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Abstract. In this paper, we use the Atangana-Baleanu Caputo derivative to design and assess a fractional-order infection

model for West Nile virus. The model offers insights into the evolution of the virus and takes into account its intricate

dynamics of transmission. We investigate the system’s qualitative behavior and prove existence and uniqueness findings

using fixed-point theory. Additionally, we examine the suggested model’s stability in terms of Hyers-Ulam stability.

Euler’s approach for the Atangana-Baleanu integral is used to numerically simulate the fractional-order model in order

to visualize the effects of different parameters. The theoretical findings are verified, and the impact of fractional-order

derivatives on the dynamics of the system is demonstrated using MATLAB. The study emphasizes the use of fractional

calculus in epidemiological modeling, which offers a more realistic depiction of the spread of illness in the actual world.

1. Introduction

The West Nile virus (WNV), a single-stranded virus that belongs to the Flavivirus in the family

Flaviviridae, is the cause of West Nile disease (WND), an emergent vector-borne illness that was

initially discovered in the West Nile area of Uganda in 1937 (Smithburn et al., 1940). The virus

has spread throughout Africa, Europe, the Middle East, West and Central Asia, and most recently,

North America. It is spread by female mosquitoes that have fed on the blood of infected birds

and can infect humans and other animals (Campbell et al., 2002; Centers of Disease control and

prevention, 2002 a; Chowers et al., 2001; Nash et al., 2001; Petersen and Marfin, 2002). Few studies

have fully analyzed the viraemic responses of various bird species, and the distribution of various

WNV strains along with the diversity of local avian community composition make extrapolating

results to regions outside of those tested potentially erroneous [14, 17, 26, 30].
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In many disciplines, like engineering, chemistry, and biology, where differential equations are

usually used to simulate real-world processes, time delays are crucial. The time lag between an

activity and its impact on a system is represented by these delays [7–10, 18, 19, 25, 28, 29].

In recent years, researchers have explored different fractional derivative formulations, with the

Atangana-Baleanu Caputo (ABC) [1–3] derivative gaining significant attention due to its non-

locality, singular kernel, and ability to incorporate memory effects more effectively than classical

Caputo or Riemann-Liouville derivatives. The ABC derivative [2] enhances the modeling of disease

dynamics by accounting for long-term interactions between infected and susceptible populations,

thus offering a more realistic representation of WNV transmission [12, 13].

Another crucial aspect of studying fractional models is analyzing their stability properties,

which provide insight into the robustness of solutions under small perturbations. The Hyers-

Ulam stability concept plays a fundamental role in determining whether small deviations in initial

conditions lead to bounded or unbounded solutions over time. Establishing Hyers-Ulam stability

ensures the reliability of the fractional WNV model by confirming that minor errors in population

estimates do not result in unrealistic predictions. This stability analysis is particularly important for

epidemiological models, where precise forecasting of infection trends is critical for implementing

public health interventions.

In this study, we formulate a fractional-order West Nile virus model using the Atangana-Baleanu

Caputo derivative and investigate its Hyers-Ulam stability. Our primary objectives are:

(1) To develop a fractional mathematical model incorporating bird and mosquito vectors with

memory-dependent transmission rates.

(2) To analyze the Hyers-Ulam stability of the proposed model and establish conditions under

which the system remains stable.

(3) To validate the effectiveness of fractional derivatives in capturing the realistic dynamics of

WNV transmission.

The remainder of the document is organized as follows: Basic preliminary information is presented

in Section 2, and the fractional model’s mathematical formulation is presented in Section 3. WNV

model using the Atangana-Baleanu Caputo derivative section 5 explores the stability analysis with

a focus on Hyers - Ulam stability criteria. Section 6 provides numerical simulations to support

theoretical findings and section 7 concludes the study with key insights and future research

directions.

Section 4 explores the existence and uniqueness of the proposed model.

2. Preliminaries

Definition 2.1: [22]

Let f ∈ [1,∞), Ω ⊆ R be open subsets. Next, the following describes the Sobolev space H+(Ω):

H+(Ω) =
{
g ∈ L2(Ω); Dβg ∈ L2(Ω), ∀|β| ≤ f

}
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Definition 2.2: [23]

For a function f ∈ H′(0, 1) and 0 < λ < 1, and the Atangana-Baleanu fractional derivative in

Caputo sense is defined as:

ABC
0Dλ

x f (x) =
µ(λ)

1− λ

∫ x

0
f ′(x)Eλ

[
−λ

(x− y)λ

1− γ

]
dy

where µ(λ) is a normalization function that satisfies µ(0) = 1 = µ(1). The Mittag-Leffler

function Eλ is represented as:

Eλ =
∞∑

k=0

xk

Γ(λk + 1)

Additionally, the fractional integral of Atangana-Baleanu integral of order λ is given by:

Lλx f (x) =
1− λ
λ

f (x) +
λ

B(λ)Γ(λ)

∫ x

0
f (y)(x− y)λ−1dy.

Theorem 2.1:
The Atangana-Baleanu fractional derivative, both in the Caputo and Riemann-Liouville senses,

satisfy the Lipschitzcondition for any two functions f , g ∈ H1(l, m), where m > l:

||
ABC

0Dλ
x f (x) − ABC

0Dλ
x g(x)|| ≤ π|| f (x) − g(x)||

and

||
ABR

0Dλ
x f (x) − ABR

0Dλ
x g(x)|| ≤ π|| f (x) − g(x)||

3. Mathematical Formulation

3.1. Single Resident Bird Model. The system of ODEs describing the dynamics of mosquito

vectors and bird hosts is formulated as follows:

Ṡv = ψvNv − λvSv − µvSv

Ėv = λvSvνvEv − µvEv

İv = νvEv − µvIv

Ṡb = ψbH + ρbRb − λbSb − µbSb

Ėb = λbSb − νbEb − µbEb

İb = νbEb − γbIb − µbIb − δbIb

Ṙb = γbIb − ρbRb − µbRb (3.1)

The derivatives are taken with respect to time, measured in days. The subscript ν denotes the

mosquito vector, while b represents the resident bird host.

Both birds and mosquitoes enter the susceptible population at a per-capita birth rate µi and exit

all compartments at the same rate µi. Mosquitoes transition from exposed to infectious stage at

a constant per-capita rate νv, which corresponds to the inverse of the incubation period. Infected
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birds progress to the infectious state at rate νb and recover at a constant rate γb. The recruitment

rate of birds is expressed as:

H =
µb

ψb
K

where K represents the carrying capacity. The mosquitoes biting rate is determined as a function

of the total number of bites per day.

b =
σvNv.σbNb

σvNv.σbNb
(3.2)

The parameter σv is the number of per day by mosquito and σb is the number of bites per day by

an arian hoset. The force of infection λv and λb are

λv = bvbβvb

Ib

Nb
,λb = bbvβbv

Iv

Nv
(3.3)

are the rates individuals are infected and move from the susceptible to the exposed class.
Parameters Descriptions

Sv Susceptible mosquitoes
Sb Susceptible resident birds
Ev Exposed vectors
Eb Exposed birds
Iv Infected vectors
Ib Infected birds
Rb Recovered birds
Nv Total vectors
Nb Total birds
ψv Recruitment rate of vectors
ψb Recruitment rate of birds
µi Death rate of species i
νi Incubation rate for species i
γi Loss of infectivity rate of species i
ρi Loss of immunity rate of species i
σi Disease induced death rate of species i
b Total number of bites per day

bbv Numbers of bites from vector per bird per day
bvb Numbers of bites from bird per vector per day
βi j Probability of transmission per bite j to i
ρi Max hosts
λi inoculate rate of species i
Nv Total vectors
Nb Total birds
ψv Recruitment rate of vectors
ψb Recruitment rate of birds
µi Death rate of species i
νi Incubation rate for species i
γi Loss of infectivity rate of species i
ρi Loss of immunity rate of species i
σi Disease induced death rate of species i
b Total number of bites per day

bbv Numbers of bites from vector per bird per day
bvb Numbers of bites from bird per vector per day
βi j Probability of transmission per bite j to i
ρi Max hosts
λi inoculate rate of species i
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4. Existence and Uniqueness of Solution

This section examines if a solution exists for the model (3.1)’s, fractional order. So, we have

Sv(t) = Sv(0) +
1− γ1

B(γ1)
(ψvN(s)

v − λvS(s)
v − µvS(s)

v )+

γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1((ψvN(s)

v − λvS(s)
v − µvS(s)

v )dq (4.1)

Ev(t) = Ev(0) +
1− γ2

B(γ2)
(λvSv(s) −VvEv(s) − µv(s))+

γ2

B(γ2)Γ(γ2)

∫ s

0
(s− q)γ2−1((λvSv(s) −VvEv(s) − µv(s))dq (4.2)

Iv(t) = Iv(0) +
1− γ3

B(γ3)
(VvEv(s) − µvIv(s))+

γ3

B(γ3)Γ(γ3)

∫ s

0
(s− q)γ3−1((VvEv(s) − µvIv(s))dq (4.3)

Sb(t) = Sb(0) +
1− γ4

B(γ4)
(ψbµ(s) + ρbRb(s) + λbSb(s) − µbSb(s))+

γ4

B(γ4)Γ(γ4)

∫ s

0
(s− q)γ4−1(ψbµ(s) + ρbRb(s) + λbSb(s) − µbSb(s))dq (4.4)

Eb(t) = Eb(0) +
1− γ5

B(γ5)
(λbSb(s) − vbEb(s) − µbEb(s))+

γ5

B(γ5)Γ(γ5)

∫ s

0
(s− q)γ5−1(λbSb(s) − vbEb(s) − µbEb(s))dq (4.5)

Ib(t) = Ib(0) +
1− γ6

B(γ6)
(VbEb(s) − γbIb(s) − µbIb(s) − δbEb(s))+

γ6

B(γ6)Γ(γ6)

∫ s

0
(s− q)γ6−1(VbEb(s) − γbIb(s) − µbIb(s) − δbEb(s))dq (4.6)

Rb(t) = Rb(0) +
1− γ7

B(γ7)
(γbIb(s) − ρbRb(s) − µbRb(s))+

γ7

B(γ7)Γ(γ7)

∫ s

0
(s− q)γ7−1(γbIb(s) − ρbRb(s) − µbRb(s))dq (4.7)

Now we can write as follows:

Z1(s, Sv) = ψv −Nv(s) − λvSv(s) − µvSv(s)

Z2(s, Ev) = λvSv(s) −VvEv(s) − µvEv(s)

Z3(s, Iv) = VvEv(s) − µvIv(s)
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Z4(s, Sb) = ψb − µ(s) + ρbRb(s) − λbSb(s) − µbSb(s)

Z5(s, Eb) = λbSb(s) −VvEb(s) − µbEb(s)

Z6(s, Ib) = VbEb(s) − γbIb(s) − µbIb(s) − δbIb(s)

Z7(s, Rb) = γbIb(s) − ρbRb(s) − µbRb(s)

And define Qi as follows:

Q1 = ψv −Nv(s) − λv − µv

Q2 = λvSv(s) −Vv − µv

Q3 = VvEv(s) − µv

Q4 = ψbµ(s) − ρbRb(s) − λb − µb (4.8)

Q5 = λb − Sb(s) −Vb − µb

Q6 = γbEb(s) − γb − µb − δb

Q7 = γbIb(s) − ρb − µb.

To prove our findings, we use the following assumptions:

For the Sv(s), Ŝv(s), Eu(s), Êv(s), Iv(s), Îv(s), Sb(s), Ŝb(s), Eb(s), Êb(s), Ib(s), Îb(s), Rb(s), R̂b(s)
∈ L0, 1 be continuous functions such that: |Sv(s)| ≤ L1, |Ev(s)| ≤ L2, |Iv(s)| ≤ L3, |Sb(s)| ≤ L4,

|Eb(s)| ≤ L5, |Ib(s)| ≤ L6, |Rb(s)| ≤ L7

Theorem 4.1: The Lipschitz property is satisfy the Zi for i = 1, 2, . . . , 7 if 0 ≤ Qi < 1, if the

assumption (B) is hold true and fulfills Qi < 1 for i = 1, 2, . . . , 7.

Proof. First, we prove that Z1(s, Sv) satisfies the Lipschitz property. Now,

‖Z1(s, Sv) −Z1(s, Ŝv)‖ = ‖ψvNv(s) − λvSv(s) − µvSv(S) − (ψvNv(s) − λvŜv(s) − µvŜv(s))‖

≤ (ψvNv(s) − λvŜv(s) − µvŜv(s))‖Sv − Ŝv‖

≤ Q‖Sv − Ŝ‖. (4.9)

where Qi = ψvNv(s) − λvŜv(s) − µvŜv(s).
Similarly, the other kernels satisfies the Lipschitz property:

‖Z2(S, Ev) −Z2(S, Êv)‖ ≤ Q2‖Ev − Êv‖

‖Z3(S, Iv) −Z3(S, Îv)‖ ≤ Q3‖Iv − Îv‖

‖Z4(S, Sb) −Z4(S, Ŝb)‖ ≤ Q4‖Sb − Ŝb‖

‖Z5(S, Eb) −Z5(S, Êb)‖ ≤ Q5‖Eb − Êb‖

‖Z6(S, Ib) −Z6(S, Îb)‖ ≤ Q6‖Ib − Îb‖

‖Z7(S, Rb) −Z7(S, R̂b)‖ ≤ Q7‖Rb − R̂b‖
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Thus, if all the kernels Zi satisfy the condition 0 ≤ Qi < 1, i = 1, 2, . . . , 7, they fulfill the Lipschitz

propertyand consequently form a contraction for Zi, for all i = 1, 2, . . . , 7.

Now, Equation (4.2) to (4.7) can be rewrite as

Sv(s) − Sv(0) =
1− γ1

B(γ1)
z1(s, Sv(s))

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1Z1(q, Sv(q))dq. (4.10)

Ev(s) − Ev(0) =
1− γ2

B(γ2)
z2(s, Ev(s))

+
γ2

B(γ2)Γ(γ2)

∫ s

0
(s− q)γ2−1Z2(q, Ev(q))dq. (4.11)

Iv(s) − Iv(0) =
1− γ3

B(γ3)
z3(s, Iv(s))

+
γ3

B(γ3)Γ(γ3)

∫ s

0
(s− q)γ3−1Z3(q, Iv(q))dq. (4.12)

Sb(s) − Sb(0) =
1− γ4

B(γ4)
z4(s, Sb(s))

+
γ4

B(γ4)Γ(γ4)

∫ s

0
(s− q)γ4−1Z4(q, Sb(q))dq. (4.13)

Eb(s) − Eb(0) =
1− γ5

B(γ5)
z5(s, Eb(s))

+
γ5

B(γ5)Γ(γ5)

∫ s

0
(s− q)γ5−1Z5(q, Eb(q))dq. (4.14)

Ib(s) − Ib(0) =
1− γ6

B(γ6)
z6(s, Ib(s))

+
γ6

B(γ6)Γ(γ6)

∫ s

0
(s− q)γ6−1Z6(q, Ib(q))dq. (4.15)

Rb(s) −Rb(0) =
1− γ7

B(γ7)
z7(s, Rb(s))

+
γ7

B(γ7)Γ(γ7)

∫ s

0
(s− q)γ7−1Z7(q, Rb(q))dq. (4.16)
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with the initial conditions are given as Sv0(s) = Sv(0), Ev0(s) = Ev(0), Iv0(s) = Iv(0), Sb0(s) =

Sb(0), Eb0(s) = Eb(0), Ib0(s) = Ib(0) and Rb0(s) = Rb(0). Apply the recursive relation, we get:

Svn(s) − Sv(0) =
1− γ1

B(γ1)
Z1(s, Svn−1(s))

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1Z1(q, Svn−1(q))dq, (4.17)

Evn(s) − Ev(0) =
1− γ2

B(γ2)
Z2(s, Evn−1(s))

+
γ2

B(γ2)Γ(γ2)

∫ s

0
(s− q)γ2−1Z2(q, Evn−1(q))dq, (4.18)

Ivn(s) − Iv(0) =
1− γ3

B(γ3)
Z3(s, Ivn−1(s))

+
γ3

B(γ3)Γ(γ3)

∫ s

0
(s− q)γ3−1Z3(q, Ivn−1(q))dq, (4.19)

Sbn(s) − Sb(0) =
1− γ4

B(γ4)
Z4(s, Sbn−1(s))

+
γ4

B(γ4)Γ(γ4)

∫ s

0
(s− q)γ4−1Z4(q, Sbn−1(q))dq, (4.20)

Ebn(s) − Eb(0) =
1− γ5

B(γ5)
Z5(s, Ebn−1(s))

+
γ5

B(γ5)Γ(γ5)

∫ s

0
(s− q)γ5−1Z5(q, Ebn−1(q))dq, (4.21)

Ibn(s) − Ib(0) =
1− γ6

B(γ6)
Z6(s, Ibn−1(s))

+
γ6

B(γ6)Γ(γ6)

∫ s

0
(s− q)γ6−1Z6(q, Ibn−1(q))dq, (4.22)

Rbn(s) −Rb(0) =
1− γ7

B(γ7)
Z7(s, Rbn−1(s))

+
γ7

B(γ7)Γ(γ7)

∫ s

0
(s− q)γ7−1Z7(q, Rbn−1(q))dq, (4.23)

Now, we look at the differences between the succeeding words as follows:

K1n(s) = (Svn − Svn−1)(s) =
1− γ1

B(γ1)
(Z1(s, Svn(s))) − (Z1(s, Svn−1(s)))

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1(Z1(q, Svn(q)) −Z1(q, Svn−1(q)))dq, (4.24)
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K2n(s) = (Evn − Evn−1)(s) =
1− γ2

B(γ2)
(Z2(s, Evn(s))) − (Z2(s, Evn−1(s)))

+
γ2

B(γ2)Γ(γ2)

∫ s

0
(s− q)γ2−1(Z2(q, Evn(q)) −Z2(q, Evn−1(q)))dq, (4.25)

K3n(s) = (Ivn − Ivn−1)(s) =
1− γ3

B(γ3)
(Z3(s, Ivn(s))) − (Z3(s, Ivn−1(s)))

+
γ3

B(γ3)Γ(γ3)

∫ s

0
(s− q)γ3−1(Z3(q, Ivn(q)) −Z3(q, Ivn−1(q)))dq, (4.26)

K4n(s) = (Sbn − Sbn−1)(s) =
1− γ4

B(γ4)
(Z4(s, Sbn(s))) − (Z4(s, Sbn−1(s)))

+
γ4

B(γ4)Γ(γ4)

∫ s

0
(s− q)γ4−1(Z4(q, Sbn(q)) −Z4(q, Sbn−1(q)))dq, (4.27)

K5n(s) = (Ebn − Ebn−1)(s) =
1− γ5

B(γ5)
(Z5(s, Ebn(s))) − (Z5(s, Ebn−1(s)))

+
γ5

B(γ5)Γ(γ5)

∫ s

0
(s− q)γ5−1(Z5(q, Ebn(q)) −Z5(q, Ebn−1(q)))dq, (4.28)

K6n(s) = (Ibn − Ibn−1)(s) =
1− γ6

B(γ6)
(Z6(s, Ibn(s))) − (Z6(s, Ibn−1(s)))

+
γ6

B(γ6)Γ(γ6)

∫ s

0
(s− q)γ6−1(Z6(q, Ibn(q)) −Z6(q, Ibn−1(q)))dq, (4.29)

K7n(s) = (Rbn −Rbn−1)(s) =
1− γ7

B(γ7)
(Z7(s, Rbn(s))) − (Z7(s, Rbn−1(s)))

+
γ7

B(γ7)Γ(γ7)

∫ s

0
(s− q)γ7−1(Z7(q, Rbn(q)) −Z7(q, Rbn−1(q)))dq, (4.30)

For equations (4.24) to (4.30) taking the norm for both sides

‖K1n(s)‖ = ‖Svn − Svn−1‖(s)

=
1− γ1

B(γ1)
‖Z1(s, Svn(s)) −Z1(s, Svn−1(s))‖

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1

‖Z1(s, Svn(q)) −Z1(s, Svn−1(q))‖dq,

≤
1− γ1

B(γ1)
‖Z1(s, Svn(s)) −Z1(s, Svn−1(s))‖

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1

‖Z1(s, Svn(q)) −Z1(s, Svn−1(q))‖dq, (4.31)
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with Lipchitz condition we have,

‖K2n(s)‖ = ‖Evn − Evn−1‖(s)

=
1− γ2

B(γ2)
‖Z2(s, Evn(s)) −Z2(s, Evn−1(s))‖

+
γ2

B(γ2)Γ(γ2)

∫ s

0
(s− q)γ2−1

‖Z2(s, Evn(q)) −Z2(s, Evn−1(q))‖dq. (4.32)

‖K3n(s)‖ = ‖Ivn − Ivn−1‖(s)

=
1− γ3

B(γ3)
‖Z3(s, Ivn(s)) −Z3(s, Ivn−1(s))‖

+
γ3

B(γ3)Γ(γ3)

∫ s

0
(s− q)γ3−1

‖Z3(s, Ivn(q)) −Z3(s, Ivn−1(q))‖dq. (4.33)

‖K4n(s)‖ = ‖Sbn − Sbn−1‖(s)

=
1− γ4

B(γ4)
‖Z4(s, Sbn(s)) −Z4(s, Sbn−1(s))‖

+
γ4

B(γ4)Γ(γ4)

∫ s

0
(s− q)γ4−1

‖Z4(s, Sbn(q)) −Z4(s, Sbn−1(q))‖dq. (4.34)

‖K5n(s)‖ = ‖Ebn − Ebn−1‖(s)

=
1− γ5

B(γ5)
‖Z5(s, Ebn(s)) −Z5(s, Ebn−1(s))‖

+
γ5

B(γ5)Γ(γ5)

∫ s

0
(s− q)γ5−1

‖Z5(s, Ebn(q)) −Z5(s, Ebn−1(q))‖dq. (4.35)

‖K6n(s)‖ = ‖Ibn − Ibn−1‖(s)

=
1− γ6

B(γ6)
‖Z6(s, Ibn(s)) −Z6(s, Ibn−1(s))‖

+
γ6

B(γ6)Γ(γ6)

∫ s

0
(s− q)γ6−1

‖Z6(s, Ibn(q)) −Z6(s, Ibn−1(q))‖dq. (4.36)

‖K7n(s)‖ = ‖Rbn −Rbn−1‖(s)

=
1− γ7

B(γ7)
‖Z7(s, Rbn(s)) −Z7(s, Rbn−1(s))‖

+
γ7

B(γ7)Γ(γ7)

∫ s

0
(s− q)γ7−1

‖Z7(s, Rbn(q)) −Z7(s, Rbn−1(q))‖dq. (4.37)

�

Theorem 4.2: The model (3.1) has a solution provided that the following are holds true φ =

maxQi < 1, i ∈ N7
1.
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Proof. Using Equations (4.24) to (4.30)

K1n(s) =
1− γ1

B(γ1)
(Z1(s, Svn(s))) − (Z1(s, Svn−1(s)))

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1(Z1(q, Svn(q)) −Z1(q, Svn−1(q)))dq

≤

[
1− γ1

B(γ1)
+

γ1

B(γ1)Γ(γ1)

]
Q1‖Svn − Sv‖

≤

[
1− γ1

B(γ1)
+

γ1

B(γ1)Γ(γ1)

]n
φn
‖Sv − Sv1‖ (4.38)

Similarly we have,

K2n(s) ≤
[
1− γ2

B(γ2)
+

γ2

B(γ2)Γ(γ2)

]n
φn
‖Ev − Ev1‖ (4.39)

K3n(s) ≤
[
1− γ3

B(γ3)
+

γ3

B(γ3)Γ(γ3)

]n
φn
‖Iv − Iv1‖ (4.40)

K4n(s) ≤
[
1− γ4

B(γ4)
+

γ4

B(γ4)Γ(γ4)

]n
φn
‖Sb − Sb1‖ (4.41)

K5n(s) ≤
[
1− γ5

B(γ5)
+

γ5

B(γ5)Γ(γ5)

]n
φn
‖Eb − Eb1‖ (4.42)

K6n(s) ≤
[
1− γ6

B(γ6)
+

γ6

B(γ6)Γ(γ6)

]n
φn
‖Ib − Ib1‖ (4.43)

K7n(s) ≤
[
1− γ7

B(γ7)
+

γ7

B(γ7)Γ(γ7)

]n
φn
‖Rb −Rb1‖ (4.44)

∴ The functions Ki,n(s)→ 0, for i = 1, 2, . . . , 7 as n→∞ for φ < 1. �

Theorem 4.3: Under assumption B the model (3.1) has a unique solution if the following

condition holds: [
1− γi

B(γi)
+

γi

B(γi)Γ(γi)

]
Qi ≤ 1, f or i = 1, 2, . . . 7. (4.45)

Proof. Assume that there exist another solution of the model (3.1) denoted as (Ŝv(s), Êv(s), Îv(s),
Ŝb(s), Êb(s),Îb(s) and R̂b(s)), which satisfies the integral system defined by equations (4.10) to

(4.16). Then, we obtain:

Ŝv(s) =
1− γ1

B(γ1)
Z1(s, Ŝv(s)) +

γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1Z1(q, Ŝv(q))dq.
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Apply the norm on both sides,

‖Sv(s) − Ŝv(s)‖ ≤
1− γ1

B(γ1)
‖Z1(s, Sv(s)) −Z1(s, Ŝv(s))‖

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1

‖Z1(q, sv(q)) −Z1(q, Ŝv(q))‖dq (4.46)

Z1 satisfies the Lipschitz property,

‖Sv − Ŝv‖ ≤
1− γ1

B(γ1)
Q1‖Sv − Ŝv‖+

Q1

B(γ1)Γ(γ1)
‖Sv − Ŝv‖. (4.47)

This gives, [
1− γ1

B(γ1)
Q1 +

Q1

B(γ1)Γ(γ1)
− 1
]
‖Sv − Ŝv‖ ≥ 0. (4.48)

implies

Sv(s) = Ŝv(s).

Similarly,

Ev(s) = Êv(s)

Iv(s) = Îv(s)

Sb(s) = Ŝb(s)

Eb(s) = Êb(s)

Ib(s) = Îb(s)

Rb(s) = R̂b(s).

Therefore, the model (3.1) has unique solution. �

5. Hyers - Ulam Stability

In this section, we analyze the Hyers - Ulam stability of the proposed model (3.1).

Definition 5.1: The model (3.1) is said to possess Hyers - Ulam stability if there exist positive

constants ψi > 0, i ∈ Nγ
1 , ensuring that for every ε > 0, i ∈ Nγ

1 , the given condition is satisfied

‖Sv(s) −
1− γ1

B(γ1)
Z1(s, Sv(s)) +

γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1Z1(q, Sv(q))dq‖ ≤ ε1, (5.1)

‖Ev(s) −
1− γ2

B(γ2)
Z2(s, Ev(s)) +

γ2

B(γ2)Γ(γ2)

∫ s

0
(s− q)γ2−1Z2(q, Ev(q))dq‖ ≤ ε2 (5.2)

‖Iv(s) −
1− γ3

B(γ3)
Z3(s, Iv(s)) +

γ3

B(γ3)Γ(γ3)

∫ s

0
(s− q)γ3−1Z3(q, Iv(q))dq‖ ≤ ε3 (5.3)
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‖Sb(s) −
1− γ4

B(γ4)
Z4(s, Sb(s)) +

γ4

B(γ4)Γ(γ4)

∫ s

0
(s− q)γ4−1Z4(q, Sb(q))dq‖ ≤ ε4 (5.4)

‖Eb(s) −
1− γ5

B(γ5)
Z5(s, Eb(s)) +

γ5

B(γ5)Γ(γ5)

∫ s

0
(s− q)γ5−1Z5(q, Eb(q))dq‖ ≤ ε5 (5.5)

‖Ib(s) −
1− γ6

B(γ6)
Z6(s, Ib(s)) +

γ6

B(γ6)Γ(γ6)

∫ s

0
(s− q)γ6−1Z6(q, Ib(q))dq‖ ≤ ε6 (5.6)

‖Rb(s) −
1− γ7

B(γ7)
Z7(s, Rb(s)) +

γ7

B(γ7)Γ(γ7)

∫ s

0
(s− q)γ7−1Z7(q, Rb(q))dq‖ ≤ ε7 (5.7)

and there exist a solution Ŝv(s), Êv(s), Îv(s), Ŝb(s), Êb(s), Îb(s) and R̂b(s) satisfying

Ŝv(s) =
1− γ1

B(γ1)
Z1(s, Ŝv(s)) +

γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1Z1(q, Ŝv(q))dq. (5.8)

Êv(s) =
1− γ2

B(γ2)
Z2(s, Êv(s)) +

γ2

B(γ2)Γ(γ2)

∫ s

0
(s− q)γ2−1Z2(q, Êv(q))dq. (5.9)

Îv(s) =
1− γ3

B(γ3)
Z3(s, Îv(s)) +

γ3

B(γ3)Γ(γ3)

∫ s

0
(s− q)γ3−1Z3(q, Îv(q))dq. (5.10)

Ŝb(s) =
1− γ4

B(γ4)
Z4(s, Ŝb(s)) +

γ4

B(γ4)Γ(γ4)

∫ s

0
(s− q)γ4−1Z4(q, Ŝb(q))dq. (5.11)

Êb(s) =
1− γ5

B(γ5)
Z5(s, Êb(s)) +

γ5

B(γ5)Γ(γ5)

∫ s

0
(s− q)γ5−1Z5(q, Êb(q))dq. (5.12)

Îb(s) =
1− γ6

B(γ6)
Z6(s, Îb(s)) +

γ6

B(γ6)Γ(γ6)

∫ s

0
(s− q)γ6−1Z6(q, Îb(q))dq. (5.13)

R̂b(s) =
1− γ7

B(γ7)
Z7(s, R̂b(s)) +

γ7

B(γ7)Γ(γ7)

∫ s

0
(s− q)γ7−1Z7(q, R̂b(q))dq. (5.14)

such that,

|Sv(s) − Ŝv(s)| ≤ Λ1ε1

|Ev(s) − Êv(s)| ≤ Λ2ε2

|Iv(s) − Îv(s)| ≤ Λ3ε3

|Sb(s) − Ŝb(s)| ≤ Λ4ε4

|Eb(s) − Êb(s)| ≤ Λ5ε5

|Ib(s) − Îb(s)| ≤ Λ6ε6
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|Rb(s) − R̂b(s)| ≤ Λ7ε7

Theorem 5.2: The model (3.1) is Hyers - Ulam stable under assumption B.

Proof. Since model (3.1) has a unique solution. Let us consider Ŝv(s),Êv(s), Îv(s), Ŝb(s),Êb(s), Îb(s)
and R̂b(s) as approximate solutions satisfying equations (4.10) to (4.16). Thus, we obtain,

‖Sv(s) − Ŝv(s)‖ ≤
1− γ1

B(γ1)
‖Z1(s, Sv(s)) −Z1(s, Ŝv(s))‖

+
γ1

B(γ1)Γ(γ1)

∫ s

0
(s− q)γ1−1

‖Z1(q, Sv(q)) −Z1(q, Ŝv(q))‖dq

≤

[
1− γ1

B(γ1)
+

γ1

B(γ1)Γ(γ1)

]
Q1‖Sv − Ŝv‖.

Let ε1 = Q1, ψ1 =
1−γ1
B(γ1)

+
γ1

B(γ1)Γ(γ1)
. Implies,

‖Sv(s) − Ŝv(s)‖ ≤ ε1ψ1 (5.15)

Similarly,

‖Ev(s) − Êv(s)‖ ≤ ε2ψ2

‖Iv(s) − Îv(s)‖ ≤ ε3ψ3

‖Sb(s) − Ŝb(s)‖ ≤ ε4ψ4

‖Eb(s) − Êb(s)‖ ≤ ε5ψ5

‖Ib(s) − Îb(s)‖ ≤ ε6ψ6

‖Rb(s) − R̂b(s)‖ ≤ ε7ψ7 (5.16)

Hence, model (3.1) is Hyers - Ulam stable. �

6. Numerical Scheme and Simulations

In this section, we present the numerical simulation conducted for the west nile virus dis-

ease (3.1). The fractional Atangana - Baleanu integral is implemented using Euler’s method, as

described in [4]:

hn+1 = h0 +
1− λ
B(λ)

Z(Sn+1, hn+1(x))

+
λ

B(λ)Γ(λ+ 1)

n∑
j=0

bλn+1, j f (s j, h j(x)) (6.1)

For n = 0, 1, . . . , N− 1 the coefficients bn+1, j for j = 0, 1, . . . , n are are determined using the relation:

bλn+1, j = −(n− j)λ + (n− j + 1)λ. Using the above numerical scheme, we have
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Svn+1 = Sv0 +
1− γ1

B(γ1)
Z1(xn+1, Svn+1(x))

+
γ1

B(γ1)Γ(γ1 + 1)

n∑
j=0

bγ1
n+1, jZ(x j, Sv j(x)) (6.2)

Evn+1 = Ev0 +
1− γ2

B(γ2)
Z2(xn+1, Evn+1(x))

+
γ2

B(γ2)Γ(γ2 + 1)

n∑
j=0

bγ2
n+1, jZ(x j, Ev j(x)) (6.3)

Ivn+1 = Iv0 +
1− γ3

B(γ3)
Z3(xn+1, Ivn+1(x))

+
γ3

B(γ3)Γ(γ3 + 1)

n∑
j=0

bγ3
n+1, jZ(x j, Iv j(x)) (6.4)

Sbn+1 = Sb0 +
1− γ4

B(γ4)
Z4(xn+1, Sbn+1(x))

+
γ4

B(γ4)Γ(γ4 + 1)

n∑
j=0

bγ4
n+1, jZ(x j, Sb j(x)) (6.5)

Ebn+1 = Eb0 +
1− γ5

B(γ5)
Z5(xn+1, Ebn+1(x))

+
γ5

B(γ5)Γ(γ5 + 1)

n∑
j=0

bγ5
n+1, jZ(x j, Eb j(x)) (6.6)

Ibn+1 = Ib0 +
1− γ6

B(γ6)
Z6(xn+1, Ibn+1(x))

+
γ6

B(γ6)Γ(γ6 + 1)

n∑
j=0

bγ6
n+1, jZ(x j, Ib j(x)) (6.7)

Rbn+1 = Rb0 +
1− γ7

B(γ7)
Z7(xn+1, Rbn+1(x))

+
γ7

B(γ7)Γ(γ7 + 1)

n∑
j=0

bγ7
n+1, jZ(x j, Rb j(x)). (6.8)

The equations (6.2) to (6.8) present numerical simulations of model (3.1), where the parameter

values are considered as

χv = 0.05− 0.08

µv = 0.05− 0.33
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νv = 0.07− 0.14

σv = 0.125− 0.33

ψb = 0− 0.022

µb = 0− 0.01

νb = 0.33− 1

γb = 0− 0.2

ρb = 0

δb = 0.125− 0.33

σb = 0−∞

βvb = 0.65− 1

Figure (1) depicts the impact of different values of λb on the bird host compartment within the

WNV model. As λb increases, the susceptible population (Sb) declines more rapidly due to higher

infection rates. The exposed (Eb) and infected (Ib) population initially rise but later decline as

individuals recover or die. The recovered population (Rb) exhibits a steady increase over time,

indicating long-term immunity.
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Figure (2) suggests that higher vector-to-host transmission accelerates the epidemic, depleting

the susceptible population more quickly and leading to a higher number of recovered individuals.

Figure (3) presents the impact of varying the mosquito transmission rate (νv) on the population

dynamics of West Nile Virus among bird hosts over time. The results suggest that interventions

targeting mosquito populations could be effective in mitigating disease spread.
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Figure (4) represents that as the recovery rate increases, the infected bird population (Ib) declines

more rapidly. The susceptible population decreases initially due to infection but stabilizes over

time.

Figure (5) represents that as φb increases, there is a rapid decline in the susceptible population

(Sb) within the first 25 days due to increased exposure and infection. The exposed and infected

populations rise sharply during this period, peaking early before gradually declining as more

individuals recover.
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Figure (6) suggests that increasing Sb may reduce the overall disease burden by limiting the

duration of infectiousness, but at the cost of higher host mortality.

7. Conclusion:

This study investigated the impact of varying key epidemiological parameters on the population

dynamics of WNV. The simulation results reveal significant variations in disease transmission,

infection duration, and population stability based on these parameter changes. Higher birth rates

(νv) lead to increased transmission rates, contributing to a larger infected host population over

time. Increased recovery rates (νb) reduce infection duration and promote a higher recovered host

population. These results highlight the complex interplay between host and vector dynamics in

shaping disease outbreaks.

Managing transmission parameters through interventions such as vector control, vaccination, or

environmental modifications could significantly alter the epidemic trajectory. Future work should

incorporate additional ecological and environmental factors to improve the predictive power of

these models.
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