o/E*:‘YXF [[e1,¢1] Wi,03] €2, c2]]
1
o H oF3, €193 €2,61 91,05 2]
1

> min{I — H OFSY [61 Lﬂ[1/2/3] 62],| - H OFEr [g1 L+J[1/2/3] Cz]}

1 1

> min{minf{i — H OF*JY le1],1 - H OF*:Y [€2]}, minfi — H OF":lr [c1],1 — H OF*:]r [c2]}}

1 1 1 1

= min{min{i — H of, le1],1 — H of 5 [c1]}, min{i - H of, [e2],1 — H of 5 [c2]}}

1 1 1 1

= min{i — H oFy ler, 1)1 - H ofy ez o]}

1 1

Hence, [1; oZyxr([€1, ¢1] W123 [€2, ¢2]] = min{]]; oZyxr[e1, c1], I1; oZyxr(ez, c2]}. Therefore, Y X T is
an MFCVSBS. |

Theorem 3.3. Let Z be a multi-fuzzy cubic vague subset of k. Then Z = (]I; OR)Z, [I;022) is an
MFCVSBS if and only if all non empty level sets Zc5 [C,0 € D[0,1]] is an SBS.

Proof. Assume that Z = ([I; 0§> z,11;037) is an MFCVSBS. For each (,0 € D[0,1] and 1, %2 €
Zjto)- Wehave [[; 07y, [11] = it oTx,[Ko] = -1, oFy, [K1] =0 and 1 = [; oF, 2] = 0.
Since Z is an MFCVSBS, [ [; 07 [K1 Wy 23] k2] = min{[[; o7 s [x1], [1; 07 x, [K2]} = . Similarly,
| =11 oF s, [k1 Wi o3 k2] = min{i = [1;0Fx, [k1],1 — L1; oF s, [K2]} = &. Now, [iora, k] = C,
[liora, [x2] = (1 = [IjoFz,[x1] = 0 and 1 —[I;0F 2, [k2] > 0. Since Z is an MFCVSBS, we have
[l o5, [k1 W3 *2] = min{]1; o7, [ka], 1075, [x2]} = C. Similarly, 1 — [T; oF 3, [k1 Wy 03 %] =
min{i — [];oF g, [x1],1 — [1; oF 5, [k2]} > 0. This implies that x1 W[; 53] k2 € Z|¢- Therefore, Z ¢ q
is an SBS for each C, 0 € D[0, 1].

Conversely, let us assume Z Co] is an SBS for each (,0 € D[0,1]. Let k1, k2 € k. Then «y,x; €
Zicals where T = min{][; 0%, [k1], [1; Fx, [k2]} and & = min{i — [, oF s [x1],1 = [; oF s, [x2]} -
Thus, K1 W1p4 k2 € Lge) imply [1; 07 s, [K1 W) k2] = T = min{][; 07, [r1], [1; 075 [k2]}
and 1 —[;oFx,[K1 W03 k2] = T = min{i -] ofx [x1],1 —LioFx,[x2]}. Now, T =
min{[[; o1, [x1], [1; 012, [K2]} and 0 = min{i - []; oF 5, [r1],1 — [1; 0F 2, [k2]}. Thus, 11 W[5 5 k2 €
Zigo) 50 HioTa, [K1 W05 k2] = € = min{[[ oo, [1], [Tjo15, [12]} and 1 — [T 0F 1, [k1 W13
k2] = o = min{i —][;oFg, [k1],1 —]l;oFg, [k2]}. Hence, Z = ([]; og)z, [I;02%) is an
MFCVSBS. |

Theorem 3.4. Let o be the strongest vague relation of k. Then Z is an MFCVSBS if and only if ¢ is an
MFCVSBS of k x k.
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Proof. For € = [€1,€2] and ¢ = [¢1, ¢2] are in k x k. Now,

—
H o1, (€W 23 ¢l

i

—
— H o1ty [[le1,€2] Wy ag [61,c2]]
i
—
= H °oT N, [61 W[1,2,3} C1,€2 LJ—'J[1,2,3] 52]
i
. H H
_ Minl{H o1 le1 W05 c1, H o1 xzle2 W23 2}
= Min'Min'{] [ or¥s lerl, | [ or s el Min'(] Jor s leal, | [ or s leall)

1 1 1 1
—

— Minl{Minl{H o1 N, [el],H oT+NZ[ez]},MinZ{H oty [Cl],H o1 "x,[c2]}}
i i i i
. — —
= Minl{H °T+N [€1,€2), H 0T+Np [c1, c2}

i

—Mm{HOT x&, HOT x@[C]}
I—HOF+N [eW103) ¢]
=I —H0F+ [[e1, €2] W1,2,3] [c1, ¢2]]

=l - H °F+xp €1 W[1,03] C1,€2 Y103 €2
i
= Min'{i - H oF_JF)NZ €1 W03 c1],1 = H 0F_+>=<Z [€2 Wi 23] C2J}
i i
> Min' {Min'{| — H °F_+>Nz [e1],1 — H O/':)xz (1]}, Min'{1 — H 0/‘:)&2 le2],1 - H °F—+)NZ [ca]}}
i i i i
= Min'{Min'{i — H oF_*)NZ[el],| - H OF_JF)NZ [ez]},Mini{| - H oF_*)NZ[gl],| - H o/—:)acz (o]}

i 1 ! i

. — —
= Min*{i — H OIEerw l€1,€2],1 - H °F+Np [c1,c2]}

i i

— Min'{i — ]_[ oF_+>x¥, el 1 - H oF_ﬁx‘, [c]}.

i i

— . — —
Thus, [1;0Nle W23 ¢] = Min'{[1; 0N €], [1; 08 [c]}. Now,

o5 [€Wnpg ¢l
§

i

- H o1y, l[ler 2] W o g [c1, 2]
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- H o1z, l€1Wn03) c1,€2 Y103 2
7

= min{H oT*JZ [e1 Wi1,2,3] c1l, H OT*:Z €2 W1,2,3] cal}

i i

> min{min{H or's, [e1], H oT's, [C1]},miH{H 01", [e2], H or’a [l

= min{min{H o1’z le1], H o1"1, [62]},min{H o1"z,[c1], H 01"z, [c2]}}

= min{H o1',le1 €2, H o1"3,[c1, ¢}

1 1

= min{H o1"g, €], H or"g,[cl}

1

i
= H oF *:;w [€ W03 <]
i
=7 H OF*JW [[le1, €2] Wi 2,31 [c1,c2]]
i
=T H OF*JW le1 Wi,23] S1,€2Y123) c2)
i

= min{I — H oF*:Z €1 Wi1,2,3) ¢l - H OFEZ 2 W1,2,3] cal}

1 1

> min{min{ — H OFSZ [e1],1 — H oF*:Z [¢1]}, min{i — H OFSZ [€2],1 — H oF*:IZ (el

1 1 1 1

= min{min{| — H oF*:Z le1],1 — H oF*:Z [€2]}, min{i — H oF*:‘Z [c1],1 — H oF*:Z [c2]})

i i i i

= min{I — H oF*:&0 l€1,€2],1 — H OFEW [c1, ¢}

1 1

= minf{ — H oF*:W €], 1 - H oF*:IW [c]}.

1 1

Thus, [l;o3p[€ Wpipg ¢] =  min{[]; 03p[e], I1; 0Tp[c]}- Hence, [l;0Zyle Wip3¢] =
min{[]; 0Z,[e], [1; 0Zy[c]}. Therefore, p is an MFCVSBS of k x k.
Conversely, assume that ¢ is an MFCVSBS of k X k. Let € = [e1,€2] and ¢ = [¢1, ¢2] be in k x k.
Now,
) — —
Minl{H o1 R [€1 W23 C1l, H o1 R (€212 G2}

i i

_)
= H °T+NW [6‘1 5[1,2,3} C1,€2 L+J[1,2,3] C2]
i
_)
= H °T+NW[[€1/€2] W12, [61,C2)]

1
—
= H o178, €Y, ¢l
i
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—

> Mz’n"{H o?xw €], H oy, [c]}

i i

i i i
:Mznl{H oT NW[GLGZ]}rHOT 8, [c1, ¢2]}
i i

= Min'(Min'{] [ o1 [ea], | [ ot ¥ lealt, Min'(] Jor ™ lcal, [ Jor T lcallh
i i i i
— — —
If LLOT N l€1 U[123] c1] < Hi°T+NZ[EZE[)1,2,3] 2], then [l;o1%x [e1] < Il;jo1%x,[e2] and

— o — s
[lior s, [c1] < Hon Txglc2]- We get [ 017y, [€1 W05 c1] = Min'{]1; o017y, [e1], [Tio1 5, [c1]}
foralley, ¢ € k, and

. — —
Min'{i — H OF+?<Z €1 Wi1,23] c1),1 = H OF+NZ €2 W1,2,3] cal}

i i

H
=| — H OF+N [61 U[l 23] 61/ €2 L"5[1,2,3] C2]
= — H o,_—+ 8o [[€1, €2] Wi1,2,3] [c1, 2]
= - H 0F+x§, [e W13 ¢
i
_)

> Mjni{| — H OF_%EN&7 [6],I - H °F+N¢ [C]}

i ;
. — —
= Min'{i - H oF 'y, €1, €]}, 1 = H oF Ty, [c1,¢2])

i i
= Min'{Min'{i - H oF 'y le1],1 - H oF Ty [ea]}, Min'{i — H oF "y, [c1],1 = H oF "y, [c2]}).
i i i i
— — — —
If 1 —11; °F+NZ €1 W1,2,3] a1l <1 - Hi°F+NZ 2 Wi1,2,3) ¢z, then1 —[1; °F+Nz le1] =1 =115 °F+NZ (€]
— — — , —
and 1 —J[;oF "y [c1] <1 = [1; oF *x[c2]. We geti — [1; oF *x_ [e1 Wpp 5 c1] = Min'{i = [1; oF T [e1],1

— — . — —
—[;oF s, [c1]} for all €1,¢1 € k. Thus, [I;0Nz[e1 Wy p3 c1] = Min'{]];oN z[e1], [1;08 z[c1]}-
Now,

min{H o-|-*:3Z [€1 W1 23] ¢, H OT*:Z €2 Wi1,2,3] col)

i 1

= H o-|-*:&7 [61 @[1/2/3] C1,€2 trJ[l,Z,?)} Cz]
i

= H OT*:W[[61,€2] Wi123) [c1,62]]
i

= H 01", [€ W15 ¢
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= min{H o1', le1 e}, H o1"5,[c1, ¢}

i i

= min{min{H o1'a, le1], H °T'a, [62]},min{H °T'1, [c1], H °T'a, 2]}

i i i i

If [lior"a,[e1Wpo3 1] = Llior's,[€2 Wppg) c2), then [ljor's [e1] =< Iljor's,[e2] and
[lior"s,[c1] = Mot s [c2]. We get Io1"5, [€1 Wz c1] = min{]];o17o [e1], [Tio775, [c1]}
for all €1,¢1 € k, and

min{i — H of 2, [€1 W13 c1l,1 - H of 2, €2 W1 2] G2]}

i i

= — H OFEW [61 HJ[1,2,3} C1,€2 bL)[1,2,3] CZ]

=l - H ofz [le1, €2] Wi 257 [c1, 2]

i

=l —HOF [eWnnz ¢l

i

> mini - [ [ oF% [e],1 = [ [ oFy [c])

1

1
= min{| — H oF*:W €1, €]}, 1 — H OFEW [c1, 2]}
i

= min{min{i — H ofF%, le1],1 — H of 2, [e2]}, min{i — H of2, [c1],1 = H of =, [c2]}}-
1 1 1 1
If 1 —]I;oF% [’51 W03 c1] <1 — I of % [62 Wi1,23) C2], then | —HiOFEZ[Gl] <t —II; OFSZ['EZ] and
_ HiOF* [Cl] < _HZOF* [Cz] We get 1 — ]_[ioF* [e1 Wi1,2,3] ¢1i] = min{i - HiOFSZ[Gl]/I
]_L oF % [gl] }foralleq,¢q € Ik Thus, [[; o3 z[e1 Wiy 23] c;1] > min{][; 03 z[e1], [1; 03 z[c1]}. Hence,
11 OZ[€1 W12 ¢1] = min{][; 0oZ[e1], [1; 0Z[c1]}. Therefore, Z is an MFCVSBS. O

Theorem 3.5. If Z is an MFCVSBS, then AZ is an MFCV SBS.

Proof. Let Z be an MFCVSBS of a bisemiring k. Consider Z = {<g1, 11, ogz[gl], L; OJZ[g1]>}, for

all¢; e k. Take AZ =T = {<c1,Hi0§>r[g1],Hi oJr[G1]>}, where [];07x [c1] = LI;07x,[c1],
[liofx [c1] =1 —ILioFx [l Miorglel] = Iliorz ] and Fsfa] =1 —Iloro,[a]-
Clearly, [I;o7x[c1 Wpnog c2] = Min'{]]; 0w [c1], [T; 0P s [c2]} and 1T; oTz[c1 U[123] &) =z
min{][; o7 [c1], [1; 075, [c2]}, for all ¢y, ¢» € k. Since Z is an MFCVSBS. Then [[; 07 Nz [C1 W23
¢2] = Min'{I1; 07 x, [c1], IT; 075 [c2]} and

[l ota, [c1 Wn o5 c2] = min{]1; 1o, [c1], [T 072, [c2]}-

Thus, 1 — [1; oFx; [c1 W1 23] G2] = Min'{[1 = I1; oF x; [c1]], [1 = LL; oF s [c2]]} and

| =11, oF 3. [c1 W03 ¢o] = min{[i — I1; oF . [c1]], | — L1, oFz;[c2]]}. Hence, AZ is an MFCVSBS. O

Theorem 3.6. If Z is an MFCVSBS, then U is an MFCVSBS.
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Proof. Let Z be an MFCVSBS of a bisemiring k. Consider Z = {<g1, 1; ogz[gl], L; o:IZ[gl]>}, for

ﬁ
all¢; e k. Take 8Z =T = {<c;1,HiONr[c;1],Hi olr[c;1]>}, where [[; o7y [c1] =1 =11, oFx_ [c1],
i oFx;[c1] = i oFx, [c1], Lli o1z, [c1] =1 — i oF 3, [c1] and Fz [¢1] = [, oF 5, [c1] and the apply-
ing Theorem 3.5. Hence, U.Z is an MFCVSBS. m]

4. HOMOMORPHISM VIA MULTI-FUZZY CUBIC VAGUE SUBBISEMIRINGS

Definition 4.1. Let [ky, V1, V2, V3] and [ka, A1, A2, A3] be any two bisemirings. Let p : ki — ko be any
function and L be an MFCVSBS in ky, ‘W be an MFCVSBS in p[ki| = ko, the image of multi-fuzzy
cubic vague set can be defined by

H ng[’W] (k2] = [H O?p[(W] [x2], H OFP[’W] [1c2]]

i i i

and

H oJpw[K2] = [H ot piw) K2, H oF ppw) K211,

where 11;97 jwy k2] = LioTwelkel, LioFyawlke] = LioFwplka], Lot lx2]
LI orawplxa) and [1; oF yiy[x2] = 11; oFwp(Ka].

Definition 4.2. Let [ky, V1, V2, V3] and [ka, A1, A2, A3] be any two bisemirings. Let p : ki — ko be any
function. Let ‘W be a multi-fuzzy cubic vague set in p[k;] = ky. Then the inverse image of W, p~' is the
multi-fuzzy cubic vague set in ky by

H ogp‘l[(w] ] = [H o7 prwy ki, H oF 1w [l

1 1 1

and

H °o3p-1pw) k1] = [H ot 1wy K1l H of p-1jaw)[x1]],

where ]_[Z-o_-ﬁpfqrw] (1] = I o7 awlp ™ [x41]), LT oF ppw k1] = I oFavlp™ [,
Loty = I otawlp™" [k1]] and Foapwlei] = 11 oFaylp™ [ia])

Theorem 4.1. The homomorphic image of an MFCVSBS is also an MFCV SBS.

Proof. Let p : ki — ky be a homomorphism. Then px1 V1 k2] = plxi1] A1 plkz], p[k1 Y2 k2] =
plx1] A2 p[k2] and plx1 V3 k2] = p[r1] A3 p[kz] for all k1, %2 € kK.

Let W = p[L], where £ is an MFCVSBS of ki. Let p[i1], p[ka] € ko, [I; 074, [plK1] A1 p[r2]] =
oty [n vi o] = min{[Tiorg [l oty [k2]l = min{[T; o1y, plxi], IT; orqy plial)
and [Tjory,lplki] A1 pla]] = Loty [ vixo] = min{Il;org [k, Loty [xa]}
min{]; o7l plK1], IT; o7}, plical ).

Thus, [1; o7 awlplk1] A1 plz]] = min{[1; oF ayplx1], L1; o7 wplia]}.

Now, 1 — I, of 3, [p[x1] A1 plia]] =1 —T1; oFy, [K1 V1 %2] = min{i —[]; oy, [k1],1 = 11; oFg, [Ka]} =
min{i — [I; oF%, plki],1 = LI;oF%, plia]} and 1 =TT, oF% [p[i1] A1 plia]] =1 = 11; OF;L [1 V1 2] =
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min{i — []; OF;L [x1],1 = L1; OFZNL [k2]} = min{i — [, oF? awpelkil —1; oF! apPlralh

Thus, 1 — [1; OFq_A>/[p[1<1] A1 pK2]] = minfi - []; Opr[mL L OF(Wp[Ez)]}.

Henc_e), [I; oNaylplxi] A1 plxa2]] Mini{]_[iiN«Wp[Kl], L; ON(Wpﬂ)cz]}. Similarly,
HiON(W[P_LKl] A2 P[Kz]] > Min'{[];oRqpplii], [1;oNqyplia]} and TT;0Nqp[plii] A3 plia]] =
Min(11;0Rapplici], 11; 0 Nawplica]).

Now, [T;oray[pli] A1 plre]] = [Ti o135, [K1 Vi x2] = min{[T; 075, [k1], [Ti 015, [K2]}

= min{[[; orqyp[r1], L; o Tayplrz]} and 1 = [1; oFay[plic1] A1 pia]] =1 — [ oF 3, [1c1 V1 2]

> min{i — [];oF 5, [k1],1 = [1; oF 5, [x2]} = min{i = [; oFqyp[x1],1 — [1; oFp[x2]}.

xl Y%

Thus,  [I;o3w(plxi] A1 plxk2]] > min{][; oJqyp[k1], [1; oJqyp|x2]}. Similarly,
i o3wlplri] A2 plka]] = min{[[; o3ayp(xi], IT; 03wplre]} and [I;e3aw(plri] A3 plia]] =
min{]]; oJqyp[k1], [1; oJqyp[x2]}. Hence, W is an MECVSBS of k. ]

Theorem 4.2. The homomorphic pre-image of an MFCVSBS is also an MFCVSBS.

Proof. Let p : ki — ky be a homomorphism. Then p[k1 V1 k2] = plk1] A1 p[k2], p[k1 V2 k2] =
plxi1] A2 p[k2] and plx1 V3 k2] = p[r1] A3 p[Kz] for all k1, k2 € k.

Let W = p[L], where ‘W isan MFCVSBS of k,. Now, [ ; oTle (K1 V1] = 11; onw[p[Kl] A1p[Kr2]] =
min{[T; 074, [p[k1]], LT; o4y [pli2]]} = min{IT; o1y [r1], I o1y, [ie2]} and

L;ort, [i1 vaxal = LL;ort [olal v plial] = min{LLo 78, plall, LL o7ty ]l

= min{[[;or§ [r1], [ty [ka]}. Thus, [T;07x, [1 V1 1a] = min{[; o7, [1], LT; 07 2]

Now, 1 =[T;oF [r1 v1xa] =1 =TI;0F 0, [plii] A1 plka]] = minfi =[F} plra]l1 =[F,, plra]]} =
min{i —]_[iOFl [Kl] _HiOF;QL[KZ]} and | _HiOFZL[Kl vi ko] =1 —IlioF%, [plxi] A1
plkz2]] = minfi —[F” plall,r =[Fayplll = minfi —I;0Fg [a],r —IIioFy o]} Thus,

I —[oFx, [k1 Vi x2] = min{i —]];0Fx,[x1],1 —[I;oFx[k2]}. Hence, []; 0§£[K1 Y1 K] =
Mini{_)]_[i 02_“<>£[1<1], 1; 02_‘4>L [K2] }_) Similarly, _)]_[i °§)L [k1 V2 x2] > Min'{]]; OR)L [x1], L1; O?‘)L[Kz]} and
I1; oN £lic1 Y3 k2] = Min'(LT; oN g[i1], IT; oN £[iea]}.

Now, [T;o15,[x1 V1 k2] = [ otay(pli1] A1 plre]] = min{[T; oty [plKi]], LIi o Taw[plx2]]}

= min{[[;o75,[x1], [T o1z, [k2]} and 1+ = ]I, oF 5, [x1 V1 k2] =1 = L1; oFqy[p[K1] A1 pli2]] = minfi
—[Fawplri1]],1 =[Fawplr2]]} = min{i — [1; oF 5, [x1],1 = [1; oF 5, [K2]}.

Hence, []; 03 z[x1 V123 *2] = min{]]; o3 r[k1], [I; 02 £[x2]}. Therefore, Lisan MFCVSBSofk;. O

Theorem 4.3. If p is a homomorphism, then L ;) is a level SBS of an MFCVSBS.

Proof. Let p : ki — ky be a homomorphism. Then p[x; V1 k2] = p[ki] A1 p[Kk2], plr1 V2 k2] =
plxi] A2 plx2] and plx1 V3 k2] = p[k1] A3 p[k2] for all k1, k2 € ky. Let W = p[L], where W is
an MFCVSBS of k,. By Theorem 4.2, £ is an MFCVSBS of k;. Let p[L[Crg}] be a level SBS of
W. Suppose p[k1], p[x2] € p[L, ]] Then pli1 V1 x2], p[r1 V2 k2] and p[x1 V3 x2] € p[Lig 5] Now,
— — — = —
[Lio7s, [a] = HioTNW[ [k ]] > T, ;0% [ka] = 197, [plia]] = T. Then [0, [x1 v
Kz] > C and | — OFNL[Kl] OFNW[[)[ 1]] > ?7), | _Hi OFNL[KZ] =l _HiOFNW[p[KZH > ?
- —
Then 1 —[[; oFx, [K1 V1 x2] = E). Thus, []; ONL[Kl Vi) = [, @]. Similarly, [];oN £[x1 Vo x2] =
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[C, 3] and I1; 0§)L[M v3a] = [T, 3] Now, [lioro,[x1] = Liers, lplkal]l = G Mioro, k] =

HiOTjw[p[Kz]] > (. Then ]_[,-OTJL[Kl ViKk2] = Cand 1 —=[;0F5,[x1] =1 = LI;oFz, [p[xi]] = o,
1 = [ oF5,[x2] =1 = ;0Fz,, [p[x2]] = 0. Then i —[[;oF5,[x1 V1 k2] = 0. Thus, [{;03 k1 V123
k2] > [C,0]. Hence, L is a level SBS of an MFCVSBS L of k. m|

Theorem 4.4. If p is a homomorphism, then p[ Ly ] is a level SBS of an MFCVSBS.

Proof. Let p : ki — ky be a homomorphism. Then p[k1 V1 k2] = plk1] A1 p[k2], p[k1 V2 k2] =
plxi1] A2 plxz] and plx1 V3 k2] = plki1] A3 plke] for all k1, x2 € ky. Let W = p[L], where L is an
MEFCVSBS of k;. By Theorem 4.1, ‘W is an MFCVSBS of k,. Let L[C,o} be a level SBS of L. Suppose
k1, k2 € Licg. Then pliy Vi ko], pliy V2 k2] and p[ky V3 k2] € L. Now, [[;07x,, [plk1]] =
o7y lr] = C oy lpleal]l = Loy kel = T Then L1o7w, lplki] A1 plial] =
[ o7 s, [x1 V1 2] = C, for all plxil, plko] € ko. And 1 — [;0Fx,, [plr1]] =1 — L1;oFx, [x1] = 0,1
—11;oFx,, [plko]] =1 = [1;oF s, [K2] = . Then 1 — [, oFx,, [p[k1] A1 plka]] =1 — L1; oF s [k1 V1 k2] =
7, for all p[i1], p[x2] € ky. Thus, []; og(w[p[m] A1 plx2]] = [_C),_(ﬂ. Similarly, [1; Og)rw[p[Kl] A2
plal] = [T, 7] and L1 0Napplia] As plial] = [T, T . Now, Lotz lplial] = Lot lia] =
G ieta,lplke]]l = Iiers,[xe] = € Then [[;orz, [plka] A1 plio]] = 0T, [k via] = G
for all p[ki],pk2] € ko. And 1 —][;0F g, [p[x1]] =1 —1l;0F5,[x1] = 0,1 —[I;oFz, [plk2]] =i
—IlioF5,[xk2] = 0. Then 1 —[;oF,[p[x1] A1 p[ka]] =1 —1I;0F5,[k1 Y1 x2] = o, for all
plxi], plkz] € ka. Thus, [1;03qy[p[Kk1] A123 plro]] = [C,0]. Hence, p[Li;q] is a level SBS of
an MFCVSBS W of k. O

5. CoNCLUSION

Presenting a vague subsemiring of semirings to MFCVSBS of bisemirings is the primary objective
of this effort. We determine that Z is a multi-fuzzy cubic vague fuzzy set if and only if  is an
MFCVSBS of k x k. The homomorphic image and pre-image are also defined. We discovered that
MEFCVSBS is an MFCVSBS homomorphic image and pre-image. Therefore, the ordered MFCVSBS,
cubic soft subbisemirings, and multi-fuzzy cubic vague soft subbisemirings of bisemirings and

their applications should be taken into consideration in the future.
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