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TOPOLOGICAL VECTOR-SPACE VALUED CONE BANACH
SPACES

NAYYAR MEHMOOD!*, AKBAR AZAM! AND SUZANA ALEKSIC?

ABSTRACT. In this paper we introduce the notion of tvs-cone normed spaces,
discuss related topological concepts and characterize the tvs-cone norm in
various directions. We construct generalize locally convex tvs generated by a
family of tvs-cone seminorms. The class of weak contractions properly includes
large classes of highly applicable contractions like Banach, Kannan, Chatterjea
and quasi etc. We prove fixed point results in tvs-cone Banach spaces for
nonexpansive self mappings and self/non-self weak contractive mappings. We
discuss the necessary conditions for T' -stability of Picard iteration. To ensure
the novelty of our work we establish an application in homotopy theory without
the assumption of normality on cone and many non-trivial examples.

1. INTRODUCTION

Recently Beg et al. [1] introduced and studied topological vector space-valued
cone metric spaces (tvs-cone metric spaces), which generalized the cone metric s-
paces [2]. Many generalizations and extensions have been made by many researcher-
s, (see [3-6] ). For more details about topological vector spaces we refer to [7, 8].
Actually the idea of cone metric space was properly introduced by Huang and Zhang
in [2]. In their setting the set of real numbers was replaced by an ordered Banach
space and a vector valued metric was defined on a nonempty set. Many authors
[9-14] studied the properties of cone metric spaces and generalized important fixed
point results of complete metric spaces. The concept of cone metric space in the
sense of Huang-Zhang was characterized by Al-Rawashdeh et al. in [15].

In [16], the author introduced the notion of cone Banach spaces with normal
cones and proved some results regarding fixed points by using nonexpansive map-
pings. Later on many authors investigated some useful results in fixed and coupled
fixed points, (see [17-19] ).

Weak contractions were considered in [20], to study the fixed point results for
self mappings. It has been shown that the Banach, Kannan, Chatterjea, Zamfires-
cue, quasi and many other contractions are weak contractions. The importance of
non-self mappings is obvious. In fact fixed point theorems for non-self mappings
generalized all the corresponding results presented for self-mappings. A variety of
results on nonself mappings and weak contractions can be found in [21-27].

In this article, we introduce tvs-cone Banach space and investigate some proper-
ties without assumption of normality on cones. We generalize the results of [16] and

2010 Mathematics Subject Classification. 47TH10; 54H25.
Key words and phrases. tvs-cone Banach space; non-normal cones; weak contraction; nonself
mappings; iteration processes; T-stability; fixed points; homotopy; generalized locally convex tvs.

(©2014 Authors retain the copyrights of their papers, and all
open access articles are distributed under the terms of the Creative Commons Attribution License.

205



206 MEHMOOD, AZAM AND ALEKSIC

explore some characteristics of norms in cone normed space. We prove fixed point
results for Picard, Mann, Ishikawa and Krasnoseskij iterations, we also present
results for weak contractive non-self mappings. Many examples have been given
and a homotopy result is established for nonexpansive mappings. We discuss the
necessary conditions for T-stability of Picard iteration.

2. PRELIMINARIES

Let E be a topological vector space with its zero vector . A nonempty subset
K of E is called a convex cone if K + K C K and AK C K for A > 0. A convex
cone K is said to be pointed (or proper) if K N (—K) = {#}, and K is normal
(or saturated) if E has a base of neighborhoods of zero consisting of order-convex
subsets. For a given cone K C E we define a partial ordering < with respect to K
by x < y if and only if y — x € K, x < y stands for x < y and x # y, while z < y
stands for y —x € int K, where int K denotes the interior of K. The cone K is said
to be solid if it has a nonempty interior.

Definition 1. Let V' be a vector space over R. A wector-valued function ||| :
V = E; X — V is called a tvs-cone norm on X if the following conditions are
satisfied:

(N1) ||lz|| =0 forallz €V,

(N2) ||z|l =0 if and only if x =6,

(N3) [lz+yll e < Nzl + [yl for all 2,y €V,

(N4) kx|l = |k|||z| ;¢ for all k € R.

The pair (X, ||| k) is called a tvs-cone norm space (in brief tvs-CNS).

Definition 2. Let (V, ||| ) be a tvs-cone norm space and {z,,} a sequence in V.

(i) {zn} tus-cone converges to x € V if for every ¢ € E with 6 < ¢ there exists
no € N such that ||z, — x| < ¢ for all n > ng.

(1) {xn} is a tvs-cone Cauchy sequence if for every ¢ € E with 0 < c there exists
no € N such that ||z, — xp || x < ¢ for all n,m > ng.

(#3) (V, |Ill ) is a tus-cone complete or a tus-cone Banach space if every tvs-cone
Cauchy sequence in V is tvs-cone convergent.

Using the consequences of Lemma 2.4 from [28], we have the following properties.

Lemma 3. Let (E, K) be a locally convex tvs. The following properties hold.

(a) For a sequence {v,} in E with 0 < v, — 0, let 0 < ¢ then there exists
positive integer ng such that v, < ¢ for each n > nyg.

(b) There exists a sequence {v,} in B such that for some positive integer ng
holds 0 < v, < ¢ for all n > ng, but v, /4 0.

(c) If there exists v in E such that 0 < v < ¢ for all c € int K, then v = 0.

(d) If a < Ma, where a € K and 0 < XA < 1, then a = 6.

Remark 4. For a Banach space E with non-normal cone K, with norm ||-||. The
following may hold.
(a) For sequences {v,}, {un} in E with norm |-||, i may happen that v, — v,

Up = U, but ||vn, — upll 4 ||v — u|| (see Example 5). In particular, v, — v, n — o0,
may imply that ||v, —v|| 4 6, n — oo (this is impossible in CNS defined in [16] if
the cone is normal).

(b) If v, = v and v, — u, then v = u.
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Example 5. Let V =R and let E be the set of all real-valued functions on V which
also have continuous derivatives on V. Then E is a vector space over R under the
following operations:

(+y) () =z@)+y(t), (az)(t)=ax(l)
for all x,y € E,a € R. Then E with norm
2]l = ll#lloo + [l lloo,
has non-normal solid cone, see [5, 8]:
K={xecE:0<z}, whered(t)=0 foralteX.

Consider the sequences

1+ sinnt 1 —sinnt
t = t =
olt) = — 2 ) = ——

i E. We have x,, — 6, y, — 0, n — 400, but
n+2

2sinnt n 2n cosnt
=su supy —
texI/) n+2 texI/) n+ 2
2sinn

= 1480 — .
n+2+7ﬁ>,n+oo

, n>0.

2sinnt

[zn —ynll =

Also as x,, — 0, consider
[2n = 0| = [lzn| =1 # 6.

Definition 6 ([1]). Let X be a nonempty set and (E,K) a tvs. A wvector-valued

function d : X x X — E s said to be a tvs-cone metric if the following conditions

are satisfied:
(C1) 0 K d(x,y) for all z,y € X and d(x,y) = 6 if and only if x =y,
(C2) d(z,y) = d(y,z) for all 7,y € X,

(C3) d(z,2) < d(z,y) +d(y,2) for all z,y,z € X.

The pair (X, d) is called a tvs-cone metric space.

Note that each tvs-CNS is a tvs-cone metric space with induced tvs-cone metric
d: X x X — E defined by d(z,y) = ||z — y|| for all z,y € X.

Remark 7 ([1]). The concept of cone metric spaces is more general than that of
metric spaces, because each metric space is a cone metric space, and a cone metric
space in the sense of Huang and Zhang is a special case of tvs-cone metric spaces
when (X, d) is a cone metric space with respect to a normal cone K.

If K is a normal cone, then a tvs-CNS (V.|| - || x) becomes a CNS [16] and with
the induced tvs-cone metric [1] this space becomes cone metric space in the sense
of [2].

CNS in the case of [16] gives us generalized induced norm known as b-norm
Il : V= R defined by ||-[|, = |||l x||- The triangular property of cone norm

12+ yllx < el + 1yl »

gives us the following property of b-norm,

[+ yll, < Ellzll, + ),

where k is a constant of normality.
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Obviously every norm is a b-norm, but the contrary is not true, consider the
following example

Example 8. Let X =R and |||y : X — R defined by ||z||p = |2|®. Forz,y € X we
have [z +y* < (|z] +|y)? < 2°(|2* + [y[*), but [w+y|> Z (|2 +[yl*). Therefore,
lz]ls is a b-norm, but it is not a norm on X.

Let us recall the following definitions.

Definition 9 ([5, 29]). Let X be a nonempty set. A wvector-valued function d :
X x X — E is said to be cone symmetric if the following conditions are satisfied:
(C1) 6 g d(x,y) for allz,y € X and d(z,y) = 0 if and only if x = y;
(C2) d(z,y) = d(y,x) for all x,y € X.
The pair (X, d) is called a cone symmetric space.

It is clear that the cone symmetric space may not be a cone metric space (see
Example 2.2 in [29]). For a given cone symmetric space (X, d) one can deduce (see
[29]) a symmetric metric space with D : X x X — R defined by D(z,y) = ||d(z, y)||
for all z,y € X.

For a cone metric space (X, d) with normal cone K with normal constant k > 1,
we have

D(z,y) = ld(z,y)|l < klld(z, 2) + d(z,y)[| < k(D(z,2) + D(2,y)).

In this case, the metric D becomes b-metric and, hence, the concept of b-metric
spaces is more general then that of metric spaces and the topology 7p generated
by D coincides with 7, generated by b-metric on X.

In the following we explore the concept of tvs-cone seminorm.

Definition 10. Let V' be a vector space over scalars F. If a mapping pr : X —
(E, K) satisfies:

(SN1) pg(z) =0 forallxz €V,

(SN2) pg(z+y) < p(x) + pr(y) for all z,y €V,

(SN3) pg(kx) = |k|lpg(z) forallz e V, ke F.

Then py is called a tvs-cone seminorm on X.

Note that a tvs-cone seminorm is a norm if pg (z) = 6 implies = 6. A tvs-cone
seminorm on X induces a pseudo tvs-cone metric defined by dp(x,y) = px(z — )
which satisfies:

(PC1) 0 < dp(z,y) forall z,y € X,
(PC2) dp(z,y) =dp(y,z) forall z,y € X,
(PC3) dp(z,z) < dp(z,y) + dp(y, 2) for all z,y,z € X.

Note that d,(x,y) = 6 does not imply = # y.

The class of tvs-cone pseudo metric spaces is larger than the class of tvs-cone metric
spaces.

Equivalently, pg is a tvs-cone seminorm on a vector space V if the following
conditions are satisfied:

(SN()) pr(v+v) X pr(u) + pg(v) for all u,v €V,
(SN(i1)) pg(kv) = |kl pg(v) for allv e V, k€ F.
This cone seminorm gives us generalized seminorm, so called b-seminorm ||-||, :

X — R defined by
I llps = llpx ()] -
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Using (SN (%)), b-seminorm has the following property
2+ yllos < k(llzllbs + [[Ylos)-

Note that b-seminorm is a seminorm if £ = 1 and every seminorm is a b-seminorm.
The next example shows that the contrary is not true, i.e., b-seminorm does not
need to be seminorm.

Example 11. Let X =R and || - ||ps : X — R is defined by ||z||ps = |z|> + 1. For
z,y € X, we have
e +yP+1 < (ol + [y +1 < 28(|2P + [yl) + 1 < 2°(J2f + [yI®) + 16
= 2l + 14yl + 1),
which implies ||z +yllps < 23(||z]los+|yllps). This shows that ||z||ps is a b-seminorm,
but not a seminorm on X.

3. MAIN RESULTS

Let {pg; : @ € I} be a family of tvs-cone seminorms on a vector space V. For
f<eandiel=1{1,2,3,...,n}, define

U
Note that Uiy, ,p,. c) = uo + U

prce) = Uugppne) = U EV 1 prei(u—uo) e, i €1},

U0HLP K PKyIPKgr s

7pKn78) :

Lemma 12. The set U ,,. ) is balanced and convex in V.

Proof. For any w € Uy, ) and k| < 1, we have py,(kw) < |k|pg, (w) < ¢,
i € I. Thus U p, ) is absorbing. Now, for 0 <t < 1 and u,v € U, <), We
obtain

preiltu+ (1= 1)0) < toge, (w) + (L= p, (v) < te+ (1= t)e = e,

which implies tpg, (u)+(1—1)pg, (v) € U e). Therefore, U ) is convex. NI

WPEn> 0,P5cn €

Lemma 13. Let {pg, : ¢ € I} be a family of tvs-cone seminorms on a vector space
(V,F). For each v € V denote with N, the collection of sets of the form

Uwpre,e) =0 €V i ppei(u—v) < ei € I}
Let T be the collection of § and all subsets G of X such that for each u € G there
exists some U € N, such that U C G. Then T is topology on V and preserves the
structure of vector space. The sets N, form an open locally convex neighborhood
base at x. The topological space (V,T) is Hausdorff iff the family {pg, : i € I} of
tvs-cone seminorms is separating, i.e. for 0 #u € V there exists some ig € I such

that pre;,(u) # 6.

Proof. 1t is clear that V and the union of any number of elements of T belong to
T. We will show that A, B € T implies ANB € 7. The case AN B = () is obvious.
Suppose that AN B # ) and v € AN B. By definition of 7 there exist Uy, Uy € T
such that U; € A and Uy C B. Let for comparable ¢, € int K, we define

Ui =Uppp,e) =0 €V ipgilu—v) <e, 1 <i<n}
and
Us = Uy puye,) = U €Vt piej(u—v) <6, 1< j<mj.
If we set
Us = Uy,

P PRy PRy P My My K g 50 M Iy 7))
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where v = ¢ if § —e € int K and v = § if e — § € int K, then U3 € N, and
Us C U NU; € AN B. Hence T is topology on V. Let U, ,, . ) € N, and
w € Up,p,, ) Then pr;(w —v) < e, 1 <4< n. Now choose § < ¢ such that
0 K e—pg;(w—v)forl <i<n. Foranyl < i < nand u € V satisfying
pri(w —u) < 6 we have

Pri(U—v) X prei(u—w) + pri(w —v) K6+ pg(w —v) K e.

We see that Uy,p,.. 5) © Uw,py, o) hence Uy, o) is open. Lemma 12 implies
that the elements of NV, are convex. Therefore, N, is an open locally convex neigh-
borhood base at v consisting of the open sets U, p, <)

Now we will show that the topology T is compatible. Let u,v € V and let
Uutv,py, ,c) be a basic neighborhood of u +v. Let (upn,v,) — (u,v) in V x V.
Then there exists an integer ng such that (u,,v,) € Uwpren.5) X U e, 5) for all
n > ng. For 1 <i <n and for all n > ng, we have

Pri(U+v = (Un +vn)) X prei (U —un) + pi(v —vn) K¢,

which gives un, + vy € Uugv,pp, e)» and, therefore, u, + v, — u+v. Now let
(kn,vn) = (k,v) in F x V. Let Ugy,p,., .5) De a basic neighborhood of kv. Choose
t > 0 and 0 < v such that for 1 < i < n there exists an integer mg such that
(Bn,vn) € {C € F:|C—Fk| <t} xUpp,. - forall n>mg, with tpg,(v) < ¢ and
(|k| +t)y < §. For n > mg we have

Prilkv —kpvn) < pri(kv = kpv) + pgei(knv — knvn)
|k = knl pri(v) + [kn| prci(v = 0n)
<t ki (V) 4 [kl prci(v — vn)
<t pres(v) + (k[ + 1)y

N

< 240
2 2
thus kv, € Uk, p,., 5. Therefore (V,T) is a tvs.
Now, suppose that the family P = {py,; : ¢ € I} of tvs-cone seminorms is

separating. For any u,v € V with u # v there exists some j, € [ such that
0 < 0 = pgj,(v —u). Thus, the open sets L{(ume,%) and U(%ijoyg) are disjoint
containing u and v and so the space (V, T) is Hausdorff.

We conclude that the space (V,T) is locally convex tvs. Il

Definition 14. [20] Let X be a tvs-cone normed space and T : X — X an operator.

(i) T is an almost weak contraction if for all x,y € E, L > 0 and § € (0,1),
we have

(wl) |Tu—Tv|f <0 lu—v||x +L-|lu—Tullx , Yu,ve X.
(i¢) T is a weak contraction if
(w2) [Tw = Tollge <6 [lu =l + L [lv = Tull g .

Definition 15. Let X be a tvs-cone normed space and T : X — X an operator.

(1) T is a Zamfirescue contraction if for all u,v € X and a € [0,1), b,c €
[0, %), one of the following conditions is satisfied
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(21)

1T =Tl < a-flu— ol
(22)
[Tu = Tvl g < b([lu—Tull i+ [lv = Tolx),
(23)
[Tu—Tolx < c(lu—Tvllx + llv—Tullg) .
(ii) T is a Quasi contraction if for all u,v € X and « € [0,1), holds
|Tu—Tv|f < c-m,
where

m e {[lu=vlg,lu=Tullg,[lv=Tollg,l[u=Tolg,[[v—=Tul [}

Remark 16. [20](a) Every Zamfirescue contraction is a weak contraction.
(b) Every Quasi contraction is a weak contraction.

Definition 17. [19] Let X be a tvs-cone normed space, T : X — X an operator
and ug € X. A sequence {uy} is called:

1) Picard iteration if
(p1) Unt1 = TUp;
2) Mann iteration if
(ml) Unt1 = (1 — an) tn + @ Tup;
3) Ishikawa iteration if
Unt1 = (1—an)un +apnTo,, (i1)
v = (1=8,)zn+ B, Txn,
where {a,} € (0,1) and {B,,} C [0,1).
4) Krasnoselskij iteration if
Upt1 = (L = X) up, + ATup,
where A € (0,1).
Denote with F(T') the set of all fixed points of T'.

Lemma 18. Let X be a tvs-cone Banach space and {a,} and {b,} be sequences
in E satisfying an+1 < Aan + by, where A € (0,1) and b, — 6 as n — oo. Then
lim a,, = 6.

n—oo

Proof. On the contrary, suppose that lim a, # 6 and lim a, = ¢, for some 0 < c.
n—oo n—roo

Then, by lemma 3 (d), we have a,, = 6. 1

In the following theorem we obtain a fixed point result for nonself weak contrac-
tions in a tvs-cone Banach space.

Theorem 19. Let X be a tvs cone Banach space and C' be a nonempty closed and
convex subset of X. Suppose that T : C — X is a weak contraction (satisfying
(w2)), such that 6(1+ L) < 1. If T(OC) C C, then T has a fized point.
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Proof. We construct two sequences {u,} and {v,} in the following way. Let us

choose ug arbitrary in X and set v; = Tug. If v1 € C, then set u; = v1. If not, then
there exists u; € OC such that

llur = woll g + llur = vall ¢ = [Juo — vall -
Thus u; € C and let v = Tu;. We have
[v2 = o1l g = [ Tuo — Turll i <0+ flur — uoll i + L - [Jur — Tuo| -
If vy € O, set uy = vg. Otherwise, there exists us € 9C such that
luz — urllje + vz = uell e = [Jv2 — ualf -
Thus us € C. Let v3 = Tus and consider
|va = vsll e = Tur — Tua|[ i <0 [lug —uill + L+ [lug — Tus || -
Continuing in the same way, we construct the sequences {u,} and {v,} such that
(1) vpt1 = Tuy,
(@) lvn —vnsillg S0 Jun—1 —unllx + L flun — Tupn—1lg,
where

(#9i) v, € C implies vy, = uy,.
() If v, & C, then v,, # u,, and then u, € OC is such that

[un—1 = tnll e + lvn — unllg = llvn — Un—1lf -
We will show that {u,} is a Cauchy sequence. Define

P = {u; € {un}:u; =v;},
Q = {u; €{up}t:u; #v;}.
It is obvious that if w,, € @, then u,_; and wu,41 are in P. We have the following

three possibilities.
Case 1. If uy,, upy1 € P, then

l|wn — unJrlHK = |vn— UnJrlHK <6 flup—1 — un”K + L [luy — Tun,1||K

< 0 fJun—1 — un”K

Case 2. If u,, € P, upy1 € Q, then

lun = untille < llun = wngall g + lunsr — vngal
= |lup —vnt1llg
= |lvn —vnsillx
< 0 lun—1 —unll g + L lun — Tun—1]| g

< 6 flup—1 — un”K
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Case 3. If u,, € Q, up4+1 € P, then

N

lon = unll g + llon = vniallx

< an _un”K +0- Hun—l _UnHK +L- ”un _TUn—1||K

l[tn = unial

< on = unll g F -1 — unll g + L+ lon = unll
= llon = un—1llx + L [lon — unllx
lon = tn—1llx + L+ [[vn = un—1llx = L+ lun—1 — un|
< (T4 L) lon—1 — vallk
< (L4 L)0 - flun—2 —tn-1llx + (L+ L)L - [Jun—1 — Tun—2|| g
< (I+L) ||up—2 — Un—1llx

h Hun—Q - un—luk s
where h = (14 L)§ < 1.

Taking o = max {4, h}, and combining all above three cases we have

allup—1 — “n”K

Up — U < .
|| n n+1HK B { a ||un,2 _ UnleK
By mathematical induction, for all n > 0, we have

Up — U < R/ 2y
n n+1llg

for w € {[Jur —wol 5 , [luz — w1l } -
Now for n > m, we consider

l|wm — unHK < flun = unfan +llun—1 = un—2| + -+ lum-1 — um ||
< (h(nfl)/2 4 p=2/2 4 ooy h(mfl)/2)w

B(m=1)/2
S TR
As h < 1, we have h("™~1/2 — 0 when n, m — oo, and this gives us %w —

0, n — oo, in the locally convex space E. Now, according to Lemma 3-(a), we
conclude that for every ¢ € E with § < ¢ there is a natural number k; such that
|tm — un|| ¢ < ¢ for all m,n > ki, so {u,} is a tvs-cone Cauchy sequence in C.
As C is closed, thus there exists some u € C, such that w,, — u as n — oo.

By construction of {u,} there exists a subsequence {unq} such that

Vny = Un, = T, _,

q
and u,, — u as ¢ — 00. So, for a given ¢ € E with § < ¢, let us choose a natural
number ko such that Hu — Up, < 1-%L and Huan1 — uHK < §forall g—12=> ko.
Now, we have

e

lu—Tull < Hu_u”q||K+Hu”q_Tu||K
<0 flw = [l + [T, o = Tl
< = [l 4 0 lun, = ull g+ llu = Tun,
< (L) flu =, [l + 6 fJwn, = ull

fe. |lu—Tul|x < c(ke) for all ¢ — 1 > ko.
This completes the proof. I
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Theorem 20. Let X be a tvs cone Banach space and C be a nonempty closed and
convex subset of X. Suppose that T : C — X is a weak contraction (satisfying
(wl)), such that 6(14+ L) < 1. If T satisfies the condition: w € 0C = Tu € C, then
T has a fized point.

Corollary 21. Let X be a cone Banach space with normal cone K and C be a
nonempty closed and convex subset of X. Suppose that T : C — X is a weak
contraction/almost weak contraction (satisfying (wl)/(w2)), such that 6(1+L) < 1.
If T satisfies the condition: uw € O0C = Tu € C, then T has a fixed point.

The following corollaries are due to remark 16.

Corollary 22. Let X be a tvs cone Banach space and C be a nonempty closed and
convex subset of X. Suppose that T : C — X is Zamfirecue operator. If T satisfies
the condition: v € 0C = Tu € C, then T has a fixed point.

Corollary 23. Let X be a tvs cone Banach space and C be a nonempty closed and
conver subset of X. Suppose that T : C — X 1is quasi operator. If T satisfies the
condition: u € OC = Tu € C, then T has a fized point.

Corollary 24. Let X be a Banach space and C be a nonempty closed and convez
subset of X. Suppose that T : C — X is Zamfirecue operator. If T satisfies the
condition: u € O0C = Tu € C, then T has a fixed point.

Corollary 25. Let X be a Banach space and C be a nonempty closed and convez
subset of X. Suppose thatT : C — X is a quasi operator. If T satisfies the condition:
u € 90C = Tu e C, then T has a fized point.

Theorem 26. Let E be a tvs-normed space, C' be a closed and conver subset of
E. Let T : C — C be an almost weak contractive mapping (satisfying (wl)) with
F(T) # ¢. Let {u,} be Ishikawa iteration satisfying

(@) Zaj = 00,

§=0
ug € C is arbitrary chosen. Then {u,} converges strongly to a unique fized point
of T.

Proof. It can be shown that (wl) gives us a unique fixed point. Let p € F(T') be a
unique fixed point of T and {u, } be Ishikawa iteration defined in (i1) and ug € C.
We have

||un+1 _p”K = ”(1 — )ty + T, _pHK
= [[(1 = an)(un —p) + an(Tv, _p)HK

< (L= an) lun = pllg + an [T — pll
< (1 —an)llun = pllg + andllvn —pllg, by (wl),
and
lon =Dl = (11 = Bp)un + B, Tun — pllk
= (|1 = Bn)(un = p) + Bp(Tun — p)
< (L=8) lun = pllge + Br6 lun —pllg» by (wl).
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So, we obtain

[unsr =l = (1= 1 =0)%an) un —plik
e—(l—é)Qan

< l[un — pll g
~(1-8)? 3 o
< |e =0 luo = pllg -

~(1-0)* 3 o
ji=0

—(1-6)? i aj
Using (), this implies | e — 0, n — oo, which gives us [ e 7=0 .

lluo — pllx = 6, n — oo, in the locally convex space E. This completes the proof
of theorem. 1
The following corollaries are due to remark 16.

Corollary 27. Let E be a tvs-normed space, C be a closed and convex subset of
E. Let T : C — C be Zamfirescue operator, with F(T) # ¢. Let {u,} be Ishikawa

iteration satisfying
o0
S0y =c0
j=0

where ug € C' is arbitrary chosen. Then {uy,} converges strongly to a unique fized
point of T.

Corollary 28. Let E be a tvs-normed space, C' be a closed and convex subset of E.
Let T : C — C be a quasi operator, with F(T) # ¢. Let {uy} be Ishikawa iteration

satisfying

oo

Z Q; = 00

j=0
where ug € C' is arbitrary chosen. Then {uy,} converges strongly to a unique fized
point of T.

Corollary 29. [24] Let E be a normed space, C be a closed and convex subset of
E. Let T : C — C be a Zamfirescue operator, with F(T) # . Let {u,} be Ishikawa

iteration satisfying
oo
Sy =
§=0

and uy € C is arbitrary chosen. Then {u,} converges strongly to a unique fized
point of T.

Corollary 30. [24] Let E be a normed space, C be a closed and convex subset of E.
Let T : C — C be a quasi operator, with F(T') # ¢. Let {uy,} be Ishikawa iteration

satisfying

oo

Z Q; =00

j=0
and uy € C is arbitrary chosen. Then {u,} converges strongly to a unique fized
point of T.

The following theorem is a result for fixed point of non-expansive mappings in
tvs-cone Banach space for Krasnoselskij iteration with A = %
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Theorem 31. Let C be a closed and convex subset of a tvs-cone Banach space
(X, -l ). Suppose that the mapping F : C — C satisfies

(a) v = Follg + llu = Full g S nlv—ull
for all u,v € C. Then F has at least one fized point if 2 <n < 4.

Proof. Let us choose vy € C arbitrary and define sequence {v,, } as follows:

Ung1 = @ n=01,23,...
Since
v, — Fv, =2 <vn - vn—;FU") = 2(vy, — Vpt1),
we have
(b) lon — Fopll g =2 ||on — Vptillg, n=0,1,2,3,....

Combining (a) and (b), we have
2 fon—1 — vl e + 2 om = Bmsllie < 7 lom1 — vl
which gives
lon = vntillg S AMlvn—1 —vnllg, n=0,1,2,3...,
for A = L;Q <1

According to the previous inequality, for m > n, we obtain
n

v = vmlle < 7= llvo = villk -

Since A" — 0 as n — o0, then 1’\7—)\ llvo — vilx = 0, n — oo, in the locally convex
space E. Now, according to Lemma 3 part (a), we conclude that for every ¢ € E
with § < ¢ there exists a natural number n; such that ||v, — v, | < ¢ for all
m,n > ny. Therefore, {v,} is a tvs-cone Cauchy sequence in C. Since C' is closed,
there exists some w € C, such that v, — w as n — oco. Now, choose a positive
integer m4 such that for every ¢ € E with 6 < ¢ we have ||w — v, < %c for all
n>mj.
Substituting v = w and u = vy, in (a), for all n > m;, we obtain

[|w *FWHK +2|jvn *”n+1HK < |lw *UnHKa
llw — FwHK <n|lw— 'Un”K —2|lvp — 'Un-i-l”K <ec

Thus, w = Fw is a fixed point of F. I

Corollary 32. [16] Let C be a closed and convex subset of a cone Banach space
(X, Il ). Suppose that the mapping F : C — C' satisfies

o= Follx + llu— Full < nllv—ullg
for all u,v € C. Then F has at least one fixed point if 2 < n < 4.

The next theorem is an application of above theorem in topological homotopy
theory.

Theorem 33. Let (X, |-[|f) be a tvs-cone Banach space, C' a closed and convex
subset of X and U an open subset of C. Let K : [0,1] x U — C be a homotopy
mapping with the following conditions:

(a) € #K(t,€), for each £ € QU and each t € [0,1],
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(b) K(t,-): U — C is a mapping satisfying the conditions of Theorem 31,
(c) there exists a continuous increasing function g : (0,1] — P such that

H/C(s,@ _ /C(t,é)HK < g(s) = g(t),

g9(s) € g(t) + P,
for all s,t € [0,1], and each £ € U.
Then K(0,-) has a fized point if and only if K(1,-) has a fized point.
Proof. We first suppose that /C(0,-) has a fixed point z, i.e. z = K(0, 2). From (a),
we obtain z € U. Define

F:={(t,& €[0,1] x C:&=K(&t)}.
Clearly I # ¢. We define the partial ordering in I' as follows:

63 e r<smd =g < =5 o).

Let B be a totally ordered subset of T' and ¢ = sup{t : (t,£) € B}. Consider
a sequence {(t,,&,)}n>0 in B such that, (t,,&,) 3 (tnt1,€,4q) and ¢, — ¢ as
n — oo. For m > n, we have
2

Hgm _anK < ﬁ(g(tm) _g(tn)) — 9? as n,m — oo,

and conclude that {£,} is a tvs-cone Cauchy sequence. There exists { eC such
that &, — & Choose ng € N such that for § < ¢ we have ||€ — &, ||x < ¢ for
all n > ng. The mapping K(¢,-) satisfies all the conditions of Theorem 31 and
substituting v = § and u = ¢, into (1), for all n > ng, we obtain

[é-xd.9),

+2 Hgn - §n+1HK <

?

|¢-x@of, < =26, ~ Eull <

We see that & = K(£,£) and, hence, £ € U7 which implies (£,£) € I'. Thus, (¢,€) X
(t, {) for all (t,£) € B gives us that (i, 5) is an upper bound of B. By Zorn’s lemma,
I has maximal element (£, ).

We claim that ¢ = 1. OI} the contrary, suppose that ¢ < 1. Let us choose 0 < r
arbitrary and, for any ¢ > ¢, consider

B(&)={¢: l¢-&l <},

where r = %(g(t) —g(1)).
Using the condition (c), we have

1K (t,€) = K|« < 9(t) — g(b) =

Hence, for each t € [0,1], there exists some ¢ € B,(£) C U such that & = K(t, €).
Since

-2
rr.

o 2 o
€ =€l <7 = pr 5(9(t) = 9(2))
implies (to, f) 2 (t,€), we obtain a contradiction. Therefore, i=1.
From the above it follows that /C(1,-) has a fixed point & = KC(1,€).
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Conversely, if K(1, ) has a fixed point, then, in the same way, we can prove that
K(0,-) has a fixed point. I

Let X be a tvs cone normed space and T be a self operator of X. Let ug be any
fixed point and x,,+1 = &(T, ,,) is an iteration process involving T, which computes
the sequence {z,} in X.

Definition 34. (see also [30]) The iteration procedure x,+1 = (T, ) s said to
be T-stable with respect to T if {x,} converges to a unique fized point q of T and
whenever {yn} is a sequence in X with

nh—>n<io ||yn+1 - f(T’ xn)HK =0
we have lim y, = q.
n—oo
Theorem 35. Let X be a tvs-cone normed space and T be a weak contraction

(satisfying (wl)) with v = q € F(T) # ¢, in addition, whenever {y,} is a sequence
with Um ||yn41 — Tynl| x = 0, then the Picard iteration defined in (pl) is T-stable.
n—oo

Proof. We will show that the sequence {y,} with lim |lyn41 —&(T, 2n)|x = 0,
n—oo
satisfies lim y, = q.
n—oo
We have

I\

lYnt1 = Tynll i + 1 Tyn —qll x
Iyn+1 = Tynll i + 0 lyn — allx + Lllyn — Tynll &

S yn — QHK + ([Yna1 — TynHK + L lyn — Tﬁl/nHK)
= 5an +bn,

lyns1 —allg

R

where an, = [[yn — qllx and by = ([ynt+1 — TYnllx + Lllyn — Tynll)-
Using Lemma 18, we have a,, — 6 as n — co. Thus, lim y, =q. i
n—oo
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